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Resumen

En los últimos años hemos sido testigos de un crecimiento espectacular del campo
de la nanofotónica. Este campo se focaliza en el estudio de la interacción de la
luz con objetos cuyas dimensiones están en el rango de los nanómetros, y por
tanto, son comparables en tamaño a la longitud de onda del espectro visible.
Esta coincidencia, entre el tamaño de la luz y las dimensiones de las estructuras
materiales, da lugar a interacciones complejas que nos permiten diseñar nuevos
procedimientos para controlar la luz hasta límites anteriormente insospechados.
Es precisamente en este contexto donde la plasmónica encuentra su razón de
ser, erigiéndose como uno de los frentes de investigación más prometedores de
la actualidad. Los plasmones de superficie, que son excitaciones colectivas de
los electrones de conducción en nanoestructuras metálicas, nos proporcionan las
herramientas necesarias para confinar y manipular el campo electromagnético hasta
dimensiones muy por debajo del límite de difracción de la luz. Con secciones eficaces
extraordinariamente grandes, las nanoestructuras plasmónicas son capaces, por
ejemplo, de incrementar de forma extraordinaria la captación de luz en dispositivos
de energía solar o de focalizar la luz creando lo que se conoce como puntos calientes,
o en inglés hot spots, en los que la existencia de efectos no-lineales permite diseñar
sondas para investigar la estructura electrónica y vibracional de la materia, y a la vez
ofrece gran potencial para el diseño de futuros dispositivos de conmutación óptica a
escala nanométrica

Los plasmones de superficie existentes en intercaras metal-dieléctrico pueden
usarse para guiar señales con frecuencias en el infrarrojo y el visible. El alto grado de
confinamiento que exhiben estas excitaciones permite concentrar las señales guiadas
en secciones transversales con dimensiones muy por debajo del límite de difracción.
Esto hace que las guías de onda plasmónicas sean una alternativa prometedora para

1



2 RESUMEN

el desarrollo de dispositivos de procesamiento de información capaces de combinar
las frecuencias operacionales y los anchos de banda de los dispositivos fotónicos con
el alto grado de integración alcanzado por la tecnología de semiconductores.

En los últimos años, se han propuesto diferentes diseños de guías de onda plas-
mónicas incluyendo sistemas continuos compuestos por elementos metálicos, con
sección eficaz finita, emparedados en entornos dieléctricos simétricos o antisimétri-
cos, o canales y crestas esculpidas en superficies planas. Otros sistemas formados por
conjuntos ordenados de nanopartículas, o basados en estructuras con bandas prohi-
bidas, también han sido objeto de estudio, así como, sistemas híbridos compuestos
por nanohilos dieléctricos y superficies metálicas.

En la primera parte de esta tesis, estudiamos y caracterizamos la respuesta de
pares de nanohilos de plata, situados en matrices de sílice, con el objetivo de diseñar
un nuevo tipo de guía de onda plasmónica. Estas estructuras admiten plasmones
de hueco altamente concentrados en la región situada entre los nanohilos, los cuales
emergen como resultado de la hibridación de los modos de los nanohilos individuales.
Las propiedades de guiado asociadas a estos modos se pueden ajustar variando la
distancia entre los nanohilos. Esto permite alcanzar una solución de compromiso
óptima entre el grado de confinamiento y la longitud de propagación. A través
del análisis de una figura de mérito asociada al nivel de integración alcanzable,
demostramos las propiedades excepcionales de estas guías de onda, comparándolas
con otros mecanismos de guiado plasmónicos propuestos en la literatura. Al mismo
tiempo, analizamos el grado de robustez de los modos de hueco demostrando que
pueden tolerar giros con radios menores que la longitud de onda y asimetrías en el
diámetro de los nanohilos.

Con el objetivo de diseñar circuitos plasmónicos tridimensionales, estudiamos
la interacción entre los modos de hueco en sistemas compuestos por más de dos
nanohilos. Comenzando con el elemento básico que define un modo de hueco,
es decir, el par de nanohilos, estudiamos el desdoblamiento en energías y las
propiedades de simetría de los modos híbridos resultantes de la interacción entre dos
pares de hilos. Además, mostramos como este sistema presenta cruces no evitados
y evoluciona a cortas distancias hacia un sistema degenerado, formado por cuatro
nanohilos dispuestos en los vértices de un cuadrado, en el que dos nuevos modos de
hueco surgen a partir de modos de mayor energía. De igual forma, estudiamos los
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modos de hueco de un sistema formado por tres nanohilos, analizando su evolución
desde una configuración coplanar hasta una distribución en forma de triángulo
equilátero.

Gracias a este análisis, demostramos que la interacción entre pares de nanohilos
es lo suficientemente débil como para prevenir la transferencia de la señal plasmónica
de un par a otro, lo cual es beneficioso para prevenir la diafonía, pero no limita el
diseño de acopladores eficientes. Introduciendo un hilo de sección rectangular en
la región existente entre dos pares de nanohilos, comprobamos que el acoplamiento
entre los pares de nanohilos aumenta de forma considerable. Esto nos permite
diseñar un acoplador de plasmones de hueco capaz de transferir la práctica totalidad
de la señal de una guía a otra en distancias por debajo de la longitud de propagación.
Con esto completamos el análisis de los elementos básicos necesarios para fabricar
un circuito plasmónico tridimensional.

El extraordinario incremento del campo asociado a la excitación de plasmones en
nanopartículas metálicas constituye otro aspecto relevante de estos modos ópticos
que hace posible su interacción con emisores cuánticos (por ejemplo, átomos,
moléculas o puntos cuánticos) situados en su vecindad. Basándonos en esta
interacción, es posible diseñar sistemas híbridos plasmón-emisor con propiedades
ópticas extraordinarias resultantes de la combinación del carácter bosónico de los
plasmones y el carácter fermiónico de los emisores. Sin embargo, para poder explotar
estas propiedades es necesario desarrollar herramientas teóricas capaces de describir,
a un nivel cuántico, los procesos de acoplamiento e interferencia asociados a la
interacción entre los diferentes elementos de estos sistemas.

La segunda parte de esta tesis comienza con la descripción de un nuevo pro-
cedimiento para estudiar la respuesta óptica de sistemas híbridos plasmón-emisor,
basado en las funciones de Green de Zubarev. A pesar de su simplicidad, esta
metodología nos permite ir más allá del tratamiento perturbativo de la interacción
plasmón-emisor, incorporando, al mismo tiempo, el decaimiento de estas excita-
ciones. A modo de ejemplo, aplicamos este método al análisis del espectro de absor-
ción de un sistema formado por un emisor cuántico situado entre dos nanopartículas
metálicas. Asumiendo valores realistas para los diferentes parámetros del sistema,
obtenemos un espectro de absorción complejo, originado por la interacción emisor-
plasmón, que exhibe resonancias de Fano con frecuencias y tamaños determinados



4 RESUMEN

por el estado cuántico del emisor.
En otra vertiente, el reciente descubrimiento de un método sencillo para la

síntesis controlada de láminas de grafeno ha abierto nuevas líneas de investigación
en el campo de la plasmónica. Este material, formado por una sola capa plana
de átomos de carbono dispuestos en una red hexagonal, admite la existencia de
plasmones cuando está dopado, ya sea con un exceso de electrones o de huecos.
Comparados con los plasmones de estructuras metálicas, los plasmones existentes
en nanoestructuras de grafeno presentan propiedades interesantes e inusuales. En
particular, son capaces de confinar la luz en volúmenes considerablemente más
pequeños y, al mismo tiempo, presentan factores de calidad y tiempos de vida mucho
mayores. Además, los plasmones del grafeno se pueden sintonizar cambiando el
nivel de dopaje de la nanoestructura que los soporta, lo cual se puede conseguir
empleando métodos químicos, o de forma electrostática, aplicando un potencial
externo. Estas propiedades extraordinarias convierten a las nanoestructuras de
grafeno en plataformas ideales para la observación y el estudio de efectos cuánticos
plasmónicos.

Con el objetivo de aprovechar las excelentes propiedades de los plasmones del
grafeno, estudiamos la respuesta de sistemas híbridos compuestos por emisores
cuánticos y nanoestructuras de grafeno. Gracias a este análisis, predecimos la
existencia de un efecto de bloqueo plasmónico originado por la interacción de un
emisor cuántico con un nanodisco de grafeno. Este efecto, el cual es una consecuencia
directa de alcanzar un régimen de acoplamiento fuerte en la interacción entre los
dos elementos del sistema, consiste en la transferencia del carácter fermiónico del
emisor a los plasmones del grafeno a través de la generación de estados híbridos.
Esto es posible gracias al extraordinario grado de confinamiento y tiempo de vida
de los plasmones del grafeno. Como resultado del bloqueo plasmónico, el nanodisco
de grafeno presenta una sección eficaz de absorción fuertemente no-lineal. Al mismo
tiempo, los plasmones exhiben una estadística no-clásica, que estudiamos a través
del análisis de la función de correlación de segundo orden a tiempos iguales g(2)(0).
Esta magnitud, que para estados clásicos permanece por encima de 1, toma valores
cercanos a 0 debido al bloqueo plasmónico, revelando de este modo la existencia de
estados plasmónicos no-clásicos. Gracias a que los plasmones de las nanoestructuras
de grafeno son sintonizables, el acoplamiento plasmón-emisor y, por tanto, el efecto
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de bloqueo plasmónico se pueden controlar modulando el nivel de dopaje del na-
nodisco de grafeno. Por último, es necesario destacar que este efecto es análogo al
fenómeno de bloqueo fotónico, el cual ha sido estudiado extensivamente y observado
experimentalmente en el contexto de la electrodinámica cuántica en cavidades.

La posibilidad de controlar la evolución temporal de un emisor cuántico usando
señales clásicas constituye un gran avance hacia la realización de dispositivos de
información cuántica escalables. En este contexto, la aparición del grafeno como un
material plasmónico sintonizable, en el que los plasmones se pueden, literalmente,
encender y apagar aplicando potenciales externos, abre una vía natural para con-
trolar la evolución de sistemas pequeños a través de interacciones mediadas por
plasmones, las cuales, a su vez, se pueden modular por medio de campos y poten-
ciales eléctricos externos. En esta tesis exploramos esta posibilidad analizando, de
nuevo, un sistema compuesto por un emisor cuántico situado cerca de un nanodisco
de grafeno. A través de la realización de simulaciones realistas demostramos un
control excelente sobre la evolución temporal de emisores, tanto individuales como
en interacción. Basándonos en la rápida modulación electro-óptica del grafeno, com-
probamos que es posible conseguir cualquier perfil temporal para la evolución de los
emisores. Además, usando este esquema de control, podemos también modular la
emisión de sistemas compuestos por conjuntos de emisores, en los cuales es posible
producir, de forma controlada, un estado de superradiancia.

Uno de los objetivos fundamentales de la investigación en plasmónica es el
diseño de sistemas capaces de confinar el campo electromagnético en regiones con el
mínimo tamaño posible. Con este objetivo en mente, exploramos la posibilidad de
trasladar las excelentes propiedades mostradas por las nanoestructuras de grafeno
consideradas hasta ahora, las cuales contienen millones de átomos de carbono, a
sistemas mucho más pequeños compuestos tan sólo por cientos de átomos. La
reducción de las dimensiones de las nanoestructuras produce un corrimiento de
las frecuencias plasmónicas hacia longitudes de onda más pequeñas, y por tanto
más cercanas al visible. Además, el carácter discreto del espectro electrónico de
estos sistemas implica que alcanzar los valores típicos de dopaje solo requiera añadir
o extraer unos pocos electrones. Debido a su tamaño, estos sistemas deben ser
estudiados usando modelos microscópicos capaces de describir los efectos de borde
y de confinamiento cuántico, los cuales, como se ha demostrado en la literatura,
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juegan un papel central en nanoestructuras con un número de átomos inferior a
∼ 104.

En la tercera parte de esta tesis, estudiamos nanotriángulos de grafeno a través
de un análisis basado en la combinación de un método de enlace-fuerte para la des-
cripción de la estructura electrónica, y la aproximación de fase aleatoria para la
respuesta dieléctrica. Mediante estas técnicas demostramos que el añadir un sólo
electrón al nanotriángulo hace posible la excitación de plasmones en el infrarrojo que
no existían en la configuración neutra, lo cual constituye un resultado destacable
teniendo en cuenta que los nanotriángulos estudiados contienen cientos de electrones.
Además, cada electrón extra que se añade al sistema produce un corrimiento
significativo de la frecuencia plasmónica. Este fenómeno es muy sensible al tipo
de bordes que presenta la nanoestructura. En particular, los nanotriángulos con
bordes tipo brazo de silla exhiben resonancias plasmónicas estrechas, asociadas a
un incremento extraordinario del campo cercano, así como a secciones eficaces de
absorción mayores que el área geométrica de la nanoestructura. Por el contrario, los
nanotriángulos con borde tipo zigzag no presentan este comportamiento debido a la
existencia de estados de energía nula que no participan en la respuesta plasmónica.

En un frente muy distinto, las fluctuaciones térmicas y de vacío del campo
electromagnético, así como de la polarización de la materia, originan diversos
fenómenos que juegan un papel central en la dinámica de las nanoestructuras. Como
ejemplos de ello podemos citar las interacciones de van der Waals y de Casimir, o
la transferencia radiativa de calor. Durante los últimos años se ha dedicado un
tremendo esfuerzo científico a la descripción de estos fenómenos. En particular, la
transferencia radiativa de calor entre nanoestructuras ha sido ampliamente estudiada
debido a su importancia crucial para el desarrollo de aplicaciones en nanotecnología.

La última parte de esta tesis comienza con el desarrollo de un modelo, basado
en el teorema de fluctuación-disipación, para describir la transferencia radiativa de
calor entre dos nanopartículas. Este modelo, a diferencia de descripciones anteriores,
incluye la respuesta electromagnética completa de las nanopartículas, el intercambio
con el entorno, y correcciones radiativas, tanto en la dependencia con la distancia
de los campos como en los coeficientes de absorción de las nanopartículas. Gracias
a este análisis, demostramos que los términos cruzados de polarizaciones eléctrica y
magnética dominan la transferencia entre partículas de oro y SiC, mientras que las
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correcciones radiativas reducen dicha transferencia en varios órdenes de magnitud,
incluso para separaciones relativamente pequeñas. Al mismo tiempo, mostramos
que es posible suprimir o incrementar la transferencia al entorno, dependiendo de
la temperatura de las partículas. Todos estos efectos han de ser tenidos en cuenta
para obtener una descripción precisa del intercambio radiativo de calor en entornos
nanoestructurados.

La interacción de las fluctuaciones térmicas y de vacío del campo con objetos
en movimiento da lugar a fuerzas que modifican la dinámica de éstos últimos.
Un claro ejemplo de ello es el efecto de Casimir dinámico. En la última parte
de la tesis, estudiamos la dinámica de una nanopartícula que rota en el vacío,
prediciendo la existencia de un torque generado por las fluctuaciones del campo
electromagnético y de su polarizabilidad. Como resultado de este análisis, obtenemos
expresiones analíticas para el torque y la potencia radiada por la nanopartícula
durante el proceso de fricción en función de su velocidad, su temperatura, y la
del entorno. La metodología empleada se basa en dos procedimientos diferentes:
(i) un cálculo semiclásico derivado del teorema de fluctuación-disipación y (ii)
una descripción estrictamente cuántica, en la que asumimos que la respuesta de
la nanopartícula está gobernada por excitaciones bosónicas tales como fonones
y plasmones. Ambos procedimientos convergen a las mismas expresiones finales,
confirmando de este modo la idoneidad del teorema de fluctuación-disipación para
tratar sistemas aparentemente fuera del equilibrio, y proporcionando, al mismo
tiempo, una visión más amplia de los procesos físicos subyacentes a la fricción
térmica y de vacío. Usando el modelo desarrollado, calculamos la temperatura de
equilibrio de la nanopartícula durante el proceso de fricción, mostrando que dicho
proceso puede producir tanto calentamiento como enfriamiento de la nanopartícula
relativos a la temperatura del entorno. Finalmente, estudiamos el tiempo de
frenado de nanopartículas de grafito, discutiendo sus posibles implicaciones en el
comportamiento del polvo cósmico.
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Abstract

In recent years we have witnessed an almost explosive growth of the field of
nanophotonics: the interaction of light with structures whose dimensions lie at the
nanometer scale. The matching between the size of light (i.e., its wavelength)
and the dimensions of the structures under consideration gives rise to non-trivial
interactions, which enable new approaches for manipulating and controlling light.
Plasmonics has emerged as one of the most promising research topics in this field.
Surface plasmons (i.e., collective oscillations of the conduction electrons of metallic
nanostructures) provide a tool for confining and manipulating electromagnetic fields
at length scales well below the diffraction limit of light. With their extremely large
excitation cross-sections, plasmonic nanostructures provide the means for enhanced
light harvesting and light focusing to intense hot spots, where non-linear optical
effects can be exploited to probe the electronic and vibrational structure of matter.

Surface plasmons existing at metal-dielectric interfaces can be used to guide
electromagnetic signals at infrared and visible frequencies. The large degree
of confinement displayed by these excitations enables the concentration of the
guided signals in transversal areas with dimensions well below the diffraction limit.
This renders plasmonic waveguides as a promising alternative to develop novel
information processing devices capable of combining the operating frequencies and
bandwidths of photonic devices with the large degree of integration achieved by
current semiconductor technologies.

Several designs of plasmonic waveguides have been proposed in the last years,
including continuous systems composed of metallic elements of finite cross-section
sandwiched in symmetric and asymmetric dielectric environments, or channels and
ridges patterned into flat surfaces. Systems consisting of periodic arrangements of
nanoparticles, or composed of plasmon-band-gap structures, have been also studied,
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as well as hybrid devices combining dielectric wires and metallic planar surfaces.
In the first part of this thesis, we study and characterize the response of pairs

of silver nanowires placed in silica with the aim of designing novel robust plasmonic
waveguides. These structures can support gap plasmons, which emerge from the
hybridization of the individual wire modes and are highly concentrated in the gap
region between the wires. The guiding properties associated with these modes can be
tuned by adjusting the distance between the wires. This enables the optimization of
the tradeoff between the degree of confinement and the propagation length existing
in all plasmonic waveguides. We demonstrate the outstanding performance of this
guiding scheme by comparing it with other proposed plasmonic waveguides in terms
of a figure of merit associated with the degree of allowed integration. We also
analyze the robustness of the gap plasmon, showing that it can tolerate sharp turns
of subwavelength radius, as well as asymmetries in the wire diameter.

With the objective of designing three dimensional plasmonic circuits, we analyze
the interaction between gap plasmons in systems composed of more than two wires.
Starting with the basic element defining a gap plasmon (i.e., the wire pair) we
study the energy splitting and symmetry properties of the hybridized gap modes
resulting from the interaction between two wire pairs. This system is shown to
display non-avoided crossings of hybridized modes, and it evolves at short distances
towards a degenerate system consisting of four wires arranged in a square, where two
new gap plasmons emerge from redshifted higher-energy modes. The gap modes of
three neighboring wires are also described in a continuous transition from a coplanar
configuration to an equilateral triangle arrangement.

The interaction between wire pairs is shown to be weak enough to prevent
efficient transfer of plasmon signals from one pair to the other, which is beneficial to
avoid crosstalking, but it still allows the design of waveguide couplers. The coupling
is significantly increased by placing a wire of rectangular cross-section in between
the wire pairs, thus allowing us to design a gap plasmon coupler capable of achieving
large plasmon-signal transfers within propagation distances below the attenuation
length, and therefore, completing the analysis of the basic elements needed to built
a three dimensional plasmonic circuit.

The large field enhancements associated with the excitation of plasmons in
metallic nanoparticles permit them to interact with quantum emitters (e.g., atoms,
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molecules, or quantum dots) placed in their vicinity. This interaction allows us to
design new hybrid plasmon-emitter systems with extraordinary optical properties
resulting from the combination of the bosonic character of plasmons and the
fermionic behavior of emitters. However, in order to exploit these extraordinary
properties, we need to develop new theoretical tools capable of describing, at the
quantum level, the coupling and the interference processes associated with the
interaction of the different system elements.

The second part of this thesis starts with the description of a novel approach,
based on Zubarev’s Green functions, to study the optical response of hybrid plasmon-
emitter systems. Despite its simplicity, this methodology allows us to go beyond the
perturbative regime in the plasmon-emitter interaction, incorporating, at the same
time, the finite lifetimes of these excitations. We illustrate this method by applying
it to the analysis of the optical absorption spectrum of a system consisting of a
quantum emitter placed in the gap of a metallic dimer. Using realistic parameters,
we show that, as a result of the interaction between the emitter and the dimer
plasmons, the absorption spectrum of the latter can exhibit narrow Fano resonances
whose position and size directly depend on the state of the emitter.

The recent discovery of the facile synthesis of single sheet graphene structures
has opened up several highly promising new directions in plasmonics. This material,
that consists in a flat monolayer of carbon atoms arranged in a two-dimensional
honeycomb lattice, can support surface plasmons when doped, either by electrons
or by holes. Plasmons supported by graphene nanostructures display interesting
and unusual properties, quite different from the equivalent excitations in metallic
structures. In particular, they can confine light down to substantially smaller vo-
lumes, and at the same time, provide longer plasmon lifetimes and higher Q-factors.
Furthermore, graphene plasmons can be tuned through the modification of the
doping level of graphene. This can be accomplished using chemical methods, and
also electrostatically, using an applied potential. These extraordinary properties
make of graphene nanostructures a very suitable platform to observe and study
quantum plasmonic effects.

In an attempt to take advantage of the excellent properties of graphene plasmons,
we study the plasmonic response of hybrid systems composed of quantum emitters
and graphene nanostructures. Thanks to this analysis, we predict the existence of a
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plasmon blockade effect arising from the coupling between a quantum emitter and
a graphene nanodisk. This effect, which is a direct consequence of reaching the
strong-coupling regime in the interaction between the two elements of the system,
arises from the transfer of the fermionic character of the emitter to the graphene
plasmons through the generation of hybridized states. This is only possible thanks
to the extraordinary confinement and lifetime of graphene plasmons. As a result of
the plasmon blockade effect, the absorption cross-section of the graphene nanodisk
becomes strongly non-linear. Furthermore, the statistics of the supported plasmons
turns out to be non-classical. We characterize this phenomenon by analyzing the
equal-time second-order correlation function g(2)(0). This magnitude, which for
classical states remains above 1, drops to values close to 0 as a consequence of the
blockade effect, thus revealing the existence of non-classical plasmon states. Thanks
to the tunability of graphene plasmons, the plasmon-emitter coupling, and therefore,
the plasmon blockade, can be efficiently controlled by tuning the doping level of the
graphene nanodisk. This effect is analogous to the photon blockade that has been
extensively studied and experimentally observed in the context of the field of cavity
quantum electrodynamics.

Controlling the temporal evolution of a quantum emitter by means of classical
signals represents a significant step forward towards the realization of scalable
quantum information devices. In this context, the emergence of graphene as a
tunable plasmonic material, in which plasmons can be literally switched on and
off by applying external potentials, opens a natural way to control the quantum
evolution of small systems through plasmon-mediated interactions, which are in
turn modulated by external fields. Here, we explore this possibility by analyzing
again a system composed of a quantum emitter placed close to a graphene nanodisk.
We provide realistic simulations demonstrating excellent control over the temporal
evolution of individual and interacting quantum dots. Any desired temporal profile
can be produced by resorting on the unprecedentedly fast electro-optical modulation
of graphene. Furthermore, we also demonstrate that, using this scheme, it is
possible to modulate the emission in systems consisting of many emitters, in which
superradiance can be produced and controlled electrostatically.

One of the ultimate goals of plasmonic research is to design systems capable
of confining the electromagnetic field in the smallest possible volume. With this
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objective in mind, we explore the possibility of transferring the excellent properties
displayed by the graphene nanostructures considered so far, containing millions
of carbon atoms, to smaller systems composed of just hundreds of atoms. The
reduction of the nanostructure dimensions produces an interesting blueshift of the
plasmonic frequencies towards the visible range. Furthermore, as a result of the
discrete character of the electronic spectrum of these systems, the addition or the
removal of just a few electrons is sufficient to reach doping values compatible with
the existence of plasmons. Due to their small sizes, these systems must be studied
using microscopic models capable of accounting for edge and quantum confinement
effects, which, as it has been shown in the literature, play a central role in structures
containing less than ∼ 104 carbon atoms.

In the third part of this thesis we study small graphene nanotriangles using a
combination of a tight-binding model for the electronic structure and the random-
phase approximation for the dielectric response. We show that the addition of a
single electron switches on infrared plasmons that were previously absent from the
uncharged structure. This is a remarkable result, since the nanotriangles considered
contain hundreds of electrons in their valence band. Moreover, the addition of each
further electron produces a dramatic frequency shift of the plasmonic resonance.
These phenomena are highly sensitive to carbon edges. Specifically, armchair
nanotriangles display sharp plasmons that are associated with intense near-field
enhancement, as well as absorption cross-sections exceeding the geometrical area
occupied by the graphene. In contrast, zigzag triangles do not support these
plasmons due to the existence of zero-energy states that do not participate in the
plasmonic response.

Thermal and vacuum fluctuations of the electromagnetic field and the polariza-
tion of matter are at the origin of several phenomena playing a central role in the
dynamics of nanoscale objects. Examples of this include the van der Waals and the
Casimir interactions, as well as the so-called radiative heat transfer. In recent years,
a tremendous amount of work has been devoted to understand these phenomena. In
particular, the radiative heat transfer between nanostructures has been extensively
investigated due to its crucial implications for technological applications.

The last part of this thesis starts with the derivation of a model, based on
the fluctuation-dissipation theorem, to explain the radiative heat transfer between
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two nanoparticles. Our model includes the full electromagnetic particle response,
heat exchange with the environment, and important radiative corrections, both in
the distance dependence of the fields and in the particle absorption coefficients,
which where ignored in previous studies. We find that crossed terms of electric and
magnetic interactions dominate the transfer rate between gold and SiC particles,
whereas radiative corrections reduce it by several orders of magnitude even at small
separations. We further show that the amount of radiation leaking away from
the system can be strongly suppressed or enhanced at low and high temperatures,
respectively. These effects must be taken into account for an accurate description
of radiative heat transfer in nanostructured environments.

The interaction of the thermal and vacuum field fluctuations with moving objects
produce forces that modify the dynamics of the latter, as it happens in the dynamical
Casimir effect. We finish the last part of this thesis by studying the stopping
of spinning particles in vacuum. We predict a torque produced by fluctuations
of the electromagnetic field and the particle polarization. We obtain expressions
for the frictional torque and the power radiated by the particle as a function
of rotation velocity and the temperatures of the particle and the surrounding
environment. We solve this problem following two different approaches: (i) a
semiclassical calculation based upon the fluctuation-dissipation theorem; and (ii) a
fully quantum-mechanical theory within the framework of quantum electrodynamics,
assuming that the response of the particle is governed by bosonic excitations such
as phonons and plasmons. Both calculations lead to identical final expressions,
thus corroborating the suitability of the fluctuation-dissipation theorem to deal with
systems that are apparently out of equilibrium, and also providing comprehensive
insight into the physical processes underlying thermal and vacuum friction. Using
the developed model we calculate the equilibrium temperature of the particle during
the friction process. We find that thermal and vacuum friction can produce heating
but also cooling of the particle relative to the environment. Finally, we study the
stopping time of graphite nanoparticles and discuss its possible implications for the
rotational dynamics of cosmic dust.



Chapter 1

Introduction

The interaction between light and matter is at the origin of many phenomena that
form part of our daily experience. The desire of humanity for controlling this
interaction has been a powerful engine to develop new tools that have served to
improve our adaptation to the environment. Examples of this advance bring us
from the lenses that Galileo used in his telescope, which allowed him to observe
the moons of Jupiter, to the latest developments in laser technology contained in so
many of the devices that surround us nowadays.

In the last decades, we have witnessed the emergence of the novel field of
nanophotonics [1]. This field is devoted to the study of the interaction between
light and material structures with relevant lengths comparable to the wavelength of
visible light (i.e., of the order of hundreds of nanometers). This matching between
the size of light and the dimensions of matter leads to unexpected extraordinary
optical properties. A paradigmatic example is the absorption and scattering spectra
of colloidal gold, which are completely different from those of bulk gold [2], and that
can be tuned by tailoring the size and the shape of the gold nanoparticles [3].

In this context, collective oscillations of the conduction electrons of a metal,
known as surface plasmons [4], have emerged as key elements that provide the
means to confine electromagnetic energy down to nanometer scales, well below the
diffraction limit of light, and to consequently enhance the light intensity relative to
the external supplied illumination [5]. More recently, the discovery and synthesis
of graphene [6], a flat monolayer of carbon atoms arranged in a two-dimensional
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honeycomb lattice, have opened an alternative path in nanophotonics with an
extraordinary potential for novel applications based on the excellent properties of
the plasmons supported by graphene nanostructures [7].

The research in nanophotonics has already led to important applications in
areas as diverse as ultrasensitive biosensing, in which the development of surface
enhanced Raman scattering (SERS) has played a pivotal role [8, 9, 10]. Plasmon-
enhanced photodetection [11], improved photovoltaics [12, 13], and photothermal
cancer therapy [14, 15] are other examples of applications that are already benefiting
society. Additionally, an extensive research program is being carried out to find
potential applications to information technologies [16].

Framed in this context, the purpose of this thesis is to contribute to a better
understanding of the interaction between light and matter at the nanoscale from
a fundamental perspective, but with the view to developing novel applications for
technology.

1.1 Classical electromagnetism

In a classical and macroscopic framework, light is described as an electromagnetic
wave, while at the same time, matter is assumed to be a continuous medium in which
the singular character of charges and currents is avoided by considering charge ρ and
current J densities. Within these prescriptions, light-matter interaction is described
by Maxwell’s macroscopic equations1 [17, 18]

∇× E (r, t) = −1
c

∂

∂t
B (r, t) ,

∇×H (r, t) = 1
c

∂

∂t
D (r, t) + 4π

c
J (r, t) ,

∇ ·D (r, t) = 4πρ (r, t) ,

∇ ·B (r, t) = 0, (1.1)

where E is the electric field, H is the magnetic field, D is the electric displacement,
and B is the magnetic induction. Maxwell’s equations determine how fields are
generated by charges and currents, but they do not determine how charges and

1Gaussian electromagnetic units are used throughout this thesis.
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currents are induced by fields. Therefore, in order to get a self-consistent solution of
Maxwell’s equations, we must supplement them with adequate constitutive relations.
Here, we limit ourselves to materials that are linear, homogeneous, isotropic, and
non-magnetic, and thus, the constitutive relations can be written as

D (r, t) =
∫
dr′dt′ε (r− r′, t− t′) E (r′, t′) , B (r, t) = H (r, t) , (1.2)

where, ε is the dielectric function of the medium. The first of these equations
shows that the electric displacement D at certain position r and time t depends
on the value of the electric field E at all positions r′ and times t′ < t. When this
happens, we talk about spatial and temporal dispersion. The latter is a very common
behavior for numerous materials in the visible spectrum and leads to frequency-
dependent dielectric permittivities if we perform a spectral decomposition of the
fields. On the contrary, spatial dispersion, known also as non-locality, is relevant only
under extreme conditions, such as for metallic structures whose size is comparable
to the mean-free path of the electrons, or in gaps in which electron tunneling is
significant [19, 20]. In general, a proper description of non-locality requires the use
of microscopic models, from which, in some cases, it is possible to extract useful
effective prescriptions.

