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Abstract

Relative weakly compact sets and weak convergence in variable exponent Lebesgue spaces
L7 (Q) for infinite measure spaces (€2, ) are characterized. Criteria recently obtained in
[14] for finite measures are here extended to the infinite measure case. In particular, it is
showed that the inclusions between variable exponent Lebesgue spaces for infinite measures
are never L-weakly compact. A lattice isometric representation of LP() () as a variable
exponent space L9 (0, 1) is given.

Mathematics Subject Classification 46E30 - 47B60

1 Introduction

Compactness and weak compactness has always been a relevant matter of study in Banach
spaces. Many specific results have been obtained for concrete spaces. Recall, for example, the
classical Riesz-Kolmogorof compacity theorem in L ,-spaces (1 < p < 00), which has been
recently extended to the context of variable exponent Lebesgue spaces L) (£2) (or Nakano
spaces) by Goérka and Macios [12], Bandaliev and Gérka [3] and Dong et al. [9]. These
authors give useful criteria according with the underlying measure space (€2, u) considered
(f.i. Euclidean spaces, metric measure spaces or locally compact groups).

Weak compactness has been also widely studied in many different contexts. Recall, for
example, the classical Dunford and Pettis result for L (£2) spaces characterizing the relative
weakly compact subsets as the equi-integrable sets. For Orlicz spaces L?(2), useful weak
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compactness criteria were given by Ando in [1] (cf. [21] chapter 4). Later on, many extensions
have been given for symmetric function spaces (see f.i. [8] and references within) and also
for the vectorial case of Orlicz-Bochner spaces ( [20]). In the non-symmetric setting, the
weak compactness in variable exponent Lebesgue spaces LP() () for finite measure spaces
(€2, ) has been studied recently in [14], obtaining suitable criteria of weak compactness and
weak convergence.

In this paper we broaden the study of weak compactness in variable exponent Lebesgue
spaces LPO (). One of our goals is to find suitable weak compactness criteria in L? O() for
infinite measure spaces (€2, u) extending results obtained in [ 14] for the case of finite measure.
We analyze possible versions of Andoé weak compactness characterizations given for Orlicz
spaces L?(2) ([1]). Another goal in this paper is to find lattice isometric representations of
variable exponent Lebesgue spaces L) () over infinite measure spaces (2, ) as a suitable
variable exponent Lebesgue space L") (0, 1) on the probability measure space (0, 1) with the
Lebesgue measure. This kind of representations are a useful tool in the study of the structure
of general variable exponent Lebesgue spaces.

Often, to lift properties from function spaces over probability measure spaces to the
framework of function spaces on infinite measure spaces requires a careful study and
additional conditions are usually needed. For example, while for finite measures the LP®)-
equi-integrability is equivalent to the uniform integrability, in the case of infinite measures
the additional condition of uniform decay at infinity (i.e. for every ¢ > 0 there exists A C Q
with £ (A) < oo such that sup e |l fxa\all < &) is required for the equivalence (see Propo-
sition 3.1). Thus, the Dunford-Pettis Theorem in L1 (£2) for o -finite measure spaces (2, )
is stated as follows (cf. [11] Theorem IV.8.9):

Theorem 1.1 ([10]) A bounded subset S C L{(2) is relatively weakly compact if and only if
it is equi-integrable if and only if it is uniformly integrable and decays uniformly at infinity.

The paper is organized as follows. After a preliminary section, in Sect. 3 we give a
characterization of LP) (Q)-equi-integrability for infinite measure spaces (€2, ut). Itis proved
that all inclusion operators between L") () spaces for infinite measures are not L-weakly
compact (Theorem 3.4). Section 4 is devoted to the study of weak compactness in variable
exponent Lebesgue spaces L70)(0, co) on the real interval (0, co). We find suitable weak
compactness criteria extending those given in [14] for finite measures. To prove it, we make
use of an isometric lattice representation of the spaces LPO (0, 00) as a suitable L¢)(0, 1)
space on the interval (0, 1). From this it follows easily that L0, 00) is weakly Banach-
Saks if and only if pT < oo.

Section 5 is devoted to variable exponent Lebesgue spaces L”()(2) for abstract o -finite
measure spaces (€2, 11). Firstly, we give a lattice isometric representation of L?¢)($2) over
non-atomic separable o -finite spaces as a space LP0)(0, 00) for a suitable exponent function
p(-) (see Theorem 5.4). This useful representation theorem is obtained using the classical
Carathéodory Theorem on algebras of measure (cf. [22] page 399). In particular, it follows
that every space LP")(Q) for a non-atomic separable o-finite measure space can be lat-
tice represented as a certain variable exponent space L7¢)(0, 1) on the interval (0, 1). This
remarkable fact is not true for the class of Orlicz spaces (see Remark 5.9). Finally, as a
consequence of the above representation and previous results in Sect. 4, suitable criteria for
weak compactness and weak convergence in L? () are obtained. Namely, S C L? Q)
is relatively weakly compact if and only if it is bounded,

- 1 )
lim sup — AfOIPDdp =0
=0 res A Jav
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and

lim_sup / L Oldp =0,
AnND Fes JA,NQ

where Q1 := p~!({1}). A sequence (f,,) converges weakly to f in L”)(Q) if and only if

(@) lim, [, fudp = [, fdu foreach A € ¥ with 1(A) < oo,
(i) limyo sup, ; fo\q, [A(fa — IPPdp = 0, and
(i) lima,\g SUp,en [y ng, 1) = f(Oldu = 0.

