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In this work, we obtain the shadow images of spherically symmetric scalar boson and Proca stars using
analytical fittings of numerical solutions, when illuminated by a geometrically thin accretion disk.
We chose a sample of four boson and four Proca stars with radii ranging from more compact configurations
with R ~ 9M to more dilute configurations with R ~ 20M, where M is the total mass of the bosonic star.
In these configurations, the absence of the light sphere (the locus of unstable bound geodesics) makes the
optical appearance of these stars to be dominated by a single luminous ring enclosing a central brightness
depression, and no further photon rings are available. We show that if one considers face-on observations
and a disk model whose emission is truncated at some finite radius at which the luminosity attains its
maximum value, both the size of the shadow, as well as the luminosity and depth of the bright region, are
heavily influenced by the emission profile, with the choice of the type and parameters of the bosonic stars in
our samples having a sub-dominant influence. These differences are nonetheless significantly magnified
when one allows the accretion disk to extend close enough to the center of the star. Our results point out that
even though bosonic stars are horizonless and do not have a photon sphere, some of them may be able to
produce conventional black hole shadowlike images provided that their compactness is large enough, thus
being potentially consistent with current and future observations.
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I. INTRODUCTION

The verification of the gravitational deflection of light by
the Sun in 1919 according to the predictions of general
relativity (GR) [1] supported the validity of the theory and
triggered the beginning of a new era in the study of
gravitational physics. Exactly one hundred years after-
wards, this collective effort culminated in the observation
of shadows, i.e., the silhouette of a compact enough body
which, when illuminated by its own accretion disk, yields a
central brightness depression whose boundary consist of a
bright ring composed of those photons which have under-
gone a strong gravitational lensing [2,3]. Indeed, the
measurements of the Event Horizon Telescope (EHT)
Collaboration, on the optical appearance created by the
super-heated plasma surrounding the supermassive object
at the center of the M87 galaxy [4], and of Sgr A* [5]—the
center of our one Milky Way—are fully consistent with this
picture. This finding is expected to have a tremendous
impact in our chances to test the nature of ultra-compact
objects and the strong-field regime of GR [6], providing
great opportunities both at theoretical and observational
levels.
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In the theoretical description of shadows, a prominent
role is played by the notion of critical curve(s) [7,8]. Such
curves are present, for instance, in the space-time of a
Kerr(-Newman) black hole, on which one finds a photon
shell of unstable orbits corresponding to the light rays
approaching asymptotically the critical points of the radial
“potential” [9,10]. In absence of rotation, this shell degen-
erates into a single circular critical curve associated to an
extrema of the effective potential (i.e., a photon sphere). A
wide variety of studies have explored the connection of this
theoretical notion with its associated observational signa-
tures, see, e.g., [11-14]. This is so because for every
compact object subdued below its photon sphere, light rays
can wind several times around it, producing a thin photon
ring embedded in the main bright ring of radiation and
terminating at the outer edge of a central brightness
depression (the shadow) [15]. The exact properties of
the shadow (size and depth) as well as those of the infinite
sequence of light rings potentially stacked in the photon
ring and indexed by the number of (half-)orbits (i.e., its
locations and corresponding luminosities) are determined
by a delicate interaction between the background geometry
and the optical, geometrical, and emission features of the
accretion disk surrounding the object [16]. Separating the
contributions of the background geometry and the astro-
physics of the disk illuminating it in shadow images has
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become a critical challenge in the field [17] in order to
optimize the chances of finding new physics [18], or in
confirming the utter reliability of the Kerr solution to
describe every astrophysical black hole [19].

Besides the Kerr black hole, at the theoretical level there
are many other compact objects in the cosmic zoo with a
wide range of properties, see, e.g., [20,21] for reviews of
these objects and their observational status. For the sake of
their shadows, they may have a different description in the
structure of their photon spheres, such as having more than
one [22-26], or none at all, which important observational
consequences for their cast images. For instance, it has been
recently proven that for asymptotically flat and horizonless
exotic compact objects, if the space-time is topologically
trivial, an even number of light-rings necessarily arise [27].
Here we are interested in the kind of objects that go
collectively by the name of boson stars [28-37] (see
[38,39] for more extensive reviews), and which can be
supported, for instance, by a massive complex scalar and
vector (Proca) fields [40,41], and which are typically not
compact enough to hold a critical curve [42]. The relevance
of such solutions lies on the fact that Proca stars can be able
to mimic the shadow of a Schwarzschild black hole for low-
inclination observations with a truncated accretion disk [43],
as well as orbital astrometric data [44], which emphasizes
them as suitable alternatives to the black hole paradigm.

The main aim of this work is therefore to build shadow
images of both these objects under geometrically thin
accretion disks. The absence of a critical curve makes
the photon (sub-)ring structure ascribed to the Kerr
(Schwarzschild) solution to be missing for these objects,
the corresponding images being instead completely domi-
nated by the direct emission of the disk, and forming a
single bright ring which bounds a central dark area. This
work is then organized as follows: In Sec. II we introduce
the Einstein-Klein-Gordon and Einstein-Proca theories, of
which the scalar boson and the Proca stars are solutions,
respectively. We obtain four plus four samples of such
spherically symmetric boson and Proca stars presented
under analytical form, and corresponding to a fitting of
numerical solutions. In Sec. III we assume five toy models
for the accretion disk, with a monochromatic emission
truncated at a finite radius (located at different relevant
surfaces) where the luminosity takes its maximum value,
and assuming different decays with the radial distance. We
discuss how these two aspects of the modeling of the disk
are the main force driving the shadow images (size of the
black central area and luminosity and depth of the luminous
ring) of these two objects, while the choice of the
parameters of the solutions has a subdominant influence
for the face-on observations considered. We also discuss
how, for the particular case in which the inner edge of the
disk approaches close enough to the center of the object, the
characteristics of the bosonic star, i.e., its compactness and
type of fundamental field, take a more active role in

determining the features of the shadow. Finally, in
Sec. IV, we trace our conclusions on how future very-long
baseline interferometry experiments could be able to
distinguish, via the analysis (or the absence thereof) of
higher-order light rings, between the Kerr black hole and
any of its many kin proposed in the literature such as the
boson and Proca stars studied here.