If we shift to the frequency domain, we can write the spectrum of an arbitrary
time-dependent field using the Fourier transform

E (r, ω) =
∫
dtE (r, t) eiωt. (1.3)

Since E (r, t) is a real field, its spectrum must satisfy the relation E (r,−ω) =
E∗ (r, ω). Maxwell’s equations [see Eq. (1.1)] can be transformed in the same way
to obtain

∇× E (r, ω) = ikB (r, ω) ,

∇×H (r, ω) = −ikD (r, ω) + 4π
c

J (r, ω) ,

∇ ·D (r, ω) = 4πρ (r, ω) ,

∇ ·B (r, ω) = 0, (1.4)
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where k = ω/c is the light wave vector. In addition, the constitutive relations given
in Eq. (1.2) can be written in the frequency domain as

D (r, ω) = ε (ω) E (r, ω) , B (r, ω) = H (r, ω) ,

where ε (ω) is the frequency-dependent dielectric permittivity. Here, we have
neglected any non-locality of the material.

When the physical problem involves more than one material, the fields must
satisfy some conditions at the boundaries that separate them. These conditions,
which are derived from Maxwell’s equations, can be expressed as follows

n× (Ei − Ej) = 0,

n× (Hi −Hj) = 4π
c

K,

n · (Di −Dj) = 4πη,

n · (Bi −Bj) = 0, (1.5)

where K and η are the surface current and surface charge densities on the boundary,
respectively. From these expressions we can work out the so-called Fresnel coeffi-
cients [1], which relate the fields transmitted and reflected by a planar boundary
with the incident field. These coefficients depend on the polarization of the field.
For a p-polarized electric field (i.e., a field parallel to the plane of incidence) we
have

rp = ε2k1⊥ − ε1k2⊥

ε2k1⊥ + ε1k2⊥
, tp =

√
ε2

ε1

k1⊥

k2⊥
[1− rp] , (1.6)

where ki⊥ is the component of the wave vector in medium i perpendicular to the
interface. This component is defined as ki⊥ =

√
k2
i − k2

‖ in terms of the total wave
vector in that medium ki = √εik, and the parallel component k‖, which is the
same for both media. In a similar way, we have for a s-polarized field (i.e., a field
perpendicular to the plane of incidence) the following expressions

rs = k1⊥ − k2⊥

k1⊥ + k2⊥
, ts = 1 + rs. (1.7)
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1.1.1 Surface plasmons polaritons

Surface plasmons polaritons (SPPs) are surface modes that propagate at metal-
dielectric interfaces and decay in the direction perpendicular to them. They are
originated from collective excitations of the conduction electrons of a metal coupled
to an external electromagnetic field. From a more theoretical point of view, these
excitations can be understood as the electromagnetic eigenmodes2 of the metal-
dielectric interfaces. This means that they are solutions of Maxwell’s equations in
the absence of external excitations. Therefore, we can obtain the dispersion relation
of SPPs from the poles of the Fresnel coefficients. If we start by analyzing the
pole of rs [see Eq. (1.7)], we arrive to the condition k1⊥ = −k2⊥, which cannot be
satisfied by any physical system3. Then, SPPs have always p-polarization [i.e., they
are transverse magnetic modes (TM)] and their dispersion relation, derived from the
pole of rp [see Eq. (1.6)], reads

kspp = ω

c

√
εmεd

εm + εd
, (1.8)

where εm (ω) and εd (ω) are the dielectric functions of the metal and the dielectric
medium, respectively, which must fulfill εm (ω) εd (ω) < 0 and εm (ω) + εd (ω) < 0.
These conditions are satisfied by noble metals at frequencies below the plasma
frequency ωp surrounded by a dielectric or vacuum. This magnitude, which is defined
in terms of the electron density n, mass me, and charge e, as

ωp = e

√
4πn
me

,

determines the frequency above which a metal starts displaying a dielectric behavior
(positive permittivity) because its conduction electrons cannot follow anymore the
rapid variation of the external fields.

The dielectric function of a noble metal can be approximated using the Drude

2Rigorously speaking, we should talk about quasi-eigenmodes due to the fact that all systems
considered in this thesis present Ohmic losses and, very often, the modes in which we focus are
coupled to radiation.

3Nonetheless, s-polarized surface waves can exist in artificial metamaterials that sustain
nontrivial magnetic response.



20 CHAPTER 1. INTRODUCTION

model [21]

ε (ω) = εb −
ω2

p

ω (ω + iγ) , (1.9)

where γ � ωp is the electron collision rate responsible for the metal losses, and εb

accounts for the electron screening due to inner shells polarization and interband
transitions. From this expression, we verify that the dielectric function of a noble
metal is predominantly real and negative for γ � ω < ωp/

√
εb, while it becomes

positive (i.e., the metal behaves as a dielectric) for ω > ωp/
√
εb. If we use this

expression into Eq. (1.8), we can obtain the dispersion relation of SPPs.
Figure 1.1 represents the dispersion relation for a gold-vacuum interface showing

explicitly the real (red curve) and the imaginary (green curve) parts of kspp. We
describe the dielectric function of gold using the Drude model [see Eq. (1.9)] with
the following values for the different parameters: εb = 9.5, ~ωp = 9.06 eV and
~γ = 0.071 eV [22]. These values are chosen to fit correctly the experimental data
from Ref. [23]. For frequencies below ωp/

√
1 + εb (see black dotted curve), SPPs

propagate along the metal-dielectric interface with a wave vector larger than that
corresponding to a plane wave of the same energy (i.e., Re {kspp} > k = ω/c). Since
ki⊥ =

√
εik2 − k2

spp, this means that the perpendicular component of the wave vector
both in vacuum and in gold has a dominant imaginary part related to Re {kspp}.
Therefore, the fields associated with the SPP decay in the direction perpendicular
to the metal, thus confining the electromagnetic energy to a region localized around
the interface. The degree of confinement is proportional to the real part of kspp, and,
hence, it increases as the frequency approaches ωp/

√
1 + εb. The fact that SPPs lie

outside of the light cone also implies that they cannot couple to free radiation due
to momentum mismatch (i.e., Re {kspp} 6= k = ω/c).

If we analyze the results obtained assuming γ = 0 (see blue dotted curve), we
observe that the inclusion of losses establishes a limit to the value of Re {kspp}, and
therefore, to the maximum achievable degree of confinement. On the other hand,
the propagation length of a SPP is determined by the imaginary part of the SPP
wave vector L = 1/2Im {kspp}. This magnitude is defined as the distance at which
the SPP intensity decays by a factor 1/e of the initial value and, as extracted from
the green curve of Fig. 1.1, it becomes minimum at the frequency for which the real
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part of the wave vector reaches its maximum. This results in a tradeoff between the
degree of confinement and the propagation length that is inherent to SPPs.

For frequencies above ωp/
√
εb we observe a second mode lying inside the light

cone, which indicates that it is not a bounded mode. Actually, as discussed
above, gold behaves as a dielectric in that spectral region, and therefore, this mode
corresponds to incident light satisfying the Brewster condition (i.e., rp = 0).

0 1 2 30.0

0.5

1.5

1.0

Electric field

2π/kspp

lig
ht 

lin
e

Re{kspp}
Im{kspp}
kspp for γ = 0

gold

vacuum

ksppc/(ωp/ε
0.5)b

ω
/(ω

p/ε
0.

5 ) b

Figure 1.1: Dispersion relation of a surface plasmon polariton propagating along a
gold-vacuum interface. We show explicitly the real (red curve) and the imaginary
(green curve) parts of the SPP wave vector kspp. The dielectric function of gold is
described using the Drude model with εb = 9.5, ~ωp = 9.06 eV and ~γ = 0.071 eV.
These values fit correctly the experimental data from Ref. [23]. For comparison we
also include kspp for the case in which losses are neglected (i.e., γ = 0) (blue dotted
curve). The inset shows a schematic representation of the interface with the electric
field associated with the SPP.
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1.1.2 Localized surface plasmons

A finite system such as a metallic nanoparticle can also support surface plasmons [5].
In this case, due to the lack of translational invariance, the plasmons are confined
in the three dimensions of space and, therefore, we talk about localized surface
plasmons (LSPs). As we did with SPPs, we can understand these excitations as the
electromagnetic eigenmodes of the nanoparticle. They can be calculated by solving
Maxwell’s equations as follows. First of all, in the absence of external charges and
currents, we can rearrange the first two expressions of Eq. (1.4) to obtain [1]

∇×∇× E− k2εE = 0,

∇× ε−1∇×H− k2H = 0, (1.10)

which are the wave equations for the electric and the magnetic fields. With the
appropriate boundary conditions, which of course depend on the particular geometry
of the nanoparticle, we can solve these equations to obtain the frequency and the
spatial distributions of the fields associated with the LSP. Unfortunately, even
for the simple spherical geometry the solution of these equations is not a trivial
problem. However, when the size of the particle is much smaller than the light
wavelength, the electromagnetic interaction between different parts of the metal
is almost instantaneous (i.e., the speed of light can be taken as infinite). This is
known as the quasi-static approximation. Within this approximation, the electric
and magnetic fields are decoupled [i.e., the first and the second expressions of Eq.
(1.4) become ∇× E = 0 and ∇×H = 0, respectively], and therefore we can write
the former as the gradient of a scalar potential E = −∇Φ. This in turn implies that,
within this level of approximation, solving the wave equation given in Eq. (1.10) is
equivalent to finding the solution of the following equation for the scalar potential
with the appropriate boundary conditions

∇ · ε∇Φ = 0.

Solving this equation for the case of a spherical particle in vacuum and a uniform
external field, we find that it behaves as an electric point dipole, with a polarizability
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given by
αE = R3 εp − 1

εp + 2 , (1.11)

where R is the particle radius, and εp is the particle dielectric function. As we did
in the previous section, we can obtain the LSP frequency by analyzing the pole
of this expression. By doing so, we obtain the condition εp = −2, which can be
satisfied by metallic particles. Indeed, if we describe the dielectric function of the
metal nanoparticle using the Drude model [see Eq. (1.9)], we arrive at the following
expression for the LSP frequency:

ω = ωp√
εb + 2 . (1.12)

An important characteristic of LSPs is the fact that, contrary to SPPs, they
couple to free radiation. This means that the excitation of the LSP of a certain
nanoparticle enhances its absorption and scattering properties. For this reason, a
very suitable way of studying the LSP is through the analysis of its absorption and
scattering cross-sections [3]. In the case of an electric dipole we can write these
magnitudes in terms of the electric polarizability as

σabs = 4πkIm {αE} − σsc,

σsc = 8π
3 k4 |αE|2 , (1.13)

From these expressions we can clearly see that the absorption cross-section is
proportional to the volume of the particle [see Eq. (1.11)], and therefore, for small
particles, it dominates over the scattering cross-section, which scales as R6.

When the size of the nanoparticle is not deep subwavelength, the quasi-static
approximation breaks down and we need to explicitly solve Eq. (1.10). This was
done by Gustav Mie in 1908 for the case of spherical particles [24]. He obtained
an analytical solution, known nowadays as Mie theory [25], based on describing the
fields and the optical response of particles in terms of an infinite series of multipolar
modes. This theory predicts that a spherical metallic nanoparticle can support an
infinite number of LSP resonances, corresponding to multipoles of different order
(e.g., dipole, quadrupole, hexapole, etc.). These resonances are determined by the
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Figure 1.2: Localized surface plasmon supported by a gold nanoparticle. (a)
Absorption (red curve) and scattering (blue curve) for a gold nanoparticle of radius
R = 15 nm in vacuum (see inset). The cross-sections are normalized to the projected
area of the particle (πR2). The dielectric function of gold is approximated with
the Drude model as in Fig. 1.1. We compare the results obtained within the
quasi-static approximation (solid lines) [see Eqs. (1.11) and (1.13)] with exact
calculations based on Mie theory (dashed curves). (b) Enhancement of the electric
field intensity (|E/E0|2, background contour plot), and orientation of the induced
electric field (white arrows) calculated at the energy of maximum absorption cross-
section (2.66 eV) by solving Maxwell’s equations using the boundary element method
(BEM) (see main text).

poles of the electric scattering coefficient [26]

tEl = εp [jl (ρ) + ρj′l (ρ)] jl (ρp)− [jl (ρp) + ρpj
′
l (ρp)] jl (ρ)

ih
(1)
l (ρ) [jl (ρp) + ρpj′l (ρp)]− εp

[
ih

(1)
l (ρ) + ρih

(1)′

l (ρ)
]
jl (ρp)

, (1.14)

where we have assumed a vacuum environment, l denotes the multipole order (e.g.,
l = 1 for the dipole), ρ = kR, ρp = kR

√
εp, jl (h(1)

l ) is the spherical Bessel (Hankel)
function of first kind, and the primes stand for derivatives with respect to the
argument. Interestingly, non-metallic particles with high dielectric functions can also
support these kinds of resonances, although in that case they are not associated with
LSPs [27]. Furthermore, Mie theory predicts the existence of magnetic resonances,
even for non-magnetic materials (i.e., materials with µ = 1), associated with the
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poles of the magnetic scattering coefficient [26]

tMl = ρj′l (ρ) jl (ρp)− ρpjl (ρ) j′l (ρp)
ρpih

(1)
l (ρ) j′l (ρp)− ρih(1)′

l (ρ) jl (ρp)
. (1.15)

These resonances can play an important role in the optical response of metallic
nanoparticles in the infrared (IR) part of the spectrum [28]. Finally, it is important
to remark here that the dipolar electric (magnetic) scattering coefficient is directly
related to the electric (magnetic) polarizability through the following expression

αE,M = 3
2k3 t

E,M
1 .

As an example to illustrate the discussion of LSPs, Fig. 1.2(a) shows the absorp-
tion (red curves) and scattering (blue curves) cross-sections of a gold nanoparticle
of 15 nm of radius placed in vacuum. The dielectric function of gold is described
using the Drude model with the parameters given in Fig. 1.1. Solid curves are
used to represent the absorption and scattering cross-sections calculated within the
quasi-static approximation, which are in good agreement with the results based on
Mie theory (dashed curves). Panel (b) shows the enhancement of the field intensity
|E/E0|2, relative to the incident field amplitude E0, associated with the excitation
of the LSP. Such enhancement reaches values larger than 200 near the surface of
the particle. The orientation of the induced electric field is indicated with white
arrows and, as expected from the small size of the particle, resembles exactly the
field generated by a point dipole.

So far, we have focused on spherical nanoparticles for which, as discussed above,
an analytical solution exists. However, when dealing with more complex shapes we
need to rely on numerical methods to study the properties of LSPs. In this thesis,
we employ the boundary element method (BEM) [29, 30]. This method is based
on expressing the electromagnetic field in terms of boundary charges and currents,
and imposing the customary boundary conditions [see Eq. (1.5)] to get a system of
surface-integral equations equivalent to Maxwell’s equations. Then, this system is
solved by discretizing the integrals using a set of N representative points distributed
along the boundaries. In this way, we obtain a linear system of equations that can
be solved numerically by standard linear-algebra techniques.
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1.1.3 Surface plasmons in graphene

In the last years, graphene has emerged as a very promising material displaying a
wide range of extraordinary mechanical, electrical, and optical properties, associated
with its particular structure [6]. This structure, which consists of a flat monolayer
of carbon atoms arranged in a two-dimensional honeycomb lattice [see Fig. 1.3(a)],
is associated with a band diagram in which the conduction and the valence bands
touch each other at certain singular points known as Dirac points [31]. Around
those points, at which the density of electronic states vanishes, the conduction and
valence bands of graphene are symmetric and linear [see Fig. 1.3(b)]. This results
in charge carriers with zero effective mass (the so-called Dirac fermions [32]) that
can travel for micrometers without scattering, even at room temperature.

Graphene, in its neutral state, presents a completely filled valence band, and
a completely empty conduction band. Under such conditions, the Fermi level of
this material lies exactly at the Dirac point. When extra electrons are added to
the conduction band, the Fermi level moves up, and therefore the associated Fermi
energy EF (measured relative to the Dirac point) takes a finite positive value [see
Fig. 1.3(b)] given by EF = ~vF

√
πn, where vF ≈ c/300 is the Fermi velocity, and n is

the density of extra electrons. This process of changing the Fermi energy of graphene
is known as doping, and due to the symmetry of the bands, it can be also carried
out by removing electrons from the valence band. Experimentally, graphene doping
is usually achieved by electrostatic gating or with chemical methods [33, 34, 35].

Doped graphene, as noble metals, presents conduction electrons that allow it
to support SPPs [36]. This has been experimentally demonstrated using different
techniques, such as terahertz [37] and IR [38, 39, 40] optical spectroscopies, or in
a more direct way, through direct near-field spatial imaging [34, 35]. However, due
to its particular band structure, the SPPs supported by graphene present some
interesting advantages as compared to SPPs supported by noble metals. First of
all, the wavelength of graphene SPPs is much smaller than the wavelength of metal
SPPs [cf., the distance between the SPP wave vector and the light line in Figs.
1.1 and 1.3(c)], which results in a larger degree of confinement. Furthermore, the
relatively large conductivity of graphene translates into long optical relaxation times
reaching values of τ ≈ 10−13 s, compared to 10−14 s in gold, thus providing a plausible
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solution to the long-standing problem of dissipation in plasmonics. Finally, as we
have discussed above, graphene must be doped in order to be able to support SPPs,
therefore, by changing the doping, or equivalently, EF it is possible to control the
properties of the supported SPPs.
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Figure 1.3: Surface plasmons in graphene. (a) Graphene real and reciprocal lattices.
(b) Conduction and valence bands of graphene near the Dirac point. We have
assumed a certain level of doping corresponding to a finite value of the Fermi energy
EF. (c) Dispersion relation of the SPPs supported by graphene (red curve). The
light line is shown in green, and it appears almost vertical in this scale (see inset)
due to the extraordinary degree of confinement of the graphene SPPs. Here, kF
represents the Fermi wave vector defined as kF = EF/~vF, being vF ≈ c/300 the
Fermi velocity. The shaded areas represent the energies and wave vectors for which
interband and intraband transitions are allowed.

As in the case of a metal-dielectric interface, the dispersion relation of SPPs can
be derived from the pole of the p-polarized Fresnel reflection coefficient4, which in
the particular case of graphene, due to its intrinsic two-dimensional character, reads
[7]

4It is important to remark that graphene, contrary to metal-dielectric interfaces, can also
support s-polarized surface modes [41].
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rp =
ε2k1⊥ − ε1k2⊥ + 4πσ

ω
k1⊥k2⊥

ε2k1⊥ + ε1k2⊥ + 4πσ
ω
k1⊥k2⊥

.

In this expression, σ is the graphene surface conductivity (see below), ε1 and ε2 are
the dielectric functions of the mediums below and above graphene, and k1⊥ and k2⊥

are the corresponding wave vector components perpendicular to the graphene sheet.
Analyzing the pole of this expression, we can obtain the graphene SPP dispersion
relation

ε1√
ε1k2 − k2

spp
+ ε2√

ε2k2 − k2
spp

= −4πσ
ω
.

This relation is plotted in Fig. 1.3(c), where we can observe that SPPs exist in the
region in which interband and intraband transitions are forbidden.

Graphene sheets can be patterned to create finite structures such as nanodisks,
nanotriangles, etc. These structures are the graphene analogous of metallic nanopar-
ticles, and therefore, they can support LSP [7, 42]. Furthermore, as it happens with
SPPs, graphene LSPs present interesting advantages over the LSP sustained by
metallic nanoparticles. In particular, they are associated with a larger degree of
confinement and with a lower level of losses than their metallic counterparts, with
the additional advantage of being tunable through the modification of the Fermi
energy.

Unfortunately, there exist no analytical theory to describe the plasmonic response
of graphene nanostructures, and therefore, we are forced to rely on numerical
approaches to analyze the properties of the graphene LSP. In our case, we employ
a methodology based on rigorously solving Maxwell’s equations using the BEM
[7, 30]. Within this approach, graphene is modeled as a thin film of edges rounded
by semicircular profiles and characterized by a dielectric function 1+4πiσ/ωt, where
t is the film thickness and σ(ω) is the frequency-dependent surface conductivity.
We normally use t ∼ 0.5 nm, which is well converged with respect to the t → 0
limit. But most importantly, we take σ(ω) from the local limit of the random-phase
approximation (see next section) for extended graphene (i.e., for zero parallel wave
vector), which is available in analytical form in the literature [43, 44, 45], and we
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reproduced it here for convenience:

σ(ω) =2e2T

π~
i

ω + iτ−1 log [2 cosh(EF/2kBT )]

+ e2

4~

[
H(ω/2) + 4iω

π

∫ ∞
0

dε
H(ε)−H(ω/2)

ω2 − 4ε2

]
, (1.16)

whereH(ε) = sinh(~ε/kBT )/ [cosh(EF/kBT ) + cosh(~ε/kBT )], and T is the tempera-
ture.

The first term in Eq. (1.16) corresponds to intra-band transitions, in which the
relaxation time has been introduced to make it converge to the Drude model at
T = 0. The second term stands for inter-band transitions and is assumed to be
independent of τ . In general, we assume a relaxation time of τ = µEF/ev

2
F, where

µ = 10, 000 cm2/(Vs) is the measured DC mobility [46]. This approach can describe
accurately the plasmonic response of nanostructures with sizes down to ≈ 20 nm,
for which quantum confinement and edge effects are negligible. However, systems
with smaller dimensions have to be studied using microscopic models capable of
describing the dynamics of the electrons that constitute the surface plasmon (see
next section).

1.2 Microscopic description of plasmonic
materials: Random-phase approximation

Classical descriptions of the plasmonic response of nanostructures, based on solving
Maxwell’s equations using homogeneous dielectric functions, fail when the relevant
dimensions of the nanostructure are comparable to the electron mean free path.
In such cases, as we anticipated in previous sections, it is necessary to employ
microscopic descriptions in which the plasmonic response of the system is built from
the electronic wave functions. Among the different microscopic approaches that one
can find in the literature, those based on the random-phase approximation (RPA)
[47, 48] can be readily applied to low-dimensionality systems such as nanostructures
created from graphene or noble metal monolayers.

Within linear response theory, the reaction of the electrons of a certain nano-
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structure to an external perturbation can be characterized by the susceptibility
χ [47, 48], which relates the induced charge density ρind to the applied external
potential Φext as

ρind = χΦext.

The susceptibility χ includes the effect of the interaction between the electrons of
the system, and therefore, must be constructed using many-body wave functions. In
practice, this is a hard task even for systems involving a small number of electrons.
Instead of this, we choose to work with the non-interacting susceptibility χ0, which
is constructed from the single particle wave functions ψi (r) as

χ0 (r, r′, ω) = −2e
∑
ij

(fi − fj)
ψi (r)ψ∗i (r′)ψ∗j (r)ψj (r′)
~ω − εi + εj + i~/2τ , (1.17)

where εi is the energy of state i, ~τ−1 is a phenomenological width that accounts
for the finite lifetime of the electronic excitations, and

fi = 1
e(εi−EF)/kBT + 1

is the Fermi-Dirac distribution at a temperature T and a Fermi energy EF. Using
χ0, the induced charge density is given by

ρind = χ0Φ.

In this expression Φ = Φext + Φind is the total potential resulting from the sum of
the external potential and the potential induced by the electrons. The latter can be
written using the Coulomb interaction v (r, r′, ω) = 1/ |r− r′|−1 as

Φind = vρind = vχ0Φ.

Combining the expressions given above, the total potential reads

Φ = [1− vχ0]−1 Φext,
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and therefore, the induced charge is finally given by

ρind = χ0 [1− vχ0]−1 Φext.

Once the induced charge is known, the induced dipole, and therefore, the absorption
cross-section can be readily calculated.
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Figure 1.4: Microscopic description of plasmons in graphene nanodisks (adapted
from Ref. [49]). (a) Real geometry of a graphene nanodisk obtained after eliminating
the edge atoms connected by dangling bonds. (b) Spectral features in the extinction
spectra (symbols) compared with the classical electromagnetic dipole plasmon
energy (dashed curve) as a function of disk diameter. The symbol sizes are scaled
with the strength of the spectral peaks. The Fermi energy is EF = 0.4 eV in all
cases.

The electronic wave functions and the corresponding energies needed to construct
χ0 [see Eq. (1.17)] are obtained from the diagonalization of the Hamiltonian
describing the dynamics of the non-interacting electrons. In the particular case
of graphene nanostructures, the optical response is dominated by excitations of the
π valence band, formed by electrons residing in the carbon 2p orbitals oriented
perpendicularly with respect to the local carbon bonds and populated on average
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with one electron per carbon site. The σ band lies deeper in energy and only
contributes with a nearly uniform background polarization. Excited states are
formed when π electrons hop between neighboring sites, and thus, it is natural
to study the π band within a tight-binding model, in which one-electron states are
linear combinations of carbon 2p orbitals obtained, together with their associated
energies, from the diagonalization of the corresponding tight-binding Hamiltonian
[50, 43, 31].

As an illustrative example of the application of this methodology, we show in
Fig. 1.4(b) (adapted from Ref. [49]) a summary of the plasmonic spectra of graphene
nanodisks, obtained using the combination of the tight-binding Hamiltonian and the
RPA methodology, and plotted as a function of disk diameter for polarizations either
along x or y [see Fig. 1.4(a)]. The Fermi energy of the nanodisks is EF = 0.4 eV. For
each value of the diameter, this plot contains several symbols indicating the different
peaks that show up in the spectra. The size of each symbol is roughly proportional
to the strength of the corresponding peak. As the diameter increases, we observe
a clear trend of convergence of spectral features toward the plasmon predicted by
the classical methodology explained at the end of Section 1.1.3. Interestingly, this
convergence is nearly achieved for nanodisks with diameters above ≈ 20 nm, for
which, therefore, a classical description is valid. For smaller sizes, the strength of
the plasmon is generally situated at larger energies (i.e., it is blue-shifted) compared
to the classical calculation [49].

1.3 Quantum electromagnetism

In Section 1.1 we have described light as an electromagnetic wave. Although this
description explains correctly many of the physical phenomena happening at the
nanoscale, it fails in situations in which light reveals its corpuscular behavior and,
therefore, we are forced to talk about photons instead of electromagnetic waves.
Typical examples of these situations are the spontaneous emission, the Lamb shift,
the laser linewidth, or the Casimir effect [51, 52, 53]. In general, the corpuscular
behavior of light becomes more important as the wavelength and the intensity
decreases, or, in other words, as the number of photons involved in the problem
becomes small. When this happens we need to employ a quantum description of
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light, which involves the quantization of the electromagnetic field.

In general, the process of field quantization starts with an expansion of the field in
a basis consisting of a complete set of functions (e.g., plane waves). These functions
or modes are interpreted as independent harmonic oscillators that can be quantized
following the canonical procedure. As a result of this, the expansion coefficients are
promoted from ordinary numbers to operators that create or annihilate a photon
(i.e., the quanta of the electromagnetic field) of a given mode. After this process,
the quantized field reads [51, 53]

Ê(r) = i
∑
kς

√
2π~ωk

V
ekς

[
âkςe

ik·r − â+
kςe
−ik·r

]
, (1.18)

where the sum runs over the modes with wave vector k and polarization ς. In
this expression, ekς is the polarization vector, ωk is the frequency, and V is the
quantization volume. Furthermore, â+

kς ( âkς) is the creation (annihilation) operator
of photons in the mode kς. These operators must obey the commutation relations
typical from bosonic operators [54, 52]

[
âkς , â

+
k′ς′

]
= âkς â

+
k′ς′ − â+

k′ς′ âkς = δ (k− k′) δςς′ , (1.19)

Furthermore, they act over the photon states as

âkς |nkς〉 =
√
n |(n− 1)kς〉 ,

â+
kς |nkς〉 =

√
n+ 1 |(n+ 1)kς〉 ,

where |nkς〉 represents a state with n photons in the mode kς.

The light Hamiltonian is also expressed in terms of the creation and annihilation
operators

Ĥ =
∑
kς

~ωk

[
â+

kς âkς + 1
2

]
.

The factor 1/2 in these expression accounts for the energy of the vacuum state |0〉,
also known as zero-point energy. Although it may seem to be the contrary, this
factor does not lead to any divergence because the energies are always measured
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relative to vacuum. However, the vacuum state has real physical consequences. If
we calculate the expected value of the field intensity for a certain state |nκς〉, we
obtain

〈nκς | Ê(r) · Ê+(r) |nκς〉 = 2π~ωk

V
e2

kς

[
〈nκς | â+

kς âkς |nκς〉+ 〈nκς | âkς â
+
kς |nκς〉

]
,

which particularized for the case of the vacuum state |0kς〉 results in the finite value

〈0kς | Ê(r) · Ê+(r) |0kς〉 = 2π~ωk

V
e2

kς .

This result does not have a classical analogue and, therefore, is at the origin of many
of the phenomena that cannot be described within a classical electromagnetism
framework such as the spontaneous emission, the Lamb shift, or the Casimir effect
[52, 53].

Surface plasmons can also be quantized. In the case of SPPs, the quantization
scheme is analogous to the photon quantization depicted above. The fundamental
difference is that, now, the expansion of the field must be done using the eigenmodes
of the metal-dielectric interface [55, 56]. On the other hand, the LSPs supported
by a certain nanoparticle can be quantized directly by treating them as harmonic
oscillators. By doing this, we can write the Hamiltonian of the quantized LSPs as

Ĥ =
∑
i

~ωi
[
b̂+
i b̂i + 1

2

]
,

where b̂i and b̂+
i are the annihilation and creation operators for a LSP in the mode

i that satisfy the commutation relations given in Eq. (1.19). In the same way, we
can write the particle dipole operator as

p̂pl =
∑
i

ppl,i

[
b̂i + b̂+

i

]
, (1.20)

where, ppl,i is the dipole moment associated with the LSP of mode i.

In many of the physical systems studied in this thesis, plasmons and photons
interact with quantum emitters such as atoms, molecules, or quantum dots. Here, we
describe those systems as composed of two levels (|↑〉 and |↓〉) separated by a certain
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energy ε0. Furthermore, we consider that these levels cannot be doubly populated,
which is equivalent to assuming a fermionic behavior. With these assumptions, the
dynamics of a quantum emitter can be described using creation ĉ+ and annihilation
ĉ operators that satisfy anticommutation relations

[
ĉ, ĉ+

]
= ĉĉ+ + ĉ+ĉ = 1.