We point out that no extra conditions on the regularity of the exponent functions (like the
log-Holder continuous conditions) will be required along the paper.

2 Preliminaries

Throughout the paper, (2, X, 1) is a non-atomic o -finite measurable space (unless specified
otherwise) and L(€2) is the space of all real pu-measurable function classes (where f =
g if f(t) = g(t) a.e.-p). Given a measurable subset A C 2, xa € Lo(f2) denotes the
characteristic function of A. A Banach function space E(€2) is a Banach lattice formed by
measurable function classes. E(£2) is said to be order continuous if lim || f|| = O for every
downward directed set (fy) in E(Q2) with A\, fo = 0.

Given a p-measurable function p : Q — [1, 0o) (called exponent function), the variable
exponent Lebesgue space (or Nakano space) LPO(Q) is defined to be the set of all real
measurable function classes such that the modular pj.)(f/r) is finite for some r > 0,
where

poiy(f) = /Q FOPOdu) < oo.

The associated Luxemburg norm is defined as

Ifllpey :==inf{r >0 pp)(f/r) < 1}.

With the usual pointwise order, (L”(')(Q), -1l p(.)) is a Banach function space. The case of
p(-) = p constant will be denoted by L (£2).

Let p~ :=essinf{p(t) : t € Q} and p* := esssup{p(t) : t € Q}. By pltl and pqu we
denote the essential supremum and infimum of the function p(-) over a measurable subset
A C Q. The conjugate function p*(-) of p(-) is defined by the equation pz—t) + ﬁ =1
almost everywhere ¢ € Q. Thus, for p* < oo the topological dual of the space L7 () is
the variable exponent space L?" ) (2).

A LPO(Q) space is separable if and only if p™ < oo or, equivalently, if and only if
LPO) () contains no isomorphic copy of £s. In the sequel, only separable variable exponent
Lebesgue spaces L”)(Q) will be considered (note that p*(-) is bounded if and only if
p~ > 1, so we can consider non separable dual spaces LP*(')(Q)). An space LPO(Q) is
reflexive if and only if I < p~ < pT < oo. This is also equivalent to L?)(Q2) being
uniformly convex ( [17] Theorem 3.3). Notice that, for p™ < oo, || f|l () = 1 if and only
if the modular p,)(f) = 1. Also for p* < oo, a sequence (f,) C LPV(Q) satisfies
limy, o || fullp() = 0if and only if lim,,— oo o) (fu) = O (cf. [7]). By B; p(» we denote the
closed unit ball of L") (). The essential range of the exponent function p(-) is defined as

Rpy ={qge[l,00): Ve>0 M(p_l(q —&,q+¢)) >0}
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It is a closed subset of [1, co) and it is compact when p(-) is essentially bounded. Fixed an
exponent function p(-), we denote Qf(')(z Q1) the subset of Q defined by Q; := p~'({1}).

Given a sequence (p,) in [1, 00), the Nakano sequence space £, is the Banach lattice of
sequences (x,) such that Y 02 | Pr < o0 for some r > 0, equipped with the Luxemburg

n=l1|r
norm
00
. Pn
l(xn)lle,, =1nf{r>0:z 51}
n=1

We refer to [4, 6, 7, 16] for other definitions and basic facts regarding variable exponent
Lebesgue spaces and Banach function spaces.

Xn
r

3 LPY) equi-integrability

Given a Banach function space E(£2), a subset S C E(2) is equi-integrable if, for every
decreasing sequence of measurable sets (A;) in €2 with zero measure intersection (denoted
shortly by A, \\ 9),

lim sup || f x4, = 0.
An \AQ fES
A subset S C E(S2) is said to be uniformly integrable if

lim su =0. *
i sup 1 xal ()

In Banach function spaces on finite measure spaces, both properties are equivalent (cf. [15]
Lemma 2.1) However, for infinite measure spaces, uniform integrability is not enough for
getting equi-integrability and an additional condition is required.