II. THEORY AND FRAMEWORK
A. Einstein-Klein-Gordon theory

The first type of bosonic star we are interested in
modeling in this work is the scalar boson star. In this
section, we shall mainly follow the analysis of, e.g.,
Ref. [45], suitably adapted to our needs. These stars are
localized self-gravitating solutions of a massive and com-
plex scalar field ®, which can be formulated within the
Einstein-Klein-Gordon theory. This theory is described by
an action of the form

S / \/——g<i LV, VD — HZchp) dx, (1)
Q 167

where Q is the spacetime manifold on which one defines a
set of coordinates x“, g,, is the metric tensor written in
terms of the coordinates x“, and whose determinant is
denoted by g, while R = ¢g“’R,,, is the Ricci scalar, with
R,;, the Ricci tensor. As for the scalar field @, the object V,,
denotes covariant derivatives written in terms of the metric
Jap» an overbar () denotes complex conjugation, and y is a
parameter representing the mass of the scalar field. In our
conventions, we have adopted a system of geometrized
units on which G = ¢ = 1, where G is the gravitational
constant and c¢ is the speed of light. Note also that Eq. (1)
represents the simplest possible form of the Einstein-Klein-
Gordon theory with a massive scalar field, but more
complicated forms of the theory could be considered via
the addition of higher-order interaction terms (e.g., quartic
terms) in @, though for the sake of this work we shall take
this simplified form of the action.

The equilibrium solutions describing scalar boson stars
can be obtained by solving the equations of motion of the
theory. Since the action in Eq. (1) depends explicitly on two
quantities, namely the metric g,, and the scalar field ®,
taking its variation with respect to these two fields leads to
the so-called Einstein-Klein-Gordon system described by

1
Ruh - EgahR = 877:Tah7 (2)

(O-p2)o =0, 3)

where [0 = V4V, represents the d’ Alembert operator and
the stress-energy tensor 7', is given in terms of the scalar
field @ and its derivatives as
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- 1 - -
Top = V@V @ — Ega,,(vccpwcp +u*od), (4)

where the parenthesis X () = (X4 + Xp,)/2 denotes
index symmetrization. For simplicity, we will focus exclu-
sively in static and spherically symmetric solutions of the
Einstein-Klein-Gordon system. These solutions can be
generically described by a line element in the usual
spherical coordinate system (z, r, 0, ¢) of the form

b
N(r)

where ¢(r) and N(r) =1 —2m(r)/r are metric functions
assumed to depend exclusively on the radial coordinate r,
with m(r) a function that plays the role of the mass, and
dQ? = dO* + sin® Od¢* denotes the surface-element of the
two-spheres. The time-independence of the metric g,;, and
the stress-energy tensor T',;, can be preserved via the use of
the U(1) symmetry of the action in Eq. (1), i.e., by
considering a standing wave ansatz for the scalar field ® as

ds> = —c*(r)N(r)dt* + dr* + r?dQ?*,  (5)

(1, r) = f/(%e (6)

where y(r) represents the radial wave function and w is a
real constant representing the angular frequency of ©.

Under the assumptions described above, the Einstein-
Klein-Gordon system of Egs. (2) and (3), with T, given by
Eq. (4) and the ansatze for the metric g,;, and the scalar field
@ given respectively by Eqgs. (5) and (6), becomes a system
of three coupled ordinary differential equations (ODEs) for
the metric functions ¢ and N and the radial wave function y,
forming the system

1 1 o’ ry?
N =——N|—-+mr?|- — u2ry?, 7
r <r " ) No? wrr (7)

6()2}’2 + NZGZ}/Iz
r

/ = NZG s (8)
s v(W*rNe* —w?r) — Noy'(roN' + N(26 + ro’))
r= rN262 . (9)

To preserve its regularity at the origin r = 0, i.e., to avoid
the presence of any singular quantities, the functions o, N
and y must satisfy some boundary conditions. These can be
obtained by taking a series expansion at r =0 and are
given by

m(r) = O(r),
o(r) = oo + O(r?),
r(r) =ro+O(r?), (10)

where o, and y, are constant parameters and O(r")
collectively represents the arbitrariness in terms of order

n or higher in r. Furthermore, since we are interested in
localized solutions of the scalar field @ that preserve
asymptotic flatness, the wave function y is required to
decay exponentially as » — oo, and the functions ¢ and N
to approach unity in the same limit.

Given the complexity of the Einstein-Klein-Gordon
system of equations, finding analytical solutions for
bosonic star configurations is an unattainable task, and
one usually resorts to numerical methods for the purpose.
A common procedure is to consider a shooting method for
the parameter w, considering a fixed combination of the
remaining parameters y, oy and y, at the origin. Also, the
parameter ¢ can be renormalized to unity with a redefini-
tion of the radial coordinate in the form x = ur.