The action of these operators over the states of the emitter is ĉ+ |↓〉 = |↑〉
and ĉ |↑〉 = |↓〉, while ĉ |↓〉 = ĉ+ |↑〉 = 0. Therefore, the Hamiltonian of the
quantum emitter can be written as Ĥ = ε0ĉ

+ĉ, while its dipole operator reads
p̂qe = pqe [ĉ+ ĉ+], where pqe is the dipole moment associated with the quantum
emitter transition.

1.3.1 Interacting systems

Within the dipolar approximation, the interaction between photons, plasmons, and
emitters can be described using the direct coupling Hamiltonian [53]

Ĥint = −p̂ · Ê. (1.21)

where p̂ and Ê are the dipole and the electric field operators, respectively. It can be
proved that this Hamiltonian leads to identical predictions for observable quantities
as the minimal coupling Hamiltonian ∝ P̂ · Â, where P̂ is the canonical momentum
and Â the vector potential [57].

Usually, we are interested in analyzing the changes in the physical properties of
a system, composed of plasmons, emitters, and photons, induced by the interaction
Hamiltonian Ĥint. As long as this interaction can be treated as a perturbation of the
total Hamiltonian, we can study the dynamics of the system through the calculation
of the transition rates between the different unperturbed states of the system. These
transition rates are naturally obtained using Fermi’s golden rule [54]

P|f〉←|i〉 = 2π
~

∣∣∣〈f | Ĥint |i〉
∣∣∣2 δ (εf − εi) . (1.22)

In this expression, |i〉 and |f〉 are the initial and the final states with energies εi
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and εf , respectively. The delta function guarantees the conservation of energy in
the process.

In the particular case in which our objective is to study the absorption spectrum
of the system, there exist an alternative method based on Zubarev’s Green functions
[58]. This method has been successfully applied to different problems in statistical
physics and linear response theory [59, 60, 61], and can be adapted to study
the optical absorption properties of plasmonic systems interacting with quantum
emitters. The idea is to compute the absorption spectra from the retarded Zubarev
Green function of the quantum operators that mediate the photon absorption
process. The time-domain Green function of two of these operators contains the
information on the evolution of the quantum process that they represent, and its
Fourier transform is therefore directly related to the absorption spectrum.

The retarded Zubarev Green function of two operators R̂ and Ŝ is defined in the
frequency domain as 5

〈〈R̂; Ŝ〉〉ω+i0+ = − i
~

∫ ∞
−∞

dtei(ω+i0+)tθ(t)
〈[
R̂(t), Ŝ(0)

]
η

〉
, (1.23)

where R̂(t) is the Heisenberg representation [54] of operator R̂, θ(t) is the Heaviside
step function, and the brackets [R̂, Ŝ]η = R̂Ŝ − ηŜR̂ stand for the commutator of
bosonic operators (η = 1) or the anticommutator of fermionic operators (η = −1).

The absorption spectrum is then related to the retarded Zubarev Green function
as

σ(ω) ∝ −Im
{
〈〈R̂; R̂+〉〉ω+i0+

}
, (1.24)

(a derivation of this expression is given in Appendix A), where R̂ (R̂+) is the
annihilation (creation) operator of an excitation in the system resulting from the
emission (absorption) of one photon. This type of Green function is commonly
calculated by writing its equation of motion (see Appendix A)

~ω〈〈R̂; R̂+〉〉 =
〈[
R̂, R̂+

]
η

〉
+ 〈〈

[
R̂, Ĥ

]
; R̂+〉〉, (1.25)

5Notice that an infinitesimally small positive imaginary part is added to the frequency in order
to ensure the convergence of the integral.
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which depends on another Green function 〈〈
[
R̂, Ĥ

]
; R̂+〉〉. Here, Ĥ is the total

Hamiltonian of the system. In a similar way, the new Green function can be also
calculated by writing down its equation of motion. Iterating this process, one obtains
a hierarchy of equations that needs to be truncated at some point by applying
a physical approximation. After doing that, we end up with a linear system of
equations, from which 〈〈R̂; R̂+〉〉, and therefore, the absorption spectrum, can be
obtained.

1.3.2 Dissipative systems

Dissipation is at the origin of the finite lifetime of the excited states of real systems.
From a physical point of view, every dissipation channel emerges from the interaction
between the system and a continuum of modes that acts as a reservoir, breaking the
reversibility of the system dynamics. As a result of this coupling, the excited states
acquire a finite width, associated with a finite decay rate, whose inverse determines
the finite lifetime. For instance, the radiative decay of the excited state of a quantum
emitter is determined by the coupling with the continuum of radiative modes

Γ = 2π
~
∑
ς

V

8π3

∫
dk
∣∣∣〈↓| 〈1kς | Ĥint |0〉 |↑〉

∣∣∣2 δ (ε0 − ~ωkς) . (1.26)

In this expression, ε0 is the quantum emitter energy, and we have integrated over
the continuum of photonic final states.

Within the method of Zubarev’s Green functions, dissipation can be taken into
account in a phenomenological way by introducing a coupling to the appropriate
continuum of modes (see Section 3.2.1). However, the standard approach to treat
dissipation involves the study of the density operator ρ̂ [54, 62, 63], which contains
all information about the quantum state of the system, and is defined as

ρ̂ =
∑
ij

ρij |i〉 〈j| .

Here, the diagonal matrix elements ρii represent the probability of finding the system
in state i, while the off-diagonal elements (i.e., ρij with i 6= j), called coherences,
are related to the cross-probability between states i and j. The density operator
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can describe both pure and mixed states, which are statistical ensembles of several
quantum states. Furthermore, it can be used to evaluate the expected value of any
operator R̂ through the expression

〈
R̂
〉

= Tr
{
ρ̂R̂
}
, where Tr stands for the trace

over all the states of the system.
The evolution of the density operator is governed by the master equation [62]

∂ρ̂

∂t
= − i

~
[
Ĥ, ρ̂

]
+
∑
i

Li (ρ̂) . (1.27)

In this expression Li (ρ̂) is the Lindblad superoperator

Li (ρ̂) = Γi
2
[
2ŝiρ̂ŝ+

i − ρ̂ŝ+
i ŝi − ŝ+

i ŝiρ̂
]
, (1.28)

that describes the dissipation through channel i. Here, ŝ, and ŝ+ are the system
operators associated with the decay process, and Γi the corresponding decay rate.
For instance, in the case of the radiative dissipation of the excited state of a quantum
emitter ŝ = ĉ, ŝ+ = ĉ+ (i.e., the annihilation and creation operators of the emitter
excited state), while Γi is the radiative decay rate given in Eq. (1.26).

The derivation of the master equation involves the Born-Markov approximation
[62] and assumes a weak coupling between the system and the reservoir, which is
treated within second order perturbation theory.

1.4 Fluctuation and dissipation

Classical mechanics predicts a finite kinetic energy for a particle at finite temper-
ature. Something similar happens with the charges existing inside of a material,
which due to the finite temperature, undergo a thermal motion that generates fluc-
tuating currents. Interestingly, these fluctuations do not disappear in the limit of
zero temperature. On the contrary, as we have seen before, quantum mechanics
predicts zero-point fluctuations associated with the uncertainty principle.

In the case of small objects, such as nanoparticles, the fluctuating currents result
in a fluctuating dipole. The latter generates fluctuating fields that lead to dissipation
via radiation, and that interact with the fluctuating dipoles of other nanoparticles.
This results in a transfer of energy and momentum that can produce cooling or
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heating of the object, and that generate forces, as it happens in the Casimir and
the van der Waals interactions [64]. These phenomena are usually analyzed within
the framework of fluctuation electrodynamics [65]. In this context, the fluctuation-
dissipation theorem (FDT) allows us to relate the fluctuations of a certain magnitude
to the dissipation associated with it. This theorem was first formulated by Nyquist
to account for the voltage fluctuations associated with a resistor [66], and later
proved by Callen and Welton [67]. In the particular case of the fluctuations of a
particle dipole, the FDT reads

〈
pfl
i (ω)pfl

j (ω′)
〉

= 4π~
[
n(ω, T ) + 1

2

]
Im {αij(ω)} δ(ω + ω′), (1.29)

where the indices i, j stand for the cartesian components, αij is the ij component
of the particle polarizability tensor, and

n(ω, T ) = 1
e~ω/kBT − 1 ,

is the Bose-Einstein distribution function for a temperature T . This factor accounts
for the fluctuations of thermal origin, while the 1/2 factor is responsible for the zero-
point fluctuations (i.e., the fluctuations of quantum origin). Therefore, Eq. (1.29)
relates the fluctuations of the particle dipole to its dissipation expressed through
the imaginary part of the polarizability, which is simply proportional to the particle
absorption [see Eq. (1.13)]. A similar relation can be written for the field fluctuations

〈
Efl
i (r, ω)Efl

j (r′, ω′)
〉

= 4π~
[
n(ω, T ) + 1

2

]
Im {Gij(r, r′, ω)} δ(ω + ω′). (1.30)

Here, Gij(r, r′, ω) represents the electromagnetic Green tensor, which for vacuum is
given by

Gij(r, r′, ω) = exp(ikR)
R3

[
(k2R2 + ikR− 1) δij − (k2R2 + 3ikR− 3) RiRj

R2

]
, (1.31)

with R = r − r′. The derivation of the two expressions of the FDT presented here
can be found in Appendix B.

As an example of application of the FDT, we can derive the net power inter-
changed by a nanoparticle and the environment. We choose a spherical particle
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placed at r0, with a temperature T1, and surrounded by vacuum at temperature T0.
Furthermore, the particle is assumed to be small enough to be described by three
equal dipoles directed along the three cartesian axes. Under these conditions the
net power radiated by the particle can be written as [18]

P = −
〈

Eind(r0, t) ·
∂pfl(t)
∂t

+ Efl(r0, t) ·
∂pind(t)
∂t

〉

=
∑
ij

∫ ∞
−∞

dωdω′

4π2 e−i(ω+ω′)tiω

×
〈
pfl
i (ω)Gij(r0, r0, ω

′)pfl
j (ω′) + Efl

i (r0, ω
′)αij(ω)Efl

j (r0, ω)
〉
,

where we have written the induced dipole as pind
i (ω) = ∑

j αij(ω)Efl
j (r0, ω), and the

induced field as Eind
i (r, ω) = ∑

j Gij(r, r0, ω)pfl
j (ω). Using Eqs. (1.29) and (1.30)

in the expression above, and taking into account that limr→r′Im {Gij(r, r′, ω)} =
2k3/3δij (see Appendix B) we obtain

P = 4~
πc3

∫ ∞
0

dωω4Im {α(ω)} [n(ω, T1)− n(ω, T0)] .

Therefore, the net radiated power depends on the absorption of the particle, as well
as on the temperature difference through the Bose-Einstein distribution functions
n(ω, T1)− n(ω, T0), and as expected, it vanishes when T0 = T1.



Chapter 2

Plasmonic waveguides

2.1 Introduction

From its beginning, computer industry has devoted strong efforts to develop smaller
and faster devices. In the last years, the semiconductor technology has undergone
an impressive trend in scaling electronic devices down to nanoscale dimensions, but
still with operational frequencies that cannot reach values beyond gigahertzs. On
the other hand, the advance of photonic technologies has enabled the development
of devices based on dielectric materials that can manipulate signals at optical
frequencies with an enormous bandwidth, but whose smallest size is determined
by the diffraction limit. In this context, plasmonic devices emerge as a plausible
candidate to fill the gap existing between the semiconductor and the photonic
technologies [16].

As shown in Section 1.1.1, surface plasmons can propagate along millimeters
in metal-dielectric interfaces at visible and near-IR frequencies [68, 69, 70]. These
excitations are, however, confined to the interface and penetrate inside the metal
only a few tens of nanometers [18]. In the case of planar geometries, plasmons
extend towards the dielectric over a significant fraction of a micron at visible and
near-IR frequencies, but this spreading can be limited by conveniently shaping the
interface, so that the overall extension of the mode in the plane perpendicular to the
propagation direction is reduced to just a few tens of nanometers in average radius.
These properties make surface plasmons very attractive as carriers of information

41
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that can be highly packed in space, thus enabling the development of devices
that combine the working frequencies and bandwidths of photonic devices with the
subwavelength dimensions of semiconductor devices [16, 71].

Several designs of plasmon interconnects have been prototyped in recent years,
including metallic waveguides of finite cross-section in symmetric [69, 72] and asym-
metric [70] environments, channels [73] and ridges [74] patterned into flat surfaces,
gaps between metals [75], plasmon-band-gap structures based upon periodic cor-
rugations [76], and plasmon hopping in arrays of nanoparticles [77, 78]. A hybrid
system consisting of a dielectric wire positioned close to a silver planar surface has
been also studied, providing large optical confinement and long propagation length,
but with the inherent limitation of being constraint to two dimensional designs [79].

As discussed above, plasmon waveguides are advantageous over their dielectric
counterparts because the metal skin depth makes them highly compact [69, 70].
This generates large light intensity concentration, which allows non-linear optics [80]
and sensing [8] applications. Plasmon modes can be tuned in frequency, and their
spatial distribution molded, by tailoring the geometry of metallic structures on the
nanometer scale, either using direct lithographic methods [81] or chemical synthesis
[82]. In particular, extreme plasmon confinement has been achieved in narrow
insulator films buried inside metal [83]. Actually, buried structures provide a natural
but technologically challenging approach to compact integration. In contrast, open
plasmonic geometries involve electromagnetic fields extending significantly away
from the metal, [69, 70, 73, 76, 77, 78] and consequently producing a substantial
degree of cross-talk between neighboring waveguides [84].

In this chapter, we propose and characterize a new type of plasmonic waveguides
based upon pairs of parallel metallic nanowires. These structures are shown to
provide a versatile and tunable platform for highly-integrated plasmon interconnects.
In the first part of this chapter, we focus on studying the guiding properties of
these structures. We find that the propagation length and degree of confinement
of the plasmon guided modes depend strongly on the separation between wires.
Individual wire modes are recovered at large separations, while mode hybridization
is observed when the spacing is reduced. As a result of this hybridization, gap modes
are observed at small wire separations, highly localized in the regions between two
adjacent wires. These modes present an excellent balance between the degree of
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confinement and the propagation length, which is shown to depend critically on
geometrical shape and separation. Furthermore, the proposed guiding mechanism
is demonstrated to be tolerant to asymmetry in wire pairs and sharp turns of
subwavelength radius.

The second part of the chapter is devoted to explore the hybridization of gap
plasmons in structures involving more that two aligned metal wires. In particular,
we study the interaction between the gap modes of two neighboring wire pairs
as a function of the spacing between them. The interaction of gap modes in a
system formed by three wires is also investigated. We conclude with a proposal
for a gap-mode coupler consisting of an intermediate rectangular wire that can
produce large transfer of the gap mode from a given wire pair to a neighboring one.
This completes the characterization of the basic elements needed to built a three
dimensional plasmonic circuit.

2.2 Guiding with gap plasmons

The spatial behavior of the localized plasmons sustained by our structures can
be conveniently characterized using the photonic local density of states (LDOS),
defined by analogy to its electronic counterpart as the combined local intensity of
all eigenmodes of the system under investigation. This magnitude takes the value
ω2√ε/3π2c3 in a homogeneous medium of permittivity ε when projected along any
spatial direction [1]. Here, we decompose this quantity into the contribution of
different wave vectors k‖ along the direction of translational symmetry z. For
example, in a homogeneous medium, the k‖-resolved LDOS projected along z reduces
to (ω/2πc2)(1−k2

‖/εk
2)θ(
√
εk−k‖) [85]. The LDOS is proportional to the radiative

decay rate of excited atoms [86], and therefore can be obtained from the imaginary
part of the self-induced electric field acting back on a dipole, which in turn we
calculate by solving Maxwell’s equations with the BEM [29, 30]. We obtain the
dispersion relation of the structures under study by examining the k‖-resolved
density of states (DOS), which is the integral of the LDOS over the x−y directions.
This magnitude is also derived from the solution of Maxwell’s equations for an
arbitrary number of circular wires using two-dimensional multiple elastic scattering
of multipole expansions of the field around the cylinders [87].
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Figure 2.1: Gap plasmon modes of two parallel silver nanowires in silica. (a)
Schematic view of the geometry. (b)-(d) Photonic density of states (DOS) as
a function of energy and wave vector parallel to the wires for various wire pair
separations d. (e) Same as (b)-(d) for the case of a single wire. The insets show the
spatial distribution of the local density of states (LDOS) for the lowest-energy gap
mode at a free-space light wavelength of 1550 nm. Brighter regions correspond to
higher DOS and LDOS. The maximum LDOS in the inset of (b) is ∼ 15000 times
the vacuum value.
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We start by considering a wire pair formed by two 200-nm circular silver wires
embedded in silica, as shown in Fig. 2.1(a). The dielectric functions of silver [23]
and silica [88] have been taken from optical data. The contour plots of Fig. 2.1(b)-
(d) show the DOS resolved in contributions of different wave vector k‖ parallel to
the wires for various separations between wire surfaces (d). A strongly bound mode
is observed at small wire separations [Fig. 2.1(b)], with k‖ well above

√
εk, the

wave vector of light in the host silica. The spatial extension of this gap mode is
limited to the inter-wire region (see inset), and thus, it is expected to interact very
weakly with other structures sitting in the vicinity of the wires but far from the
gap. This mode evolves continuously for increasing inter-wire distance to become a
hybridized monopole-monopole mode of induced-charge pattern (+) · · · (−) aligned
with the wires axis [Figs. 2.1(c)-(d)]. This is in contrast to the (+−) · · ·(+−) dipole-
dipole plasmon in particle dimers [89], which is the lowest-energy mode according
to plasmon chemistry arguments [90]. In this sense, wires are distinctly different
from particles because charge neutrality is guaranteed by oscillations along the
rods for finite k‖, thus making two-dimensional monopoles possible. At sufficiently
large distance, single-wire plasmons of m = 0 azimuthal symmetry are recovered as
we observe by comparing Fig. 2.1(d) and Fig. 2.1(e). As expected, the dispersion
relation of a single wire agrees with the analytical result derived elsewhere [91].

The degree of plasmon localization increases with decreasing gap distance d.
This is reflected in a reduction of the phase velocity vphase = ch

√
εk/k‖ relative

to the speed of light in silica, ch, as shown in Fig. 2.2(a). The group velocity
(no shown) is also reduced, so that gap modes become considerably slower than
light in silica. The propagation length is strongly-dependent on inter-wire distance
[Fig. 2.2(b)]: the large confinement observed at small separations increases the
relative weight of the electric field intensity inside the metal, where Ohmic losses
are produced in proportion to that intensity within linear response, thus reducing
the propagation length. This is a reflection of the tradeoff between confinement
and propagation length intrinsic to any plasmon waveguide (see Section 1.1.1).
Nevertheless, the gap mode involves electric field polarization mainly perpendicular
to the wire surfaces near the gap, where light energy is concentrated, and this is
beneficial to obtain longer propagation lengths because the normal electric field
inside the metal is reduced by its large dielectric function to fulfill the continuity of
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Figure 2.2: (a) Phase velocity of gap plasmon modes in silver wire pairs as a function
of separation d for fixed wavelength λ = 1550 nm. (b) Propagation length L
under the same conditions as in (a), obtained from L = 1/2Im{k‖}, where Im{k‖}
corresponds to the HWHM of the k‖-dependent DOS.

the normal electric displacement. This gives rise to propagation lengths of the order
of tens of microns for separations of tens of nanometers, accompanied by relatively
large mode confinement.

We find it convenient to define a figure of merit F for the waveguides expressed
as the ratio between the propagation length and the geometric mean of the mode
diameter in the transverse directions. The quantities F 2 and F 3 should be roughly
proportional to the number of logical elements that can be integrated using a
given waveguiding scheme with two and three dimensional packing, respectively.
We obtain F ≈ 540 for the wire pair at a separation of 10 nm. This has to be
compared with values of F . 50 for channel plasmon polaritons [73] and particle
arrays [78], and F ≈ 100 at 1550 nm in ridge structures [74]. High values of
F ≈ 500 can also be achieved with dielectric wires near silver [79], specifically
designed for planar structures. We conclude that the wire arrays here proposed
yield high values of F ≈ 540, also improved with respect to those obtained for single
wires (e.g., F ≈ 100 at 100 nm radius and 1550 nm wavelength), compatible with
high integration of plasmonic circuits. The decrease in propagation length is the
price to pay for plasmon confinement, but wire arrays seem to perform optimally
with respect to the figure of merit F .
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Figure 2.3: Gap mode in co-planar and co-axial bi-tori compared with a straight-
wire pair for a gap distance d = 10nm. Partial contributions to the LDOS are
shown as a function of wavelength for a point in the center of the gap, both at fixed
azimuthal number in tori (m = 8 for radius b = 750 nm and m = 4 for b = 375 nm)
and at fixed parallel wave vector in the straight-wire pair (k‖ ≈ 10.7µm−1, such
that k‖ = m/b). The curves are normalized to their maximum value.
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Figure 2.4: Gap mode against variations of wire radius (a) and shape (from circular
to square cross-section) (b). The LDOS is represented as a function of k‖ for a point
at the center of each wire pair and a wavelength λ = 1550 nm. One of the wires in
the pairs of (a) has a fixed radius of 100 nm, while various values of the radius are
considered for the neighboring wire: 100 nm, 90 nm, and 80 nm, from top to bottom.
The distance between wires is d = 10nm in all cases. The horizontal diameter of
the wires in (b) is 200 nm for all cross-sections.

Reliable plasmon waveguides must be robust against fabrication imperfections
and sharp turns. Next, we show that gap waveguides satisfy these requirements. In
particular, curved waveguide paths produce radiative losses originating in coupling
to propagating light waves when translational invariance is broken. We analyze this
effect in Fig. 2.3 both for non-identical co-planar tori and for identical co-axial tori,
using the prescription k‖ = m/b to compare with straight waveguide modes, where
b is the toroidal radius (see insets) and m is the azimuthal momentum number.
The calculations are performed using the BEM, specialized for axially-symmetric
geometries [29, 30]. Radiative losses are still small compared to absorption for
b = 750 nm (cf. curves for straight wires and large-radius tori in Fig. 2.3, showing
only ∼ 3% increase in peak width of curved versus straight wires due to radiative
losses in the former), but they become sizable for shaper turns (the width increases
by 42% and 95% for b = 375 nm in co-axial and co-planar torii, respectively).

Guided gap plasmons are also robust against wire pair asymmetries, as shown in
Fig. 2.4(a) for fixed wavelength λ = 1550 nm and gap distance d = 10nm. Variations
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of up to 20% in the relative radius of neighboring wires produce just a small, tolerable
shift in k‖. However, wire shape is a critical parameter, which we study in Fig. 2.4(b)
through the transition from circular to square cross-section. This produces a shift of
the gap plasmon towards larger k‖, consistent with the higher degree of confinement
that occurs when evolving from the line-like contact of the circular wires to the
planar waveguide defined by the square wires, the guided modes of which have been
the subject of recent experimental investigation [83]. This increase in confinement is
accompanied by peak broadening originating in larger overlap of the gap mode with
the metal (Ohmic losses). Finally, although the observed sensitivity to the shape
and the separation of the wires provides a large degree of tunability to the system,
it also imposes severe limits to the precision required in the fabrication of the arrays
in order to maintain a homogenous mode wavelength along the waveguide.

2.3 Coupling between gap plasmons

The wire pair that we have studied in the previous section constitutes the basic
element defining a gap plasmon [see Fig. 2.5(a)]. The dispersion relation of this
system is reproduced in Fig. 2.5(c) for a separation of d = 10 nm. For this small
separation, the gap mode lies far apart from the light line, which is coherent with its
large degree of confinement [see the inset of Fig. 2.5(c)]. Gap modes supported by
two different wire pairs can interact. The simplest system in which this interaction
can be observed consists in two wire pairs placed at a distance b, as depicted in Fig.
2.5(b). We investigate this system in Fig. 2.6. At large distances, the interaction
between gap modes is weak and results in a small energy splitting that increases as
b becomes smaller [see Fig. 2.6(a)]. This is accompanied by a significant redshift
in two of the higher-energy modes. Eventually the splitting of the two gap modes
decreases with decreasing b, presumably as a result of mode repulsion triggered by
the approaching higher-energy modes, at there is even a non-avoided mode crossing,
which is clearly resolved in the zoomed inset of Fig. 2.6(a).

It is surprising to see that gap modes undergo such a non-avoided crossing,
since it is clear that they interact with each other even at relatively large distances
within the range considered in Fig. 2.6. That is, their interaction is allowed by
symmetry, but they still cross each other. The reason for this is that the interaction
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Figure 2.5: Gap plasmon modes for one and two wire pairs. (a),(b) Schematic view
of the geometry. (c),(d) Photonic density of states (DOS) as a function of energy
and wave vector parallel to the wires for one and two wire pairs. The inter-wire gap
distance is d = 10 nm in both cases and the distance b between the two wire pairs in
(d) is 10 nm. The insets show the spatial distribution of the local density of states
(LDOS) for the lowest-energy gap mode at a free-space light wavelength of 1550 nm.

becomes zero exactly at the point of crossing, thus averting the typical avoided-
crossing behavior described in quantum chemistry textbooks [92]. This is actually
a feature associated with the interaction between line dipoles in two dimensions.
Unlike the interaction between point dipoles, which is described in free space by the
non-vanishing complex dipole field, line dipoles can have vanishing interaction. This
is illustrated by the electric field created under the conditions of Fig. 2.7, where we
represent the field due to a line dipole of the form eik‖zŷ, placed in a homogeneous
medium of permittivity ε and with the line oriented along z. The electric field at
points along the x axis takes the form

E(Rx̂) = 2
[
k2K0(ΓR)− Γ

εR
K1(ΓR)

]
eik‖zŷ, (2.1)

where Γ is defined as Γ =
√
k2
‖ − εk2, and K0 and K1 are modified Bessel functions

of the second kind. The interaction is thus real for wave vectors outside the light
cone of the medium (i.e., k‖ >

√
εk), except for a trivial plane wave dependence on

z, and it contains a node at a distance R = 306 nm from the z axis for a wavelength
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Figure 2.6: (a) Evolution of the modes in two wire pairs as a function of the distance
between them for fixed k‖ = 10µm−1. The inset shows a zoom of the low-energy
mode-crossing region. (b) Orientation of the electric field in the gap regions for two
limiting geometries: (1-3) square symmetry (b = d = 10 nm) and (4,5) rectangular
symmetry (b� d = 10 nm). The numerical labels correspond to the modes signalled
by arrows in (a). The symmetry increase in the square configuration leads to mode
degeneracy, as shown in (2).

λ = 1605 nm (∼ 0.77 eV). The center-to-center distance at the crossing point in
the wires of Fig. 2.6 is 213 nm. This is qualitatively consistent with the line-dipole
model (see Fig. 2.7), which is an idealization of the electric field produced by a gap
mode.

The orientation of the electric field in the gap regions of two interacting wire
pairs is schematically represented in Fig. 2.6(b). At large distances, a characteristic
binding-antibinding interplay is displayed (panels 4 and 5). Incidentally, parallel
dipoles (panel 5) give rise to binding (lower energy), although this behavior is
reversed at small distances due to the sign change noted in Eq. (2.1) and Fig. 2.7.

An interesting situation is presented when the distance between all wires is the
same [b = d = 10 nm in Fig. 2.5(d) and Fig. 2.6], so that there are four hybridized gap
modes. In the evolution of different modes when two wire pairs are brought together
into this configuration [Fig. 2.6(a)], we find that one of the higher-order modes
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is dramatically redshifted to become degenerate with a short-distance antibinding
mode [panel 2 of Fig. 2.6(b)]. The binding mode (panel 1) involves electric fields
of adjacent gaps facing each other. The remaining fourth mode is provided by
another redshifted higher-order mode, and displays closed electric-field lines, which
make it more strongly confined. For completeness, the dispersion diagram of this
degenerate system is given in Fig. 2.5(d), showing three gap-mode lines that are
clearly separated from the upper-energy structure: a central line corresponding to
the two degenerate modes of panel 2 in Fig. 2.6(b), flanked by two non-degenerate
lines [upper and lower lines in Fig. 2.5(d), corresponding to the modes of panels 3 and
1 in Fig. 2.6(b), respectively]. This mode structure can be qualitatively described
by considering the interaction of nearest-neighbors gap-plasmons described by a
coupling energy ∆ and leading to the interaction matrix

0 ∆ 0 ∆
∆ 0 ∆ 0
0 ∆ 0 ∆
∆ 0 ∆ 0

 ,

which has two degenerate eigenstates (0,−1, 0, 1) and (−1, 0, 1, 0) at the same
energy as the single wire pair [these are the modes of panel 2 in Fig. 2.6(b)],
a state (−1, 1,−1, 1) shifted by −2∆ (panel 3), and another state (1, 1, 1, 1)
shifted by 2∆ (panel 1, implying that ∆ < 0). Notice that the two degenerate
eigenstates (0,−1, 0, 1) and (−1, 0, 1, 0) form a basis of the 2-dimensional irreducible
representation E of the point group C4v, which characterizes the coupled square
structure. In the same way, the other two eigenstates (−1, 1,−1, 1) and (1, 1, 1, 1)
form a basis of the 1-dimensional irreducible representations B2 and A2, respectively
[93]. This means that each of those eigenstates is transformed under the symmetry
operations, as each irreducible representation indicates. It should be mentioned
that a systematic analysis of the modes of systems with square symmetry leads
to six types of modes (two degenerate ones and four non-degenerate) [94, 95], but
here we are concerned only with modes that are a combination of gap modes, and
therefore, this restriction limits our number of states to just four. The coordinates
in the vectors stand for the electric field in consecutive gaps of the structure (e.g.,
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Figure 2.7: Spatial dependence of field produced by a line dipole. (a) Line of dipoles
eik‖zŷ distributed along the z axis. (b) y component of the electric field produced
by the dipoles of (a) along the x axis for a free-space wavelength λ = 1605 nm and
k‖ = 10µm−1, with the dipoles embedded in silica (ε = 2.08).

−1 and 1 correspond to clockwise and counterclockwise orientations of the field,
respectively). Whereas this model predicts a symmetric disposition of the upper-
and lower-energy gap states relative to the unperturbed state, the (−1, 1,−1, 1)
state undergoes much larger shift than the (1, 1, 1, 1) state in the actual structure
[Fig. 2.6(a)], which we attribute to interaction with higher other states, although
the effect of second-neighbor interaction cannot be ruled out. Incidentally, this type
of interaction does not change the symmetry of the states.