Proposition 3.1 Let E(2) be an order continuous Banach function space on an infinite
measure space (2, ) and let S C E(2) bounded. Then, S is equi-integrable if and only if
it is uniformly integrable and it decays uniformly at infinity, i.e. for every ¢ > QO there exists
A C Qwith u(A) < oo such that

sup || fxe\all < e (%)
fes

Let us first characterize equi-integrability by a more suitable property:

Lemma 3.2 Let E(2) be an order continuous Banach function space and S C E(S2). Then,
S is equi-integrable if and only if, for every disjoint sequence of measurable sets (A,),

lim supl| f xa, Il = 0.
n—=>00 reg

Proof Let S be equi-integrable. For every disjoint sequence (A,) in €2, take the decreasing
sequence (B;,) defined by B,, := U;’f A,, which satisfies B,, \( 4. Then,

=n
lim sup|lfxa,ll = lim sup| fxg,| = lim sup| fxs,| =0.
n—>00 feg n—00 feg Bn\@feS
Conversely, if S is not equi-integrable, there exist ¢ > 0, a decreasing sequence A, \ ¥

in Q and a sequence (f;) in S such that, for all n € N,

I fuxa,ll = €.
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Now, using that E(2) is order continuous, given n; € N we can find ny > n large enough
so that, for By = A, \ Ap,,

”fanB] ” =

| ™

Then, we can find n3 large enough so that, for By = A, \ Ay,

“frlzXBz ” =

N | ™

Thus, we can define the disjoint sequence (By,) by By, := Ap, \ Ap,,
(A,,,) and, taking the subsequence ( f;,,), for every m € N we get

from the subsequence

€
1 fn X8 Il = 5
ending the proof. O

Proof of Proposition 3.1 If lim,(4)—0 sup resll fxall # 0, we can take a sequence (A,) in Q

with w(Ay41) < “(’24”) and a sequence (f;;) in S such that

Il fuxa,ll = e.

Fixed some np, take ny large enough so that

N ™

||fanA,,1 \URS, A =

Then, we can take n3 large enough so that

&
||fn2XAn2\UIC:C=n3 Ak” z E.

Thus, we construct the disjoint sequence (B,,), where B, := A,, \ U,finmﬂ Ay, which
satisfies, for every natural m,

Il fmxB, Il =

N ™

Hence, by Lemma 3.2, S is not equi-integrable.

Assume now that there exists some ¢ > 0 such that, for every A with £(A) < oo, it holds
SUP ¢ Il f x2\all = €. Then we can take an increasing sequence of sets (A,) /€2 of finite
measure and ( f;,) in S such that, foralln € N,

I fuxoa,ll = e

Now, as before, fixed n| take ny large enough so that

0| ™

Il iy XAy \ Ay | =

In the same way, we define the disjoint sequence (B;,) by By, = Ay, \ Ap,, satisfying

Il fom x B | =

’

N ™

so S is not equi-integrable.
Conversely, assume that, given ¢ > 0, by (%) there exists § > 0 so that, for every A with
n(A) <6,
P
supll fxall < >
fes
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And by (%), take B C Q with (B) < oo such that
e
supll f xe\sll < >
fes

Then, for every disjoint sequence (A,), as (A, N B) C B, for n large enough we have
u(A, N B) < 8, hence

& &
supll f xa, Il < supll fxa,nell + I fxe\8ll < 5 + 5 =e.
fes fes 22

Thus, by Lemma 3.2, § is equi-integrable. O

Conditions (%) and (x) separately do not imply L”()-equi-integrability. The set S| =
{X{n.n+1) : n € N} in a separable LP0(0, 00) space satisfies (), but it is not equi-integrable.
Neither the set S = {—%42— : n € N}, where (A,) is a disjoint sequence contained in a

1(Ay) PO
set A C Q of finite measure, is equi-integrable in spite of satisfying (s:x).

Recall that an inclusion operator Li1O(Q) ¢ LPO(Q) is said to be L-weakly compact
when the unit ball B4 is an equi-integrable set in L” (). In [14] it is studied the L-
weak compactness of inclusions L") (€2) ¢ LPO () for u(2) < oo. In this case of finite
measures, the inclusion L9 (Q) ¢ LP) () holds if and only if p(-) < g(-). A sufficient
condition for this inclusion to be L-weakly compact is that ess inf,;cq (g () — p(t)) > 0 (but
it is not necessary) (see [14] Proposition 3.4).

Inclusions between variable exponent Lebesgue spaces for infinite measure spaces are
more restricted but nonetheless they exist (in contrast with the behavior of classical Lebesgue
spaces L ). The following is known (cf. [7] Theorem 3.3.1. See also [6] and [2]):

Proposition 3.3 The inclusion L1V (Q) c LPO(Q) holds if and only if p(t) < q(t) a.e-
t € Q and there exists A > 1 such that

/ A7 Odu < oo,
Qq

where Qg = {t € Q : p(t) < q@)} and r(-) is the defect exponent defined by rg—) =
1 1
OO,
Let us remark that if the inclusion L) () ¢ LP) () holds and 1(Q4) = oo, then for
every ¢ > O the set D, :={t € Q4 : q(t) < p(t) + ¢} has infinite measure.
Indeed, assume that there exists € > 0 such that u(D,) < oco. Then, u(Q4 \ D) = o0

Sr ptqt
with Mlaa\p, < —%— < 0. Hence, for every A > 1,

+,+
/ A_’(t)du > / A_r(’)du > )\—7" 4 w(Qq \ Dy) = o0,
Qq Qa\Ds
which, using the above Proposition, gives a contradiction.

Theorem 3.4 Let LPO(Q) and L1V () with () = oo. If the inclusion L10(Q) C
LPO(Q) holds, then it is not L-weakly compact.