B. Einstein-Proca theory

The second type of bosonic star we will be dealing with
in this work is the vectorial boson star, or Proca star. In this
section, we shall mainly review the formalism introduced
in, e.g., Ref. [40]. These are localized solutions of a
massive and complex vector field A%, which are described
by the Einstein-Proca theory. Its action is given by

R 1 - 1 -
S= | /=gl — —=F, ,F® ——1*A A% |d*x, (11
‘/Q g<1677.' 4 ab 2/'4 a > X ( )

where most of the quantities and notation have already been
defined after Eq. (1), while F,, = d,A;, —d A, is the
electromagnetic tensor. Equation (11) is the simplest possible
form of the action for an Einstein-Proca theory with a
massive vector field, while likewise in the scalar field case
more complicated theories could be exploited via the
addition of higher-order interaction terms in the vector field.
Similarly to the scalar case introduced previously, the
equilibrium configurations are obtained by solving the
equations of motion of the system. In this case, these will
be the field equations and the Proca equation, obtained
from a variation of Eq. (1) with respect to the metric g,;, and
the vector field A“, respectively. These equations form the
so-called Einstein-Proca system and are given by

1
Rab - EgabR = 87TTab’ (12)
V,Fb = j2Ac, (13)

where the stress-energy tensor T, is given in this case in
terms of A“ and its derivatives (contained within the tensor
F ab) as

.1 = i1 i
Tap = =Fe(aFy =7 9aFeaF ! + 1 | AuAp) =3 9upAA° |

)
(14)

We again focus on static and spherically symmetric
solutions of the Einstein-Proca system above. Again, we
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take the metric to be written in the generic form of Eq. (5)
where the metric functions ¢(r) and N(r) remain functions
of the radial coordinate r only. The U(1) symmetry of
Eq. (11) can again be exploited to preserve the staticity of
the metric g,, and the stress-energy tensor T, i.e., we
impose a standing wave ansatz for the vector field as

A, = e7(f(r).ig(r).0,0), (15)

where the functions f(r) and g¢(r) are well-behaved
functions of the radial coordinate only.

Under these assumptions, the Einstein-Proca system of
Egs. (12) and (13), with a T',;, given by Eq. (14) and ansatze
for the metric g,;, and the vector field A“ in the forms of
Eqgs. (5) and (15), respectively, gives rise to four independent
equations, two from the gravitational field equations, and two
from the Proca equation. The field equations become

f/_a)g 2 1 2
m’ :47”'2 |:(2T)+§M2 92N+W s (16)
2
o’ :47rr/¢2c7<g2 —l—W), (17)

whereas the Proca equation splits into the system

["Z(f’ - wg)}’ @y
c ~ oN

, (18)

2.2
Hwo Ng
wg— [ = P (19)

These equations form a system of four coupled ODE:s for the
functions o, N, f, and g, which is again singular at the origin.
To preserve the regularity of the system, a series expansion of
the functions at » = 0 requires the following boundary
conditions to be satisfied

f(r) = fo+0(r),

g(r) = O(r),

m(r) = O(r),

o(r) = oy + O(r?), (20)

where f(, and o, are constant parameters. Finally, since we
are interested in localized solutions of the vector field A¢ that
preserve asymptotic flatness, we also require that the
functions f and ¢ decay exponentially and the metric
functions N and o to approach unity in the limit r — oo.

To solve the system of Egs. (16) to (19), one must again
resort to numerical methods. A shooting method for @
while keeping the remaining parameters u, o, and f
constant is the most common, and in particular the
parameter y can be renormalized to unity via a redefinition
of the radial coordinate as x = ur.

C. Solutions and approximations

In the analysis that follows below, we shall consider
eight specific bosonic star configurations, four scalar and
four vectorial, obtained by numerically shooting-out the
corresponding field equations under the conditions dis-
cussed in Secs. I A and II B, respectively. The parameter
used for the shooting method was the frequency w, which
was computed to a precision of 12 decimal figures in the
scalar boson star case and 15 decimal figures in the Proca
star case, up to a numerical infinity set at r/M = 50. Given
the high precision of the numerical integration considered,
the numerical errors of the solutions considered are
negligible. Furthermore, to select an appropriate set of
solutions, we have considered two criteria. First, defining
the binding energy of the bosonic star as M — uQ, where Q
is the conserved Noether charge, i.e., the number of
particles, one verifies that there exists a value of the central
densities y and f for which the binding energy transitions
from negative to positive, indicating an excess of energy.
Our most compact configurations, namely BS1 and PS1,
were chosen to stand on this transition, where the binding
energy defined above is approximately zero. Second, taking
into consideration the linear stability of bosonic star
configurations, one verifies that both boson and Proca
stars feature a maximum central density above which the
configurations become linearly unstable. In the stability
regime, the mass uM of the star increases monotonically
with the central density until the maximum density (and
consequently, the maximum mass) are achieved. The
maximum masses for scalar boson stars were found to
be uM ~ 0.633 [46], whereas the maximum masses for
Proca stars were found to be uM ~ 1.06 [40]. Our con-
figurations BS2 and PS2 were chosen to stand in this
transition, thus being marginally stable against linear
perturbations, followed by the remaining configurations
which are effectively linearly stable. Note however that this
indicates that the configurations BS1 and PS1 stand in the
unstable branch of bosonic star solutions. A summary of
this analysis can be found in Ref. [20]. Since in this work
we focus on static bosonic star models with a single self-
interaction potential, to preserve linear stability we have
excluded from our analysis ultracompact configurations, in
order to avoid the potential instabilities associated to
multiple critical curves and antiphoton spheres [47].
More interesting linearly stable solutions containing light
rings could be considered via the addition of rotation or
nonlinear self-interactions.

Therefore, the scalar boson stars employed in our
analysis are dubbed as {BS1,BS2,BS3,BS4} and their
characterizing parameters are detailed in Table I, while the
Proca stars are dubbed as {PS1,PS2,PS3,PS4} and are
characterized in Table II. These configurations differ not
only in the type of fundamental field, i.e., scalar or
vectorial, but also in their compactness, with radii varying
from the most compact stable solutions with R ~9M to
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TABLE I. Parameters describing the boson star configurations
{BS1,BS2,BS3,BS4}, where y, denotes the central density of
the normalized scalar field radial wave function.