The hybridization of gap modes in a wire trimer is studied in Fig. 2.8. Starting
from a coplanar configuration (i.e., a trimer angle of 180◦), the interaction increases
as the angle spanned by the two gaps is reduced, thus leading to further splitting
between the energies of the two resulting hybridized modes. Interestingly, the
splitting reaches a maximum at an angle of ∼ 70◦, and it drops to zero in the 3-fold
symmetric trimer (angle= 60◦). A higher-order mode is redshifted with decreasing
trimer angle, and becomes the third mode of the symmetric trimer. The degeneracy
of two of the three gap modes is needed by symmetry in this case, as deduced from



54 CHAPTER 2. PLASMONIC WAVEGUIDES

the interaction matrix 
0 ∆′ ∆′

∆′ 0 ∆′

∆′ ∆′ 0

 ,

where ∆′ represents the inter-mode coupling. This matrix has two degenerate eigen-
modes, (1, 0,−1) and (−1, 1, 0), with energy shift −∆′ and a symmetric mode,
(1, 1, 1), shifted by 2∆′. These states form a basis of the irreducible representations
E (2-dimensional) and A2 (1-dimensional) of the point group C3v, which charac-
terizes the 3-fold-symmetric trimer-structure. They are in full agreement with the
orientation of the electric field at the gaps of the symmetric trimer (see the insets of
Fig. 2.8), although the relative energy shift is larger for the symmetric mode in the
actual structure, presumably as a result of interaction with higher-energy modes.
Again, the restriction that the hybridized modes are made of gap modes limits their
number to just three, rather than the four states predicted by general symmetry
theory for structures with triangular symmetry [94, 95].

The coupling between gap modes in the two wire pairs of Fig. 2.5(b) is relatively
weak according to Fig. 2.6(a), except at very small distances b. The crosstalk
between gap plasmons is then small, also implying that it will be difficult to realize a
plasmon coupler capable of transferring a plasmon signal from a given wire pair to a
neighboring one (see below). We intend however to design a plasmon coupler for wire
pairs, that is an important element in eventual plasmonic circuits for implementing
simple logical elements such as splitters and interferometers [73].

We need to estimate how much of the signal propagating in a gap-plasmon
mode is transferred to another neighboring gap plasmon over a certain propagation
distance. Following Ref. [96], we note that for symmetric systems such as those
considered above there exist (for any given fixed frequency) two hybridized gap
modes that are symmetric and antisymmetric with respect to the center of the
combined structure. We can write them as

Es(r) = es(x, y)eiks‖z,

Ea(r) = ea(x, y)eika‖z,
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Figure 2.8: Evolution of the gap modes with the trimer angle for fixed k‖ = 10µm−1.
The insets show the orientation of the electric field in the gap regions for equilateral
and coplanar trimers. Two of the modes are degenerate in the 3-fold symmetric case
(angle= 60◦). The inter-wire gap distance is d = 10 nm in all cases.

where ks‖ and ka‖ are the corresponding wave vectors along the direction of the wires.
These two modes can be expressed as symmetric and antisymmetric combinations
of the gap modes of each wire pair (1 and 2) as

es = 1√
2

[e1 + e2] ,

ea = 1√
2

[e1 − e2] .

Now, we can prepare a signal that is propagating in a combined state

E(r) = 1√
2
[
eiks‖zes(x, y) + eika‖zea(x, y)

]
=1

2
(
eiks‖z + eika‖z

)
e1(x, y) + 1

2
(
eiks‖z − eika‖z

)
e2(x, y).
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Figure 2.9: Waveguide coupler consisting of an intermediate wire of rectangular
cross-section placed between the two gap-plasmon waveguides. (a) Schematic view
of the geometry. (b) Fraction of power transferred between waveguides as a function
of coupler length along the wires (solid curve). For comparison, we show the power
transfer in two wire pairs without intermediate coupler (dashed curve) for a distance
b = 20 nm. The transversal dimensions of the coupler are 140 nm× 20 nm. The four
circular wires are arranged as in Fig. 2.5(b) with d = 10 nm and b = 20 nm.

This state is initially propagating in the gap mode 1 at z = 0 (the coefficient of
state e2 vanishes at that point). The fraction of power T (L) that is transferred to
mode 2 after propagation over a distance L is given by the squared modulus of the
coefficient multiplying e2 [96]:

T (L) = 1
4
∣∣∣eiks‖L − eika‖L

∣∣∣2 . (2.2)

If we neglect absorption, ks‖ and ka‖ are real, so that Eq. (2.2) reduces to

T (L) = sin2
[
(ks‖ − ka‖)L/2

]
,

which is an oscillatory function of L predicting full transfer from gap 1 to gap 2
after a propagation distance L = π/|ks‖ − ka‖|. However, absorption introduces a
small imaginary part in the wave vectors, leading to attenuated oscillations.

We show in Fig. 2.9(b) a representative case of the fraction of transferred power
T (L) between two wire pairs (dashed curve), given by Eq. (2.2) for the values of ks‖

and ka‖ obtained from the BEM with b = 20 nm and λ = 1550 nm. The maximum
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transferred-power fraction is only Tmax = 35.6%. The remaining power is lost to
absorption before full transfer between gap modes can be realized. This coupling
scheme is thus of no practical use because absorption dominates over power transfer.
In order to increase the coupling efficiency, we have placed a structure in between the
wire pairs [see Fig. 2.9(a)], leading to a larger maximum transferred-power fraction
Tmax = 74.3%, as shown by the solid curve of Fig. 2.9(b). This geometry is not fully
optimized, but it shows that by placing a structure in between the waveguides, one
can increase crosstalking to achieve a significant degree of power transfer. This type
of coupler can find practical application in waveguide splitters, interferometers, and
other signal processing elements.

2.4 Other systems

Interestingly, alkali-halide crystals [21] display, in some regions of the mid-IR, a
dielectric behavior similar to metals at visible and near-IR frequencies, characterized
by large negative permittivities and small losses. The origin of such behavior lies
in the excitation of optical-phonon polaritons supported by these materials. These
excitations are expected to mimic the behavior of the plasmons supported by metallic
nanostructures, and thus, we expect that two parallel wires made of an alkali-halide
crystal can support a gap mode with the same excellent guiding properties as the
gap mode observed in metallic nanowires. For instance, two wires of KCl surrounded
by vacuum, with a radius of 2µm, and separated by 500 nm display a gap mode in
the spectral region of 50− 70µm. Similarly, wires with the same dimensions, made
of LiF and embedded in a matrix of NaCl, support a gap mode for wavelengths of
20−40µm [97]. These structures are a realistic alternative to processes information
encoded as IR light and contribute to ease the lack of suitable devices in this regime.

Surface plasmons supported by graphene nanoribbons have been also studied and
characterized as excellent candidates to guide signals [98, 99, 100]. The large degree
of confinement and lifetime of these excitations enables the creation of extremely
compact three-dimensional plasmonic circuits. Furthermore, the possibility of
tuning the plasmon frequency through the modulation of the doping level of the
ribbon adds an extra degree of control to these graphene waveguides, which can be
used to design, for instance, novel tunable biosensors.
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2.5 Conclusions

In conclusion, we have shown that gap plasmon modes existing in the region defined
by two neighboring nanowires are excellent candidates to guide signals over tens of
microns. These modes are quite robust against both unintended variations of wire
cross-section and curvature in short turns, and thus, gap plasmons can be guided
with minimum losses over complicated winding paths of micrometer dimensions.
Furthermore, gap modes are highly confined to the gap region, so that inter-mixing
between neighboring wire pairs can be minimized. This has the advantage of
preventing waveguide cross-talk and allowing highly-integrated plasmonic circuits
in three dimensional spaces, but makes it very difficult to completely transfer a
plasmon signal between wire pairs within a distance smaller than the attenuation
length.

In order to solve this problem, we have studied the interaction of gap plasmons
confined to wire pairs, finding a complex structure of hybridized modes, including
unavoided crossings facilitated by the vanishing of the interaction right at the
point of crossing. Thanks to this insight, we have presented a design of a more
efficient plasmon coupler containing an additional intermediate wire and capable
of transferring 74% of the signal between wires. Optimization of geometrical
parameters should allow achieving larger transfer fractions for application to signal-
processing elements such as waveguide splitters, energy filters, and interferometers.



Chapter 3

Interaction between plasmons
and quantum emitters

3.1 Introduction

The large fields and the high confinement associated with the plasmonic resonances
supported by metallic nanoparticles [10, 101, 102] enable strong interactions with
other photonic elements such as quantum emitters. This allows us to design new
hybrid plasmon-emitter systems that exhibit unique optical responses [103, 104,
105, 106, 107, 108, 109, 110, 111, 112, 113], and that are capable of controlling light-
matter interactions at the nanoscale. Thanks to the advance in nanofabrication
techniques [114, 115, 116], we are currently approaching dimensions in which the
quantum behavior of these structures emerges naturally, thus opening wide horizons
for new designs and applications in the area of quantum plasmonics [117].

Understanding the physics underlying the internal interaction in these systems
is important to take advantage of their quantum features such as single excitations
[118], and quantum correlations and interferences [119]. The theoretical character-
ization of these processes requires a fully quantum mechanical framework in order
to capture the quantum aspects of the optical response. This is exactly the rea-
son why numerical simulations of Maxwell’s equations, which have been successfully
used to model the optical response of a vast number of systems involving metal-

59



60 CHAPTER 3. PLASMON-EMITTER INTERACTION

lic nanostructures [3], cannot describe completely the behavior of these systems.
Therefore, it is clear the necessity of developing new theoretical tools that overcome
such limitations.

In the first part of this chapter, we use Zubarev’s Green functions (see Section
1.3.1 and [58]) to model the optical response of plasmons interacting with quantum
emitters. This results in a powerful approach that allows us to describe the internal
evolution of these kinds of systems beyond the perturbative regime. Despite its
simplicity, this methodology incorporates a proper account of finite lifetimes via
coupling to a continuum of modes. Resonance phenomena such as Fano lineshapes
are then emerging in a natural way [120, 121]. We illustrate the application of
this formalism by analyzing the optical response of a system formed by a quantum
emitter placed at the gap of a nanoparticle dimer [90]. These types of structures
are currently attracting much attention [104, 105, 108, 109, 110, 111, 112, 113] due
to its potential application as a platform for quantum information devices.

The possibility of reaching the quantum regime using plasmonic systems faces
difficult challenges but offers great opportunities [117, 122, 123]. For instance, the
non-linear behavior arising from the quantum nature of both a fermionic emitter
and light has been extensively investigated on theoretical and experimental grounds
over the last decade [124, 125]. An interesting example is the photon blockade
effect [126], which has been experimentally observed in atoms coupled to cavities
[127], as well as in superconducting circuits [128]. The essential ingredient of these
experiments is the achievement of strong light-matter coupling, characterized by an
interaction energy exceeding the damping introduced by cavity losses. Nonetheless,
reaching the strong-coupling regime is a delicate task that has so far been reserved
to a handful of cavity quantum-electrodynamics (QED) experiments.

The extension of this regime to quantum emitters interacting with plasmons
supported by metallic nanoparticles has been recently pursued [104, 105, 108, 109,
110, 111, 112, 113] in order to realize quantum behavior in more robust and compact
systems than the elaborate QED setups. However, this goal is very difficult to
achieve using standard plasmonic materials such as noble metals due to the relatively
large losses inherent to these materials, which limit the lifetime of the plasmons to
∼ 10 optical cycles. A promising alternative approach would be to use plasmons
supported by doped graphene nanodisks [36, 98, 7, 99], which, as it has been
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discussed in Section 1.1.3, can confine the electromagnetic field down to smaller
volumes than plasmons supported by metallic nanoparticles, having at the same
time longer lifetimes (∼ 100 optical cycles [36]).

In the second part of this chapter, we show that quantum effects can introduce a
strong non-linear optical response in a system formed by a doped graphene nanodisk
and a nearby quantum emitter. We predict a plasmon blockade effect under feasible
conditions, which allows actively switching the optical properties of the resulting
device in a manner analogous to the photon blockade effect that has been extensively
studied in cooled atoms coupled to photonic cavities. The plasmon blockade effect
produces non-classical distributions when multiple-plasmon states are generated.
Additionally we show that, in contrast to photon blockade, the wavelength at which
plasmon blockade takes place can be straightforwardly tuned simply by changing
the charge in the graphene via electrostatic gating [129].

The possibility of controlling the temporal quantum evolution of a physical
system by means of external macroscopic stimuli will make versatile quantum-
information devices viable [130]. Various methods for quantum control have
been proposed [130], and despite efforts and progress in fields such as ion traps
[131, 132], scalable systems remain an open challenge. Recently, solid-state quantum
devices are attracting growing interest because they provide a robust platform for
implementing scalable temporal control [133, 134]. In this context, the emergence
of graphene as a tunable plasmonic material, in which plasmons can be literally
switched on and off by applying external potentials [34, 35], opens a natural
way to control the quantum evolution of small systems through plasmon-mediated
interactions, which are in turn modulated by external fields. This constitutes an
interesting alternative path to the elaborate setups employed in the context of cavity-
QED [130, 135, 132].

In the last part of this chapter, we show that doped graphene nanostructures
combined with two-level atoms or quantum dots provide a robust platform for
achieving the desired goal of full temporal quantum control. The interaction between
the quantum dots is strongly mediated by plasmons in the graphene, which can be
electrostatically tuned through engineered gates [136, 33]. The quantum evolution of
the dots is then manipulated by modulating over time the electric potential that we
apply to the gates. Specifically, we show that direct control over two-level emitters
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is possible, thus allowing one to convert the excited state into a long-lived state
and eliminating the need to involve additional excited or metastable states and
external control fields upon which other methods are relying [130, 137]. We provide
realistic simulations demonstrating excellent control over the decay of individual
and interacting dots. Any desired decay profile can be produced by resorting on the
unprecedentedly fast electro-optical modulation of graphene [34, 35] and its strong
interaction with neighboring quantum emitters [138].

3.2 Quantum plexcitonics

3.2.1 A quantum emitter interacting with two metallic
nanoparticles

We consider a system composed of two identical metallic nanoparticles with diameter
of tens of nanometers separated by a gap of a few nanometers. A quantum emitter
is placed in this gap, where the field-amplitude enhancement due to the plasmonic
resonances of the particles can easily reach two orders of magnitude with respect
to the value of an external plane wave [10]. Such a coupled plasmonic-exciton
system results in hybrid plasmonic excitonic modes also referred to as Plexcitons
[139]. The optical response of this system has been studied recently using classical
electrodynamics methods [108, 109]. We assume each particle to be supporting
just one dipolar plasmon and one quadrupolar plasmon with m = 0 azimuthal
symmetry with respect to the dimer axis. Only modes with this symmetry can be
excited because we consider the external field to be oriented along the dimer axis.
In a real system, higher-order multipoles are also contributing for small separations,
although the dipoles are dominant for the separations discussed below. In fact, the
quadrupole can be considered to effectively account for the effects of all higher-order
modes combined. The quantum emitter is described as a fermionic system with
only two possible states (ground and excited). The Hamiltonian that determines
the behavior of this nanostructure contains three terms

Ĥ = Ĥ0 + Ĥint + Ĥdecay.
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The part describing the non-interacting evolution of the fermion and the plasmons
reads

Ĥ0 = ~ωd
[
d̂+

1 d̂1 + d̂+
2 d̂2

]
+ ~ωq

[
q̂+

1 q̂1 + q̂+
2 q̂2

]
+ ~ωcĉ+ĉ,

where d̂i and q̂i (d̂+
i and q̂+

i ) are the dipolar and quadrupolar plasmon bosonic
annihilation (creation) operators of particle i = 1, 2, respectively. Similarly, ĉ
(ĉ+) is the annihilation (creation) operator for the quantum emitter fermion. The
characteristic frequencies of these excitations are ωd, ωq and ωc.

The interaction Hamiltonian Ĥint must describe all possible couplings between
the different system excitations. In our particular case, the dipolar and quadrupolar
plasmons of one particle can interact with the excitations of the other one via dipole-
dipole (∆dd), dipole-quadrupole (∆dq), and quadrupole-quadrupole (∆qq) coupling
constants 1. In addition, the quantum emitter interacts with both the dipolar
plasmons (∆dc) and quadrupolar plasmons (∆qc). Therefore, we have

Ĥint = −∆dd

[
d̂+

1 d̂2 + d̂+
2 d̂1

]
−∆qq

[
q̂+

1 q̂2 + q̂+
2 q̂1

]
−∆dq

[
d̂+

1 q̂2 + q̂+
2 d̂1

]
−∆dq

[
d̂+

2 q̂1 + q̂+
1 d̂2

]
−∆dc

[
d̂+

1 ĉ+ ĉ+d̂1
]
−∆dc

[
d̂+

2 ĉ+ ĉ+d̂2
]

−∆qc

[
q̂+

1 ĉ+ ĉ+q̂1
]
−∆qc

[
q̂+

2 ĉ+ ĉ+q̂2
]
.

In a realistic model, one has to describe the finite lifetime of the excitations of
the system, which produce finite widths in the corresponding spectral resonances.
Generally, such widths are the result of the inelastic interaction with a continuum
of modes. For instance, a plasmon can decay radiatively by emitting one photon
and non-radiatively through the generation of electron-hole pairs, phonons, etc. We
describe these inelastic interactions by adding the following term to the Hamiltonian

Ĥdecay =
∑
s=d,q

∑
i=1,2

∫
dω

[
~ωf̂+

si
(ω)f̂si

(ω)−
(
vs(ω)f̂si

(ω)ŝ+
i + v∗s(ω)f̂+

si
(ω)ŝi

)]
+
∫
dω~ωf̂+

c (ω)f̂c(ω)−
∫
dω

[
vc(ω)f̂c(ω)ĉ+ + v∗c (ω)f̂+

c (ω)ĉ
]
,

1Any possible phase of the coupling constants can be reabsorbed into the definition of the
creation and annihilation operators, so we can assume them to be positive real numbers without
loss of generality.
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where f̂si
(ω) and f̂c(ω) are the annihilation operators of the continuum of modes that

couple to the plasmons and the fermion, respectively. The corresponding coupling
constants are vs(ω) and vc(ω). These terms account for all possible decay channels
of the system excitations.

For particles with diameters of tens of nanometers, the quadrupoles couple only
weakly to the light. Furthermore, the absorption cross-section of the nanoparticle
is generally much larger than that of a molecule or a quantum dot. We therefore
assume that only the dipolar plasmons couple efficiently to the external photons.
(However, the extension of our calculations to include the direct coupling to the
emitter and the quadrupoles is straightforward.) With this approximation, we can
apply the method based on Zubarev’s Green functions, described in Section 1.3.1,
to calculate the optical absorption spectrum of the system under study. For doing
that we just need to obtain the Green function 〈〈D̂; D̂+〉〉 [see Eq. (1.24)], where D̂
is a linear combination of the dipolar plasmon annihilation operators of particles 1
and 2 compatible with the symmetry of the external field. We choose D̂ = d̂1 + d̂2,
which implies that the incident photons are absorbed at the two particles with the
same phase. This represents the situation in which the external field is incident
perpendicularly to the dimer axis, and therefore, only the bonding mode [90] of the
dimer is excited.

Using Eq. (1.25) and the Hamiltonian derived above, the equation of motion of
the Green function 〈〈D̂; D̂+〉〉 reads

(~ω − ~ωd + ∆dd) 〈〈D̂; D̂+〉〉 = 2−∆dq〈〈Q̂; D̂+〉〉 − 2∆dc〈〈ĉ; D̂+〉〉

−
∫
dω′vd(ω′)〈〈f̂D(ω′); D̂+〉〉, (3.1)

where Q̂ = q̂1 + q̂2 and f̂D = f̂d1 + f̂d2 . From this expression, it is clear that we need
to compute additional Green functions. In particular 〈〈Q̂; D̂+〉〉, whose equation of
motion is

(~ω − ~ωq + ∆qq) 〈〈Q̂; D̂+〉〉 = −∆dq〈〈D̂; D̂+〉〉 − 2∆qc〈〈ĉ; D̂+〉〉

−
∫
dω′vq(ω′)〈〈f̂Q(ω′); D̂+〉〉,
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with f̂Q = f̂q1 + f̂q2 . Similarly, the dynamics of 〈〈ĉ; D̂+〉〉 is governed by

(~ω− ~ωc) 〈〈ĉ; D̂+〉〉 = −∆dc〈〈(1− 2ĉ+ĉ)D̂; D̂+〉〉 −∆qc(1− 2ĉ+ĉ)〈〈Q̂; D̂+〉〉

− (1− 2ĉ+ĉ)
∫
dω′vc(ω′)〈〈f̂c(ω′); D̂+〉〉.

In principle, the iteration of this process would produce an infinite hierarchy
of equations of motion, however, we decide to truncated it at this point by
approximating the operator ĉ+ĉ by its expectation value 〈ĉ+ĉ〉 = nc. With this
substitution, the last expression becomes

(~ω− ~ωc) 〈〈ĉ; D̂+〉〉 = −∆dc(1− 2nc)〈〈D̂; D̂+〉〉 −∆qc(1− 2nc)〈〈Q̂; D̂+〉〉

− (1− 2nc)
∫
dω′vc(ω′)〈〈f̂c(ω′); D̂+〉〉.

The presence of nc here is the result of the fermionic character of the quantum
emitter.
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Figure 3.1: Optical response of a hybrid plexcitonic system formed by a quantum
emitter placed in the gap of a nanoparticle dimer. (a) Description of the system
under study. (b) Values of the different model parameters (see text). (c) En-
ergy diagrams of the quantum emitter (fermionic character), and the dipolar and
quadrupolar plasmons supported by the nanoparticles (bosonic character). (d) Op-
tical absorption spectrum of the dimer-quantum-emitter system, computed for dif-
ferent values of the emitter resonance energy. A Fano resonance is clearly observed
as a result of the coupling between the emitter and the particle plasmons.
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We still need to deal with Green functions containing information related to the
inelastic decay processes: 〈〈f̂D(ω′); D̂+〉〉, 〈〈f̂Q(ω′); D̂+〉〉 and 〈〈f̂c(ω′); D̂+〉〉. Upon
inspection of the Hamiltonian, we conclude that these Green functions only depend
on those derived above, and can be obtained from

(~ω − ~ω′) 〈〈f̂D(ω′); D̂+〉〉 = −v∗d(ω′)〈〈D̂; D̂+〉〉,

(~ω − ~ω′) 〈〈f̂Q(ω′); D̂+〉〉 = −v∗q (ω′)〈〈Q̂; D̂+〉〉,

(~ω − ~ω′) 〈〈f̂c(ω′); D̂+〉〉 = −v∗c (ω′)〈〈ĉ; D̂+〉〉.

Substituting the first of these expressions into Eq. (3.1) and introducing the positive
infinitesimal imaginary part of the frequency that appears in the definition of
Zubarev’s Green function [see Eq. (1.23)], we find the integral

∫
dω′

|vd(ω′)|2
~ω′ − ~ω − i0+ = P.V.

∫
dω′
|vd(ω′)|2
~ω′ − ~ω

+ iπ|vd(ω)|2 = δωd + i
Γd
2 ,

which we have evaluated using the Sokhatsky-Weierstrass theorem. Here, P.V.
denotes the Cauchy principal value, δωd represents a frequency shift, and Γd =
2π|vd(ω)|2 is the inelastic decay rate of the dipolar plasmons. Dealing in a similar
way with the remaining decay channels, we end up with a linear system of three
equations and three unknowns: 〈〈D̂; D̂+〉〉, 〈〈Q̂; D̂+〉〉, and 〈〈ĉ; D̂+〉〉. Finally,
solving this system of equations we obtain 〈〈D̂, D̂+〉〉, and therefore, via Eq. (1.24),
the optical absorption spectrum

σ ∝ Im

Sd − 2∆2
dc(1− 2nc)
Sc

−

[
∆dq − 2∆qc∆dc(1−2nc)

Sc

]2
Sq −

2∆2
qc(1−2nc)
Sc


−1

, (3.2)

where we have defined Sd = ~ω−~ωd+∆dd+δωd+iΓd

2 , Sq = ~ω−~ωq+∆qq+δωq+iΓq

2 ,
and Sc = ~ω − ~ωc + (1− 2nc)

[
δωc + iΓc

2

]
.

In order to apply this model to actual dimer-quantum-emitter systems, we need
to find realistic values for the different parameters involved in Eq. (3.2). We illustrate
this by considering two silver nanoparticles of 10 nm radius separated by a gap of
4 nm. We take the system to be initially prepared in the ground state, so that
nc = 0 for the emitter placed in the dimer gap. Moreover, the frequency shifts δωd
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and δωq can be accounted for by renormalizing the energies of the corresponding
states ~ωd, and ~ωq, respectively. Notice that we keep δωc as it cannot be reabsorbed
when nc 6= 0. We extract the energies and widths of the dipolar and quadrupolar
plasmons from classical electromagnetic simulations of the absorption cross-section
for a single silver nanoparticle using Mie theory. In a similar way, we obtain the
coupling constants describing the interaction between the dipolar and quadrupolar
plasmons by fitting Eq. (3.2) with ∆dc = ∆qc = 0 (i.e., without emitter) to an
electromagnetic simulation of the dimer absorption cross-section using a multiple-
scattering approach [140]. The resulting values for the different parameters are given
in Fig. 3.1(b).

Figure 3.1(d) shows the optical absorption spectrum of the system under study,
computed from Eq. (3.2), for different energies of the quantum emitter resonance.
The width of this resonance has been taken to be Γc = 4meV, which is a realistic
value for actual quantum dots [141]. It is important to note that we have considered
quantum emitters of resonance energy lying close to the dimer plasmons. For a given
emitter energy within the 3 − 3.5 eV range, the dimer plasmon frequencies can be
easily tuned by selecting the size, shape, and separation of the nanoparticles [142]
(e.g., using nanoshells of appropriate thickness [143]).

We have calculated the strength of the coupling between the quantum emitter
and the dipolar and quadrupolar plasmons, and the value of δωc by fitting Eq. (3.2)
to a simulation performed using the BEM [7, 30]. In this model the quantum emitter
is represented by a point dipole with a linear polarizability α(ω) = µ2/(~ωc − ω −
iΓc/2) [144], where µ is the transition dipole. In our particular example we assume
µ/e = 0.3 nm, which is a realistic value for a quantum dot [145]. Using this transition
dipole we obtain the values for the different model parameters shown in Fig. 3.1(b).
Thanks to the large plasmonic fields existing in the dimer gap, this system exhibits
relative large values of the coupling constants ∆dc and ∆qc.

As we observe in Fig. 3.1, the optical spectra exhibit three distinct features. The
hybridized bonding dipolar and quadrupolar dimer modes around 3.3 (≈ ~ωd−∆dd)
and 3.5 eV (≈ ~ωq−∆qq); and the excitonic mode, which is clearly visible as a Fano
resonance with a lineshape that strongly depends on the energy ~ωc. The Fano
resonance results from the interaction between a continuum of modes and a narrow
discrete mode [121]. In our example, the quantum emitter resonance is the narrow
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mode, while the dipolar and quadrupolar plasmons, with their larger widths, play
the role of a continuum. As expected these resonances can be fitted approximately
using the conventional Fano lineshape with |q| << 1. For instance, in the case of
the curve of Fig. 3.1(d) corresponding to ~ωc = 3.35 eV we have q ∼ 0.07− 0.05.

In Fig. 3.2(a), we show how the width of the exciton influences the Fano
resonance. The resonance width is an essential factor to observe Fano resonances in
this type of system. Figure 3.2(a) also shows that the Fano resonance displayed for
small values of Γc disappears as this parameter approaches the value of the dipolar
plasmon width Γd.
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Figure 3.2: Dependence of the optical absorption spectrum on the quantum emitter
resonance width Γc (a) and on the strength of the coupling between the dipolar
plasmons and the quantum emitter ∆dc (b). We take the emitter excitation energy
~ωc = 3.35 eV, while the rest of the model parameters are given in Fig. 3.1(b).
The Fano resonance disappears as Γc increases, while a dramatic dependence of the
spectral shape on ∆dc is observed.

In Fig. 3.2(b) we illustrate the critical role played by the strength of the coupling
between the quantum emitter and the dipolar plasmon ∆dc in determining the shape
of the optical absorption spectrum. For small values of ∆dc, the dip associated with
the Fano resonance almost disappears. For increasing ∆dc, the dip becomes deeper
and the separation between the two resulting peaks becomes more pronounced.
Actually, when this coupling constant is larger than the dipolar plasmon half width
Γd/2 we can alternatively interpret the resulting lineshape as vacuum Rabi splitting
[108].
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Figure 3.3: Dependence of the optical absorption spectrum on the expectation value
of the emitter excited level nc for different values of the emitter excitation energy.
The rest of the model parameters are given in Fig. 3.1(b). The absorption spectrum
changes dramatically as nc changes from 0 to 1.

3.2.2 Non-linear effects and beyond

It is important to stress that our results reproduce the simulations performed in
previous works [108, 109]. However, our methodology allows us to go one step
forward in the understanding of the physical mechanisms governing the response of
the system. First of all, we can clearly identify the origin of the peaks and other
features that characterize the investigated optical absorption spectra. Furthermore,
our model can capture the non-classical behavior of the different elements of the
system. For instance, in a situation in which the quantum emitter is not initially
prepared in its ground state, and hence, the expectation value nc does not vanish.
In such case, the optical response of the system changes dramatically [see Eq.
(3.2)]. In particular, under strong optical pumping this expectation value should
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be ∼ 1/2, for which the interaction between the quantum emitter and the dipolar
plasmon disappear, leading to an inhibition of the Fano resonance. Such non-linear
Fano resonances have been observed in quantum-well structures and are of clear
fundamental importance [103, 146]. This can be clearly observed in Fig. 3.3, which
shows the dependence of the optical absorption spectrum on the expectation value
nc, for different emitter excitation energies ~ωc. As nc grows from 0 to 0.5 the
Fano resonance becomes weaker and finally disappears, reemerging again for higher
values. At the same time, the position of the Fano resonance is shifted towards
higher energies. This behavior, which is associated with the saturation of the
quantum emitter, emerges from the fermionic nature of this system. For this reason,
although it could be modeled a posteriori using a classical or a semiclassical approach
by assuming a change in the oscillator strength, it could not be predicted a priori,
unless a fully quantum approach is employed. In practical terms, saturation can
be obtained with a pumping-light frequency differing from the probing frequency,
but separated from it by less than the width of the emitter excitation. The non-
linear response associated with this non-classical behavior opens the possibility of
externally controlling the optical absorption spectrum of the system.

The Zubarev’s Green functions [58] method presented in this paper is concep-
tually much simpler than standard Green’s function or density matrix approaches
since the only formalism that is required is the evaluation of simple commutation
relations between operators. However, the major advantage of the present approach
is that all dynamics are obtained non-perturbatively directly from the Hamiltonian.
Because of this, by simply adding more terms to the Hamiltonian, it is straightfor-
ward to include more complex interactions such as the coupling to the continuum
which introduced the broadening of the plasmon and exciton states already dis-
cussed. Most importantly, our method provides a simple approach for including
much more complicated effects such as strong correlation, coupling between two
emitters, coupling to phonons and other collective excitations. For instance, an in-
teresting scenario is presented when two quantum emitters are placed at the gap of
a particle dimer. The interaction between emitters can be affected by Coulomb re-
pulsion, which can be incorporated into our formalism by adding a Hubbard term to
the Hamiltonian as it is commonly done in the Anderson model [147]. Such a term
prevents the two quantum emitters from simultaneously lying in excited states, and
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may therefore introduce additional useful tunable non-linear behavior of relevance
for plexciton-based quantum information devices.

