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1. Introduction

In [10], the second author proved (in an implicit way, made explicit by the first author
in [1]) that the vanishing of the hyperdeterminant of a hypermatrix of size n x (9. x n
belonging to (the direct sum of) all but two of its possible symmetries. This implies that
the hypersurface defined by the hyperdeterminant contains a linear subspace of very
large dimension.

In this paper, we improve that result including a subspace of one of the remaining
two symmetries. The motivation is that, for matrices of size n X n, in which the only two
types of symmetry are symmetric matrices and skew symmetric matrices, we still have the
vanishing of the determinant of skew-symmetric matrices when n is odd. Hence one still
could expect that hypermatrices in one of the two remaining symmetries could still have
hyperdeterminant equal to zero. Namely, we could expect that, at least under certain
condition on n, those hypermatrices that are multiplied by primitive d-root of unity when
moved by a d-cycle (in a sense that we will explain) should still have hyperdeterminant
equal to zero. This will be the case, although the proof will not be as simple as in the
case d = 2, but a posteriori this will show that, for d > 2 we will not need any condition
on n.

The structure of the paper is as follows. In a section of preliminaries we will recall the
precise notion of symmetries of functions in d variables using representation theory of the
symmetric group Sy and we will also recall the main properties of the hyperdeterminant.
In the last section, we will prove the main results of the paper. It is striking to observe
that, for the proof of our main result we will need to use again algebraic geometry, by
interpreting our problem as the existence of a section of a twist of the cotangent bundle
of the projective space with no zeroes.

Acknowledgments. We thank Giorgio Ottaviani for his useful comments that improved
the presentation of the article and led to Remark 3.11, among other enhancements.
Funding for open access charge: Universidad de Malaga / CBUA.

2. Preliminaries

Symmetries of functions. Assume that X is a set and K is a field. It is a standard fact
that any F': X x X — K can be decomposed into a symmetric and a skew-symmetric
part as

F(m?y)+F(y7$) + F(l‘,y)—F(y,CL‘)

(observe that we need the characteristic of K to be different from two). In general, in order
to have a decomposition of a function in d variables as a sum of functions with different
types of symmetry, one must use representation theory of the symmetric group Sy. Our
standard reference for representation theory on Sy will be [2], where the author assumes
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K = C. For an arbitrary field, one could follow [4] (for generalities of representation
theory) or [1] (for the concrete case we are dealing with, from where we conclude that
the theory will work when the characteristic of K does not divide |Sy| = d!, which we
will assume throughout the paper.

To fix our set-up, we first observe that the symmetric group Sy acts naturally
on the vector space KX*--*X of functions of d-variables X x (Y x X — K as fol-
lows, (0F)(x1,...,%4) = F(z,1),...,%o@)) for any o € Sy and F € KX*-xX,
We could restrict our attention to the action of Sy on invariant vector subspaces
CHX,K) C KX*--*X_ In fact, we are interested in the case where X is a vector space
Vand CHV,K) =V*®@ D@ V*={F:V x ¥ x V - K multilinear form}.

We can naturally extend the action of Sy to an action of the group algebra K[S,;] on
CUX,K):

(Z /\UO'F)(QL‘l,...,l‘d) = Z )\UF(xU(l),...,xa(d))

o€Sy o€Sq

for any F' € C%(X,K). An example of this action is given by the aforementioned decom-
position for d = 2:

p_ D02, ()-(2),
2 2

where (1) denotes the identity permutation. For a general d, there are as many types of
symmetries as irreducible representations of Sy. Recall that every irreducible represen-
tation of Sy is obtained from a partition A of d and it is called V.

In general, following the notation of [1, Theorem 4.5], one has the decomposition of
C%(X,K) into different types of symmetry as follows:

CY(X,K) = @ Wa(X,K)
A

in which each W (X,K) is the sum (possibly infinite) of V). In the specific case we are
interested in, we have the following decomposition

CUV,K) =V @ DoV =@ Wi(V,K)
A

where Wy (V,K) := (SxV)¥™(A) and S,V is the so-called Schur functor of V (see [2,
Lecture 6], which is also a direct sum of the irreducible representation V).

