The Darbou x system : Finite-ran k constraint s and Darboux
transformations

Franciso Guil and Manud Man ~as®
Departamento de'Bica Tedca, Universidad Complutense, E28040-Madrid, Spain

(Receivel 3 Januay 1997 acceptd for publication 7 May 1997

The exponentia solutiors of the Darbow equatios for conjugaé nes is consid-
ered It is shown tha rank-ore constraing over the right derivatives of invertible
operatos on an arbitral linear spae give solutiors of the Darbow system which
can be understod as avectorid Darbow transformatio of the exponentiaback-
ground The methal is extendd further to obtan vectorid Darbow transforma-
tions of the Darbow system © 1997 American Institute of Physics.
[S0022-24887)00210-7

I. INTRODUCTION

This pape is devotel to the analyss of the Darbow equatios for conjugaé net ard its
relation with certan finite-rark constraing on elemens in the groy GL(V). The exponential
solutiors of thes equatiors are deformed throuch the mentionel connectionto new solutions As
a byprodud we obtan vectorid Darbow transformatios for the Darbow equatiors for conjugate
nets.

In the contex of differentid geomety the Darbow equatios descrile conjugats nets in an
N-dimensionhsurfae as is explainal in Ref. 1. This fact explairs its relevane in this discipline
ard its appearanein classichtexts on the subject see for example Refs 2 ard 3. In integrable
systen theoly a matrix versia of it was proposé ard solved by Zakharar ard Manakor in Ref.
4. The Darbow equatiors for conjugae net appea al as the first flow in the N-component
Kadomtse—Petviasvil hierarchy The Darbow equatios are associate with the N-wawe inter-
action (see Ref. 5) and in particular for triply orthogon& systemsto the equatiors describimg the
resonah interactio of three wave$§™° which has been widely applied in the contex of fluid
dynamics nonlinea opticd phenomena! ard plasna physics? (see Refs 13 ard 14).

Given N(N—1) functiors {pj;}; j=1...n dependig on N curvilinea coordinats Xy, ... Xy,

i#]
the Darbow systen is

8kpij+pikpkj=0, for distina i,j,k:].,...,N, (1)

whered; : = d/9x; . Thes equatiors are the compatibility conditiors for the linear system

or for the dud linear system for Ei, i=1,.,N,

Equatiors (1) hawe two obvious symmetriesFirst, we conside changs in the amplitude The
action in the modul spae is

Pij (X1, Xn) =€ (8i(Xi) —aj(X)))Pij (X1, -+ Xn) 4
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for arbitraly functiors a;(x;), i=1,2,.., N. Anothe symmety is ascalirg transformatia defined
by ary se of nonzeo numbes {s;}i_;, n as

Pij (X1, XN)—>SiSiPij (X1 /S2, ... Xn /SR) (5)

that provides an action on the solution space.
In this pape a specia role will be played by the exponentih solutiors of the Darboux
equatiors (1),

pi(jO)(Xl yee e XND) =N eXF{ -
k#i

Xkl/*ki"_‘;j Xk | + (6)

whe \j; and u;; are subjet to

Nij (i = M) = NikNij » (7)

fori,j,k=1,..,N ard different.
Obsere tha there is acompatibility condition over the amplitudes Aj; , namely

NijNjih ki T N\ i = 0, (8

for all i,j,k different and if the \'s do nat vanish this equatia itself gives the possibé \'s that
when plugged into Eq. (7) give the differencesu;— u; . Tha only the differences are fixed is a
consequereof the symmety of the Darbow systen definal in (4). Indeed given an exponential
solution with parametes {\;; , u;;}, then the se {\j; ,u;; +a;} defines anothe possibé exponen-
tial solution [here we hawe taken the functiors a;(x;) =a;x;]. Obsere al tha Egs (7) are
invariart unde the substitution {\; , w;; }—>{SiSj\; ,siz,ui,-}, aconsequereof the symmety trans-
formation (5).