Type Yo uM HR R/M w/p
BS1 0.40 0.609 5.46 8.97 0.811
BS2 0.25 0.632 7.46 11.8 0.864
BS3 0.18 0.612 9.16 15.0 0.896
BS4 0.12 0.572 11.1 19.4 0.922
TABLE II. Parameters describing the Proca star configurations

{PS1,PS2,PS3, PS4}, where f, denotes the central value of the
time-component of the vector field radial wave function.

Type fo uM HR R/M o/u
PS1 0.210 1.04 9.35 8.99 0.850
PS2 0.092 1.05 127 12.1 0.892
PS3 0.057 1.00 15.1 15.0 0.914
PS4 0.033 0.925 18.4 19.9 0.936

more disperse solutions with R ~ 20M, where R is defined
as the radius encapsulating 98% of the total mass of the star
M, ie., m(R) = 0.98M, where the mass M is defined as
M = lim,_ ., m(r). The corresponding metric functions g,,

1.0
0.9f
0.8
0.7f=="""" 7
& L
P06 LY Yo = 0.40
- yp=025
0.5 - yp=0.18
0.4¢F Yo =0.12
- BH solution
0.3F
0 5 10 15 20 25
r/M
1.0
0.9¢
0.8 o=
. (4 SR
o -
06F"" fo =0.210
- f=0092
0.5¢ - fo =0.057
fo = 0.033
0.4t - BH solution
0.3 L L L L
0 5 10 15 20 25
r/M
FIG. 1.

and g,, (relevant for the analysis of shadows below) for
both classes of configurations are depicted in Fig. 1,
whereas the corresponding scalar and vector field distri-
butions are provided in Fig. 2.

The bosonic star configurations depicted in Tables I
and II are well described by analytical approximations of
their metric components of the form

= —expy b;|ex Lt bix + byx® 1
9 = P ! P b3 + b4x + b5X2 + b6x3 ’

(21)

and

= exp 4 a7 |ex L+ ax + 6y 1
Irr = EXP | 97 eXP az + agx + asx* + agx? ’

(22)

where x = pr is the normalized radial coordinate and the
parameters b; and a; (i =1,...,6) are constants to be
adjusted depending on the values of the boundary con-
ditions y, and f, for the scalar boson stars and Proca stars,
respectively. The values of the parameters a; and b; for each
of the four scalar boson star solutions are found in Table III,
and for the four Proca star solutions in Table I'V. With these

1.5
- yp=040
1.4¢ - Yo =0.25
-~ yp=0.18
13f Yo =0.12 ]
o BH solution
(o)
1.2} TN
1.1} )
1.0 :
0 5 10 15 20 25
r/M
1.40
1.35F - f=0210
- f5=0.092
1.30F -- fo = 0.057
1.25}F fo = 0.033
o BH solution
S 1.20f el
1.15¢ B
1.10f )
1.05¢F
1.00 !
0 5 10 15 20 25
r/ M

The metric functions —g,, (left) and g,, (right) for the scalar boson stars (top) {BS1, BS2, BS3, BS4} (blue, orange, violet, red)

in Table I, and for the Proca stars {PS1, PS2, PS3, PS4} (blue, orange, violet, red) in Table II, both as a function of the normalized radial
coordinate /M. The thin black line represents the Schwarzschild solution, i.e., —g,, = ¢! =1 —2M/r.
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Yo = 0.40
Yo =0.25
Yo =0.18
Yo =0.12

04r
0.3+
> 021
0.1
0-0 7\ L
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0.20
— f=0.210
- f=0.092
0.15 fo = 0.057
N -~ f=0.033
= 0.10
0.05
0.00
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0.004 ‘
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fo = 0.033
-0.15
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r/M

FIG. 2. Scalar field distribution y (top) and vector field distributions f (bottom left) and g (bottom right) for the scalar boson stars (top)
{BS1,BS2,BS3,BS4} (blue, orange, violet, red) in Table I, and for the Proca stars {PS1, PS2, PS3, PS4} (blue, orange, violet, red) in
Table II, both as a function of the normalized radial coordinate /M. The exponential decay at large radii confirm the localization of the fields.

choices for the parameters, the analytical expressions in
Egs. (21) and (22) describe the metric components ¢g,, and
g, of each of the eight solutions with errors always smaller
than 1% and average relative errors of the order of 0.1% in
the interval 0 < x < 50. For more information regarding
the relative errors, we refer the reader to the Appendix. The
choice of the boundary x = 50 corresponds to the numeri-
cal infinity considered in the shooting methods, but the
upper boundary provided for average relative fitting error is
conservative enough to remain valid even if one restricts the
analysis to the region where the fundamental fields are

localized. Furthermore, given the order of magnitude of the
fitting errors, we do not expect these to alter the results in
any noticeable qualitative way. This info will feed our
analysis of shadows of scalar boson and Proca stars, which
we tackle in the next section.

III. SHADOWS OF BOSON AND PROCA STARS

A. Null geodesic equations and effective potential

The motion of photons in a gravitational field is given by
GapXx? = 0, where in our case x¢ = (, 7,60, ¢) and dots

TABLE IIl.  Parameters a; and b; in Egs. (22) and (21) for the scalar boson star configurations detailed in Table I.
Boson star 70 a a, as ay as ag a;
BS1 0.40 -8.38 —1.77 6.08 —-0.204 1.32 0.0750 0.0536
BS2 0.25 -5.63 -0.797 6.59 —0.295 0.647 0.0244 0.0412
BS3 0.18 —4.55 —0.457 6.22 —-0.163 0.387 0.00991 0.0291
BS4 0.12 -3.78 —0.261 5.63 —0.0354 0.231 0.00378 0.0192
Boson star 70 b, b, by by bs be by
BS1 0.40 0.269 0.211 0.304 0.290 0.0250 0.209 1.19
BS2 0.25 0.107 0.0492 0.702 0.115 0.0729 0.0346 0.916
BS3 0.18 6.05 1.77 —0.0429 2.15 —-0.209 0.764 0.494
BS4 0.12 3.44 0.844 —0.0264 1.32 —0.0993 0.280 0.355
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TABLE IV. Parameters a; and b; in Egs. (22) and (21) for the Proca star configurations detailed in Table II.