3.3 Plasmon blockade

3.3.1 A quantum emitter interacting with a graphene
nanodisk

As discussed in the introduction of this chapter, the extraordinary confinement and
lifetime displayed by plasmons in graphene nanodisks make it possible to reach
the strong-coupling regime with a nearby quantum emitter, such as a quantum
dot or a molecule. In this limit, the quantum emitter can introduce a significant
plasmon-plasmon interaction, which gives rise to a plasmon blockade effect. Here,
we analyze this effect by studying the system depicted in Fig. 3.4. We consider a
graphene nanodisk of diameter D, large enough to safely neglect edge and quantum
confinement effects (see the discussion at the end of Sections 1.1.3 and 1.2), and
doped to a Fermi energy EF relative to the Fermi energy for the neutral disk.
This graphene nanostructure supports localized surface plasmons [7] of energy ~ωp.
Specifically, we focus on a dipolar plasmon with polarization parallel to the disk and
m = 1 azimuthal symmetry. The quantum emitter, which is placed 10 nm above
the nanodisk, is described as a two-level system with excited and ground states |↑〉
and |↓〉 separated by an energy ~ω0. The entire system is illuminated by an external
laser of frequency ωL. In the absence of any losses, the dynamical evolution of the
interacting system can be described by a Hamiltonian that consists of three terms:
Ĥ = Ĥ0 +Ĥint +Ĥext. The first describes the evolution of the non-interacting system

Ĥ0 = ~ωpb̂
†b̂+ ~ω0ĉ

†ĉ,

where b̂ and ĉ = |↓〉 〈↑| (b̂† and ĉ† = |↑〉 〈↓|) are the annihilation (creation) operators
for the graphene plasmon and the excited state of the emitter, respectively. The
coupling between the two excitations is described by the second term,

Ĥint = ~g
(
b̂†ĉ+ b̂ĉ†

)
,
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Figure 3.4: Description of the graphene-nanodisk/emitter combined system under
study. (a) A quantum emitter is placed 10 nm above of a doped graphene nanodisk of
diameter D and Fermi energy EF. The disk can support localized surface plasmons
of frequency ωp and lifetime Γ−1

p . The quantum emitter is described as a two-level
system (ground state |↓〉 and excited state |↑〉, transition frequency ω0, excited-state
lifetime Γ−1

0 ). The dipolar moment of the quantum emitter, taken to be parallel to
the disk, interacts with the near field of the graphene plasmon with effective coupling
strength g. The entire system is illuminated by an external laser of frequency ωL
and intensity quantified in terms of the Rabi frequency Ω. (b) Energy level diagram
of the interacting system for ω0 = ωp. The energy diagrams of (a) correspond to the
non-interacting disk and emitter, in which the energy level spacing is constant. In
contrast, the spacings between the interacting levels in (b) are different as a result
of the coupling between the emitter and the graphene plasmon. This interaction
introduces anharmonicity and non-linearity in the optical response.
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where g is a coupling constant that determines the strength of the interaction. The
last term accounts for the effect of the laser,

Ĥext = ~Ωe−iωLtb̂† + ~Ω∗eiωLtb̂,

which operates at frequency ωL with an intensity defined in terms of the Rabi
frequency Ω. We neglect direct pumping of the emitter because its cross-section is
generally several orders of magnitude smaller that the one of the graphene plasmon.

We incorporate dissipation via the master equation for the density operator, as
explained in Section 1.3.2 [see Eq. (1.27)]

˙̂ρ = i

~
[
ρ̂, Ĥ

]
+ L0 (ρ̂) + Lp (ρ̂) .

The first term of this expression contains the Hamiltonian and determines the coher-
ent evolution of the system, while the Lindblad terms Li (ρ̂) = Γi/2

[
2ŝiρ̂ŝ†i − ρ̂ŝ

†
i ŝi

−ŝ†i ŝiρ̂
]
[see Eq. (1.28)], with i = 0, p, account for the damping of both the excited

emitter state (ŝ0 = ĉ) and the graphene plasmon (ŝp = b̂).

Apart from the coupling to external light, Ĥ is the well-known Jaynes-Cummings
Hamiltonian [148], which has the same ground state as Ĥ0 |ψ0〉 = |↓ 0〉, and whose
excited states |ψn±〉 are pairs of linear combinations of |↑ n− 1〉 and |↓ n〉 with
eigenenergies

En± = ~

nωp + δ

2 ±
√
δ2

4 + ng2

 ,
where δ = ω0 − ωp. In each pair of states the sum of the number of plasmon
and emitter excitations is n. As we show in Fig. 3.4(b), the interaction of the
plasmon with the two-level emitter results in a non-uniform distribution of states
known as Jaynes-Cummings ladder [149], in which the states of each pair are
separated by an energy determined by the emitter-plasmon coupling g, the detuning
δ and the quantum occupation number n. The resulting non-linear dependence of
the excitation energy on n is equivalent to anharmonicity and has an important
consequence: an external light source tuned to be resonant with the plasmon
frequency ωp becomes increasingly more detuned as the system climbs the energy
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ladder and n increases. The detuning with respect to the uncoupled plasmon
frequency is given by

1
~
(
E(n+1)± − En±

)
− ωp = ±

(√
δ2/4 + (n+ 1) g2 −

√
δ2/4 + ng2

)
,

which is maximum for δ = 0 (i.e., ω0 = ωp). An increasing detuning obviously
limits the possibility of generating an arbitrary number of plasmons. We refer to
this behavior as plasmon blockade, in direct analogy to the so-called photon blockade
observed in cavity QED experiments [127].

It is important to notice that the non-linear behavior associated with the plasmon
blockade is only effective in systems for which the coupling g dominates over the
losses Γp and Γ0. In general, plasmonic losses are several orders of magnitude larger
than quantum emitter losses (Γp � Γ0), and thus the condition for observation
of an efficient plasmon blockade amounts to g/Γp � 1. This is known as strong-
coupling regime, which is difficult to reach using plasmons supported by standard
metallic nanostructures [104, 105, 108, 109, 110, 111, 112, 113]. However, the
coupling strength g/Γp associated with the dipolar plasmon of a graphene nanodisk
of diameter D = 100 nm reaches values in the 1.5 − 3 range for moderate Fermi
energies EF = 0.2 − 0.6 eV, and it decreases for larger D. Here, we assume typical
values for the quantum emitter natural decay rate Γ0 = 5 × 107 s−1, the nanodisk
diameters D = 100−200 nm, and the Fermi energies EF = 0.2−0.6 eV, for which the
plasmon energy and width take values ~ωp ≈ 0.1− 0.25 eV and ~Γp ≈ 1− 3.5meV.
Since the diameters under consideration are well above 20 nm we safely neglect edge
and quantum confinement effects (see Section 1.2 and [49]), and compute these
values following the classical approach depicted at the end of Section 1.1.3.

Figure 3.5 shows some of the main signatures of plasmon blockade in the
nanodisk-emitter systems. In what follows, we present results for steady-state
conditions under continuous wave illumination. In particular, Figs. 3.5(a),(b) show
the population of different state pairs n under stationary conditions. We consider
two different illumination intensities (|Ω|2 = 0.01 Γ2

p and |Ω|2 = Γ2
p), take ω0 = ωp,

and tune the laser frequency to be resonant with the |ψ0〉 → |ψ1+〉 transition. The
black bars are the results for the uncoupled system (i.e., in the absence of the
quantum emitter), while the red bars refer to the interacting system with a coupling
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Figure 3.5: Plasmon blockade. (a),(b) Population of the different states of a
graphene-nanodisk/emitter system for two different values of the external laser
intensity under continuous illumination conditions. Results for interacting (g/Γp =
2.55, red) and non-interacting (g/Γp = 0, black) systems are contrasted. We assume
resonant coupling (ω0 = ωp) and tune the laser frequency to the |ψ0〉 → |ψ1+〉
transition. For this laser frequency, only |ψn+〉 states are significantly populated
in the interacting system. (c) Average number of plasmons in the graphene
nanodisk Np as a function of laser intensity for different disk diameters D and
Fermi energies EF (solid curves) under the same conditions as in (a),(b). The
uncoupled system (dashed line) shows a linear increase of Np with the laser intensity.
In contrast, the coupled system (solid curves) exhibits a clear non-linear behavior
for |Ω|2 /Γ2

p > 10−2. The non-linearity is more pronounced for larger graphene-
nanodisk/emitter coupling g (cf., red, blue, and green curves). (d) Absorption
cross-section of the graphene-nanodisk/emitter coupled system normalized to the
value of the uncoupled configuration as a function of laser intensity. A departure
from the linear regime is observed for large laser intensities.
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constant g = 2.55 Γp. For low illumination intensities [Fig. 3.5(a)], the ground state
(n = 0) takes most of the weight, while the first excited states (n = 1) are only
marginally populated. In contrast, for high intensity [Fig. 3.5(b)], the population
of the system is distributed among different excited states, but with very different
profiles for configurations with and without coupling. For the uncoupled system
the population follows a broad Poisson distribution centered around n = 4, but for
the coupled system the population is mainly concentrated in the ground (n = 0)
and singly excited (n = 1) states. This is a direct consequence of the non-linearity
and anharmonicity associated with the plasmon blockade, which prevents efficient
plasmon excitation beyond n = 1.

In Fig. 3.5(c), we show the average number of plasmons Np = 〈b̂†b̂〉 supported by
the graphene nanodisks as a function of external illumination intensity for different
values of EF and D (solid curves). The corresponding calculated coupling constant
(g), plasmon frequency, and decay rate (ωp and Γp) are shown in the text insets
throughout Figs. 3.5(c),(d) with color codes standing for the selected values of EF

and D. Obviously, the uncoupled system (g = 0) presents a linear dependence
on intensity, Np = 4 |Ω|2 /Γ2

p (dashed curve, plotted for reference). In contrast, a
significant departure from this linear behavior is observed above |Ω|2 /Γ2

p ≈ 10−2 in
the coupled system as a signature of plasmon blockade (solid curves). As expected,
the non-linearity increases with g. In the small intensity limit, the linear behavior
is recovered for any value of g, as Np is well below 1 (e.g., for |Ω|2 /Γ2

p < 10−2).
However, even in this limit, the plasmon blockade severely modifies the plasmon
statistics, as we show below.

The normalized absorption cross-section is shown in Fig. 3.5(d) as computed
by assuming that the dominant dissipation channel is inelastic plasmon decay, and
that the radiative part represents only a small fraction ≤ 1% of the total decay rate
[150]. In this limit, the absorption cross-section can be written as σabs = ~ωpΓpNp/I,
where I ∝ |Ω|2 is the laser intensity. It is convenient to normalize the cross-section
to that of the uncoupled graphene disk σabs,0 as

σabs

σabs,0
= Np

4
Γ2

p

|Ω|2
. (3.3)

As shown in Fig. 3.5(d), the normalized absorption decreases with increasing
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intensity and the nanodisk-emitter system behaves as a saturable absorber, again
as a result of plasmon blockade, which is more pronounced for larger g (cf. green
and blue curves).

3.3.2 Non-classical plasmons

Besides the plasmon blockade effect, the coupling between a graphene plasmon
and a quantum emitter can also produce strong modifications in the plasmon
statistics, which we characterize through the equal-time second-order correlation
function, defined as g(2)(0) =

〈
b̂†b̂†b̂b̂

〉
/N2

p [51]. This quantity becomes 1 for
Poissonian distributions (also known as coherent states), which also characterize
photons in a coherent laser source. In contrast, g(2)(0) > 1 is associated with
thermal distributions (super-Poissonian statistics), leading to bunching of photon
pairs emerging from a thermal source (similar bunching is expected in thermally
excited plasmons in uncoupled nanodisks). However, it is only for g(2)(0) < 1 (sub-
Poissonian statistics, leading to antibunching [151]) that a quantum description of
photons or plasmons is needed, as a classical model cannot produce these values of
the correlation function. Indeed, g(2)(0) = 0 would mean the existence of a single
plasmon state.

For graphene-nanodisk plasmons, g(2)(0) can be directly measured from the
photons emitted via radiative plasmon decay [122]. Although less than one in a
hundred plasmons decays by emitting a photon [7], even for the smallest intensities of
the external illumination under consideration the resulting photon flux should allow
for experimental verification of the non-classical, quantum-plasmonic regime: for
instance, for a moderate incident intensity Ω = 0.1 Γp, the rate of photon generation
≈ Np Γp,rad ≈ 4 · 10−4 Γp ≈ 109 s−1 is significant.

Figure 3.6 shows g(2)(0) as a function of laser intensity for the different graphene
nanodisks discussed in Fig. 3.5. We assume that the laser frequency is resonant
with the |ψ0〉 → |ψ1+〉 transition, and ω0 = ωp. In the absence of a quantum
emitter (uncoupled system), we have g(2)(0) = 1 (dashed line), so that plasmons
are generated in coherent states, which are typical of coherent classical systems.
When coupling is switched on (solid curves), g(2)(0) drops below one, and thus,
non-classical plasmon states are generated. Furthermore, the minimum value that
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Figure 3.6: Non-classical plasmon states. We show the equal-time second-order
correlation function g(2)(0) =

〈
b̂†b̂†b̂b̂

〉
/N2

p versus laser intensity for different disk
diameters D and Fermi energies EF (solid curves) under the same conditions as in
Fig. 3.5. We also show g(2)(0) = 1 (dashed line), as obtained for the uncoupled
system. For finite coupling (solid curves) and relatively low intensity, g(2)(0) lies
below 1 and decreases with increasing g/Γp, thus revealing the creation of non-
classical plasmon states. For large intensity, g(2)(0) increases and eventually becomes
larger than 1.
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is reached depends on the coupling strength, decreasing with increasing g. As the
laser intensity grows, g(2)(0) approaches the classical threshold g(2)(0) = 1, and
eventually rises above this value. This behavior can be understood by examining
Figs. 3.5(a),(b), in which we see that small values of |Ω|2 /Γ2

p produce a negligible
population of states above n = 1, therefore resulting in sub-Poissonian statistics. In
contrast, for larger intensities the population of n > 1 states increases, thus resulting
in the super-Poissonian behavior shown in Fig. 3.6 despite the plasmon-blockade.

3.3.3 Tunability of plasmon blockade

A great advantage of the plasmons supported by the graphene nanodisks is the
possibility of controlling their properties by tuning the Fermi energy. This can be
achieved, for instance, by introducing electrostatic doping [33], thus allowing us the
tuning of both the plasmon energy and its coupling with the quantum emitter, and
by extension, the modulation of the plasmon blockade effect. This is illustrated in
Fig. 3.7(a), which shows the normalized absorption cross-section defined in Eq. (3.3)
as a function of the graphene Fermi energy for different values of the laser intensity.
The excitation energy of the quantum emitter is set to 0.16 eV, which coincides with
the plasmon energy for EF = 0.4 eV. As in the remainder of this work, the laser
frequency is chosen to be resonant with the |ψ0〉 → |ψ1+〉 transition.

At small intensities (red curve), the normalized absorption cross-section approx-
imately follows the same behavior as in the uncoupled system (dashed line), with a
slight departure for low Fermi energies. When |Ω|2 increases (blue and green curves),
the plasmon blockade effect produces significant non-linearity. The non-linearity is
stronger for EF below the resonance condition EF = 0.4 eV. This behavior is directly
connected to the evolution of |ψn±〉 states with detuning δ: these states are linear
combinations of |↑ n− 1〉 and |↓ n〉, but absorption dominates in the latter because
it contains a larger number of plasmons. More precisely, the external illumination
is tuned to induce transitions from the ground state to |ψ1+〉. For EF > 0.4 eV (i.e.,
g < |δ| and δ < 0), one finds that |↓ 1〉 has stronger weight in |ψ1+〉, thus leading to
higher absorption. In contrast, for EF < 0.4 eV, where g < |δ| and δ > 0, the weight
of |↓ 1〉 is smaller and absorption is reduced. This example clearly illustrates that it
is possible to enhance plasmon blockade by detuning the plasmon energy, which of
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Figure 3.7: Tunability of graphene-nanodisk/emitter systems. (a) Normalized
absorption cross-section of a graphene-nanodisk/emitter system as a function of
graphene Fermi energy for different values of the external laser intensity. The
nanodisk diameter is D = 100 nm. The emitter has fixed excitation energy
~ω0 = 0.16 eV, which coincides with the plasmon energy ~ωp for EF = 0.4 eV.
We tune the laser frequency to be resonant with the |ψ0〉 → |ψ1+〉 transition. The
cross-section is normalized to that of the uncoupled system. At low laser intensity
(red curve), the cross-sections with and without coupling are very similar. As |Ω|2
increases (blue and green curves), the cross-section becomes strongly non-linear for
small EF and essentially linear for large EF. The transition between these two
regimes is sharper for larger laser intensity. (b) Equal-time second-order correlation
function g(2)(0) under the same conditions as in (a). For large intensity, g(2)(0) is
found to be close to the classical value g(2)(0) = 1. When the intensity decreases, we
again observe two different regimes: for small EF the system exhibits sub-Poissonian
statistics associated with the existence of non-classical plasmons, while for larger EF
a classical behavior is recovered.

course can be controlled via the Fermi energy of the graphene nanodisk, provided
we have coupling to a quantum emitter.

The enhancement of the plasmon blockade also influences the statistics of the
generated plasmons, as shown in Fig. 3.7(b), where g(2)(0) is plotted as a function
of the Fermi energy for the same conditions as in Fig. 3.7(a). The dashed line
represents the uncoupled system (classical states). In the coupled system (solid
curves) we again observe two different regions: for large values of EF, the system
approaches the classical limit (g(2)(0) → 1) due to the reduction in the efficiency
of plasmon blockade. In contrast, for small EF, the plasmon blockade is enhanced,
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giving rise to antibunching (g(2)(0) < 1). Clearly, the antibunching increases when
the Fermi energy becomes smaller than EF = 0.4 eV, where the plasmon and the
laser are on resonance. As expected, this effect is more pronounced for smaller
illumination intensities (see also Fig. 3.6). Interestingly, there is an optimum value
of EF for which g(2)(0) reaches a minimum as a result of the interplay between
the plasmon-emitter coupling g and the detuning δ. When the latter increases for
EF < 0.4 eV, the state |ψ1+〉 approaches |↑ 0〉, thus preventing higher n states to be
populated, which results in lower g(2)(0). But at the same time g decreases, therefore
reducing the anharmonicity of the energy ladder, which contributes to increase the
value of g(2)(0). The tradeoff between these two effects results in an optimum value
of EF at which g(2)(0) presents a minimum.

3.4 Temporal quantum control with graphene

3.4.1 Controlled evolution of one emitter

In this section, we explore the possibility of controlling the temporal evolution of one
or more quantum emitters interacting with the plasmons of a graphene nanodisk by
switching on and off these plasmons through electrostatic gating. We first illustrate
this concept by analyzing the interaction of a doped graphene nanodisk with a
single quantum emitter (Fig. 3.8). The size of the disk is an important parameter
that directly affects the plasmon frequency and the strength of the coupling to the
emitter. Both of these magnitudes decrease with increasing diameter. Here, we
choose a realistic nanodisk diameter of 100 nm, which is sufficiently large to ignore
edge and quantum confinement effects that are otherwise important in smaller disks
below 20 nm diameter (see Section 1.2 and [49]). The level of doping is characterized
by the Fermi energy EF = ~vF

√
π|n| (see Section 1.1.3). This determines the

plasmon energy ~ωp ∝
√
EF and the plasmon decay rate Γp ∝ 1/EF [7]. The

emitter is placed 60 nm above the center of the graphene nanodisk. This is a
realistic geometry, considering recent advances in the control over the position
and orientation of optical emitters [152, 153, 154]. One of the possibilities to
facilitate such control consists in depositing a passive dielectric layer above the
graphene sheet, the thickness of which determines the separation from the emitters.
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Solid-state emitters based upon quantum dots or nitrogen-vacancies embedded in
nanodiamond crystals offer the additional possibility of coating them with silica
[155], thus providing a controlled spacing distance depending on the thickness of
the coating layer. Once again, we model the emitter as a two-level system with a
characteristic transition energy ~ω0 and a natural decay rate Γ0. The different time
scales that characterize the evolution of the system are plotted in Fig. 3.8(b). We
choose a value of Γ0 ∼ 103−104 s−1 typical of slowly emitting atoms such as erbium.
When the emitter is placed close to the nanodisk, its decay rate is enhanced up to
Γ11 ∼ 104 Γ0 due to resonant interaction with the graphene plasmons. These decay
rates are well below the frequencies at which the doping level can be modulated
with currently available electronics (∼ GHz), which is in turn much smaller than
the plasmon frequency ωp and the decay rate Γp. With this choice of parameters, we
ensure that the emitter-plasmon interaction remains in the weak-coupling regime,
instantaneously following any modulation of the doping level. Under such conditions,
we can trace out the plasmonic degrees of freedom, and therefore the dynamics of
the quantum emitter is completely described by the reduced density matrix ρ̂, whose
temporal evolution is given by [see Eq. (1.27)]

˙̂ρ = i

~
[
ρ̂, Ĥ

]
+ Γ11

2
[
2ĉρ̂ĉ† − ĉ†ĉρ̂− ρ̂ĉ†ĉ

]
, (3.4)

where ĉ is the annihilation operator of the emitter excited state, and the Hamiltonian
reduces to Ĥ = ~ω0ĉ

†ĉ. This is in contrast to the strong-coupling regime studied in
the previous section, which can be reached for smaller emitter-graphene separations
and requires a full description of the density matrix including the emitter and the
plasmon modes, without tracing out the latter.

Incidentally, the electrostatic doping of the graphene nanodisk can influence the
emitter spectrum by shifting the transition frequency through the Stark effect. This
could be problematic in asymmetric systems, unless the shifts are small compared
with the plasmon line width. However, for symmetrical configurations such as the
ones that we consider here, all emitters experience the same frequency shift, and
thus, this effect simply has to be taken into account when considering the graphene
plasmon frequency for which the emitters are on resonance.

Figure 3.8(c) shows the normalized decay rate Γ11/Γ0 as a function of emission
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Figure 3.8: Temporal control over the quantum evolution of an optical emitter via
interaction with a doped graphene nanostructure. (a) We consider a two-level optical
emitter placed above a graphene nanodisk. The emitter is excited by a laser pulse.
Electrical doping of the graphene through a bias potential V allows the nanodisk
to support plasmons. The plasmon frequency is proportional to

√
|V |, and thus,

it can be controlled over time by modulating V (t). The coupling of the emitter
to the plasmon and therefore the quantum evolution of the emitter state are both
controlled by V . (b) Different time scales are involved in the evolution of the emitter-
graphene system, represented here through the emitter natural decay rate Γ0, the
enhanced decay rate Γ11 produced by interaction with the graphene plasmons, and
the plasmon decay rate and frequency typical of doped graphene. It is important
to stress that the plasmon lifetime is short compared to the electric modulation
rates of the doping potential, in the GHz range, which is in turn fast compared
to the lifetime of the excited emitter. (c) The increase in emission rate Γ11/Γ0 is
shown as a function of emission frequency for two different doping levels, quantified
through the graphene Fermi energy EF. The temporal profile of the emission rate
R(t) can be controlled by suitably modulating EF over time as shown in (d) and (e)
for ~ω0 = 0.22 eV.
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energy ~ω0 for two different doping levels corresponding to Fermi energies of 0.3
and 0.4 eV, respectively. Then, choosing an emitter of transition energy ≈ 0.22 eV
(highest peak of black curve), we can switch the normalized decay rate from
Γon

11/Γ0 > 104 down to Γoff
11 /Γ0 ∼ 10, just by shifting the graphene doping level from

0.3 to 0.4 eV. This clearly shows the feasibility of controlling the temporal evolution
of the quantum emitter by modulating the doping level of the graphene nanodisk
between on- and off-resonance conditions. We explore this possibility in more
detail in Figs. 3.8(d),(e) for three different doping modulation profiles: rectangular
(red curve), triangular (blue curve) and gaussian (green curve). The emitter is
initially prepared in the excited state, and we study the plasmon generation rate
R =

〈
Γ11ĉ

†ĉ
〉
, normalized to Γon

11. This magnitude measures the number of plasmons
generated per unit time, and it is calculated here neglecting decay channels others
than plasmon generation. This assumption is well justified by the large values of
Γon/off

11 /Γ0. As shown in Fig. 3.8(e), each different doping profile results in a totally
different evolution of the quantum emitter, which reflects the complete temporal
control achievable with the system under study. Actually, it is not difficult to
obtain the analytical relation existing between R and the single-emitter decay rate.
Assuming the emitter in its excited state at time t = t0, this relation reduces to

Γ11 (t) = R (t)
1−

∫ t
t0
dt′R (t′)

.

With the only constraint that Γ11 (t) ≤ Γon
11, a desired profile R (t) can be achieved

with the temporal evolution of Γ11 (t) prescribed by this equation, which is in turn
obtained by directly modulating the doping voltage, and therefore EF, over time
using the Lorentzian dependence of Γ11 on EF.

3.4.2 Controlled interaction of two emitters

When a second quantum emitter is placed close to the graphene, the interaction be-
tween the two emitters can also be controlled over time. The interaction between two
emitters in extended graphene and in ribbons has been recently shown to strongly
enhanced or suppressed by the plasmons [157]. We investigate this possibility by
studying the system depicted in Fig. 3.9(a), where two identical emitters are placed
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Figure 3.9: Temporal control over the interaction between quantum dots mediated
by graphene. (a) Two emitters are excited and their decay and mutual interaction
is modulated electrically through the plasmons of a neighboring graphene disk. (b)
Interaction rate Γ12 as a function of the azimuthal angle between the positions of
the dots (see inset) when plasmons of 0.108 eV energy (tuned to the energy of the
emitters) are switched on (EF = 0.3 eV) and off (EF = 0.4 eV), and the emitter
dipoles are along radial directions. The interaction rate is normalized to the on-
resonance single-emitter decay rate Γon

11. The imposed temporal evolution of the
doping (c) is used to control the emission rate (d) with the two emitters initially
prepared in their excited states. When only one of the emitters is initially excited,
the degree of entanglement for the doping profile of (e) is quantified through the
Wootters concurrence (f) [156].
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100 nm above a graphene nanodisk of 500 nm in diameter. The emitters are sepa-
rated by a distance of 100

√
2 nm and oriented along orthogonal radial directions, so

that they can be independently excited by light plane waves linearly polarized along
orthogonal directions. Their temporal evolution is determined by the generalization
of Eq. (3.4),

˙̂ρ = i

~
[
ρ̂, Ĥ

]
+

2∑
i,j=1

Γij
2
[
2ĉiρ̂ĉ†j − ĉ

†
i ĉj ρ̂− ρ̂ĉ

†
i ĉj
]
, (3.5)

where Ĥ = ~ω0
∑2
i=1 ĉ

†
i ĉi and Γ12 = Γ21 is the interaction rate. This magnitude is

plotted in Fig. 3.9(b) as a function of the azimuthal angle between the emitters,
normalized to the on-resonance single-emitter decay rate Γon

11. When the doping
level of the graphene nanodisk matches the on-resonance value, Γ12 remains nearly
equal to Γon

11 for all angles. In contrast, the normalized interaction rate Γ12/Γon
11

drops below 0.01 when the doping is tuned to off-resonance conditions. Therefore,
it is possible to switch on and off the interaction between the emitters. Fig. 3.9(d)
quantifies this possibility through the temporal evolution of the plasmon generation
rate R =

〈∑2
i,j=1 Γij ĉ†i ĉj

〉
associated with the doping profile shown in Fig. 3.9(c).

The two emitters are assumed to be initially prepared in the excited state. Without
interaction, they decay rather slowly and independently, resulting in a negligible
value of R. This situation changes dramatically when the doping level is switched
to the on-resonance condition, so that the emitters interact strongly and decay faster,
producing a sudden jump in the plasmon generation rate.

The high degree of control displayed by this system can be exploited to tempo-
rally modulate different properties of the quantum emitters, such as their degree of
entanglement. In Fig. 3.9(f) we plot the temporal evolution of the Wootters con-
currence [156] associated with the doping profile of Fig. 3.9(e) when only one of the
emitters is initially excited. The concurrence directly measures the degree of entan-
glement (1 for a maximally entangled state). Our system is capable of reaching a
value of C close to 0.5, which is understandable because a single excited emitter can
be re-written as a mixture of a symmetric (superradiant) state and anti-symmetric
(subradiant) state, but the subradiant state lives for very long time, such that there
is 50% chance of creating a long-lived entangled state. Larger degree of entangle-
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ment can be achieved by various means, such as utilizing quantum emitters with
more than two levels, heralded schemes based on photon detection, or coherent
dipole-dipole interactions between the emitters.

3.4.3 Controlled superradiance of N emitters

A similar scheme can be used to control the evolution of an ensemble of emitters
coupled to a graphene nanodisk. In particular, these emitters can be brought in
a controlled manner to a superradiance regime [158, 159, 160, 161, 162] in which
they are collectively coupled. We illustrate this possibility by studying the system
depicted in Fig. 3.10(a). We consider a nanodisk of 500 nm in diameter, with N

emitters periodically arranged along a co-axial circumference of 200 nm in diameter,
placed 100 nm above the disk. The emitters are polarized perpendicularly to the
graphene nanodisk and we assume a transition frequency ~ω0 = 0.108 eV, compatible
with an on-resonance (off-resonance) Fermi energy of Eon

F = 0.3 eV (Eoff
F = 0.4 eV).

The interaction rate between pairs of emitters Γ12 is plotted in Fig. 3.10(b) as a
function of their relative azimuthal angle along the noted circumference, normalized
to the on-resonance single-emitter decay rate Γon

11.
The temporal dynamics of the system is given by a generalized version of Eq.

(3.5), with the sums extended over the N emitters. This is a straightforward task for
small N , but it becomes unaffordable above N ∼ 10 because the resulting Hilbert
space grows exponentially with N . However, under perfectly symmetric coupling
conditions (Γ12 = Γ11 for all pairs of emitters), as it is the case in our system
when EF = Eon

F , the temporal evolution is simplified because only symmetrical
combinations of the single-emitter states are involved in the dynamics of the system
[161]. These symmetrical states are characterized by a single quantum number M ,
which can take values in the interval −N/2, . . . , N/2, where M +N/2 is the number
of emitters that are in the excited state. Using this notation, it has been proved
[161] that the generalization of Eq. (3.5) reduces to

1
Γ11

˙̂ρM = −
(
N

2 +M
)(

N

2 −M + 1
)
ρ̂M +

(
N

2 +M + 1
)(

N

2 −M
)
ρ̂M+1,

which can be quickly solved for a large number of emitters. Furthermore, the small
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Figure 3.10: Control of the superradiance emission from an ensemble of emitters
coupled to a graphene nanodisk. (a) N two-level quantum emitters are periodically
arranged along a circumference of 200 nm in diameter placed 100 nm above a doped
graphene nanodisk of 500 nm in diameter. The combined system possess N−fold
rotation symmetry with the emitter dipoles oriented perpendicular to the disk. The
system is pumped with an external laser that brings all emitters to the excited state
at time t = 0. (b) Interaction rate Γ12 as a function of the azimuthal angle between
the positions of the emitters (see inset) when plasmons of 0.108 eV energy (tuned to
the energy of the emitters) are switched on (Eon

F = 0.3 eV) and off (Eoff
F = 0.4 eV).