Proof To prove this theorem, it will be enough to find a disjoint sequence (f,) which be
seminormalized in L) () as well as in L9 (). To do so, we distinguish two cases. If
n(2q) < oo, then w(2\ 4) > 0. Hence, as p(t) < g(t) for almost every t € 2 for the
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inclusion to hold, L0 (2 \ ©4) = LPO (2 \ Q4) and every disjoint sequence of functions
(f») supported in 2 \ ©; will have equal norm in LPO(Q) and in L1O(Q).

If, on the contrary, u(24) = oo, we take (f, := xa,), where (A,) is a disjoint sequence
satisfying that w(A,) = 1 and, for every natural n,

Indeed, in that case we have
fp[ﬁn — [fn]p(~) — fp‘:n
and
gq‘;n — [fn]q(-) — quxn ,

and, using ( [19], cf. [13] Lemma 3.2), we have Zp‘f ~¢ + ~{¢ - ~/{ + .Hence, we
Ap

Plaw a9y
deduce [ fulpe) = [fulg)-
From the above remark it follows that (D L ) = oo for every natural n. We take a finite

partition 1 = x| < ... <X < ... < X = q 7, 1 <i < m, of the interval [1, g*] where
Xitl — X < ﬁ for every i. We can ensure that, for some j,

jz (Dﬁ Ng™! ([Xj,ijrl])) = oo.
Now, due to the definition of D L it is also true that
—1 -1 1
n(DyinNg ([xj. xj1]) N p~ (Lxj — 5, Xi+il) ) = oo.

Thus, we deduce that there exists an infinite measure set E,, (the set above) such that
.o ( L1
_ Yoot — (s — — -
g, = Plg, =X+t =W =5 ) =0

Finally, since ((E,) = oo for each natural n, we take the subsets which satisfy the required
properties, namely A, C (E,, \ (U;:ll A,-)) having u(A,) = 1. O

2143 2143
For example, the inclusion Lrt%l (0, 00) C Lf% (0, 00) is not L-weakly compact.

4 Weak compactness in LP() (0, c0)

In this section we study the weak compactness of subsets of L?()(0, co) spaces defined on
the infinite interval (0, oo) with the Lebesgue measure ;. Weak compactness is derived from
the equi-integrability (cf. [18] Proposition 3.6.5), but the converse is not true in general. We
will use an isometric representation of L” © (0, o0) as a space LI0) (0, 1) on the finite interval
for a suitable exponent ¢ (-) to obtain weak compactness criteria in L” (0, o) from the ones
given in [14] for finite measures.

Fixed an exponent function p(-) on (0, co),let 7 : (0, 1) — (0, co) be an dipheomorphism
(for example the tangent function t(s) = tan(%s)). If we consider the exponent function
q() : (0, 1) = [1, oo) defined by ¢(s) := p(z(s)), we have, for f € L (0, c0),
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1

q(s)
) ds.

([reenr®

0 1
f FOPOdr = / (DO (5)lds = /
0 0 0

Thus, the operator T; : LP)(0, c0) — L2)(0, 1) defined by

(T )(s) = [T/(5)T | £z (s))

is an isomodular lattice isomorphism. The inverse operator TT_1 is given by

190 = [ O | g 1) = (T 90,

This representation has been already used in ( [23] Lemma 3.2) for other purposes. Given
S c LPY(0, 00), we study now the weak compactness of 77 (S).

Recall that in the case of finite measures we have ( [14] Theorem 4.2) that a subset
S C LPO(Q), for () < oo and pt < o0, is relatively weakly compact if and only if S is
norm bounded and, for each g € L”*(')(Q),

lim su/ du = 0.
u(EHofeI; Elfgl u

Thus, applying this and the isometry T; (shortly denoted by T'), we get that § c LP1) (0, oc)
is relatively weakly compact if and only if, for every g € L7000, 1),

lim su / Tf-glds =0,
u(E)»ofer) EI S8l

with ¢(s) = p(z(s)). Consider now the isometry T : L?"()(0, co) — L4 (0, 1)

(To9)(s) = |t/(9) 70 | g(x(s)).

As T (LP"0(0, 00)) = L1 (0, 1) coincides with the dual of T (LPV) (0, 00)) = L40)(0, 1),
we can rewrite the above expression as

lim su / |ITf -Tyglds =0
W(Brs0 feg . f-Tig
for g € LP")(0, 1). Equivalently, S ¢ LP®)(0, 00) is relatively weakly compact if, for each
g€ LP"0(0, 00), the set Sé, ={Tf-Tyg : f € S}isuniformly integrable in L (0, 1). As this
is equivalent to being equi-integrable (for finite measure spaces), we rewrite the expression
as

lim su / |ITf - Tyglds = 0.
En\@felg‘ E, fTs

So, we can give a weak compactness criteria in L”)(0, 00) in terms of equi-integrability:

Theorem 4.1 Let LP1) (0, co) with pt < 0o. A subset S C LPO(0, 00) is relatively weakly
compact if and only if it is norm bounded and, for each g € L? "0, 00) and each sequence
of measurable sets A, \( ¥,

lim su / | feldt = 0.
An\Y feg n fg
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Proof Through the previous reasoning, we need only to show that, for A, N\ ¥ in (0, c0),

lim sup/ |fgldt =0
AnND fes Ja,

if and only if, for E,, \( ¥ in (0, 1),

lim sup/ |ITf - Teglds = 0.
N\ fes

This is easily proved using Lemma 3.2 and that the dipheomorphisms 7 and ~! preserve
disjointness. Indeed, if there exist a disjoint sequence (A,) in (0, o) and (f;,) in S such that

/ [ fngldt = &,

we obtain, using the change of variable t = t(s), another disjoint sequence (t71(A,)) in
(0, 1) such that

/ ITfn-Teglds > &,
T_I(An)

11
(using that % =1/(s) = T/(5) T TF®),
Analogously, if there exist a disjoint sequence (E},) in (0, 1) and (f;) in S such that

/ |Tf, - Teglds > ¢
El'l

we obtain, using the change of variable s = 77 1(1), another disjoint sequence (t(E})) in
(0, 00) such that

/ [ fngldt > €.
f(E”)

m}

Now, by Proposition 3.1, we deduce that weakly compact sets § C LP0)(0, co) are
characterized as those sets which satisty, for every g € Lo (0, 00), that

lim sup/ |fgldt =0 (D

n(A)—0 fes
and that, for every ¢ > 0, there exists some A C (0, co) with w(A) < oo such that
sup/ |fgldt < e. 2)
eS8 J(0,00\A
Another criterion for finite measure spaces (given in [14] Proposition 4.3) states that in
LPO(Q) with (1) = 0, asubset S C LP)(Q) is relatively weakly compact if and only if
Jim sup — f A f )P Ddr = 0.
=0 feS

As the zero measure sets are preserved under r, we can apply the isometry 7 again
obtaining that § ¢ LP()(0, co) is relatively weakly compact if and only if

1 1
lim sup — / AT f(s)|99ds = 0.
r—0 fGS)"
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152 Page 100f 17 F.L. Herndndez et al.

And we can enunciate it avoiding to leave the space L”) (0, co):

Theorem 4.2 Let LP)(0, 00) with py < 00 and j1(S21) = 0. A subset S C LPO(0, 00) is
relatively weakly compact if and only if it is norm bounded and

1 o0
lim sup — / IAf@)|PDdr = 0.
A—0 fes A 0

Proof We just have to prove that this condition is equivalent to:
L )
lim sup f/ IATf(s)|9%ds = 0.
A—0 fes A 0

But, as the isometry T is also isomodular, it is clear that

1 1 1
li — 05 (AT =1l — 00 (TOL)) = li —0py A F).
&;‘;F;A”q“( D) Ag});l;rgquo( A f) A%;‘;{;App()( )

If £(21) > 0, combining the above result and Dunford-Pettis Theorem 1.1 we get:

Theorem 4.3 Let LP) (0, 0o) with pt < o00. A subset S € LP)(0, 00) is relatively weakly
compact if and only if it is norm bounded,

~ 1 ®
lim sup — AL Pdu =0
2=0 res A J 0,00\

and

lim sup/ | f(®)|du = 0.
AnND Fes JANQ

We pass to characterize weakly convergent sequences in L?) (0, c0):

Proposition 4.4 Ler L) (0, 0o) with pt < oo and a sequence (f,) and f in LP)(0, 00).
Then, f, — f weakly if and only if

(i) lim, fA(f,, — f)du = 0 foreach A € X with u(A) < oo,
(i) limyay—osup, [, 1(fn — f)gldp = 0 for each function g € LP*©)(0, 00), and
(iii) For each function g € L”*(')(O, o0) and for each ¢ > 0, there exists some A € X with
1(A) < 0o such that sup, f(o,oo)\A [(fu — fegldu < e.

Proof (=) : Clearly, (i) holds since x4 € LP"O) | and conditions (ii) and (iii) follow from
above Theorem 4.1 and Proposition 3.1.

(<) : We can assume w.l.o.g. f = 0.If g € LP"()(0, c0) is a simple function with finite
measure support, then it follows directly from (i) that lim,, fooo fngdp = 0. Assume now
that g is a bounded function. Given ¢ > 0, by condition (iii) there exists A C (0, co) with
M (A) < oo such that

W] ™

SUP/ [ fugldp <
neN J(0,00)\ A

and we can take a simple function g such that || (g — g5) xAllco < % Thus,
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o0
/ fugldu < / |fn(g—gs)|du+f |fngx|du+/ | fugldu
0 A A (0,00)\ A

& &
=< */ |fn|dlfv+/ [ fngsld + =
3Ja A 3

and hence f0°° | fngldp < e for n € N large enough.