The motivation of this pape comes from our previous work.®>~*® The main idea in it is to
conside rank-ore constraing on the right derivatives of certan invertible operators This was
dore in Ref. 15 for the Kadomtse—Petviashvil equation and extendé to the Davey—Stewartson
equatiors in Refs 16 ard 18. In Ref. 17 we studiad a deformatiam of the dromian solution of DSI
arising naturaly from our method In connectim with this we mentin Refs 19-22, where vec-
torial Darbow transformatios for the Davey—Stewartson nonlinea Schralinger, multidimen-
siond quadrilaterh lattices and Manin—Radu supe Korteweg—de Vries equation were given,
respectivelyin Ref. 23 the Wronskian schemeappearig as abyproduc of our work on Davey—
Stewartsa Il, was usel to give adetailed analyss of interestig novd solutiors of this equation.

Section |l is devoteal to the study of thes rank-ore constraintswhich in this cas are con-
nectal with the exponentiaisolutiors of (1). Next, in Sec 111 we show tha the solutiors obtained
in Sec Il generalie to a deformatim of the exponenti& solutions This motivates a further
extensio in Sec IV where avectorid Darbow transformatio for the Darbow systen is given.
For arny solution we conside vecta solutiors of the associaté Lax pairs in terms of which we
construt Grammian-tye determinard tha allow us to give large families of new solutions.

II. RANK-ONE CONSTRAINTS AND THE DARBOUX SYSTEM

In this sectimn we shal shov how invertible operatos can give solutiors to the Darboux
systen given by Eqgs (1). Conside a function ¢(x4,...Xy) of the N variables {x4,... Xy} taking
values on GL(V), the s¢ of invertible operatos on sonme comple linear spa@ V. On this function
we impo<e sone differentid constraintsnamey its right derivatives are of the following form:

gy l=A+e®a;, i=1,.,N, (9)
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wherr A; are constam operatos on V, eq,...,.ey are N independenconstan vectos on V, and
a;i(Xq,....Xy) takes values on the s of linear functionak over V, the dud spae of covectorsV*.
Now, we mug take care of the compatibility conditiors for Egs (9). In orde to hawe a sé of
closal conditiors we require the following.

(i) The operatos A; mug commue amorg them.
(i) Theimage of the operato A; when acting on the vecta e;, i #j, mud be expande by e;
and e;:

Aiej:Aijei‘f',lLijej, |¢]

The coefficiens \j; and w;; are not completey free indeel there is a further compatibility
condition [A;, A;]e=0 fori,j,k different This conditionisjust Eq. (7). Concree realizatiors of
sud operatos are easily constructd in any spae V althoudh we do nat neal the explicit form of
them The compatibility conditiors arising from the rank-ore constrains for the right derivatives
of ¢ are

(9= pji) @i+ mja;+ oA =0, (10
where
mij i =\jj+(a; ,€)).
The contractim of Eq. (10) with the vecta e, k#i,j, gives
(9j+ pj— mji) mi+ i TR =0,

ard thes equatios can be simplified by defining
pij - =exp _2_ XiMkit 2 XiMkj | Tij »
k#i k#]

to obtain Egs (1) for the functiors p;; .

Therefore we have shown how rank-ore constraing over the right derivatives of an invertible
operato give rise to solutiors of the Darbow systen which in turn implies tha solving our
constraind system allows us to find solutiors of the Darboux.

To construt suitabk operatorsys we introduce the following linear functionals &fh

¢4} l/l,

Bi:=exp ( - E Xichki
k#i

so tha (9, —A) = exp Cii Xui)&®B; and the compatibility conditiors [, —A;,d;—A;j]#=0
read

iBi+piB=0, i#], (11

with p{) as given in Eq. (6).
We also introduce g : =exp (ZixA), ¢:= 1,051' ¢, and

bi:=exp ( gi Xk:“ki) oo er.

Then the rank-ore conditiors (9) on the right derivatives of ¢ determine that
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dig=bi®pB;. (12

Converselygiven operatos A; as prescribé before ard the related objectsy, and b; , as well
as solutionsg; to Eq. (11), we can integrae Eq. (12) and then obtain = 4+ ¢ as required.