Remark 2.1. Recall that if A\ = (d) then W, (X,K) is the set of symmetric functions
and if A\ = (1,...,1) then Wy 1)(X,K) is the set of skew-symmetric functions. The
case we are going to study most closely is when A = (d — 1,1) for which V(4_; 1) is the
so-called standard representation. It is not straightforward to give the equations of each
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type of symmetry (see, for example [6], [7] and [1, Section 4]). For instance, being in
the complementary of the symmetric case, that is F' € ©xxq)Wa(V,K), is given by a
concrete equation, namely F(v,...,v) = 0 for any v € V (see [10, Lemma 3.2] or [,
Lemma 4.7] for further details), which will be used in the proof of Theorem 3.8.

Observe that the vector space of multilinear forms F : V x (9 x V — K, where V is a
vector space with basis {v1,...,v,}, is isomorphic to the vector space of hypermatrices
A = (ay,..i,) of size n x @) x n by taking F(viyy--.,05,) =t aiy..i,- S0, one can talk
about either symmetries of multilinear forms or symmetries of hypermatrices.

Features of hyperdeterminants. There exists the notion of hyperdeterminant of a
general hypermatrix (see [3, Chapter 14]), which is equivalent to the notion of hyper-

determinant of a multilinear form F : Vi x ... x V; — K for different vector spaces
Vi,...,Vyq. Nevertheless, since we are dealing with symmetries, we focus in the case
Vi = ... = Vg3 = V. In that event, we recall that the hyperdeterminant of F is a

form Det : V* @ (D @ V* — K (whose degree is not specially easy to compute) with
the important property that Det(F) = 0 if and only if there exist vq,...,v4 € V such
that F(vy,...,v4-1,V) = F(v1,...,V,vq) = ... = F(V,va,...,v4) = 0. In particular,
Det(F') = 0 if there exists v € V such that:

F(u,...,0,V)=...=F(v,...,0,V,v) = F(V,v,...,v) =0. (%)

Remark 2.2.In [10, Main Theorem| it was proven that if F € W) (V,K), for all
A # (d),(d — 1,1), then condition (x) is satisfied for all v € V. Hence, condition (*)
is also satisfied for (v, F) when F' € @, .4 (4—1,1) WA(V.K) and all v € V, implying
that Det(F) = 0 (see [1, Proposition 4.8] for an alternative proof). Observe that this
result does not give any information when d = 2 since we only have W, (V,K) and
W,1y(V,K). Nevertheless, it is known that the determinant of antisymmetric matrices
(which correspond to F' € W(; 1)(V,K)) of odd order is always zero. This fact leads us to
expect that the hyperdeterminant will cancel out in more pieces than the ones that has
already been shown. We will see in Theorem 3.8 that these new pieces will live inside
Wa—1,1)(V,K).

3. Main results

In order to generalize the notion of skew-symmetric matrices glimpsed in the previous
remark, we need K to have a primitive d*"-root of unity, and we call it w. So, from now
on, we assume that K contains a primitive d*P-root of unity. We start with some remarks
and lemmas that will be used to prove the decomposition of W(d,l)l)(V, K) given in
Proposition 3.5 and Theorem 3.8.
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Remark 3.1. Consider » € N and w a primitive n*"-root of unity. This implies that

w'=1and 1 +w+w?+...+w"” ! =0. Observe that, for each i € N,1 < i < d, one
has the following equality:

0=w"—1= (wni . 1)((&]7”)”71 + (wni)me 4L+ (wnl) + 1)

where n; is the greatest common divisor of n and ¢ and r; satisfies that n = n;r;. Since
w is primitive, w™ — 1 # 0 so (W™)" 7 4 (W) 72 4w +1=0.

Lemma 3.2. Let w be a primitive d™-root of unity. Then Zz;i(wk)i = —1 for alli €
{1,...,d—1}.