Now, for an arbitrary g € L”*(')(O, o0), by condition (ii), there exists § > 0 such that
&€

fA [fugldpn < 5 if u(A) < §. Consider G,, = {t € (0,00) : |g(t)| < m} with m large
enough so that u(G¢,) < 8. Then,

o0 o0 e
| irstan = [ pstan+ [ gusian < [ ifrexoalan+ 5

Since g xg,, is bounded, we have fooo | fngldpn < e from n € N large enough. O
Proposition 4.5 Let LPO(0, 00) with pT < oo and () = 0. A sequence (f,) in
LPO(0, 00) converges weakly to f € LPY (0, 00) if and only if
(i) lim, [, fudp = [, fdu for each A € T with u(A) < oo, and
(ii) Jimj o supyeny 1 o~ [ (fu = NIPVdp = 0.
Proof Clearly, (i) is equivalent to condition (i) in the above Proposition 4.4 and, using
Therorem 4.2, we get also condition (ii).

Conversely, let g € LP"(0, 00) and r > 0 such that fooo |rg(t)|1’*(’)du < 00. By
hypothesis (i7), given ¢ > 0, there exists A9 > 0 such that

L[~ p(0) &r
sup — Ao(fu(@®) — FENI"Vdp < —-.
neN A0 2

Take A C (0, oo) with u(A) < oo such that

% &
/ rg 1 Oy <
(0,00\4 2

Take § > 0 such that, for every measurable set E with u(E) < §,

* A.
/ rg@” Vap < =2
E 2

Thus, using Young inequality ( [7] Lemma 3.2.20), we have:

SUP/ [(fu(0) = f())g®]d
(0.00\A

neN

1
= [SUP/ [o(fu®) = FENIPPdp —I—/
(0,00\A

< |rg(r)|"*<’)du]
AT LneN (0,00)\ A

1 er

*(*)
as well as

SUP/ |(fu(0) = f(1)g(®)ld

neNJE

- 7[5@/ 'AO(f"(’)—fO))l”(”dH/ Irg(n)l” %m}

T AT LneN

@ Springer



152 Page 120f 17 F.L. Herndndez et al.

1(8I’)+ 1 (s)»or)

<—(=)+— =g,

r 2 Aor

and so the conditions (iii) and (ii) of the above Proposition 4.4 are respectively satisfied.
Thus, we conclude that ( f,,) is weakly convergent to f. O

Another consequence of the isometric representation of LPO(0, 00) as L10(0, 1) for
q(s) = p(z(s)) is (using [14] Theorem 5.1):

Proposition 4.6 A L) (0, o) space is weakly Banach-Saks if and only if p* < oc.

5 A representation of LP()(Q)

In this section (€2, ¥, n) will denote an abstract non-atomic separable o-finite measure
space (i.e. ¥ endowed with the usual metric d([A], [B]) = w((A\ B) U (B \ A)), for
A, B € X, is separable). The real interval (0, co) with the Lebesgue measure will be denoted
by ((0, 00), B, A). In the previous Sect. 4, we have obtained weak compactness criteria in
L7 (0, 00) by using the lattice isometry 7; between L7 (0, 00) and a certain LIV (0, 1)
space. We would like now to formulate this result for general separable o-finite measure
spaces (€2, ). In order to do it, we are going to give a lattice isomorphic representation of
the space L? () as a certain variable exponent space LPO) (0, 00) in the interval (0, 00).
For that, we will use a version of the classical Carathéodory Theorem on algebras of measure
for o-finite measure spaces. Recall that A, and ), are the classes of subsets of measure
zero in €2 and (0, 0o) respectively.

Theorem 5.1 (Carathéodory, [22] page 399) Let (2, Z, ) be a non-atomic separable finite
measure space and ((0, u(2)), B, A) be the interval (0, u(S2)) with the o -algebra of Borel
sets B and the Lebesgue measure A. Then, there exists an isomorphism between the algebras
of measure ¢ : £ /N, — B/N,, that preserves the measures i.e. A(¢(A)) = n(A).

For o -finite measure spaces, we have the following extension:

Proposition 5.2 Let (2, X, ) be a non-atomic separable o -finite measure space and
((0, 00), B, 1). Then, there exists an isomorphism ¢ : X /N, — B/N, that preserves the
measures i.e. A(¢p(A)) = w(A).

Proof Since 2 is o -finite, consider a sequence (A,) of sets with £(A,) < oo such that Q =
U2, A, Taking B, := A, \ U, _, Ai, we have Q = | J° | B, with (B,) mutually disjoint
and w(By) < oo. Thus, if we take an increasing sequence (x,) / oo in (0, oo0) withx; =0
and, foralln € N, x,,11 — x, = (By), then the above Carathéodory theorem says that, for
every natural n, the measure spaces (B, X, , it|g,) and ((xn, Xn111s Ble, xari1s Moo xnri])
are isomorphic (modulo sets of zero measure). Also, (U;’lo:] 2/ Ny = U;ozl (ZlB,/Nw)
and (UpZy Bl v D/Na = Ut Blx,xn11/N2)- In consequence, /N, and B/N, are
isomorphic too. O

‘We can now pursue a representation Theorem. To begin with, given the measure preserving
isomorphism ¢ from X /N, to B/N, take any simple function S = )", _ A @nxa, in Lo(R2)
(we assume simple functions in this section with the canonical decomposition, i.e. (A,) is a

disjoint finite sequence such that = _J, ., An). Define the transformation

§:=) anxpan
neA
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into a simple function in L (0, 0o). Recall that given a positive measurable function f, there
exists an increasing sequence of simple functions (S,) such that S, / f pointwise (cf. [5]).
Thus, for a positive function f € L(£2), we define the transformation

-~ -~

f:= lim S,

n—oo

into Lo (0, 00), where (S,) is an increasing sequence of positive simple functions such that
S, /' f, since the sequence (8,) is also i increasing a.e-A. The next proposition shows that f
is well defined.