The interaction rate is normalized to the on-resonance single-emitter decay rate
Γon

11. (c) Illustrative doping level of the graphene nanostructure as a function of
time (normalized to 1/Γon

11). (d) Plasmon generation rate as a function of time for
N = 10 emitters subject to the time-dependent doping of (c). The black curve
stands for the case of independent emitters (i.e., imposing Γ12 = 0), while the blue
one corresponds to the fully interacting system. The plasmon generation rate is
strongly enhanced by the collective superradiance effect produced by the coupling
between the emitters. (e) Amount of energy released by the emitters as a function
of time under the conditions of (d). Superradiance produces a considerably faster
energy release.
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values of Γoff
12 allow us to safely assume a system of independent emitters under off-

resonance doping conditions. At this point, it is important to remark that we have
not explicitly considered the coherent coupling existing between the emitters. In
principle, this coupling produces a shift of the transition energies that can destroy
the superradiance regime. However, for systems like ours in which all emitters are
placed in symmetrically equivalent positions, the shift is the same for all, so we
absorb it into the final transition energy ~ω0.

As a particular example to illustrate the concepts discussed here, we study the
dynamics of N = 10 emitters controlled using the temporal doping profile shown in
Fig. 3.10(c). We assume that all emitters are initially prepared in the excited state,
and we normalize all rates and the time using Γon

11. Figure 3.10(d) shows the plasmon
generation rate R. Initially, the emitters decay very slowly and independently,
resulting in a negligible value of R. The situation changes dramatically when
the doping is switched to the on-resonance level, with which the emitters decay
faster, producing a sudden jump in the plasmon generation rate. In the independent
emitters limit (black curve), the maximum rate is R/Γon

ii = N . In contrast, under
resonant coupling (blue curves), R/Γon

ii goes beyond N for N > 2 (superradiance
regime). A high emission rate is repeatedly recovered when the doping is switched
off and on at later times, thus revealing a high degree of control over the system
dynamics.

Fig. 3.10(e) shows the amount of energy stored in the emitters as a function of
time. As expected, this magnitude remains close to N~ω0 until a resonant doping is
switched on. When this happens, the emitters release their excitation energy during
the time in which EF = Eon

F .

3.5 Conclusions

In the first part of this chapter, we have presented a new approach based on
the Zubarev’s Green functions method for the study of the optical properties of
plasmonic systems interacting with quantum emitters. This formalism describes the
quantum internal evolution of such fermionic-bosonic hybrid systems beyond the
perturbative regime. We have applied this method to analyze the optical properties
of a system composed of a quantum emitter placed in the gap of a nanoparticle dimer.
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Using realistic parameters, we have shown that the optical absorption spectrum of
the dimer-quantum-emitter system can exhibit Fano resonances resulting from the
interaction between the quantum emitter and the gap plasmon, in agreement with
previous works [108, 109]. Our approach can be straightforwardly generalized to
include more complicated interactions. This formalism is likely to become a powerful
tool for the description of plasmon-exciton interactions in plasmonic transistors,
modulators, and quantum information devices.

In the second part, we have fully characterized the non-linear optical response of
a graphene nanodisk coupled to a quantum emitter. Because of the extraordinarily
large lifetimes of graphene plasmons, this system is capable of reaching the strong-
coupling regime, where a plasmon blockade effect emerges naturally in its optical
response. This effect has two important consequences: (i) the optical absorption
cross-section is dramatically modified and becomes strongly non-linear for large
illumination intensities; and (ii) the correlation of the generated plasmons exhibits a
clear non-classical behavior, as we demonstrate by studying the equal-time second-
order correlation function g(2)(0). More precisely, non-classical plasmonic states
(i.e., states for which g(2)(0) < 1) are generated due to the plasmon blockade, an
effect that could be possibly detected by measuring correlations of photons emitted
by radiative decay. Interestingly, we have shown that it is possible to control
the optical non-linearity of the graphene-nanodisk/emitter system by tuning the
plasmonic spectrum of the graphene nanodisk via electrostatic doping. These results
open new paths for the design of novel quantum plasmonic devices with applications
ranging from active metamaterials to quantum information processing.

Finally in the last part of the chapter, we have demonstrated that electrical
modulation of the plasmon frequency in graphene provides an ingenious solution
to achieve temporal control over the evolution of quantum emitters placed in the
vicinity of a graphene nanostructure. This leads to a new paradigm in quantum
information processing technologies and serves as a platform on which to test
quantum phenomena controlled by means of externally applied, classical electrostatic
potentials.



Chapter 4

Plasmons in graphene
nanoislands

4.1 Introduction

Plasmons supported by metallic nanostructures result from the cooperative effect of
many electron-hole (e-h) virtual excitations around the Fermi level. The resulting
plasmon frequencies scale with the 1/2 power of the density of valence electrons [see
Eq. (1.12)]. It is for this reason that massive amounts of charging are required to
produce sizable frequency shifts in the plasmons supported by these nanostructures
[163, 164], and therefore, their electrical control remains elusive.

This scenario has substantially changed with the arrival of graphene. As
discussed in Section 1.1.3, graphene can support plasmons when it is doped, but now
the plasmon frequency is proportional to the 1/4 power of the doping charge density
rather than the square root of the valence electron density [31]. This behavior, which
is a consequence of the peculiar electronic structure of graphene, characterized by a
vanishing density of electron states at the Fermi level and a linear dispersion relation,
makes possible to change the plasmon frequencies using relatively small amounts of
charges.

Despite having a finite number of electrons, graphene nanostructures with
dimensions of hundreds of nanometers, as the ones studied in Chapter 3, inherit

91
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the tunability of extended graphene. This is not surprising because, due to the
large number of atoms contained in these nanostructures (e.g., a graphene nanodisk
of 100 nm of radius contains ≈ 106 atoms), their electronic structure resembles the
one of extended graphene. In particular, the energy distance between the electronic
states of these systems is much smaller than the typical Fermi energies. In this
context, the question arises, what happens with small structures containing just
hundreds of carbon atoms? Can we bring the level of doping needed to sustain
plasmons in a small structure down to just a single electron?

In this chapter, we show that adding a single electron to a graphene nanoisland
consisting of hundreds of atoms switches on IR plasmons that were previously
absent from the uncharged structure. Remarkably, the addition of each further
electron produces a dramatic frequency shift. These phenomena are highly sensitive
to carbon edges. Specifically, armchair nanotriangles display sharp plasmons that
are associated with intense near-field enhancement, as well as absorption cross-
sections exceeding the geometrical area occupied by the graphene. In contrast,
zigzag triangles do not support these plasmons.

We describe these nanotriangles using a combination of a tight-binding model
for the electronic structure and the RPA [47] for the dielectric response. This
methodology, explained in Section 1.2 and in Ref. [49], essentially extends to
finite graphene islands what was previously reported for more extended systems
by combining tight-binding and RPA. This effort was pioneered by Wallace [50]
in graphene and graphite, and continued through outstanding analyses by other
authors [43, 165, 31].

4.2 Plasmons in graphene nanoislands

Figure 4.1 summarizes our main finding: an electrically neutral graphene nanotrian-
gle (with armchair edges and 7 nm side length) does not display strong polarization
when illuminated by IR light; in contrast, the addition of a single electron results in
the emergence of an intense plasmon mode, so that strong polarization is produced
when the light is tuned to the plasmon energy (0.38 eV). A single electron can thus
trigger the existence of plasmons in the structure. When further electrons are added
to such armchair nanotriangle [Fig. 4.2(c)], this IR plasmon undergoes a dramatic
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neutral one electron

light

7 nm 7 nm
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Figure 4.1: Single-electron switching of graphene plasmons. A neutral graphene
nanotriangle (left) shows negligible polarization under external illumination. The
same nanoisland displays a 0.38 eV plasmon resonance when it is charged with one
electron, thus undergoing strong polarization (right). The density plots show the
induced electron charge at the carbon sites. For comparison, the extinction cross-
section is a sizable fraction of the graphene area in the resonant charged configuration
and two order of magnitude smaller in the neutral island.

blue shift (in steps of ∼ 0.1 eV) and it gains in strength. Notice that we denote the
net charge of the structure as Q in Fig. 4.2, so that Q < 0 (Q > 0) corresponds to
doping with electrons (holes).

Equally important, we find a near-IR plasmon with and without doping at an
energy around ∼ 0.88 eV. In contrast to the IR plasmon, this high-energy mode
undergoes redshift with increasing doping. Both the IR and the near-IR plasmons
give rise to large absorption cross-sections [Fig. 4.2(c)], which can reach values
exceeding the geometrical area of the graphene for large doping in the IR and for
low doping in the near-IR.

The plasmon shift is substantially larger than the width, thus making it clearly
resolvable. Obviously, this conclusion depends on the parameter used for the
intrinsic width ~τ−1 in the RPA [see Eq. (1.17)]. The main contributions to the
width in extended graphene originate in optical-phonon losses, impurities, and
disorder. These mechanisms are well described in extended graphene [36], and we
take ~τ−1 = 1.6meV (i.e., a dephasing time τ ∼ 400 fs) as a reasonable estimate for
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Figure 4.2: Plasmon resonances driven by single- and few-electrons or holes in
graphene triangular nanoislands. We consider nanotriangles of either armchair (a)
or zigzag (b) edges (side length a = 7nm). (c) Absorption spectra of the ac island for
various charge states Q/e, obtained from a microscopic description. The absorption
cross-section (color scale) is normalized to the graphene area. The plasmon energies
obtained from a classical electromagnetic description of the graphene are shown by
blue curves. (d) Same as (c) for the zigzag island. (e)-(f) Near-field intensities and
charge densities associated with selected plasmons of (c) and (d).
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high-quality samples [46, 32]. Actually, given the small area of the islands, it should
be possible to identify many of them without impurities or defects. Besides, the large
shift-to-width ratios of Fig. 4.2 guarantee that our conclusions are still maintained
with much higher losses up to the upper limit that is intuitively imposed by the
lifetime of hot electrons (∼ 85 fs, as resolved from two-photon photoemission [166]).
Additionally, Landau-damping is expected to be negligible for low-energy plasmons
in defect-free extended graphene [167], and although plasmon decay into e-h pairs is
made possible by the loss of translational symmetry in nanoislands, no substantial
broadening is observed in the plasmons of armchair triangles beyond the intrinsic
width ~τ−1 introduced through the RPA formula [see Eq. (1.17) and discussion
below]. Actually, the plasmon energies do not overlap any intense e-h transition [see
Fig. 4.5(c) below].

Incidentally, a classical electromagnetic description of the graphene (see the end
of Section 1.1.3) also yields IR plasmons with similar shifts as the RPA calculations
[Fig. 4.2(c), blue curve], although the plasmon energies are substantially higher in
the latter due to quantum confinement [49]. However, the near-IR plasmons and
their redshifts with increasing doping are completely missed by classical theory.

A completely different scenario is observed in zigzag nanotriangles [see Figs.
4.2(b),(d)] compared to armchair structures [see Figs. 4.2(a),(c)]: a single plasmon
appears at ∼ 0.78 eV instead of the IR and near-IR plasmons; and the plasmon
energy is rather independent of doping. This seems to be connected to the presence
of near-zero-energy electronic states, which are known to exist near zigzag edges
in a number determined by the net difference in the number of atoms in the two
carbon sublattice of graphene nanoislands [168, 169, 170, 171, 172, 173] (see below).
In a previous study [49], these states were found to produce plasmon dephasing in
small islands. In the nanotriangle of Fig. 4.2(b), the number of such states is 24
per electron spin [see Fig. 4.3(a)]. Therefore, the addition of a few extra electrons
does not substantially change the electronic structure. Moreover, as shown in Fig.
4.3(b), these states are completely confined at the edges of the nanotriangle and do
not produce dipole transitions to higher-energy states [see Fig. 4.5(d)]. Therefore,
they play a dummy role in the formation of plasmons. For these reasons, mid-IR
plasmons are not observed in the zigzag island, and the near-IR plasmon is rather
insensitive to the number of electrons added to it until the zero-energy electronic
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Figure 4.3: Electronic structure of a zigzag nanotriangle. (a) Electronic energies
for the zigzag triangle represented in Fig. 4.2(b), showing 24 zero-energy states per
electron spin at the Dirac point. (b) Spatial variation of the average probability
density of the zero-energy states. These states are completely concentrated at the
edges.

levels are completely filled. However, as it is shown in Fig. 4.4, when the zero-energy
states are completely filled (depleted) and further electrons (holes) are added to the
structure, the plasmons undergo drastic variations in energy with every new electron
(hole). This is strong evidence that zero-energy states do not contribute to plasmons,
and the tunability observed in graphene islands with varying doping is quenched by
the presence of these states.

In extended graphene, the Dirac-cone band structure leads to a gap between
intra- and inter-band e-h transitions. Long-lived plasmons exist in that gap. In
nanoislands, the electron parallel momentum is not a good quantum number due
to the lack of translational symmetry, but we can obtain insight into the role
played by the electronic structure by analyzing the spatial Fourier transform of
the electron wave functions [Figs. 4.5(a),(b)]. An incipient Dirac-cone structure is
observed despite the finite size of the islands, which extends to a well defined Dirac
cone in larger structures. In neutral nanostructures, all states below zero-energy
are occupied, and remarkably, the density of states vanishes at the Dirac point in
armchair islands (this is because both carbon sublattices have the same number
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Figure 4.4: Emergence of plasmons upon filling all zero-energy electronic states in a
zigzag triangle. As shown in Fig. 4.3, the zigzag triangle represented in Fig. 4.2(b)
has 24 zero-energy states per electron spin at the Dirac point, half of which are
occupied in the neutral configuration. No significant change in the plasmon energy
and strength is observed by adding electrons (holes) until the zero-energy states are
fully occupied (empty). This happens for |Q|/e = 24. In contrast, the addition
(removal) of each further electron beyond this point produces sizable changes in the
absorption cross-section.
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Figure 4.5: Understanding plasmons from the electronic structure. (a),(b)
Intensity of the spatial Fourier transform of the electron wave functions in the same
nanoislands as in Fig. 4.2. The intensity is summed over all one-electron states and
it is represented as a function of energy and wave vector along the ΓK direction. The
Dirac cone of extended graphene is shown by dashed lines. (c),(d) Plasmons and
e-h excitations mismatch, represented through the single-electron dipole-transition
matrix elements |〈ψi|x|ψj〉|2 + |〈ψi|y|ψj〉|2 as a function of initial (Ei) and final
(Ej) electron-state energies. The area of the symbols is proportional to the squared
matrix elements. The dark blue lines are obtained by setting |Ei−Ej| to the plasmon
energies of the islands under consideration [see Figs. 4.2(c),(d)].
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Figure 4.6: Collective character of nanotriangle plasmons. We compare the absorp-
tion spectra of the ac island of Fig. 4.2(a) calculated from the self-consistent RPA
(a), with that obtained from the non-self-consistent RPA (b) for different values of
Q/e.

of atoms [168]), which explains why the addition of a few electrons causes such
dramatic changes in the optical response. In contrast, zigzag islands display an
intense zero-energy feature associated with edge states [168], so that extra electrons
do not produce significant effects in the electronic density of states, and therefore,
as discussed above, the optical response is rather insensitive to the net charge of the
structure until all zero-energy states are occupied.

The switching on of an IR plasmon with the addition of one electron poses
the question, is this plasmon consisting of the oscillation of a single electron?
The e-h excitation spectrum in the neutral armchair island has a gap ∼ 0.7 eV,
and the plasmon energies are actually not overlapping with those of intense e-h
transitions, as we show in Figs. 4.5(c),(d). The observed plasmons are thus involving
multiple interactions among virtual e-h excitations, leading to collective electron
motion. Further evidence for this is obtained by realizing that the observed plasmon
energies and their characteristics are completely missed within a non-interacting
electron-gas picture. This is shown in Fig. 4.6, where we compare the full RPA
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calculations described in Section 1.2 [Fig. 4.6(a)], with those obtained by removing
the self-consistency in which the induced charge is computed as ρ = χ0φ

ext [Fig.
4.6(b)]. This change leads to dramatic modifications in the plasmon spectrum:
the plasmon dispersion with varying doping charge is removed, and the spectral
features are now peaked at the positions of dominant electron-hole-pair transitions
[see Fig. 4.5(c)], which is in contrast to the plasmonic resonances obtained from
self-consistent calculations, the energies of which depend on the interaction among
different electron-hole-pair virtual transitions, as a manifestation of the collective
electron motion involved in these excitations. Nonetheless, despite this mounting
evidence of multiple e-h interactions, the role of self-screening of each electron is
still a pending issue that deserves a more detailed analysis outside the scope of the
present work.

Plasmon excitations in these graphene islands produce a concentration of the
electromagnetic energy down to a region ∼ 103 smaller than the wavelength. This
energy concentration leads to large levels of the field enhancement (∼ 103 in
intensity) upon external illumination [Figs. 4.2(e),(f)], as well as absorption cross-
sections larger than the geometrical area of the graphene [see Figs. 4.2(c),(d) and
the scale bar]. The induced charge densities associated with these excitations are
clearly showing dipolar excitation patterns with finer sign oscillations differentiating
plasmons at different energies [see Figs. 4.2(g),(h)].

4.3 Conclusions

In this chapter we have studied the plasmonic response of graphene nanotriangles.
We have found that the addition or removal of a single valence electron can switch
on and off sharp plasmons in a structures already containing hundreds of valence
electrons. A qualitatively similar conclusion is drawn by just examining the response
of graphene nanoislands from a classical electrodynamics viewpoint. However, our
quantum-mechanical simulations show that this intuition is strongly amended by
the details of the atomic structure, to the point that the low-energy plasmons under
consideration are simply absent from nanotriangles with zigzag terminations. In
contrast, sharp IR plasmons appear in armchair-edge islands, although they are
severely shifted with respect to classical theory. The predicted plasmons, and even
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their mere existence, are thus non-trivially depending on the quantum mechanical
properties of the underlying graphene fabric.

An important aspect of electrically tunable nanographene plasmons is that they
can reach the near-IR regime due to the reduced size of the structures. The plasmon
width in armchair nanotriangles is essentially limited by the intrinsic decoherence
time. Using realistic values for this parameter, we predict absorption cross-sections
exceeding the geometrical area of the graphene [see Fig. 4.2(c)]. This should allow
the design of patterned graphene sheets with spacings of only a few nanometers for
complete optical absorption at electrically tunable IR and near-IR frequencies [150].

Graphene nanoislands of sizes in the range of those considered here have been
fabricated with different methods [174, 175, 176]. However, a major challenge is the
synthesis of structures with the desired edge terminations. Although armchair edges
are more energetically favorable and they are observed in experiments [177, 178],
zigzag edges grow faster and dominate uncontrolled growth [179, 180]. Here, we
are predicting appealing optical properties for armchair nanoislands, which are
nonetheless expected to grow stably under very low or very high hydrogen chemical
potential [181]. In this regard, a chemical-synthesis bottom-up approach can be
beneficial to produce nanometer-sized graphene structures with well controlled edges
[182, 183]. Actually, we have predicted a similar behavior in carbon molecules
belonging to the group of polycyclic aromatic hydrocarbons. These molecules can
be regarded as the smallest possible forms of graphene [184].

Our prediction of single-electron-induced extreme plasmon shifts relative to
the plasmon widths opens new possibilities for ultrasmall sensors based upon the
observation of minute amounts of charge transfer. For example, single-molecule
detection should be possible by measuring the energy shift associated with the
transferred charge upon absorption of donor or acceptor molecules, thus suggesting
an alternative optical approach to electrical single-molecule detection in graphene
[185]. However, giving the large mismatch between the wavelengths of graphene
plasmons and light, plasmon readout of individual nanoislands is currently a
challenge. In this respect, electrical [186] or electron-beam plasmon excitation
and detection are promising options. In particular, electron beams can maximally
couple to the plasmons of graphene. The large wavelength mismatch also leads
to unprecedentedly high values of the Purcell factor (quality factor divided by
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plasmon mode volume in units of the cubed wavelength), the field enhancement
(with potential application to surface-enhanced IR absorption [187]), and the local
density of optical states (reaching the strong light-matter interaction regime [7]).
Tightly bound plasmons in graphene nanoislands are thus a promising tool for the
investigation of fundamental optical phenomena and for applications to sensing and
opto-electronics.



Chapter 5

Radiative heat transfer and
friction in nanoscale systems

5.1 Introduction

Thermal and vacuum fluctuations of the electromagnetic field and the polarization of
matter are responsible for many important phenomena that influence the mechanical
and thermal dynamics of nanoscale systems (see Section 1.4). In particular, these
fluctuations are at the origin of the blackbody radiation that mediates the radiative
heat transfer (RHT) between bodies placed in vacuum and separated by large
distances d compared to the thermal wavelength λT = 2π~c/kBT . For parallel plates,
this mechanism leads to a transfer rate that is independent of d. However, when
d� λT , the rate is enhanced by several orders of magnitude due to the involvement
of evanescent waves. Pioneering measurements [188, 189] revealed this phenomenon,
which was explained within the framework of fluctuation electrodynamics [65, 190].
After a long series of experimental [191, 192] and theoretical [190, 193, 194, 195,
196, 197, 198, 64, 199, 200] studies, recent observations have accurately confirmed a
1/d2 dependence for sapphire plates at room temperature down to d ∼ 1µm [192],
and also a 1/d dependence for large silica spheres placed near a silica plate down
to d ∼ 30 nm [201], although these laws can be substantially corrected by non-local
[198], phonon [202, 203], and photonic crystal [204] effects. In this context, the

103



104 CHAPTER 5. HEAT TRANSFER AND FRICTION

interaction of a particle with a plate has been explored both from experimental
[205, 191, 201, 206] and theoretical [207, 202, 64, 208, 209, 210] fronts. Modeling
heat exchange between two [211, 212, 213, 214, 215, 216, 217] or more [218] particles
has been the subject of intense activity as well.

Magnetic polarization has been claimed to dominate RHT between metallic
nanoparticles [213]. However, electromagnetic crossed terms (EMCTs, i.e., terms
mixing the electric and magnetic particle responses) have been ignored so far,
although they could play a leading role in transfers within heterogeneous structures.
Likewise, radiative corrections in the absorption of dielectric particles deserve further
consideration, as we show below. Thus, the current level of understanding of RHT
between two particles appears to be incomplete.

In the first part of this chapter, we formulate a complete solution of RHT
between two nanoparticles within the assumption of dipolar response. We show that
EMCTs are dominant in combinations of metallic and dielectric particles, such as
gold and SiC. We introduce a relevant retardation correction beyond the customary
treatment of polarization fluctuations, which results in a sizable reduction in the
predicted transfer rate. Furthermore, we show that heat losses into the environment
can be either dominant or negligible depending on the temperature and particle
composition. An accurate description of RHT in nanostructured environments
requires incorporating these effects, for which the two-particle system discussed here
provides a tutorial approach as well as an estimate of the importance of EMCTs,
radiative corrections, and interaction with the environment.

In addition to RHT, the thermal and vacuum fluctuations of charges and fields
can also generate forces between nanostructures, as it happens with the van der
Waals and Casimir interactions [64, 219]. In particular, these phenomena are at the
origin of non-contact friction existing between objects set in relative uniform motion
[220, 221]. This effect was first predicted for the case of two planar homogeneous
surfaces, and has recently generated a heated debate [222, 223, 224, 225, 226]. Finite
objects, such as particles moving parallel to surfaces [64, 227], are also expected to
experience this non-contact friction. A particularly interesting case is constituted
by a spinning particle, which contrarily to the previously analyzed systems, it only
involves one object.

The study of such rotating system is the main objective of the second part
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of this chapter. In particular, we investigate the friction experienced by rotating,
neutral particles due to the interaction with the vacuum and thermal electromagnetic
field. For this purpose we first follow a semiclassical approach developed within the
framework of fluctuation electrodynamics [65] and therefore involving the use of the
FDT (see Section 1.4). This formalism allows us to find analytical expressions for
both the frictional torque and the power radiated by the particle during the stopping
process. Although the semiclassical model is completely rigorous and unambiguous,
one could question the validity of the FDT for a system that is out of mechanical
equilibrium. In order to clarify this point, we develop a fully quantum-mechanical
theory, in which the electromagnetic response of the particle is governed by bosonic
excitations such as phonons and plasmons. The results of both the semiclassical
and the quantum-mechanical approaches are in complete agreement, thus allowing
us to obtain deeper understanding of the physical processes underlying thermal and
vacuum friction. For instance, the quantum-mechanical approach provides us with
a solid argument to predict, within the limits of our model, the absence of friction
in non-absorbing spherical particles possessing large optical gap compared to the
rotation and the thermal-radiation frequencies. In contrast, particles made of lossy
materials such as metals undergo friction even at zero temperature, unlike what has
been previously predicted [228, 229].

5.2 Radiative heat transfer between
nanoparticles

5.2.1 Description of the model

We consider two spherical particles of radius R at temperatures T1 and T2 separated
by a center-to-center distance d along the z direction and placed in a vacuum
at temperature T0, as shown in Fig. 5.1. We focus on small particles such that
R� d, λT , so that their responses can be described through the polarizabilities α1

and α2 (see Ref. [212]). RHT between the particles and the environment is produced
by fluctuations in the vacuum electromagnetic field and the particle dipoles. We
simplify the notation by combining electric and magnetic field components acting
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on each particle j = 1, 2, as well as electric and magnetic dipoles, in the vectors
Ej = (Ej,x, Ej,y, Ej,z, Hj,x, Hj,y, Hj,z)>, and pj = (pj,x, pj,y, pj,z,mj,x,mj,y,mj,z)>,
respectively. Likewise, the polarizability tensor becomes

αj =
 αE

j I3 0
0 αM

j I3

 ,
where I3 is the 3 × 3 identity matrix and the E (M) superscript refers to electric
(magnetic) components.

T0

T1 T2
dR

Figure 5.1: Description of the system under study. Two particles of radius R
at temperatures T1 and T2 separated by a distance d are placed in a vacuum at
temperature T0. Each particle exchanges thermal energy with the other particle
and with the surrounding vacuum.

The net power absorbed by particle 1 is the sum of dipole and field fluctuation
terms,

P1 = Pfield
1 + Pdip

1 .
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More precisely,

Pfield
1 =

∫ ∞
−∞

dωdω′

(2π)2 e
−i(ω−ω′)t ω′

〈
E+

1 (ω′)
[
iα+(ω′)− (2k′3/3)|α(ω′)|2

]
· E1(ω)

〉
(5.1)

represents the work exerted by the fluctuating field on particle 1. Here, k = ω/c

is the wave vector of light at frequency ω. Moreover, the self-consistent fields Ej

include the response of the system to the fluctuating source fields Efl
j via the relations

E1 = Efl
1 + G12α2E2, E2 = Efl

2 + G21α1E1,

where G12 is the distance-dependent dipole-dipole inter-particle interaction,

G12 =



A 0 0 0 −C 0
0 A 0 C 0 0
0 0 B 0 0 0
0 C 0 A 0 0
−C 0 0 0 A 0
0 0 0 0 0 B


,

A = exp(ikd) (k2/d+ ik/d2 − 1/d3),

B = exp(ikd) 2(1/d3 − ik/d2),

C = exp(ikd) (k2/d+ ik/d2),

and G21 takes the same form as G12 with C replaced by −C. In Eq. (5.1), 〈〉
represents the average over field fluctuations, which we perform by applying the
FDT (see Section 1.4)

〈[
Efl
j (ω)

]+
· Efl

j′(ω′)
〉

= 4π~δ(ω − ω′)ηjj′(ω)
[
n0(ω) + 1

2

]
,

where η12 = (1/2) [Im{G12 + G21}+ iRe{G12 − G21}], η21 = η+
12, η11 = η22 =

(2k3/3)I6, and n0(ω) = [exp(~ω/kBT0) − 1]−1 is the Bose-Einstein distribution at
the vacuum temperature T0.
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Likewise, the contribution of fluctuating dipoles is

Pdip
1 =

∫ ∞
−∞

dωdω′

(2π)2 e
−i(ω−ω′)t

[
iω′

〈
p+

1 (ω′) · G12(ω)p2(ω)
〉
− 2ω4

3c3

〈
p+

1 (ω′) · p1(ω)
〉]
,

(5.2)

where the first term inside the square brackets accounts for the effect of the field
produced by particle 2 on particle 1, while the second term describes the interaction
of the particle dipole with the vacuum. The self-consistent dipoles satisfy the
relations

p1 = pfl
1 + α1G12p2, p2 = pfl

2 + α2G21p1,

where pfl
j is the fluctuating source dipole at particle j. The relevant FDT now

becomes (see Section 1.4)
〈[

pfl
j (ω)

]+
· pfl

j′(ω′)
〉

= 4π~δ(ω − ω′)δjj′χj(ω)
[
nj(ω) + 1

2

]
,

where we use
χj = Im{αj} − (2k3/3)|αj|2I6, (5.3)

rather than Im{αj} in order to prevent non-absorbing particles from undergoing
unphysical fluctuations. We set the polarizability to ανj = (3/2k3)tνj,1 (ν = E,M),
where tνi,1 is the dipole Mie scattering coefficient [see Eqs. (1.14) and (1.15)]. This
definition of αj complies with the optical theorem condition Im{αj} ≥ (2k3/3)|αj|2

[230], where the equality applies to non-absorbing particles (χj = 0). It is important
to keep in mind that dipole and field fluctuations originate in different physical
systems, which can have different temperatures. As a consequence of this, the
correlations between the dipole and field fluctuations vanish, and therefore we do
not need to consider any crossed term involving them.

Finally, using the FDT to evaluate the integrals of Eqs. (5.1) and (5.2), we find,
after some lengthy but straightforward algebra,

P1 = 2~
π

∑
ν=E,M

∫ ∞
0

ωdω χν1

2∑
i=1

(
2Γνi⊥
|s|2

+
Γνi‖
|tν |2

)
, (5.4)
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where

Γν1⊥ =
[

2k3

3
(
|uν |2 + |wν |2

)
+ Im {αν2 [Auν − gνCwν ] [Au∗ν + gνCw

∗
ν ]}

+ Im
{
αν

′

2 [Awν − gνCuν ] [Aw∗ν + gνCu
∗
ν ]
}]

(n0 − n1),

Γν2⊥ =
(
χν2 |Auν − gνCwν |

2 + χν
′

2 |Awν − gνCuν |
2
)

(n2 − n0),

Γν1‖ =
[

2k3

3 + Im
{
αν2B

2
}]

(n0 − n1),

Γν2‖ = χν2 |B|
2 (n2 − n0),

uν = 1− αν′

1 α
ν′

2 A
2 + αν

′

1 α
ν
2C

2,

wν = αν
′

1

(
αE

2 − αM
2

)
AC,

s = 1− αE
1α

E
2A

2 − αM
1 α

M
2 A

2 + αE
1α

M
2 C

2 + αM
1 α

E
2 C

2 + αE
1α

E
2α

M
1 α

M
2

(
A2 − C2

)2
,

tν = 1− αν1αν2B2,

and ν ′ = M (E) and gν = +1 (−1) when ν = E (M).
Neglecting the magnetic response (αM

j = 0, C = 0), multiple scattering
(uν = tν = s = 1, wν = 0), and radiative corrections in the particles response
(χj = Im{αj}), the above expressions reduce to

P1 = 4~
π

∫ ∞
0

ω dω Im
{
αE

1

} {[
k3 + 2Re

{
αE

2A
}

Im{A}+ Re
{
αE

2B
}

Im{B}
]

× (n0 − n1) + Im
{
αE

2

} (
|A|2 + |B|2/2

)
(n2 − n1)

}
,

where the n2 − n1 term describes direct RHT between the dimer particles and
coincides with a previously reported expression [211, 213, 216]. The remaining
n0 − n1 term accounts for heat exchange between particle 1 and the surrounding
vacuum, partially assisted by the presence of particle 2.