Proof. Applying Remark 3.1 and replacing n with id, n; with ¢ and r; with d we obtain
what we want since

d—1 d—1 d—1
0=w)-1= -1 W) +1) =@ -DO_ W) +1)=> (W) +1=0.
k=1 k=1 k=1

Lemma 3.3. If F € Wy_1,1)(V,K), 0 is a d-cycle of Sq and consider v = (1) + 0 + 0* +
.+ 0%t then yF = 0.

Proof. Since W(d71,1)(V, K) = ®V(a—1,1), it is enough to prove that 7 acts as zero on
each V(4_1 1). Recall that V4_; 1) can be identified with the hyperplane {(x1,...,24) €
K%: 1 + ... + 24 = 0} and the action of ¢ € Sq on each (z1,...,24) € Via_1,1)
works as o(x1,...,%4) = (To(1)s- - To(a)). S0, Y(T1,...,7a) = (T1,%2,...,24) +
(.Tg(l),xo.(g), . ,xa(d)) + ...+ (.’Ea.d—l(l),l'gd—l(z), R ,xgd—l(d)) = (0,...,0) as we
wanted. O

Remark 3.4. In [7] are (originally) given the equations that describe each F' € Wy (V, K).
The previous lemma adds one additional equation that satisfies F' € W1 1)(V,K).
When d = 3, this new equation is the only equation that describes W5 1)(V,K), that is,
F € W(2,1)(V,K) if and only if F'+ (123)F + (132)F = 0.

Proposition 3.5. There is a decomposition Wq_11)(V,K) = @?:_11 I/V(id_1 1)(V, K), where
W(Ififl,l)(‘/’K) ={F € Wu_1h(V.K)|oF = WEFY with k € {1,...,d — 1}, w is a
primitive A" -root of unity, o is a d-cycle and d > 2.

Proof. First, we prove that F' € W3_1,1)(V,K) can be decomposed as F' = Hy + ...+
Hgy 1. So, consider F' € W4_1,1)(V,K) and the following sum

F+woF +w?e?F + ... +wile?lF
d
n F+w?0F + (w)20%F + ...+ (w4 1o?lF
d

_|_

+
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F+woF + (w*)20%F + ...+ (w*)4 1e? IR
+ d + ...+
n F+wloF + (w1202 F + ...+ (w14 1o F
y =
_§F+M%F+(w 202F 4 ... (Wk)d- 1t 1R
k=1 d

By grouping in the terms F,oF,0%F,...,0% 'F we have

d—1 d—1 d—1
a Wk k)2 (wkya-1
) P+ 0 +otY o',
k=1 k=1 k=1
By Lemma 3.2 we have that
d—1 d—1 d—1
Zwk -1, z:(o.)k)2 =-1,..., Z(wk)d_l =-1
k=1 k=1 k=1
So, the above sum is as follows,
(d—1)F —oF —c*F —...— 0% 'F _F
y =
which is equal to F' since F = —6F—0%F—...—0% 'F by Lemma 3.3. For k = 1, ..

we denote:

F+wroF + (Wh)202F + ... + (WF)4 1ol
Hd—k = d =

_ Wttt @ +.. 4 (W) le!
- - .

L d—1,

So that, the sum in (1) leads to F' = Hg_1 + ...+ Hy. Moreover, Hq_j € Wg_1,1)(V,K)

forall k=1,...,d— 1 since Lot e rt@hT o™ ¢ (g )

Now, we prove that each Hy_j, € W(dd kl 1)(V,]K) fork=1,...,d—1,thatis,cHy_ =

wi=FHy y for all k € {1,...,d — 1}. On the one hand,

oHg_ 1, =

d
oF +wko?F + w63 F + ...+ w 2kgd-1F L wFF
y )

On the other hand,

Wl FH, =

oF +wka?F + (W*)20PF + ... + (WF)4 2007 F + (WF)I- LR B
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B wdko+wd7kka_F+wd7k(wk)20_2F+' ) '+wd7k(wk)d72o_d72F + wdfkr(wk)dflo_dle
d
WP 4+ oF +wko?F + ...+ w3kgd2F 4 —2kgd-1p
7 .