Summarizing we can construt solutiors of the Darbow systen (1) as follows:

Theorem 1: Given N commutig operatos A4, ...,Ay on a comple linear spae V,N inde-
penden linear vectos eq,...,ey, sud that

Aiej=\jj&+uije, 1#],
for i#j, where \;; and u;; satisfy
(i = i) Nij = NN

withi,j,k=1,..,N different we defire the N vecta functions
bi=exp(gi XkMki)¢aleia i:].,...,N,
where o= exp (2;xA) and the linear covecto functionsg;, i=1,..,N, subjet to

giBi+pB=0, i#],

with p{?=N;; exp (— Sy Xetti+ Sk Xiti)- 1T we defire an invertible operator ¢ by the compat-
ible equations

de=bi®p;,
then the functions
pij := PP+ (B¢ b)) (13
solwe the Darboux system
9;Pik * Pij Pjk=0.

Notice the differert role played by the b’s ard the 8's. The B; are simply solutiors of Eq. (11)
while the definition of the b; is given in ternms of the A; ard the vectoss e;. Neverthelessboth
neal the coefficiens {\,u} defined by Eqs(7). However, one can show that in fact th& do
satisl analogos equatiors to those defining the 8's, namely

&Jb|+pj(|0)bj=0, (14)

which can be considerd adjoirt to (11).
We can alo se&k wave functiors solving the Lax pair or its dud for the solutiors given in the
previots theorem:
Propositian 1: The functions
Fi=Bi¢

Fi = (P7 lbi ’
satisf/ Egs (2) and (3), respectivelywhere the expressia for p;; is given in (13).

The prod is just a simple check First take the derivative with respetto x; to F;
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Fi=(9;Be *—Fi(de ¢ 1),

then use Eqgs (11) and (12) to evaluae the derivatives of 8; and ¢ and to obtain Eq(2) with p;;
defined in (13). For F; we procee in an analogos manner:

diFi=—(¢ - d@)Fi+ e ta;by,

but now we ned Eqgs (14) ard (12).

Ill. DEFORMATIONS OF THE EXPONENTIAL SOLUTIONS FOR THE DARBOUX
SYSTEM

Equatiors (14) do nat characterie the b’s, but one can easily show tha in orde to construct
solutiors of the Darbow systen we only neeal solutiors of the linear Eqs (14) and (11). Suppose
tha wehaweb;, i=1,..,N, vecta functiors satisfyirg Eqs (14); 8, i=1,..,N, linea functionals
tha are solutiors of Egs (11); ¢ a solution of(12); and definep;; as in (13). Then we can
evaluae the derivative of p;; with respetto x, to obtain

Pij = (= Mii T Mij)Nij €Xp _gi Xkﬂkﬁ% XiMki

+{(Bi o b)) —(Bi. e Hdke) e tby)+{(Bi. ¢ taby),
and using Eqgs (7), (112), (14), and (12), we find out
IPij=— pi(lg)p(k(j))_ P B ¢ 'bj)— p(k(j))<:8i 20~ = (Bi e ) (Bi. @b =~ PikPy;

as desired.
Moreover we can construt wave functions and its adjoint as before.
Summarizing,
Theorem 2: (i) Given {\;; w“ij}i,i:li#j ...NCC subjet to

(Mki_lb(’kj))\ij :)\ik)\kj s |,J k=1,...N and distinct,

the exponentih solutiors of the Darboux systen (1) are

0
P =Nij exp| = 2 Xiewiq+ 2 Xk |-
k#i k#j

(ii) Deformatiors of the exponentiaisolutiors are constructd as follows Take vecta func-
tions bj(xy,....Xy) €V, i=1,...N, wher V is acomple linear space solutiors of

dibi+piP’b; =0,
defire covectorsB;(xy,....xy) € V¥, i=1,..,N, subjet to
giBi+ P B=0, i#],
and integrak the compatibé equations
de=bi®p;.

Then the sea of functions
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pij 1 =P +(Bi ¢ b))
solves
9iPikt PijPjk=0.