5.2.2 Results and discussion

We study in Figs. 5.2 and 5.3 the heat transfer coefficient (HTC) between two
particles in a dimer when particle 1 is at the same temperature as the environment
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(T1 = T0 = T ) and particle 2 is at a slightly different temperature (T2 = T + δT ).
The HTC to particle 1 is defined per unit of temperature difference as P1/δT .
Under these conditions, only the terms Γν2,⊥ and Γν2,‖ contribute to the transfer. The
results obtained from the above formalism (solid curves) are compared to several
approximations consisting of neglecting multiple scattering between the particles
(circles, calculated for uν = tν = s = 1, wν = 0), retardation effects everywhere
(dashed curves, k = 0), retardation effects except in the particle response χj defined
by Eq. (5.3) (triangles), or EMCTs (dotted curves).
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Figure 5.2: Dependence of the radiative heat transfer coefficient (HTC) on particle
separation d. The HTC from particle 2 (right) to particle 1 (left) is defined
as P1/δT with T1 = T0 = T and T2 = T + δT (see Fig. 5.1). (a) HTC at
T = 300K obtained from our full theory (solid curves), compared to the result
of neglecting multiple scattering (circles), retardation effects everywhere (dashed
curves), retardation effects except in χj (triangles), or EMCTs (dotted curves).
Gold-gold (red curves) and gold-SiC (blue curves) dimers are considered. The
particles radius is R = 500 nm. (b) Heat power lost by particle 2 (solid curves)
and fraction of that power absorbed by particle 1 (broken curves, right scale).
(c),(d) Electric-electric (black), electric-magnetic (red), magnetic-magnetic (blue),
and magnetic-electric (green) partial contributions to the HTC in the gold-gold (c)
and gold-SiC (d) dimers.

The distance dependence of the HTC is analyzed in Fig. 5.2 for a homogeneous
gold dimer and for a dimer formed by gold and SiC particles. As a first observation,
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we note that multiple scattering events can be safely neglected in all cases. In
contrast, retardation causes a dramatic boost in the HTC, which increases with
particle distance in both types of dimers. Additionally, the |α|2 term of Eq. (5.3)
contributes with a uniform decreasing factor in SiC particles (see Fig. 5.6). (Notice
that the absorption cross-section is proportional to χj, whereas Im{αj} describes
absorption plus scattering, so the |α|2 term in χj is removing scattering strength
that is not associated with absorption.) Finally, EMCTs terms introduce additional
channels of inter-particle interaction, thus resulting in higher transfer rates compared
to the diagonal approximation (consisting of only including electric-electric and
magnetic-magnetic terms), particularly in the heterogeneous dimer [Fig. 5.2(a)].
Figure 5.2(c) clearly shows that the magnetic-magnetic terms are dominant in the
homogeneous gold dimer, in agreement with previous predictions [213], because
metallic particles mainly contribute through magnetic polarization. This is unlike
the heterogeneous cluster, in which magnetic-electric terms are dominant [Fig.
5.2(d)], thus picking up an important electric polarization from the SiC particle.
Incidentally, the HTCs from gold to SiC and from SiC to gold are nearly identical
(see Fig. 5.4).

Similar conclusions are extracted from the temperature dependence of the HTC,
represented in Fig. 5.3(a) for a small distance d = 2µm� λT = 14µm−14mm. No-
tice however the dramatic reduction in the transfer rate produced by retardation at
high temperatures. These behavior can be understood from the spectral dependence
exhibited by the integrand of Eq. (5.4) (see Fig. 5.6).

Incidentally, we are considering particle temperatures up to ∼ 1000K, for which
the permittivities of the materials under discussion should only undergo minor
thermal effects, certainly indiscernible on the logarithmic scales of the figures.
Thermal effects can change the permittivity by producing volume expansion, and
thus a reduction of the conduction-electron density, and also by altering the Fermi
distribution near the Fermi level EF in metals. Both of these effects are small, and
in particular, we have kBT � EF .

The full dependence on the particle temperatures for a vacuum at T0 = 0 is
studied in Figs. 5.3(c),(d). Interestingly, particle 1 gets cooled down (blue regions)
even if particle 2 is at a higher temperature. This is due to radiation losses into
the vacuum. However, particle 2 in the homogeneous cluster is rather efficient in
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Figure 5.3: Temperature dependence of RHT. (a) HTC for the particles of Fig.
5.2. (b) Heat power lost by the right particle and fraction absorbed by the left
particle. (c) Power absorbed (red-yellow scale, positive) or emitted (blue-white
scale, negative) by the left particle of a gold-gold dimer as a function of T1 and T2
with the vacuum at T0 = 0 (see Fig. 5.1). (d) Same as (c) for a gold-SiC dimer. The
particle distance is d = 2µm and the radius is R = 500 nm in all cases.

transferring energy to particle 1 and compensating for radiation losses, so that the
curve separating gains (red) from losses (blue) is closer to the T1 = T2 line (dashed)
in that dimer [Fig. 5.3(c)].

An important ingredient that is often overlooked in the analysis of heat transfer
relates to how much energy is emitted into the surrounding vacuum. We analyze
this in Figs. 5.2(b) and 5.3(b) by calculating the power escaping from a hotter
particle 2. The calculation is done by reversing the particle labels, so that only the
terms Γν1,⊥ and Γν1,‖ contribute in this case [see Eq. (5.4)]. For the temperature of
Fig. 5.2, just a small amount of the energy emanating from particle 2 ends up in
particle 1. However, this fraction increases at lower temperatures [Fig. 5.3(b)], until
nearly complete heat transfer takes place below ∼ 10K in the homogeneous gold
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dimer. The fraction of heat transferred between the particles is thus very sensitive
to temperature and particle distance (see Fig. 5.5).

T(K)
1 100010010

d (µm)
2 4 1086

R = 500 nm
T = 300 K R = 500 nm

d = 2 µm

1·10-12

2·10-12

0

10-17

10-16

10-15

10-26

10-23

10-20

10-14

10-17

10-27

10-23

10-19

10-11

10-15

Au SiC AuSiC

H
ea

t t
ra

ns
fe

r c
oe

ffi
ci

en
t (

W
 K

-1
)

(a) (b)

(c) (d)
H

ea
t t

ra
ns

fe
r c

oe
ffi

ci
en

t (
W

 K
-1
)

Figure 5.4: (a),(b) HTC as a function of particle distance d and temperature T for a
gold-SiC dimer (solid curves) and a SiC-gold dimer (broken curves). The HTC from
the right particle (2) to the left particle (1) is defined as P1/δT with T1 = T0 = T and
T2 = T + δT (see insets in (c) for sketches of the dimers). (c),(d) Power emanating
from the right particle in the two dimer orientations under consideration.

We show in Figs. 5.4(a),(b) the different heat transfer coefficients (HTCs)
exhibited by an inhomogeneous gold-SiC dimer when the hotter particle is either
SiC (solid curves) or gold (dashed curves) and the transfer is for heat absorbed by
the remaining gold or SiC particle, respectively. The power transfer to the cooler
particle is nearly independent on whether the hotter particle is SiC or Au. This
symmetry upon permutation of particle indices (1 ↔ 2) is complete if we neglect
multiple scattering between the particles [i.e., by setting uν = 1 and wν = 0 in Eq.
(5.4), since only Γν2⊥ and Γν2‖ terms contribute to the HTC], and indeed multiple
scattering can be neglected in the clusters under consideration, as shown in Figs.
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5.2 and 5.3.
In contrast, the total heat lost by the hotter particle is strongly dependent on

whether this is gold or SiC [see Figs. 5.4(c),(d)]. Part of this heat is absorbed by
the cooler particle, but the rest is radiated into the surrounding vacuum. At high
temperatures above ∼ 100K, a hotter SiC particle produces larger radiation rates
[Fig. 5.4(d)], rather independent of particle distance [Fig. 5.4(c)]. However, hotter
gold is more capable of radiating at smaller temperatures [cf., vertical scales in Figs.
5.4(b),(d)].
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Figure 5.5: (a) Heat power lost by the right particle as a function of temperature
for different particle separations. The right particle is slightly hotter than both the
vacuum and the left particle, which are prepared at the same temperature, and the
rate is normalized to the small temperature difference of the right particle (i.e., we
represent −P2/δT for T0 = T1 = T and T2 = T + δT ). (b) Fraction of the power
lost by the right particle that ends up being absorbed by the left particle.

Heat exchange with the surrounding vacuum plays a leading role in the energy
balance during radiative thermalization of a particle dimer, as shown in Fig. 5.5. We
plot in Fig. 5.5(a) the power lost by the right particle when it is placed at a slightly
higher temperature with respect to both the vacuum and the left particle (i.e., we
represent −P2/δT for T0 = T1 = T and T2 = T + δT ). At high temperatures,
this power is rather insensitive to the presence of the neighboring particle and no
significant dependence on particle separation d is observed. This happens above
T ∼ 50K in the inhomogeneous gold-SiC dimer and above T ∼ 300K in the
homogeneous gold-gold dimer. However, the accompanying left particle has a strong
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Figure 5.6: Spectral dependence of the radiative HTC for two different temperatures
(see labels), obtained from our full theory (solid curves), compared to the result
of neglecting multiple scattering (circles), retardation effects everywhere (dashed
curves), retardation effects except in χj (triangles), or EMCTs (dotted curves).
Gold-gold (red curves) and gold-SiC (blue curves) dimers are considered. The radius
of the particles is R = 500 nm and their separation is d = 2µm.

influence on the power loss of the right particle at lower temperatures, specially in the
homogeneous dimer. The power loss increases when the particles are placed closer
together. We show next that this is partially explained by the effect of additional
absorption by the left particle.

Figure 5.5(b) shows the fraction of the power lost by the right particle that
is absorbed by the left particle. This fraction drops to small values at large
temperatures, but it eventually approaches 100% at lower temperatures. This
behavior is consistent with the distance dependence of the power lost by the right
particle. Nearly full radiative heat transfer between two neighboring particles with
negligible radiation into the surrounded vacuum is thus possible at sufficiently low
temperatures. Specifically, in the gold-gold dimer this regime is already achieved at
∼ 100K for particles of radius R = 500 nm and a surface-to-surface separation of
one radius (i.e., d = 1.5µm). We observe that the temperature below which nearly
100% transfer between the dimer particles takes place decreases with increasing
separation.

It is useful to analyze the spectral contribution from different photon energies
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to the HTC [i.e., the integrand of Eq. (5.4)]. At a low temperature T = 10K [Fig.
5.6(a)], the exchange is dominated by low photon energies, for which the particle
polarization show a featureless behavior and χj almost coincides with Im{αj} for
the size of the particles under discussion. At high temperature T = 1000K [Fig.
5.6(b)], optical phonons emerge as a sharp IR feature in SiC and plasmons show up
as a broader near-IR feature in gold particles. Retardation effects also increase with
T , as the particles appear to be large in front of λT .

5.3 Thermal and vacuum friction acting on
rotating nanoparticles

5.3.1 Fluctuation-dissipation-theorem approach

As discussed in the introduction of this Chapter, the thermal and vacuum fluctua-
tions of charges and fields can generate friction on spinning particles. In order to
study this phenomenon we consider the system described in Fig. 5.7, which consists
of an isotropic particle at temperature T1 placed in vacuum at temperature T0. The
particle is rotating around its z axis with angular frequency Ω and interacts with
the radiation field in its surroundings. This interaction produces a torque M on
the particle, and it gives rise to radiation with a net power Prad. As in Section
5.2, the particle radius a is assumed to be small compared to the wavelength of the
involved radiation, which is controlled by the temperatures T0 and T1 (through the
thermal radiation profile) and the rotation frequency Ω. This approximation im-
plies that both Ωa/c and kBTja/c~ are small compared to unity1, thus allowing us
to describe the electromagnetic response of the particle via its frequency-dependent
polarizability.

Following a procedure similar to the one used to analyze RHT between nanopar-
ticles, we have to include two separate contributions in the calculation of the torque
acting on a rotating particle: (1) the fluctuations of the particle dipole and (2) the
fluctuations of the electromagnetic field. The torque produced by an electric field E

1These conditions are easily fulfilled in most situations encountered in practice, for instance, a
particle of 100 nm in diameter requires Ω� 6× 103 THz and Tj � 4.6× 104 K.
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T0

M

Ω

T1

Figure 5.7: Description of the system under study. The particle is at temperature T1
and rotates with angular frequency Ω around the z axis. The surrounding vacuum
is at temperature T0. The particle experiences a torque M and emits a power Prad
in the form of radiation.

on a dipole p is simply given by p× E. We can use this result to write the torque
on our particle along the rotation axis ẑ as

M = 〈p(t)× E(r0, t)〉 · ẑ,

where 〈〉 represents the average over fluctuations and the field is evaluated at the
position of the particle r = r0. We can separate the two contributions just described
in the following way:

M =
〈

pfl(t)× Eind(r0, t) + pind(t)× Efl(r0, t)
〉
· ẑ

= Mp +ME. (5.5)

The first term accounts for the fluctuations of the particle dipole that correlate with
the resulting induced field, while the second one involves field fluctuations and the
dipole that they induce. Once again, there are no cross-terms involving fluctuations
of both the dipole and the field because they belong to different physical systems, so
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that they are uncorrelated. It is convenient to work in frequency space ω, defined via
the Fourier transform as indicated in Eq. (1.3). This allows us to express the induced
field of Eq. (5.5) in terms of the fluctuating dipole by using the electromagnetic
Green tensor G [see Eq. (1.31)]:

Eind(r, ω) = G(r, r0, ω)pfl(ω). (5.6)

In a similar way, the induced dipole can be written in terms of the fluctuating field
with the help of the particle polarizability tensor,

pind(ω) = α(ω)Efl(r0, ω). (5.7)

For simplicity, we assume particles with axial symmetry, for which the non-vanishing
components of the polarizability tensor can be written as

αxx(ω) = αyy(ω) = α⊥(ω),

αzz(ω) = α‖(ω).

These expressions, together with Eq. (5.5), permit us writing the torque as the sum
of two terms, one of them quadratic with respect to the fluctuating dipole and the
other one quadratic with respect to the fluctuating field. These quadratic terms
have to be averaged over fluctuations using the symmetrized version of the FDT
(see Section 1.4), which in this particular case reads

〈pfli (ω)pflj (ω′)〉 = 4π~δ(ω + ω′)Im{αij(ω)}[n1(ω) + 1
2] (5.8)

for the dipole fluctuations and

〈Efl
i (r, ω)Efl

j (r′, ω′)〉 = 4π~δ(ω + ω′)Im{Gij(r, r′, ω)}[n0(ω) + 1
2] (5.9)

for the electric-field fluctuations. The temperatures of the particle (T1) and the
vacuum (T0) enter these expressions through the Bose-Einstein distribution functions

nl(ω) = 1
e~ω/kBTl − 1 .
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We first calculate the term associated with the dipole fluctuations,

Mp =
〈

pfl(t)× Eind(r0, t)
〉
· z =

∫ ∞
−∞

dωdω′

(2π)2 e
−i(ω+ω′)t

〈
pfl(ω)× Eind(r0, ω

′)
〉
· z.

(5.10)

Using Eq. (5.6) to write the induced field in terms of the fluctuating dipole, Eq.
(5.10) becomes

Mp =
∫ ∞
−∞

dωdω′

(2π)2 e
−i(ω+ω′)t

[
pflx (ω)Gyx(r0, r0, ω

′)pflx (ω′) + pflx (ω)Gyy(r0, r0, ω
′)pfly (ω′)

−pfly (ω)Gxx(r0, r0, ω
′)pflx (ω′)− pfly (ω)Gxy(r0, r0, ω

′)pfly (ω′)
]
. (5.11)

x´
y´

y

x

Ωt

Ωt

Figure 5.8: Definition of the rotating frame (dashed line) and the lab frame (solid
line). The former rotates with angular frequency Ω.

So far we have expressed the fluctuating dipoles in the lab frame (see Fig.
5.8), but we need to transform them to the rotating frame in order to average
over fluctuations via the FDT. The physical reason for this is that the particle
polarizability can only be applied in the rotating frame, in which the electronic and
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vibrational excited states that produce polarization are well defined. Furthermore,
we assume that those states are unaffected by the rotational motion in the rest frame
of the particle. We can express the lab-frame dipoles p in terms of the dipoles in
the rotating frame p′ in the following way:

px(ω) = 1
2
[
p′x(ω+) + ip′y(ω+) + p′x(ω−)− ip′y(ω−)

]
,

py(ω) = 1
2
[
−ip′x(ω+) + p′y(ω+) + ip′x(ω−) + p′y(ω−)

]
,

pz(ω) = p′z(ω), (5.12)

where we have employed the compact notation ω± = ω ± Ω. If now we introduce
Eq. (5.12) into Eq. (5.11), average over fluctuations via the FDT [Eq. (5.8)], and
perform the integral over ω′, taking into account causality in the Green tensor [i.e.,
Gij(r, r′,−ω) = G∗ij(r, r′, ω)], and noticing that nl(ω) + 1/2 is an odd function of ω,
we obtain

Mp = 4~
3πc3

∫ ∞
0

dωω3
[
Im{α⊥(ω+)}

(
n1(ω+) + 1

2

)
− Im{α⊥(ω−)}

(
n1(ω−) + 1

2

)]
,

(5.13)

where we have used the relation limr→r′Im {Gij(r, r′, ω)} = 2k3/3δij, which can
be directly obtained from the definition of Gij(r, r′,−ω) given in Eq. (1.31) (see
Appendix B).

Equation (5.13) only contains the torque produced due to electric-dipole fluctu-
ations. Coming back to Eq. (5.5), we still have to calculate its second term, which
accounts for the torque associated with field fluctuations:

ME =
〈

pind(t)× Efl(r, t)
〉
· z =

∫ ∞
−∞

dωdω′

(2π)2 e
−i(ω+ω′)t

[
pind(ω)× Efl(r, ω′)

]
· z.

(5.14)

In order to express the induced dipole in terms of the fluctuating field, we need to
write the dipole in the rotating frame before we can apply Eq. (5.7), and then go back
to the lab frame. This procedure leads to an effective polarizability for the rotating
particle, whose components are: αeff

xx(ω) = αeff
yy(ω) = 1/2 [α⊥(ω+) + α⊥(ω−)],
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αeff
xy(ω) = −αeff

yx(ω) = i
2 [α⊥(ω+)− α⊥(ω−)], and αeff

zz (ω) = α‖(ω). Using this effective
polarizability, Eq. (5.14) becomes

ME =
∫ ∞
−∞

dωdω′

(2π)2 e
−i(ω+ω′)t

[
αeff
xx(ω)Efl

x (r, ω)Efl
y (r, ω′) + αeff

xy(ω)Efl
y (r, ω)Efl

y (r, ω′)

−αeff
yx(ω)Efl

x (r, ω)Efl
x (r, ω′)− αeff

yy(ω)Efl
y (r, ω)Efl

x (r, ω′)
]
.

This expression is already prepared to perform the average over field fluctuations
using the FDT [Eq. (5.9)]. By doing that, and integrating over ω′, using the causality
property of the polarizability α(−ω) = α∗(ω) and the parity of the rest of the
integrand, we obtain

ME = 4~
3πc3

∫ ∞
0

dωω3 [Im {α⊥(ω−)} − Im {α⊥(ω+)}] [n0(ω) + 1
2]. (5.15)

Finally, the total torque resulting from the sum of Eqs. (5.13) and (5.15) reduces to

M =− 4~
3πc3

∫ ∞
0

dωω3Im {α⊥(ω−)} [n1(ω−)− n0(ω)]

+ 4~
3πc3

∫ ∞
0

dωω3Im {α⊥(ω+)} [n1(ω+)− n0(ω)]. (5.16)

A more compact expression can be found by playing with the integration limits:

M = − 4~
3πc3

∫ ∞
−∞

dωω3Im {α⊥(ω−)} [n1(ω−)− n0(ω)]. (5.17)

This expression shows explicitly that, as expected, the torque vanishes for non-
rotating nanoparticles.

The generalization of Eq. (5.17) to the case of anisotropic particles with principal
axes along x, y, and z [i.e., αxx(ω) 6= αyy(ω)] is straightforward, but it involves
lengthy algebraic manipulations. We find

M = − 4~
3πc3

∫ ∞
−∞

dωω3 1
2Im {αxx(ω−) + αyy(ω−)} [n1(ω−)− n0(ω)],

and hence, Eq. (5.17) is recovered, but understanding α⊥(ω) as the average of the
polarizabilities along the x and y axes.
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The interaction between the rotating particle and the surrounding field involves
photon exchanges that lead to a net radiated power. We calculate this power here
following a procedure similar to the one used for the torque. First we write

Prad = −
〈

Eind(r, t) · ∂pfl(t)
∂t

+ Efl(r, t) · ∂pind(t)
∂t

〉

= Pradp + PradE . (5.18)

The first term on the right-hand side of Eq. (5.18) accounts for the power radiated
by the particle due to fluctuations in its polarization, while the second one describes
the power dissipated in the particle due to field fluctuations. The first term can be
rewritten as

Pradp = −
〈

Eind(r, t) · ∂pfl(t)
∂t

〉
=
∫ ∞
−∞

dωdω′

(2π)2 e
−i(ω+ω′)t(iω′)Eind(r, ω′) · pfl(ω′).

Now, we express the induced field in terms of the fluctuating dipole using Eq. (5.6).
Then, the dipole can be written in the rotating frame with the help of Eq. (5.12)
and we can apply the FDT [Eq. (5.8)] to obtain

Pradp = 4~
3πc3

∫ ∞
0

dωω4
(
Im{α⊥(ω+)}[n1(ω+) + 1

2] + Im{α⊥(ω−)}[n1(ω−) + 1
2]
)

+ 4~
3πc3

∫ ∞
0

dωω4Im{α‖(ω)}[n1(ω) + 1
2], (5.19)

where we have taken advantage of the properties of the Green tensor. This result
represents the power radiated by the rotating particle due to the dipole fluctuations.
Notice that although the parallel component of the polarizability does not contribute
to the torque, it does radiate power.

The remaining term of Eq. (5.18) represents the radiation dissipated in the
particle due to the fluctuations of the external field, which can be written as

PradE = −
〈

Efl(r, t) · ∂pind(t)
∂t

〉
=
∫ ∞
−∞

dωdω′

(2π)2 e
−i(ω+ω′)t(iω′)Efl(r, ω) · pind(ω′).

(5.20)
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Using the effective polarizability given in the paragraph after Eq. (5.14), the FDT
[Eq. (5.9)], and the properties of the Green tensor, Eq. (5.20) becomes

PradE = − 4~
3πc3

∫ ∞
0

dωω4
[
Im {α⊥(ω+)}+ Im {α⊥(ω−)}+ Im

{
α‖(ω)

}]
[n0(ω) + 1

2].

(5.21)

Finally, the net power radiated by the particle, which results from the difference
between the power radiated by dipole fluctuations [Eq. (5.19)] and the power
dissipated by the fluctuating field [Eq. (5.21)], can be written as

Prad = 4~
3πc3

∫ ∞
0

dωω4Im {α⊥(ω−)} [n1(ω−)− n0(ω)]

+ 4~
3πc3

∫ ∞
0

dωω4Im {α⊥(ω+)} [n1(ω+)− n0(ω)]

+ 4~
3πc3

∫ ∞
0

dωω4Im
{
α‖(ω)

}
[n1(ω)− n0(ω)]. (5.22)

A more compact expression is obtained by playing with the integration limits:

Prad = 4~
3πc3

∫ ∞
−∞

dωω4Im {α⊥(ω−)} [n1(ω−)− n0(ω)]

+ 2~
3πc3

∫ ∞
−∞

dωω4Im
{
α‖(ω)

}
[n1(ω)− n0(ω)]. (5.23)

It should be noted that even if the particle is not rotating there is a net radiated
power when the particle and vacuum temperatures are different.

Like in the case of the torque, we can generalize this result to anisotropic
particles, and we also find that Eq. (5.23) is still valid if α⊥(ω) is understood as
the average of the polarizabilities along the x and y axes.

5.3.2 Quantum-mechanical approach

One can question the suitability of the FDT to deal with a system that is out of
dynamical equilibrium, such as our rotating particle when it is experiencing friction.
We clarify this point and achieve deeper understanding of vacuum and thermal
friction by solving the problem within the framework of quantum electrodynamics.
As we show next, this procedure leads to analytical expressions for the torque and
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the radiated power that are identical with the ones obtained from the FDT.
The rotation of the particle around the z axis can be described by the Hamilto-

nian
Ĥrot = L2

z

2I = −~2

2I
∂2

∂ϕ2 ,

where I is the particle moment of inertia. Accordingly, the rotational part of the
eigenfunction can be written

ΨR(ϕ, t) = 1√
2π
eimϕe(−i~m2/2I) t, (5.24)

which describes a rotation of frequency Ω = ~m/I, as obtained from the condition
of stationary phase2. This wave function satisfies the equation

ĤrotΨrot(ϕ) = ErotΨrot(ϕ),

where Erot = ~2m2/2I is the rotational energy.
The complete system (particle plus field) can be adequately described by states

|kjmli〉, where kj is the number of particle bosonic excitations of energy εj in the
particle internal state (e.g., phonons or plasmons), m is the rotational azimuthal
number, and li describes the field state through the number of photons in mode i.
The energy of this state is kjεj + ~2m2/2I + li~ωi.

Using Fermi’s golden rule [see Eq. (1.22)] to account for the particle-radiation
coupling to first order, the transition probabilities between states like the one defined
above can be written as

P |k′
jm

′l′i〉←|kjmli〉 = 2π
~

∣∣∣〈k′jm′l′i| Ĥint |kjmli〉
∣∣∣2 δ (∆kjεj + ~2m

′2 −m2

2I + ∆li~ωi
)
,

where ∆kj = k′j − kj and ∆li = l′i − li. Here, Ĥint is the Hamiltonian that describes
the interaction between the particle and the radiation field, which, as discussed in
Section 1.3.1 [see Eq. (1.21)], can be written as Ĥint = −p̂ · Ê within the dipolar
approximation.

2The condition of stationary phase can be expressed as
[

∂
∂kη(k, x)

]
k=k0

= 0, where η(k, x)
represents the phase of a wave packet. This expression allows one to identify where the maximum
of the wave packet is situated.
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Assuming that dipolar response of the particle is dominated by bosonic excita-
tions (e.g., phonons or plasmons) the dipole operator p̂ can be expressed in terms of
bosonic creation and annihilation operators b̂+ and b as [see the discussion preceding
Eq. (1.20)]

p̂ =
∑
j

pj
[
b̂j + b̂+

j

]
, (5.25)

where pj is the dipole moment associated with the bosonic mode j. On the other
hand, the electric-field operator can be written in terms of photon creation and
annihilation operators â+ and a using the expression derived in Eq. (1.18).

In the dipolar approximation, we can take eik·r ≈ 1, which, together with Eq.
(5.24), allows us to write the relation

〈k′jm′l′i| Ĥint |kjmli〉 = − i
√

2π~ωi
V

N
∫ (

pj · ei
) ei(m−m′)ϕ

2π dϕ, (5.26)

for the transition matrix elements. Here, N is the matrix element corresponding
to the bosonic and photonic degrees of freedom, which produces four possible
transitions depending on the change of the bosonic (∆kj = ±1) and photonic
(∆li = ±1) numbers. More precisely,

〈kj − 1li − 1| b̂j âi |kjli〉 → N =
√
kjli, (5.27)

〈kj + 1li + 1| b̂+
j â

+
i |kjli〉 → N =

√
(kj + 1)(li + 1), (5.28)

〈kj + 1li − 1| b̂+
j âi |kjli〉 → N =

√
(kj + 1)li, (5.29)

〈kj − 1li + 1| b̂j â+
i |kjli〉 → N =

√
kj(li + 1). (5.30)

Now, the integration over ϕ in Eq. (5.26) requires expressing the dipole moment in
the particle frame using the relations px = p′x cosϕ−p′y sinϕ, py = p′x sinϕ+p′y cosϕ,
and pz = p′z, where the primed (non-primed) quantities refer to the rotating (lab)
frame. From here we have

〈k′jm′l′i|HI |kjmli〉 = − i
√

2π~ωi
V

N

2
[
δm,m′+1

(
p′j,x − ip′j,y

)
(ei,x + iei,y)

+ δm,m′−1
(
p′j,x + ip′j,y

)
(ei,x − iei,y) + 2p′j,zδm,m′ei,z

]
, (5.31)
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where ei,j are the Cartesian components of the polarization vector ei [see Eq. (1.18)].
The Kronecker delta functions appear as a result of the ϕ integration in Eq. (5.26).
From this equation we conclude that there is no contribution to the torque coming
from the dipole component along the rotation axis z, because it conserves the
rotation number m.

Each of the four possible transitions discussed in Eqs. (5.27)-(5.30) contributes
to the torque through the rate of change in the rotational energy. More precisely,

M = 1
Ω
dErot

dt
= −

∑
j,m′,i

±εj ± ~ωi
Ω P|kj±1m′li±1〉←|kjmli〉,

where the signs depend on the particular transition and we are summing over all
possible final states. Replacing the sum over the photonic states by an integral
(∑i →

∫
dS

∑
ς

V
(2π)3

1
c3

∫∞
0 ω2dω) and using Eq. (5.31), we find

M = −2~
3Ωc3

∑
j,m′

∫ ∞
0

dωN2ω3(±εj ± ~ω)
{
|pj,x + ipj,y|2δm′,m−1 + |pj,x − ipj,y|2δm′,m+1

}

× δ(±εj ± ~ω + ~2m
′2 −m2

2I ). (5.32)

The factors δm′,m±1 allow writing

~2 (m′2 −m2)
2I = ~2 (m± 1)2 −m2

2I ≈ ±~Ω (5.33)

(with Ω = ~m/I), where we use the non-recoil approximation (|m| � 1). Using this
expression and defining p2

j = |pj,x ± ipj,y|2, we can rewrite Eq. (5.32) as

M = − 4~
3c3

∑
j

∫ ∞
0

dωN2ω3p2
j [δ(±εj ± ~ω − ~Ω)− δ(±εj ± ~ω + ~Ω)] . (5.34)

Finally, the total torque is the sum of the contributions from the four transitions
described in Eqs. (5.27)-(5.30).