Proposition 5.3 Let (S,) and (R,) be increasing sequences of positive szmple funcnons in
Ly(S2) such that both S, /' f, R, /' f pointwise. Then, both S /! fand R,, /! f

Proof As (S ) and (Rn) are increasing sequences, they have a A-pointwise limit, noted
S S f and Rn /" g. We have to prove that f(s) = g(s) a.e-A. Assume there is ¢ > 0 such
that,

A(De) i=A({x 1 | f(x) — 80| > e}) > 0.

Then, we cantake C C D, with0) < u(C) < co.Let A = d)‘l(C) € Ysou(A) = A(C).By
Egorov’s theorem, we can suppose w.1.0.g. that the convergence on C (and on ¢~ (C) = A)
is uniform, i.e, Sy|a /" fla, Rula /" fla, Sulc /" flc and Ry|c /' glc uniformly. So,

[Sy — Rul < |Sw — fI+1f — Rul = 0, uniformly on A,
and then |§;, - 1/3;| — 0 uniformly on C. Finally,
| Flc = Zlc| < |Flc = Salc| +|Sulc = Ralc| + |Ralc — &lc| — 0

uniformly in C, which is a contradiction. O

Similarly, it holds that if (S,,) is a decreasing sequence of positive simple functions in
Lo(L2) such that S, \, f pointwise, then, §n N fa.e—A.

We pass to extend this map to general measurable functions, getting an isometry between
the spaces LPO(Q) and Lﬁ(‘)(O, oo) for non-atomic separable o-finite measure spaces

(2, ).

Theorem 5.4 Let LPO(Q) with p* < oo on a non-atomic separable o -finite measure space
(2, ). The operator Ty : LPO(Q) — LPO(0, 00) defined by

Ty(f) = f+—f~,

where f = [T — [ isan isomodular lattice isomorphism, i.e. for every f € LP"(Q) and
denoting Ty (f) = f,

/Q LfOIPDdp(r) = fo | F )P das).

Before we prove this theorem we state several easy preliminary lemmas.

—

Lemma5.5 Let f,g € Lo(QQ) with f,g>0.Then, f +g=f +3
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Proof Let S, / f and R, /' g pointwise with (S,) and (R,) increasing simple functions.
We can write

Sn + Rn = Z Z (ank + bnj)XA,,kﬂB,,j .

keA, jel'y
As S, + R, /' f+ g, wehave
f+eg= n]me Sy + Ry = n]LrgokZ ZF: (ank + bnj)X(b(A”kﬁan)
€A, jeT,

= lim | > anxpa,) + Y. bn; xp(8,;) | = lim (S +R)=F+2

n— 00 . n—00
ke, jery

Lemma5.6 Let f,g € Lo(Q) withg < Oand f > |g|. Then, f +g = f + .

Proof Firstly, suppose that g has a finite measure support. Then, we can take increasing
sequences of simple functions (S,) and (R,) such that S,, / f and R,, /' g (which exists as

g has a finite measure support). Hence, S, + R, /' f + g, so (for g = lim,, oo —(—R}))
Ftg=lim S, +R, = lim (S, +R,) = lim (§ - (fR\,,)) =f+%
n—00 n—00 n—00
Now, if g has an infinite measure support, let us take f, = fxq, and g, := gxq, for
a sequence (2,) / QWlthpL(Q ) < 00. As, fu+gn /’ f—l—g,thenfn—i—gn S f+eg.

But for each n € N, we have f,, + g, = fn + &, and fn +an / f+g, so we conclude
fre=7+% u]

Lemma 5.7 Let p(-) be an exponent function and f € Lo(2) with f > 0 and finite measure
support. Then, fP = fP.

Proof As f = fx(r=1} + fxio<f<1), by Lemma 5.5 we just need to show ﬁ = fﬁ for
f > 1land for 0 < f < 1. Both proofs are similar, so we just do the 0 < f < 1 case.
Let S, = st A, A XA, = 1 be an increasing sequence of simple functions such that
Sy /" pandlet R, = ijel“” by, j XBu, < 1 be a decreasing sequence of simple functions
with R, N\, f (which exists since f has a finite measure support). Then, the sequence of
simple functions (R,f”) is decreasing and R,f” . f? pointwise. Hence,

- . An
fr=lim DO by X$(By;0An)

jel, keA,
= 1im Y 3 by = lim RS = f7
- N> 00 nj X¢(an)m¢(Ank) _n~>oo n .
jel, ke,

Note that it is also easily deduced that m = fx¢( 4)- We are now ready to
Proof of Theorem 5.4 First, let us show that Ty is linear. Given f, g € Lo(£2), we have

fHe=+"—(f+9~
=T+ + U = eDxuszen + € = FOxusi<ish
—(fT+e) = = eDxur=en — @ = FOxusi<ish
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-~ -~

so we just have to apply Lemmas 5.5 and 5.6 to get m = f+ g. Also, trivially cf = cf
for any constant c.
Now we have to show that, for every f € L? (')(Q),

/Q IfFOIPDdp(r) = /O | F )PSO das).