One can check that both expressions coincide, just as we wanted.

Finally, we are left to prove that the sum of W(ld—m)(vv K),...,W&f_llyl)(‘/, K) is
direct. In order to prove it, we show that
d—1
W(del,l)(V’K) m( Z W(’fiq;)(VaK)) =0
ki, k=1
for all ¢ = 1,...,d — 1. We use induction reasoning on the number n of sum-

mands. For n = 0 we have trivially that W("d_1 H(V,K) N (0) = 0. We assume
that W("d_11 ﬂ(ZZ" W d 1y(V.K)) = 0 with ¢ ¢ {i1,...,in—1} and we prove
WiV K)ﬂ(zk i“ (d 1y(V.K)) = 0 with ¢ ¢ {i1,...,in}. Suppose that G €
Wigo1,y(V.K) and G € 370, Wiy 4 (V. K). So,

G=H;, +...+H,;, (2)

with H;, € W' (V,K) for k =1,...,n. Therefore,

(d—1,1)

oG=0H; +...+0H,

and applying the definition of W(’il_l 1)(V, K) we obtain
wiG = wilHil +...+ wi"Hin. (3)
We subtract (3) from (2) multiply by wi", obtaining as a result the following,

(W' —w)G = (W' — W) Hy, + ... + (W' — w=1)H;

tn—1"

This implies that (w'» — w")G € W(d 1y (Vs K)ﬂ(Z;” iy W(’fiil’l)(v, K)) = 0, so that
G =0 since wi» —w? #£0. O

Remark 3.6. Observe that we also have the decomposition W(d,lyl)(X,K) =
@f;ll W(idf1,1)(X»K) for a general set X.

d
Proposition 3.7. Let K be an algebraically closed field and F: V x ‘. x V = K be a
multilinear form with d > 3 and satisfying F(v,...,v) = 0 for all v € V. There exists
u € V\ {0} such that F(u,...,u,V)=0.
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Proof. Let {v1,...,v,} be a basis of V. We need to find v = °7_, Ajv; such that, for
t=1,...,n

G(/\l,..., Z/\ U],...,iAj’Uj,’Ui):O
j=1

We are thus looking for non-trivial common solutions of the polynomials Gy,...G, €
K[A1,- .., An]a—1, and we will interpret this as finding a point in P™~! in the intersection
of the corresponding n hypersurfaces. Observe that there is a relation

n

> NGy A Zml,‘.wixivi):o
=1

i=1

This means that the morphism Opn-1 — Opn-1(d — 1)" given by G4i,...,G, is zero
when composed with the morphism Opn-1(d — 1)" — Opn-1(d)™ provided by the Euler
exact sequence. In other words, we have a factorization

ﬁIPn 1

Q]P’n 1

N 5

ﬁpn 1

Opnos(d)

showing that the original morphism Opn-1 — Opn-1(d — 1)™ is injective if and only if
Opn—1 — Qpn-1(d) is injective. But this cannot be injective because, as it is well known
(see also Remark 3.10), ¢,—1(2pn-1(d)) > 0 when d > 3. This completes the proof. O

Theorem 3.8. Let V be a wvector space over a field K and fix d > 3. Suppose that the
characteristic of K does not divide d! and that K contains a primitive d*-root of unity, w
IF € (@ say.a-1. WAVK) ) @W(,_y 1) (V.K) fori=1,....d=1, then Det(F) = 0.