At this point, we assume that both the radiation field and the particle are in
thermodynamic equilibrium at temperatures T0 and T1, respectively. Then, we have
to average over the number of bosons kj and photons li in the system, which appear
in the factor N . Using the Bose-Einstein statistics, 〈kj〉 =

[
eεj/kBT1 − 1

]−1
= n1(εj)
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and 〈li〉 =
[
e~ωi/kBT0 − 1

]−1
= n0(ωi) the averaged torque reduces to

M = 4~
3c3

∑
j

∫ ∞
0

dωω3p2
j {[δ(εj − ~ω+)− δ(εj + ~ω+)] [n1(ω+)− n0(ω)]

− [δ(εj − ~ω−)− δ(εj + ~ω−)] [n1(ω−)− n0(ω)]} . (5.35)

The net radiated power can be calculated in a way similar to the torque. Once
again, there are four separate contributions associated with the transitions of Eqs.
(5.27)-(5.30). Two of them involve the emission of a photon (with ∆li = 1 and
∆kj = ±1), thus producing a positive contribution, whereas the other two describe
photon absorption (∆li = −1 and ∆kj = ±1), giving rise to a negative contribution.
The net radiated power can then be written as

Prad =
∑
j,m′,i

~ωi
[
P|kj+1m′li+1〉←|kjmli〉 + P|kj−1m′li+1〉←|kjmli〉

−P|kj+1m′li−1〉←|kjmli〉 − P|kj−1m′li−1〉←|kjmli〉
]
. (5.36)

Following the same steps as in Eqs. (5.32)-(5.35), we find

Prad = 4~
3c3

∑
j

∫ ∞
0

dωω4p2
j {[n1(ω+)− n0(ω)] [δ(εj − ~ω+)− δ(εj + ~ω+)]

+ [n1(ω−)− n0(ω)] [δ(εj − ~ω−)− δ(εj + ~ω−)]

+[n1(ω)− n0(ω)] [δ(εj − ~ω)− δ(εj + ~ω)]} . (5.37)

It should be noted that, unlike the torque, the radiated power contains a contribution
from the dipole component parallel to the rotation axis.

5.3.3 Equivalence of the
fluctuation-dissipation-theorem and the

quantum-mechanical approaches

In order to compare the expressions for the torque and the net radiated power
obtained within the two different approaches, we have to introduce the particle po-
larizability α in the quantum-mechanical formalism. From the customary definition
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[144]

α(ω) =
∑
j

p2
j

[
1

εj − ~ω − iγ
+ 1
εj + ~ω + iγ

]
,

and using the identity

∓ δ(x) = 1
π
Im

{
1

x± iγ

}
,

where γ → 0+, we can write the imaginary part of the polarizability as

Im {α(ω)} = π
∑
j

p2
j [δ(εj − ~ω)− δ(εj + ~ω)] .

This allows us to directly recast the torque and the radiated power given by Eqs.
(5.35) and (5.37) into exactly the same form as in Eqs. (5.16) and (5.22), respectively.
The only difference is that we have focused on isotropic particles in the quantum-
mechanical approach, although the generalization to anisotropic particles can be
easily done through the dipole moment of the bosonic excitations, pj [see Eq. (5.25)].

Therefore, we find that the FDT and the quantum-mechanical approaches lead
to exactly the same results. An additional conclusion from the quantum-mechanical
derivation is that isotropic particles with no allowed internal excitations (i.e., non-
absorbing particles) cannot experience any torque, within the limits of our model.

5.3.4 Metallic particles

As an illustrative example of the theory derived in the previous pages, we analyze
the thermal and vacuum friction acting on a metallic particle. From the discussion
carried out in Section 1.1.1, we know that at low photon frequencies ω below
the interband transitions region, metals can be well described by the Drude
model, characterized by a DC electric conductivity σ0 and a dielectric function
ε = 1 + i 4πσ0/ω [21]. Furthermore, in the quasi-static regime the polarizability of a
spherical particle of radius a can be approximated as α = a3(ε− 1)/(ε+ 2) [see Eq.
(1.11)], and consequently

Im{α(ω)} = 3ωa3/4πσ0. (5.38)
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Figure 5.9: Normalized particle temperature at equilibrium (T1/T0) as a function of
Ω/θ0, where θ0 = 2πkBT0/~ .

Therefore, using this relation into Eqs. (5.17) and (5.23) we find the following closed-
form expressions

Prad
D = ~a3

60π2c3σ0

[
2Ω6 + 5Ω4θ2

1 + 3Ω2θ4
1 + 5

14(θ6
1 − θ6

0)
]

(5.39)

and

MD = −~a3Ω
120π2c3σ0

[
6Ω4 + 10Ω2θ2

1 + θ4
0 + 3θ4

1

]
, (5.40)

where the subscript D refers to the Drude model and

θj = 2πkBTj/~.

Equations (5.39) and (5.40) show that thermal and vacuum friction is always
producing stopping (MΩ < 0), whereas the balance of radiation exchange between
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particle and free space can change sign depending on their relative temperatures.
At low Ω, the torque scales as Ω, while a steeper Ω5 dependence is observed at faster
velocities. Interestingly, a non-zero torque M ∝ Ω5 is predicted at T0 = T1 = 0,
despite the axial symmetry of the particle.

The power absorbed by the particle in the form of thermal heating Pabs can be
obtained from energy conservation, expressed by the identity −MΩ = Prad + Pabs,
where the left-hand side represents mechanical energy dissipation (stopping power).
Using Eqs. (5.39) and (5.40), we find

Pabs
D = ~a3

120π2c3σ0

[
2Ω6 + Ω2(θ4

0 − 3θ4
1) + 5

7(θ6
0 − θ6

1)
]
. (5.41)

The particle equilibrium temperature is determined by the condition Pabs = 0, and it
is stable because ∂Pabs/∂T1 < 0 [this inequality is obvious from Eq. (5.41), but it can
be easily derived in the general case from Eqs. (5.17)-(5.23)]. Unlike conventional
friction of a spinning object immersed in a fluid, thermal and vacuum friction is
not always leading to particle heating, as shown in Fig. 5.9 from the solution of
Pabs

D = 0. Actually, T1 < T0 for finite temperatures and rotation velocities below
Ω = θ0, whereas particle heating occurs at higher Ω. The crossing point between
these two types of behavior is independent of particle size a and conductivity σ0.

At T0 = 0, we find θ1 ≈ 0.867 Ω, so that the Ω5 dependence of MD is maintained
with the particle at equilibrium temperature. The loss of mechanical energy is then
fully converted into a radiated power Prad

D ≈ 0.013 ~a3Ω6/c3σ0.

5.3.5 Stopping times of interstellar dust

At low rotation velocity and finite temperature, the frictional torque acting on a
metallic particle is proportional to Ω [see Eq. (5.40)]. The correction to the particle
equilibrium temperature [θ1 ≈ θ0− (7/15)Ω2/θ0] can be then neglected to first order
in Ω, so the torque becomes M ≈ −βΩ, where β = ~a3θ4

0/30π2c3σ0. From Newton’s
second law, we find an Ω(t) = Ω(0) exp(−t/τ) time dependence of the rotation
velocity, where τ = I/β is the characteristic stopping time and I is the moment of
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Figure 5.10: Characteristic stopping time of spinning graphite particles as a function
of the environment temperature. Solid curves: full calculation using measured
dielectric functions for the graphite particles [231]. Broken curves: analytical Drude
approximation [Eq. (5.42)]. Various particle sizes and shapes are considered: spheres
of radius 10 nm and 100 nm, and an oblate ellipsoid of radius 10 nm and aspect ratio
η = 0.2. Low rotation velocities Ω � kBT0/~ are assumed (e.g., Ω � 21GHz at
T0 = 1K).

inertia. For a spherical Drude particle, we find

τ = (~c)3

π

ρa2σ0

(kBT0)4 , (5.42)

where ρ is the particle density.

Graphite particles are abundant in interstellar dust [232], so we focus on them
as an important case to study the rotation stopping time. The frequency-dependent
dielectric function of graphite is taken from optical data [231], tabulated for different
particle sizes, which differ due to non-local corrections. The low-ω behavior is well
approximated by the Drude model with σ0 = 2.3 × 104 (2.0 × 105) Ω−1m−1 for
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spherical particles of radius a = 10 (100) nm, where the response has been averaged
over different crystal orientations. Plugging this into Eq. (5.42), we obtain the
results shown in Fig. 5.10 by broken lines. Interband transitions become important
in the response of graphite at frequencies above ~ω ∼ 10−2 eV, so we expect a
deviation from Drude behavior at temperatures above ∼ 100K in this material.
This is indeed confirmed by numerically integrating Eq. (5.17) with the full tabulated
response of graphite to obtain τ (Fig. 5.10, solid curves). For the particle sizes under
consideration, stopping times are small on cosmic scales within the plotted range of
temperatures, which are often encountered in hot dust regions [232]. In cooler areas
(T0 = 2.7K), 100 nm graphite particles have a stopping time τ ∼ 0.6 billion years.

Dust particles can adopt non-spherical shapes. In particular, for oblate ellipsoids
Eq. (5.38) [Im{α(ω)}] must be corrected by a factor η/9L2, where η is the aspect
ratio (see inset in Fig. 5.10) and L is the depolarization factor for equatorial
polarization, approximately linear in η [3]. Also, I is linear in η, thus leading to a
τ ∝ η2 dependence for fixed radius. We show in Fig. 5.10 the case a = 10 nm and
η = 0.2, which exhibits a significant reduction in τ compared to spherical particles
of the same radius. In a related context, translational motion leads to thermal drag
[233], only at non-zero temperature and with similar stopping times.

5.4 Conclusions

In the first part of this chapter, we have presented a complete model to describe
RHT between two nanoparticles within the assumption of dipolar response. We
have shown that crossed magnetic-electric terms and radiative corrections produce
modifications in the transfer rate by up to several orders of magnitude, which
cannot be overlooked. Furthermore, we have presented an analysis of how much
heat is released from a dimer into a cooler vacuum revealing a large dependence
on composition and temperature (it is strongly suppressed at low temperatures
and dominant in hot environments). Our results for gold-SiC dimers suggest
the experimental exploration of these effects via, for example, in-vacuum particle
levitation, or by attaching one of the particles to a nanoscale tip and the other one
to an insulating substrate. As an interesting direction, we note that RHT can be
strongly modified by the presence of additional mirrors and dielectrics that distort
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the exchanged electromagnetic fields.
We believe that these results are of highly technological importance since heat

dissipation in nanostructured devices is becoming a limiting factor in the design of
microchips and is expected to play a major role in nanoelectronics, nanophotonics,
and photovoltaics. In such context radiative losses provide a convenient way of
handling the excess of heat produced in these devices [234].

In the second part of this chapter, we have developed a comprehensive semiclas-
sical model based upon the FDT to describe the vacuum and thermal friction acting
on rotating particles. We have presented analytical expressions both for the torque
exerted on the rotating particle and for the net power that it radiates due to friction.
We have also proved that the results derived within the semiclassical approach are
in full agreement with those obtained through a quantum-mechanical derivation, in
which the particle and the external field are described using combined states that
include the internal state of the particle, which can host a number of bosonic ex-
citations (e.g., phonons or plasmons), the rotational state, and the electromagnetic
field in the photon-number representation. The coupling between the mechanical
rotation and the vacuum photon field is mediated by internal excitations of the par-
ticle. Using Fermi’s golden rule to evaluate the different possible transitions between
those states, we calculate the torque and the net radiated power.

The present results can be relevant to study the distribution of rotation velocities
of cosmic nanoparticles, which could be eventually examined through measurements
of rotational frequency shifts [235, 236]. Besides, relatively small stopping times are
predicted for graphite nanoparticles, which ask for experimental corroboration (for
example, using in-vacuo optical trapping setups). By analogy to the Purcell effect
[237], the frictional torque can be altered due to the presence of physical boundaries
that modify density of photonic states, thus opening new possibilities for controlling
the degree of friction. For instance, as we have shown recently [238], the friction can
be enhanced by placing the rotating particle close to a surface.

In a more fundamental direction, our results provide solid theoretical support for
a semiclassical treatment of fluctuations using the FDT. The presented methodology
can be useful to deal with friction in other situations such as sliding surfaces, a
particle moving near a surface, and neutral particles in relative contactless motion.
An interesting scenario is presented by Casimir-bound objects, orbiting around
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each other, so that spin-orbit interaction (i.e., coupling between rotational and
translational degrees of freedom) can play a significant role.



Chapter 6

Conclusions

The research presented in this thesis has been devoted to study different aspects
of light-matter interactions at the nanoscale. We have covered topics ranging from
the design and characterization of plasmonic devices, to more fundamental concepts
involving interactions with vacuum. The main contributions of our work can be
summarized as follows:

(i) the identification of gap plasmons supported by metallic wire pairs as suitable
candidates to guide signals in information processing devices,

(ii) the theoretical study of hybrid systems resulting from the interaction between
quantum emitters and localized plasmons,

(iii) the prediction of a plasmon blockade effect associated with the interaction of
a graphene nanodisk and a quantum emitter,

(iv) the proposal of a new scheme to control the temporal evolution of quantum
emitters using graphene nanostructures,

(v) the theoretical study of the plasmonic response of small graphene nanoislands,
showing its sensitivity to single electrons,

(vi) the development of a complete theory of radiative heat transfer between
nanoparticles,

135
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(vii) the prediction of a frictional torque acting upon rotating nanoparticles, origi-
nated from the fluctuations of the electromagnetic vacuum.

The first of these contributions has been extensively exposed in Chapter 2, where
we have presented a novel plasmonic waveguide formed by pairs of metallic nanowires
placed in silica. We have shown that the gap plasmons supported by these systems
are excellent candidates to guide signals over tens of microns. These modes are
quite robust against both unintended variations of wire cross-section and curvature
in short turns. Furthermore, gap modes are highly confined to the gap region, so
that inter-mixing between neighboring wire pairs can be minimized, enabling the
design of highly-integrated plasmonic circuits in three dimensional spaces. We have
also studied the interaction between gap plasmons confined in different wire pairs,
finding a complex structure of hybridized modes including non-avoided crossings,
which has led us to design an efficient gap plasmon coupler.

Chapter 3 has been devoted to study hybrid systems composed of quantum
emitters interacting with the localized plasmons supported by metallic and graphene
nanostructures. We have presented a novel methodology, based on Zubarev’s Green
functions, to describe the absorption spectrum of these systems. As an illustrative
example, we have applied this method to study the optical response of a quantum
emitter placed in the gap of a metallic dimer, finding a very rich spectral behavior,
including narrow Fano resonances.

Analyzing the plasmonic response of a graphene nanodisk, we have predicted
the existence of a plasmon blockade effect arising from the interaction of the
plasmons supported by this system and a quantum emitter. This effect results
in a strongly non-linear absorption cross-section and the generation of non-classical
plasmon states, which we have characterized by studying the equal-time second-
order correlation function. In contrast to the photon blockade effect, observed in
experiments of cavity quantum electrodynamics, plasmon blockade can be tuned by
modifying the doping level of the graphene nanodisk.

Taking advantage of the tunability of graphene plasmons, we have developed
a novel strategy for controlling the temporal evolution of ensembles of quantum
emitters. The method proposed here is based on controlling the plasmon-emitter
interaction through the modulation of the doping level of the graphene nanostruc-
ture. We have provided realistic simulations demonstrating excellent control over
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the decay of individual and interacting dots.
In Chapter 4, we have studied the plasmonic response of small graphene nanotri-

angles composed of hundreds of atoms, showing that the addition or the removal of
a single electron switches on infrared plasmons that were previously absent from the
uncharged structure. We have shown that this effect is highly sensitive to the type of
edges of the nanostructure. Specifically, armchair nanotriangles display sharp plas-
mons that are associated with intense near-field enhancement, as well as absorption
cross-sections exceeding the geometrical area occupied by the graphene. In contrast,
zigzag triangles do not support these plasmons due to the existence of zero-energy
states.

In Chapter 5, we have presented a theoretical model to describe the radiative heat
transfer between nanoparticles. This model incorporates the full electromagnetic
particle response, heat exchange with the environment, and important radiative
corrections, both in the distance dependence of the fields and in the particle
absorption coefficients, that where absent in previous studies and can be dominant
in the interaction between commonly available nanoparticles.

Finally, we have predicted the existence of a frictional torque acting upon
rotating nanoparticles. This torque originates in the fluctuations of the vacuum
electromagnetic field and the particle polarization. Our results are based on
two different methodologies leading to the same results, namely a semiclassical
approach, which relies on the fluctuation-dissipation theorem, and a full quantum
electrodynamic calculation. Using the developed theory, we have studied the
stopping time of graphite nanoparticles, which are abundant in cosmic dust.

In conclusion, we honestly hope that the research presented in this thesis has
contributed to advance the knowledge of light-matter interaction at the nanoscale.
We are confident that this knowledge will open new horizons to develop novel
applications in the field of nanophotonics.
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Appendix A

Zubarev’s Green functions

Derivation of the optical absorption spectrum in terms
of Zubarev’s Green functions

Within the approximation of linear response, the absorption cross-section of a certain
system can be obtained from Fermi’s Golden rule [see Eq. (1.22)] according to

σ(ω) ∝
∑
f

∣∣∣〈fn− 1| Ĥ int |in〉
∣∣∣2 δ(εf − ~ω), (A.1)

where |i〉 represents the initial ground state of the system under consideration; |f〉 is
the corresponding final state, separated from the former by an energy difference εf ;
n is the number of external photons with frequency ω; and Ĥ int is the Hamiltonian
that couples the system to the external photon field, which is given by the expression

Ĥ int ∝ R̂â+ + R̂+â. (A.2)

Here, â and R̂ (â+ and R̂+) are annihilation (creation) operators for the external
photons and the excitations of the system, respectively, and therefore, R̂ connects
the initial and final states, governing the optical absorption properties.

Using the Hamiltonian of Eq. (A.2) and the identity

δ(x) = 1
π
Im

{ 1
x− i0+

}
,
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we can recast Eq. (A.1) into

σ(ω) ∝ Im

∑
f

〈in| Ĥ int |fn− 1〉 〈fn− 1| Ĥ int |in〉
εf − ~ω − i0+

 .
Then, taking into account the action of the photon annihilation operator (â |n〉 =
√
n |n− 1〉) and the orthogonality of the photonic states (〈n| |n′〉 = δn,n′), we obtain

σ(ω) ∝ Im

∑
f

〈i| R̂ |f〉 〈f | R̂+ |i〉
εf − ~ω − i0+

 . (A.3)

At this point, we assume that R̂+ connects the initial ground state with a set of
final states that present a common energy εf . This is a good approximation for
the systems considered in this thesis, in which the external photons couple through
excitations of single mode plasmons. Therefore, we can extract the denominator
of Eq. (A.3) from the sum over final states, and using the closure relation for final
states ∑f |f〉 〈f | = I (within the εf reachable-energy shell), the optical absorption
spectrum reduces to

σ(ω) ∝ Im
{
〈i| R̂R̂+ |i〉

εf − ~ω − i0+

}
, (A.4)

where 〈i| R̂R̂+ |i〉 is the expectation value of R̂R̂+ in the initial ground state.

We now consider the definition of the retarded Zubarev Green function for the
operators that annihilate and create a system excitation [see Eq. (1.23)]:

〈〈R̂; R̂+〉〉ω+i0+ = − i

~

∫ ∞
0

dtei(ω+i0+)t
[〈
R̂(t)R̂+(0)

〉
− η

〈
R̂+(0)R̂(t)

〉]
, (A.5)

where we have switched to the Heisenberg picture, and therefore, the free evolution
of the operator R̂ is given by the Heisenberg equation of motion [54], which for fixed
excitation energy εf leads to

R̂(t) = R̂(0)e−iεf t/~. (A.6)

This is consistent with the noted assumption of a single final-state energy εf .
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Equation (A.6) allows us to solve the integral of Eq. (A.5). We find

〈〈R̂; R̂+〉〉ω+i0+ = −

〈
R̂(0)R̂+(0)

〉
εf − ~ω − i0+ , (A.7)

where we have taken into account that the second term of Eq. (A.5) vanishes
when the system is in the ground state. Finally, noticing that 〈i| R̂R̂+ |i〉 and〈
R̂(0)R̂+(0)

〉
are both the same magnitude in the Schrödinger and the Heisenberg

picture, respectively, we can substitute Eq. (A.7) into Eq. (A.4) to obtain the desired
expression [see Eq. (1.24)].

Derivation of the equation of motion for the retarded
Zubarev’s Green functions

The retarded Zubarev’s Green function in the time domain can be obtained from
the Fourier transform of Eq. (1.23), as

〈〈R̂(t); Ŝ(0)〉〉 = − i
~
θ(t)

〈[
R̂(t), Ŝ(0)

]
η

〉
.

Differentiating with respect to the time, we find

i
d

dt
〈〈R̂(t); Ŝ(0)〉〉 = 1

~
dθ(t)
dt

〈[
R̂(t), Ŝ(0)

]
η

〉
+ 〈〈idR̂(t)

dt
; Ŝ(0)〉〉,

which can be simplified using the Heisenberg equation of motion [54] to yield

i~
d

dt
〈〈R̂(t); Ŝ(0)〉〉 = δ(t)

〈[
R̂(t), Ŝ(0)

]
η

〉
+ 〈〈[R̂(t), Ĥ]; Ŝ(0)〉〉. (A.8)

Here, Ĥ is the Hamiltonian of the system. Finally, taking the Fourier transform
of Eq. (A.8), we readily obtain the desired equation of motion for the retarded
Zubarev’s Green functions [see Eq. (1.25)].



142 APPENDIX A. ZUBAREV’S GREEN FUNCTIONS



Appendix B

Derivation of the
fluctuation-dissipation theorem

The fluctuation-dissipation theorem (FDT) [66, 67] connects the fluctuations of the
product of two operators with the dissipation expressed through the imaginary part
of their response function. Here we provide a simple derivation of this result with a
notation that is appropriate to deal with fluctuations of vacuum fields and particle
polarizations. Let us start by considering a Hamiltonian Ĥ0 perturbed by a term

Ĥ ′(t) = −ϕ(t)q̂(t),

where ϕ(t) is a time-dependent function, q̂(t) is an operator in the Heisenberg
representation, related to its Schrödinger representation q̂S through the expression
q̂(t) = Û+(t, t0)q̂SÛ(t, t0), where Û(t, t0) = exp(−iĤ0(t − t0)/~). In the Heisenberg
representation, Schrödinger’s equation becomes Ĥ ′ |φ〉 = i~∂ |φ〉 /∂t, and we have
|φ〉 = Û+(t− t0) |φS(t)〉.

Under the condition Ĥ ′(t)−−−−→t→−∞0, the eigenstates of the total Hamiltonian become

|φm(t)〉 = |m〉 − i

~

∫ t

−∞
dt′H ′(t′) |φm(t′)〉

≈ |m〉 − i

~

∫ t

−∞
dt′H ′(t′) |m〉 ,
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where the last line corresponds to first-order perturbation theory, and |m〉 is a state
of the unperturbed Hamiltonian with energy εm (i.e., Ĥ0 |m〉 = εm |m〉).

The expected value of another operator p̂(t) is simply given by

〈p̂(t)〉 = 1
Z

∑
m

e−εm/kBT 〈φm(t)| p̂(t) |φm(t)〉

≈ 1
Z

∑
m

e−εm/kBT
[
〈m| p̂(t) |m〉+ i

~

∫ t

−∞
dt′ϕ(t′) 〈m| [p̂(t), q̂(t′)] |m〉

]
, (B.1)

where we have assumed that the system is at equilibrium at temperature T , being
Z = ∑

m e
−εm/kBT the system partition function. The first term in Eq. (B.1) reduces

to 〈m| p̂(t) |m〉 = 〈m| p̂S |m〉, and from here, we can recast Eq. (B.1) as

〈δp̂(t)〉 ≡ 〈p̂(t)− p̂(−∞)〉 =
∫
dt′χ(t− t′)ϕ(t′),

where

χ(t− t′) = i

~
θ(t− t′) 1

Z

∑
m

e−εm/kBT 〈m| [p̂(t), q̂(t′)] |m〉 (B.2)

is a susceptibility function. Now, using the closure relation |n〉 〈n| = I, we can write

〈m| [p̂(t), q̂(t′)] |m〉 =
∑
n

[
〈m| p̂S |n〉 〈n| q̂S |m〉 ei(εm−εn)(t−t′)/~

−〈m| q̂S |n〉 〈n| p̂S |m〉 e−i(εm−εn)(t−t′)/~
]
.

Inserting this back into Eq. (B.2), and taking the time Fourier transform to work in
frequency space we find1

χ(ω) =
∫
dtχ(t)eiωt = −1

Z

∑
m,n

〈m| p̂S |n〉 〈n| q̂S |m〉
e−εm/kBT − e−εn/kBT

~ω + εm − εn + i0+ .

1Notice that
∫∞

0 dtei∆t = i
∆+i0+ .
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Finally, the dissipation associated with χ can be written as

Im {χ(ω)} =
(
1− e−~ω/kBT

) π
Z

∑
m,n

e−εm/kBT 〈m| p̂S |n〉 〈n| q̂S |m〉 δ(~ω + εm − εn).

(B.3)

Similarly, we can write the average over fluctuations as

S(t− t′) ≡ 〈p̂(t)q̂(t′)〉 = 1
Z

∑
m,n

e−εm/kBT ei(εm−εn)(t−t′)/~ 〈m| p̂S |n〉 〈n| q̂S |m〉

=
∫ dω

2πS(ω)e−iω(t−t′),

where

S(ω) = 2π~
Z

∑
m,n

e−εm/kBT 〈m| p̂S |n〉 〈n| q̂S |m〉 δ(~ω + εm − εn). (B.4)

The relation between S(ω) and Im {χ(ω)} that one obtains by comparing Eqs. (B.3)
and (B.4) constitutes the general form of the fluctuation-dissipation theorem:

S(ω) = 2~[n(ω, T ) + 1]Im {χ(ω)} , (B.5)

where n(ω, T ) =
[
e~ω/kBT − 1

]−1
is the Bose-Einstein distribution function. We can

formulate a more useful relation by noticing that 〈p̂(t)q̂(t′)〉 is a function of t − t′,
so that its double Fourier transform satisfies

〈p̂(ω)q̂(ω′)〉 =
∫
dtdt′eiωt+iω

′t′S(t− t′)

=
∫
dτeiωτS(τ)

∫
dt′ei(ω+ω′)t′ = 2πδ(ω + ω′)S(ω),

and from here we find the expression

〈p̂(ω)q̂(ω′)〉 = 4π~[n(ω, T ) + 1]Im {χ(ω)} δ(ω + ω′). (B.6)

Proceeding like above, the Fourier transform of the fluctuation 〈q̂(t′)p̂(t)〉 reads



146 APPENDIX B. FLUCTUATION-DISSIPATION THEOREM

〈q̂(ω′)p̂(ω)〉 = exp(−~ω/kBT )S(ω), which together with Eq. (B.5) leads to

〈q̂(ω′)p̂(ω)〉 = 4π~n(ω, T )Im {χ(ω)} δ(ω + ω′). (B.7)

Finally, it should be noticed that p̂(ω)q̂(ω′) is not an observable in general, but the
symmetrized product is Hermitian, and therefore, an observable. From Eqs. (B.6)
and (B.7), we find

1
2 〈p̂(ω)q̂(ω′) + q̂(ω′)p̂(ω)〉 = 4π~

[
n(ω, T ) + 1

2

]
Im {χ(ω)} δ(ω + ω′). (B.8)

Equations (B.6)-(B.8) are general forms of the FDT. Next, we formulate specific
applications for dipole and electric-field fluctuations.

FDT for fluctuations of the dipole moment

Now, we can apply the above general expressions of the FDT to dipole-dipole
fluctuations, with the identifications

p̂(t)→ pi(t),

q̂(t)→ pj(t),

χ(t)→ αij(t),

ϕ(t)→ Ej(t),

where pi and pj are components of the dipole moment along directions i and j,
respectively, Ej is the electric field along j at the position of the dipole, and αij

is the (i, j) component of the polarizability tensor. The interaction Hamiltonian
is Ĥ ′(t) = −Ej(t)pj(t), where Ej is regarded as a time-dependent function and pj
as an operator. The susceptibility acts in frequency space according to 〈δpi(ω)〉 =
αij(ω)Ej(ω). With these substitutions, the FDT [Eqs. (B.6)-(B.8)] takes the forms

〈pi(ω)pj(ω′)〉 = 4π~[n(ω, T ) + 1]Im {αij(ω)} δ(ω + ω′),

〈pj(ω′)pi(ω)〉 = 4π~n(ω, T )Im {αij(ω)} δ(ω + ω′),
1
2 〈pi(ω)pj(ω′) + pj(ω′)pi(ω)〉 = 4π~

[
n(ω, T ) + 1

2

]
Im {αij(ω)} δ(ω + ω′).
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The same expression is valid for the FDT for fluctuations of the magnetic dipole,
with αij being, in that case, the magnetic polarizability.

FDT for fluctuations of the electric field

Similarly, the fluctuations of the electric field can be analyzed with the substitutions

p̂(t)→ Ei(r, t),

q̂(t)→ Ej(r′, t),

χ(t)→ Gij(r, r′, t),

ϕ(t)→ pj(t),

where Ei(r, t) and Ej(r′, t) are components of the electric field along directions i
and j at positions r and r′, respectively, and Gij(r, r′, t) is the Green tensor of
the electromagnetic field [see Eq. (1.31)]. The interaction Hamiltonian is again
Ĥ ′(t) = −pj(t)Ej(t), but now pj is a time-dependent function and Ej is an operator.
The susceptibility acts as 〈δEi(ω)〉 = Gij(r, r′, ω) pj(ω), which is consistent with the
definition of Eq. (1.31) [18]. The FDT takes the forms

〈Ei(r, ω)Ej(r′, ω′)〉 = 4π~[n(ω, T ) + 1]Im {Gij(r, r′, ω}]

× δ(ω + ω′),

〈Ej(r′, ω′)Ei(r, ω)〉 = 4π~n(ω, T )Im {Gij(r, r′, ω)}]

× δ(ω + ω′),
1
2 〈Ei(r, ω)Ej(r′, ω′) + Ej(r′, ω′)Ei(r, ω)〉 = 4π~

[
n(ω, T ) + 1

2

]
× Im {Gij(r, r′, ω)} δ(ω + ω′).

Interestingly, in the limit r = r′ we have Im {Gij(r, r, ω)} = (2π2ω/3)ρ0δij, where ρ0

is the photonic local density of states [1] (ρ0 = ω2/π2c3 in vacuum).
Due to the symmetries of Maxwell’s equations, the expressions given above

represent also the FDT for the fluctuations of the magnetic field. Furthermore,
using Maxwell-Faraday’s law [first expression of Eq. (1.4)], it is straightforward to
derive the FDT for the electric-magnetic and the magnetic-electric field fluctuations.
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