Proca star fO a ay as ay ds dg as
PS1 0.210 -2.71 -1.40 144 —25.7 2.43 0.413 0.644
PS2 0.092 -1.09 —0.999 77.7 -10.9 0.935 0.0785 0.176
PS3 0.057 —1.03 0.384 67.9 —0.660 —0.958 0.138 -0.677
PS4 0.033 —1.48 1.00 422 -35.3 —0.103 0.199 —-0.378
Proca star fo bl bz b3 b4 bs b6 b7
PS1 0.210 5.75 1.10 —0.0429 2.15 —0.0625 0.484 0.827
PS2 0.092 233 3.06 —0.144 7.19 —-0.325 0.827 0.498
PS3 0.057 15.5 1.87 —0.104 5.23 —0.428 0.391 0.368
PS4 0.033 —-0.0103 0.00461 0.812 0.00440 0.00281 0.000799 0.361

represent derivatives with respect to the affine parameter A
along the geodesics. The static character and the spherical
symmetry of the system allows one to conveniently restrict
the analysis of the motion to the equatorial plane, § = 7/2,
without loss of generality, and defines two conserved
quantities: the energy per unit mass, E = —g, 7, and the

angular momentum per unit mass, L = r2<}§. Consequently,
the geodesic equation can be written in the familiar form of
an equation for the one-dimensional motion of a single
particle (rescaling the affine parameter as A - 1/L):

F=V(r), (23)
where the effective potential reads
ol g
V(r) = —gi' g7 (ﬁ + r_t2t> ) (24)

where we have defined the impact parameter as b = L/E.
A turning point happens when V(ry) = 0 for a given ry,
i.e., a photon approaching from asymptotic infinity reaches
a minimum distance r, from the compact object before
being scattered away back to asymptotic infinity. Moreover,
if such a point is located at the minimum of the potential,
V'(r,) =0,V"(r,) > 0, then the corresponding curve is
dubbed as the photon sphere, which corresponds to the
locus of light rays that asymptotically approach a bound
unstable orbit. When this happens, the associated critical
impact parameter, b, = ——= splits the space of rays

\V _gtt(rnz)’

emitted from a light source into two regions: those with
b > b, are scattered at r, (and can potentially reach the
observer), while those with b < b, will spiral down until
hitting the center of the object (or the event horizon in the
case of a black hole). Those lying at » Z b,. can turn several
times around the compact object, producing a characteristic
photon ring in the asymptote to b = b,., potentially nesting
within it an infinite sequence of stacked light rings depend-
ing on both the optical and geometrical assumptions on the
accretion flow [15]. Note that for a Schwarzschild black
hole, R = 2M, r,, = 3M, and b, = 3/3M.

The scalar boson {BS1,BS2,BS3,BS4} and Proca
{PS1,PS2,PS3,PS4} star configurations considered in

the previous section are not compact enough to hold a
photon sphere. This is inferred from the behavior of the
metric functions g, and g,, depicted in Fig. 1. When plugged
in the expression of the effective potential in Eq. (24) one
finds that no minimum is attained. Therefore, on the grounds
that boson and Proca stars considered in this work are not
capable of producing strong gravitational light deflection to
make light rays to wind around them more than one(-half)
times (see however [48]), in the optical appearance of the
object one should expect a single luminous ring made up of
those light rays with deflection angles smaller than z/2, and
enclosing a central brightness depression (the shadow).

B. Disk’s emission properties

In order to verify these expectations we consider an
infinitesimally thin accretion disk which emits monochro-
matically and isotropically with zero absorption [49].
Hence, it is described by a single luminosity function given
by (in the frame of the emitter) I; = I(r), where v, is the
frequency of the emitted radiation.! For the sake of this
work, we shall assume the effective source of emission to be
located from the inner edge of the disk (peaking its
maximum value there) outwards, and furthermore place
such an edge at three relevant surfaces given by those of the
Schwarzschild black hole to facilitate the comparison of
images with the expectations of GR black holes.” Such
surfaces are the innermost stable circular orbit (ISCO) for

"This is admittedly yet another simplification of our analysis in
that we are considering a single emission frequency rather than a
single detection one, as the latest EHT observations do at the
1.3 mm wavelength [5]. To facilitate comparison with those
observations, one should filter out the set of observed frequencies
vo(b) within the detector’s range, an aspect to be implemented in
future upgrades of our work.

In doing so we are implicitly neglecting any contributions of
the backreaction of the (scalar and vector) fields making up the
star with the disk’s material, since the latter penetrates the inner
region to the former. Incorporating such a feature goes well
beyond the simplified analytical modeling considered here. More
information on the effects of heavy accretion disks can be found
in Ref. [50].
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time-like observers, r;;., = 6M, the photon sphere, r,, =3M,
and the event horizon, r,, = 2M. Specifically, we consider
two models for the ISCO, and one for each of the other two
surfaces. Arguably such truncated models for the emission
of the disk lack a solid physical justification (particularly
given the fact that boson stars do not feature event horizons),
but act instead as a proxy for quantifying the differences
between black hole and bosonic star images. On the other
hand, it is clear that if the accretion disk is truncated at some
finite radius, there will be a dark region in the center of the
observer’s screen caused not by the properties of the back-
ground space-time but by the disk model itself. The
truncated disk models should therefore only be taken into
consideration to compare the lensing in the outer regions of
the observer’s screen, and not to draw conclusions about the
properties of the shadow itself. In the latest part of our
analysis, and to correct this issue, we consider an extra disk
model where the disk extends all the way down to the center
of the star, » = 0. Note that, besides the location of the finite
radius of the disk at which the emission is truncated, these
models are customized in order to have different decays with
the radial distance, so as to investigate how the luminosity
provided by the disk is distributed around the star.