The functiors F,= 8,¢ 1, which are V* -valued and F,;= ¢~ b; , which are V-valued functions,
satisfy the linear equations

a]Fi+piij:O’
&jFi+pjiFj=O,

the Lax pairs (2) and (3), respectively

The solution shown in patt (i) is a deformatia of the exponentiaisolutiors p’ of (i) because
they are a particula ca® of p;; when b;=0 and 3;=0, i=1,..,N. Thus thes exponential
solutiors can be considerd as the startirg solutiors we dres in ternms of which we obtain the
families of solutiors describe above ard hene as our vacuun solutions.

Obsene tha in the previows section we found explicit solutions the b’s for the associated
linear system The B's can be taken in a similar way. This is quite convenient if one wants to
compue the deformatia of the exponentid background The solutiors to the linear systen are
already provided which is the main drawba& of Darbow transformatios to solve the associated
linear system for nonzeo backgrounds.

IV. VECTORIAL DARBOUX TRANSFORMATIONS FOR THE DARBOUX SYSTEM

Darbouw transformatios were first considerd by Moutard and Darboux?*2°Here we extend
the resuls of Darbow to a vectorid Darbow transformatio of the Darbow system.

For a given solution p;; of Egs (1) and a complex linear spa@ V we conside solutions
bi(Xq,...xn) €V, i=1,..,N, and Bi(Xy,... xy) e V¥, i=1,..,N, of

d;bi+p;ib;j=0,
9;Bi+pijB;j=0.
By virtue of the previots linear systens the following equatio holds:
9;(bi® B;) = 3;(bj® B)).
This implies the existene of a locd potential say ¢, such that
die=bi®g;.

As the operatorg is defined up to a constant, we suppose that it can be chosen to be invertible,
©(Xq1,....XN) € GL(V). With this operato we constru¢ new functions b; and 3; as follows:

E)i::(p_lbi and ﬁi:zﬁiw_l, i=1,..,N.
If we defire now

Pij - =pij T (Bi ,Bj>:pij +<,éi by =pij+(Bi ¢ b)) = pj; +<éi 7<P6]>,

we immediatey see that
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&j6i+ﬁji6j:0’

ﬁjéi*‘ﬁij,éjzo

so tha pj; is a solution again
Theorem 3: Let p;; be asolution of Egs (1) and defire b; and g; as solutiors of the linear
systems

ajbi-l-pjibj:o,
9;Bi+pijB;=0,
with b;, i=1,.., N, taking values in sone comple linear spaceandg;, i=1,..,N, initsdual. If

¢ is an invertible solution of the compatibé equations
de=bi®p;,
then
Pij=pij+{(Bi. ¢ 'b;)

is anothe solution of Eqs (1).
Proof. The resut follows from the consideration previots to the theorem Neverthelessa
dired ched is easy:

Dij = Ipij + (B @ ) —(Bi .o Hdke) e b)) +(Bi @ tayb;)
= — PikPxj— Pik(Pkj— Pkj) — (Pik— Pi) (Pkj — P;j) — Pkj( Pik— Pix)

== Iaiklakj .
O
This theoren allows us to deform a given solution by solving the associatd linear problem.

We see tha the solutiors are expressd in terms of Grammian determinarg of the b’s and §'s.
The function ¢ can be expressed as

> ’9Xibi®/3i)-
N

(P(Xl,...,XN):C‘I‘J [ £

Y

wher C is ary constanoperato in V and vy is an adequate path it with end point x1,... Xy,
sud that ¢ has a nonvanishing determinant anddet ¢ is the principal tau function. If we define
the operatorsej; : = ¢ +b;® (B — 6¢), with §(Xq,....Xy) € V* sud tha (& ,b;)=6;, ard de-
note therr determinarg by 7;; =det;;, the associaté tau functions we arrive at the expressions
pi' = Tij /T.

J Le'lc us mentian tha this vectorid Darbow transformatio can be obtaina through a dim
V-ste interatian of a correspondig binaly Darbow transformationthis lag one being acompo-
sition of two standad Darbow transformationsFor the three-wae resonahinteraction a similar
resut can be found in Ref 26 unde the nane of Kaup system.
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