Proof. Let us denote by K the algebraic closure of K, by V the completion of V, that is,
V = V®K, and by F the extension of F € (@A;ﬁ(d),(dfl,l) Wi(V, K)) EBW("del)(V, K).
If we see F and F as hypermatrices, they are completely the same. So, if we prove
that Det(F) = 0 we are done. By hypothesis, F' € Dsa), -1, WA(V,K)) ®
IiV(id_Ll)(‘_/, K) and we can (ilecompose it as ' = F'+F" with F' € Dsa), -1, WA(X:/,
K) and F" € W(idfl,l)(V,K). On the one hand, since F’(v,...,v) = 0 for all v € V,
by Proposition 3.7, there exists u € V '\ {0} such that F"(u,...,u,V) = 0. Moreover,
since F" € W(id7171)(f/,K), by Proposition 3.5, we know that oF” = w?'F" where
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o is a d-cycle and w. So, F" satisfies condition () for u. On the other hand, by Re-
mark 2.2, F’ satisfies condition () for all v € V. In particular, F’ satisfies condition (%)
for u € V'\ {0}. Therefore, F satisfies condition () for such u. So, Det(F) =0. O

Remark 3.9. Let us recall that for the symmetric case, F' € W) (V, K), L. Oed-
ing described in [8] all the irreducible factors of Det(F). Note now that if F €
Wia—1,1)(V;K) then Det(F) is also not necessarily zero. For example, if n = 2 and
d = 3 we have the explicit formula of the hyperdeterminant (see [3, Proposition
1.7, Chapter 14] for the original outcome and [9, Example 5.6] for the reformula-
tion we use). So, consider the multilinear map F: K? x K? x K? — K given by

F((z1,y1), (22,92), (r3,93)) = T122ys — T1y223 + Y1Y223 — T1Y2y3 whose associated
multidimensional matrix is A = (aijk) with 4,5,k = 1,2 and ai;11 = 0,a000 =
0,a112 = 1,a211 = 0,@121 = —l,aggl = 1,a122 = —1,@212 = 0. Observe that

F € Wi 1y (K%, K) since F 4 (123)F 4 (132)F = 0, that is, F((x1,91), (22, y2), (3, ¥3)) +
F((z2,92), (x3,93), (x1,91)) + F((x3,93), (x1,91), (22,2)) = 0. Its hyperdeterminant is:

2
Det(F) = G111 G122 ai21 G112 _ 4|01 auz2| |ai21 G122 _
a211 Q222 a221 G212 az11 Q212 @221 (222
2
0 -1 -1 1 0 1] |-1 -1
S K A i R

Remark 3.10. If we allow d = 2 in the proof of Proposition 3.7, we have that
Cn—1(Qpn-1(2)) = 1 if n is odd even and ¢,_1(Q2pn-1(2)) = 0 if n is even, so that
in this last case we can have an injective morphism. This corresponds to the fact that,
for n x n matrices, the determinant is always zero if n is odd but can be nonzero if n
is even. It is worth to notice that we could have rephrased everything in the language
of distributions. Indeed giving polynomials Gy, ...,G,, as in our proof is equivalent to
give a distribution of degree d — 2 in P" 71, i.e. a section of Qpn-1(d). And a well-known
result in this language (see for example [5, Proposition 2.1]) states that a distribution
of degree d — 2 in P™~! has singular locus except possibly when d = 2 and n even. It is
worth to mention that

HO(Qpn1(d)) = S(a—1,1)H(Opn-1(1)),

and this is isomorphic to any of the spaces W(id_1 1)(X ,K). In fact, and more generally,
from Bott’s formula we have an isomorphism

H (-1 (d)) = Sg—p,1,...0) H (Opn-1(1)).

This can be obtained directly by induction on p (the case p = 0 being trivial) and using
the exact sequence

p+1
0= H(QB, () = N\ H(Opn1(1)) ® H(Gpn-s(d —p— 1)) — HOQ L (d) = 0
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(taking cohomology in the short exact sequences of the long Euler exact sequence).

Remark 3.11. From the above remark we easily get the known result that H%(Qpn-1(d))
has dimension equal to (d — 1) (”+§_2) so that this is also the dimension of any
dimW(id_1 1)(V,K). In particular, our Theorem 3.8 is saying that, inside the nf-

dimensional space V*® (Y. @V *, the hypersurface determined by Det contains d—1 linear
subspaces of codimension ("+fil_1) +(d-2)(d-1) ("+§_2). They meet in the common
subspace of codimension ("+g_1) + (d— 1)2("+g_2) found in [10] and [1].
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