Specifically, these four plus one models are given (in
units of M), respectively, by

41 h _
et = (6)' LE )
r 2
1 if r>6
Iisco2(r) = { (r—5)2 . (26)
0 if r<6
—L_ ifr>3
1) = {7 1)
0 if r<3
7/2—tan(r->5) if r>2
Ieh(r) _ { 7/2—tan(=3) 1 r> (28)
0 if r<?2
I.(r) = e "%, (29)

These choices are admittedly somewhat ad hoc, yet they are
qualitative similar to those employed by other works in the
subject, see, e.g., [15,51-54]. These five profiles are
depicted in Fig. 3 where, in addition to the surface at
which the emission is started, differences in the slope of its
decay are also clear. We point out that both aspects have a
critical impact on the image of all the boson stars, as we
shall see in what follows. Now, in the frame of the observer
the effect of gravitational redshift displaces the emitted
frequency to v, = gtl/ 2(r)ue and the associated specific
intensity to I = (v,/v,)*I¢,, which results in a scaling of
the total luminosity received at the observer’s screen given
by [15]

1 .0 kl - :. '\ ; T T T T T T T T T T T T T T T T T T T 'A
N N ~ 1scol
i I - Iscoll
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FIG. 3. The intensity in the emitter’s frame, /(r), as a function

of the normalized radius, r/M, for the five emission profiles in
Egs. (25)—(29). These profiles are labeled by the radius at which
the emission starts, taken by convenience to coincide with their
Schwarzschild values: the ISCO radius /M = 6 (two models),
the photon ring, r/M = 3, and the event horizon, r/M = 2,
alongside with a complementary model for which emission starts
at the center of the star, »r = 0, and are customized to have
different decays with r/M.

1= / 19, duy = / G dvy = (VIR (30)

which is the main formula for our interest.

To produce the shadow images, we implement a
Mathematica-based ray-tracing code to backward integrate
the geodesic equation in Eq. (23), suitably rewritten as

@_iﬁ \/_gttgrr (31)
dr r2\/7b2
1+%

(where F for ingoing and outgoing geodesics, respectively)
from the screen of the observer toward the source of emission,
and corresponding to a geodesic congruence covering a
relevant region of the impact parameter space, b € (0, 10).

C. Shadows of Schwarzschild black holes

For the sake of comparison with the Schwarzschild
images, we can recall their main features. In such a case,
the fact that a critical curve is present allows light rays to turn
several times around the Schwarzschild black hole. If the disk
is optically thin and its geometry is spherically symmetric,
then a thin ring appears on top of the direct emission of the
disk, converging to the location of the critical curve itself and
bounding the central dark region (the shadow [3]). However,
if the disk is geometrically thin or even thick [16], then this
“photon ring” is instead broken in an infinite sequence of
self-similar rings with exponentially decreasing contribu-
tions to the total luminosity of the black hole, in such that the
location of the limit of the sequence can penetrate inside the
critical curve provided that the emission profile is also inside
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it [in our case this would corresponding to the choices (28)
and (29)]. Nonetheless, the presence of a horizon entails that
the sequence of such rings cannot converge below a mini-
mum radius dubbed as the inner shadow of the black hole
[55]. The exact details regarding the location and luminosity
of such rings depend on the emission properties of the disk
which, therefore, conveys a great deal of degeneracy regard-
ing the astrophysical unknowns on the properties of the disk.
For the four models of emission given by Egs. (25), (26),
(27), and (28) [we leave outside model (29) since in this case
we have an event horizon] we depict in Fig. 4 the corre-
sponding images of Schwarzschild black holes. We see in
them that the subring structure and the presence of a (inner)
shadow are universal predictions of this setting, though the
former can only be seen (at least the first subring beyond the
direct emission) in those emission models with a truncated
inner edge of the disk far away enough from the horizon [that
is, models (25) and (26)]: otherwise, the subring structure is
overlapped with the main direct emission [models (27) and
(28)] and can hardly be seen.

D. Shadows of boson and Proca stars
When considering the results of our simulations for

boson and Proca stars, we observe that the gravitational
light bending is smaller as we move through the sequence

10

0.3

0.2

(0]

-10
-10

-5 0 5

10

of solutions {BS1,BS2,BS3,BS4} and {PS1,PS2,PS3,
PS4}, respectively, and stronger in the scalar case than in
the vector one, which is in agreement with previous
observations made in Ref. [48]. After the ray-tracing is
performed, a shadow-producer code feeds this information
into the luminosity given by Eqgs. (25) to (29) to color scalar
boson and Proca stars, bearing in mind the gravitational
redshift effect of Eq. (30). The resultant shadow images
for scalar boson stars are provided in Fig. 5 using the
samples {BS1,BS2,BS3,BS4}, whereas for Proca stars
are given in Fig. 6 using the samples {PS1, PS2, PS3, PS4},
respectively.