We only need to do it for positive functions, since
/ If O Vdu) = / O Qdu) + / |f~ 1PV dp).
Q QN{f=0} QN{f=0}

Suppose first that f > 0 has a finite measure support. Then, we can take sequences of simple

functions (py), (S,) and (Ry) suchthat (p,) / p(-), (Sp) /' fx(r=1yand (Ry) \( fx(r<1-
Hence, by the Lebesgue Theorem and Lemma 5.7,

[ rordu= [ pordus [ porOd
Q Qnif=1)

QN{f<l1}
= lim Sn(t)p”(t)dﬂ—F lim Rn(t)p”(t)du
oo Jan(f=13 n—00 Jon(f<1}
= lim $u($)P"Odi. + lim  Ru)™9an
1700 J(0,00)N{f>1} >0 J(0,00)n{f <1}

/ O dk+/ O dk—/ F)PDdn.

Suppose now that f > 0 has an infinite measure support. Then, we can take (£2,)  Q
such that ©(€2,) < oo for every natural n. As f{le} fP(-) < oo, then fx(r>1y has a finite
measure support and f x{s<1) has an infinite measure support. Let us define f, := fxq,-
Hence, every f;, has a finite measure support and, by the dominated convergence theorem,
we have

/ F0du = lim f”(')du— im [ 7P = /A 79y,
(< (7<)

n—oo 0

Finally, it is clear that Ty is onto using that it is isomodular and that ¢ is biyective. O

It is worth noting that if we compose the above isometry operator T4 with the isometry
operator T; considered in Sect. 4, we get the following representation theorem:

Corollary 5.8 Every LPO) () space with pt < 00 on a non-atomic separable o-finite mea-
sure space (2, 1) is isomodular lattice isomorphic to L19(0, 1) for a suitable exponent
Sfunction q(-) with the same essential ranges R,y = Ry(.).

Remark 5.9 The above is not true in the class of Orlicz spaces: there exist separable Orlicz
spaces L¥ (w) for an infinite measure 4 that are not isomorphic to any Orlicz space LY (0, 1)
(for example the Orlicz spaces LY () = L, 4+ L4(0,00) for 1 < p < g < 2, see [16] page
210).

We pass now to give some applications of the above representation theorem. Thus, several

results given in Sect. 4 for spaces LP) (0, 0o) are now easily extended to the framework of
LPO(Q) spaces for non-atomic separable o -finite measure spaces (€2, i).
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Proposition 5.10 Let L?V)(Q) with pt < oco. A subset S C LPY(Q) is relatively weakly
compact if and only if S is norm bounded and, for each g € LP"O(Q) and each sequence of
measurable sets A, \( ¥,

lim sup/ | feldu = 0.
AnND fes J A,

Proof Given S C LPV) (), consider Sc Lﬁ(')(O, 00) as in above Theorem 5.4. Since both
spaces are isomorphic, § is relatively weakly compact if and only if S is relatively weakly
compact. Thus, by Theorem 4.1 we have just to show that

lim su / |fgldu =0, A, C <,
A,,\wfeg N 18 n
if and only if
lim su / |f2ldh =0, E, C (0,00).
E"\QfE% En fg "

Itis clear by Proposition 5.2 that any decreasing sequence E,, \ ¥ in (0, co) can be expresed
(up to a zero measure set) as E, = ¢ (A,) for some decreasing sequence A, \ ¥ in Q with
w(A,) = A(E,), and vice versa. Furthermore, for all x € R, we have u({r € Q : (fg)(t) <
x}) = A({s € (0,00) : (f@(s) < x}), so the integrals coincide and the equivalence is
proved. O

The following results are deduced similarly. Thus, from Theorem 4.3 and Dunford-Pettis
Theorem 1.1 we get:

Proposition 5.11 Let L?V)(Q) with pt < oco. A subset S C LPY)(Q) is relatively weakly
compact if and only if it is norm bounded,

1
lim sup — / AFOIPDdu =0
r—0 fes A Q\Q

and

lim sup/ [ f()|dp = 0.
AN fes J AN

Also, from Proposition 4.6 we deduce that LP*)(£2) is weakly Banach-Saks if and only if
+
pT < 0.
Finally, criterion for the weak convergence follows from Proposition 4.5:

Proposition 5.12 Let LPO(Q) with pt < 00. A sequence (f,) in LPO(Q) converges weakly
to f € LPO(Q) if and only if the following three conditions hold:

(@) lim, [, fudp = [, fdu for each A € T with j1(A) < o0,
(i) lim;—o sup, + fQ\QI A(fn — DIPDdp =0, and
(i) lima,\g sup,en [ ng, 1fa () = fOldp = 0.
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