Several features are noticeable from these plots. We first
verify the existence of a single luminous ring enclosing the
central brightness depression for the four emission models
truncated at the Schwarzschild relevant surfaces, in agree-
ment with our expectations from the absence of a critical
curve in these configurations. This implies that those
higher-order rings associated to light trajectories winding
several times around the compact object when a photon
sphere is present (as discussed above), are absent in shadow
images of the scalar boson and Proca stars considered here,
which we remark arise as static and spherically symmetric
solutions, which are stable against linear perturbations, and
without higher-order self-interaction terms. It is important
to note, however, these conclusions might change if any of

10
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-10
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FIG. 4. The shadows of Schwarzschild black hole using the four accretion models (from left to right and top to bottom) given by
Egs. (25), (26), (27), and (28) whose effective maximum source of emission is located at the Schwarzschild values for the ISCO, r = 6M
(first two models), photon sphere, » = 3M, and at the event horizon radius, r = 2M. Model (29) does not apply here given the presence

of an event horizon.
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FIG.5. The shadows of the boson star configurations (from left to right) {BS1, BS2, BS3, BS4} using the five accretion models (from
top to bottom) given by Egs. (25), (26), (27), (28), and (29), whose effective maximum source of emission is located at the
Schwarzschild values for the ISCO, r = 6M (first two models), photon sphere, r = 3M, event horizon radius, » = 2M, and at the center

of the object, r = 0, respectively.

these assumptions is dropped, since in such a case one
could find solutions for ultracompact bosonic stars with
light rings, which have recently been shown to be poten-
tially affected by instabilities [56]. In any case, for the

present solutions without light rings only the direct
emission is present, the location of the effective maximum
of emission in the luminosity models employed here, after
accounting for the gravitational redshift, determines the
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FIG. 6. The shadows of the Proca star configurations (from left to right) {PS1, PS2, PS3, PS4} using the four accretion models (from top to
bottom) given by Egs. (25), (26), (27), (28) and (29), whose effective maximum source of emission is located at the Schwarzschild values for
the ISCO, r = 6M (first two models), photon sphere, r = 3M, event horizon radius, r = 2M, and at center of the object, » = 0, respectively.

size of the shadow of these objects. This is somewhat a  allow to pierce further into the impact parameter region
different situation as in the Schwarzschild black hole, [55]. Therefore, the size of the shadow in scalar boson and
where the presence of the additional emissions associated  Proca stars is comparatively larger than in their same-mass
to higher-order light trajectories (in optically thin scenarios) ~ Schwarzschild solution counterpart for the same emission
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model, which in combination with the slope of its decay it
governs the optical appearance of the object in terms of the
width and luminosity distribution of the bright ring
enclosing it. In this sense, it is worth pointing out that
the choice of the metric functions for the bosonic star
configurations, within the samples above, has a minor
influence in the spacial distribution of the luminosity of the
ring. Indeed, the differences for the first two disk models
(25) and (26) are only perceivable through a change in the
color scales of the figures, while for the third disk model
(27) are completely imperceptible. For the fourth model
(28), these differences between the observations of different
samples of boson/Proca stars become more evident, espe-
cially for the most compact configurations. Note also that
for the models in Eqs. (27) and (28) the only qualitative
difference between the images obtained for the black hole
case and the bosonic star cases is the existence of the ring
structure in the former (recall Fig. 4). If not for this feature,
the intensity of the main direct-emission structure is
qualitatively and quantitatively similar (see the scales of
these figures), suggesting that these configurations would
be indistinguishable if the experiments are not precise
enough to detect the ring structure. Therefore, given the
large uncertainties in the emission properties of accretion
disks, it is unclear whether images of Proca/boson stars
might be mistaken with those of Schwarzschild black holes
in emission models where the inner shadow is not vanish-
ing and the sequence of light rings may be hidden in the
direct emission, thus being hard to observe.

Things change moderately in the fifth emission model
(29). In the Schwarzschild black hole images, the minimum
size of the central brightness depression that can be
achieved corresponds to an accretion disk model in which
the emission extends all the way down to the horizon,
yielding the inner shadow [55]. For the boson scalar and
Proca stars considered here, the absence of an event horizon
allows for the possibility of extending the inner edge of the
disk further, even up to the center of the object itself, as
given by the model in Eq. (29). Interestingly, for the
configurations BS1, BS2 and PS1, one verifies that, even
though the emission attains a maximum at r =0, the
observed image features a dimming of luminosity near
the center. In particular, for the BS1 configuration, the
observed image in this situation resembles qualitatively the
image produced by a disk with a peak of emission at
r=2M. This effect is progressively dimmer as one
decreases the compactness of the boson stars, eventually
producing images resembling a single luminosity bubble.
This result indicates that, even if the emission of the disk is
not truncated at some finite radius, horizonless objects
without light rings can also produce observable images
which are qualitatively similar to those created by the direct
emission in conventional black hole shadows if they are
compact enough. This result contrasts with Refs. [31] and
[43], in the sense that in the first of these references the

dimming of the luminosity is caused by a decrease in the
emission due to a decreasing orbital angular velocity as one
approaches the center of the bosonic star, and in the second
of these references the accretion disk was truncated at a
finite radius, similarly to the first four accretion disk models
considered in this work. This way, even if the emission
extends all the way down to the center of the bosonic star, a
dimming caused by the gravitational redshift would still be
observed if the bosonic star is compact enough.

The bottom line of this discussion is that the image of a
bosonic star configuration, viewed in face-on orientation, is
largely dominated by the emission properties (location of its
peak and slope of the decay) of the accretion disk, with the
shape of the background geometry playing a secondary role,
the exception being the case for which the emission peaks at
the center of the object since in such a case the brightness
of the central bubble moderately changes from one back-
ground geometry to another. In this sense, a combination of
the closeness of the inner edge of the disk to the center of the
solution combined with a smoother decay of the emission
yields a more diluted luminosity in the impact parameter
space. Therefore, the chances to confirm the existence of any
such objects relies not only on an accurate understanding of
the astrophysics of the former in order to produce images of
the latter that can be compared to observations, but also in an
upgrade of the current facilities to observe diluted luminos-
ities associated to the potential existence of light rings (and to
eventually discard such an existence).

IV. CONCLUSION

In this work we have studied the optical appearance of
bosonic stars, i.e., self-gravitating configurations of scalar
and vector (Proca) fields. Specifically, we analyzed static
and spherically symmetric solutions for bosonic stars with-
out higher-order self interactions and stable against linear
perturbations. Within these assumptions, the solutions
obtained are not compact enough to hold a photon sphere,
that is, an unstable critical orbit to which light rays can
asymptotically approach. Consequently, the shadow cast by
these objects is quite different from the one of a black hole:
while in the latter and depending on the optical properties of
the accretion disk one can find a subring structure formed by
those light rays that have winded several times around the
black hole, nested in the direct emission, and converging to
the critical curve (in spherically symmetric scenarios) or
penetrating inside it up to the inner shadow (in geometrically
thin scenarios), in the former only the direct emission is
available to color the boson star.

We have considered four plus four samples of spherically
symmetric scalar and vector boson star configurations,
respectively, which correspond to an analytical fitting for
the metric components of a numerical integration of the field
equations, featuring average relative errors of the order of
~0.1% in the relevant range of the radial coordinate. Next we
have considered an infinitely thin accretion disk emitting
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monochromatically from the finite radius at which the
emission is truncated outwards, and considered five different
emission profiles with different locations for this radius
where the luminosity takes its maximum value, and different
decay slopes with the distance. The results of our simulations
for all the combinations between the background geometries
and the accretion disk models are in agreement with the
expectations based on the absence of a photon sphere: a
single bright ring enclosing the central blackness depression
(the shadow) of the object. For the face-on observations
considered, the size of this shadow, as well as the luminosity
and depth of the bright region, are heavily influenced by both
the location of the truncated finite radius and the decay of the
emission with the distance, while the choice of the sample for
the bosonic star configuration has a sub-dominant influence.
Nonetheless, these degenerated observations could become
distinguishable for an inclined (as opposed to face-on)
observation [43], a topic we are currently addressing and
hope to report in the future.

In addition, we have verified that if one models an
accretion disk extending close enough to the center of the
object such that it features an emission profile peaking at
the origin, the background configuration starts to have a
non-negligible impact on the produced image. In particular,
for the most compact configurations, i.e., BS1, BS2 and
PS1, one clearly observes a dimming of the luminosity
close to the center of the image, that for the most compact
model (BS1) has strong resemblances with a conventional
black hole shadow created by its direct emission alone (i.e.,
without the light rings structure). This effect is progres-
sively diminished by a decrease in the compactness of the
configuration considered, eventually leading to images
featuring a single bubble of luminosity at the center.
This result is of major importance as it shows that
horizonless compact objects without a photon sphere are
able to produce shadowlike observable images without
having to truncate the emission profile at some finite radius,
and thus some of these boson stars could be potentially
consistent with current and future observations. It is
important to note, however, that in our analysis we have
neglected the backreaction of the disk’s material in the
background space-time. Indeed, if matter is being contin-
uously accreted by the bosonic star, one would expect that it
will pile up at the center of the star, therefore overruling the
backreaction hypothesis and potentially inducing instabil-
ities on the solutions. An upgrade of our work should
therefore incorporate this aspect into the very structure of
the boson stars background solutions.

To conclude, the EHT observations of a bright unre-
solved ring of radiation, while being compatible with our
rough expectations of a compact object illuminated by its
accretion disk, do not allow to safely conclude the nature
of the shadow caster yet, still being potentially compat-
ible with a myriad of possibilities. Nonetheless, with the
fast progress of the capabilities of very long baseline

interferometry, the chances to search for the intimacy of
the ring structure in shadow observations are promising
[57]. Whether one would find the expected subring
structure foreseen by the Kerr solution, additional light
rings associated to more than a single critical curves in
black hole/wormhole scenarios, or will just confirm the
main ring associated to the direct emission (and nothing
else) ascribed to solutions without any critical curve such as
the bosonic stars studied in this work, remains to be seen.
Therefore, we are at the stage in which we could be able to
either further strengthen the position of the Kerr solution as
the sole actor of the cosmic ultracompact cast or to extend
the number of viable alternatives for that purpose. To this
end, we are currently working on upgrading our shadow
images to account for arbitrary inclinations with respect to
the observer’s line of sight and, at the same time, on
verifying the viability of these same bosonic star samples in
the context of orbital motion near the galactic center.
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APPENDIX: RELATIVE ERRORS OF
NUMERICAL INTEGRATIONS

In Sec. IIC we have introduced eight bosonic star
configurations, described by the parameters appearing in
Tables I and II. These numerical solutions were then
approximated by the analytical fits for the metric compo-
nents g,; and g, given in Egs. (21) and (22). Let us define the
relative error v, for the metric component g, describing
either g,, or g,,, as

um fit
x o~ Yxx

num

, Al
gxx ( )

Vg
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where gi4™ corresponds to the numerical solution obtained
via the shooting method and ¢/ the analytical fit to the same
metric component. In the panels of Fig. 7, we provide the

bosonic star configurations considered. These relative errors
are shown to be always smaller than 1%, with their average
in the range of the radial coordinate 0 < x < 50 of the order

plots for the relative errors on both g,, and g,, for all the  of 0.01%.
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FIG.7. Relative errors v, for the eight bosonic star configurations considered in Sec. II C. All relative errors are always smaller than

1%, with average relative errors in the region 0 < x < 50 of the order of 0.1%.
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