ASSOCIATE SPACES OF LOGARITHMIC INTERPOLATION SPACES
AND GENERALIZED LORENTZ-ZYGMUND SPACES
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ABSTRACT. We determine the associate space of the logarithmic interpolation space
(Xo,X1)1,q,4 where Xy and X, are Banach function spaces over a o-finite measure
space (2, p). Particularizing the results for the case of the couple (L1, Los) over a
non-atomic measure space, we recover results of Opic and Pick on associate spaces
of generalized Lorentz-Zygmund spaces L(oo,q;a). We also establish the corresponding

results for sequence spaces.

1. INTRODUCTION

Logarithmic spaces (A, Al)l’ A are interpolation spaces which are quite close to the
space A;. This fact is useful in several situations (see, for example, [10, 6, 8, 3]). When
Aog N Ay is dense in Ag and Ajp, the dual of (A, Al)LqA has been computed in [8] for
1 < ¢ < o0, and in [3] for the case 0 < ¢ < 1. Curiously, as it is pointed out in [3,
Remark 4.5], although the couple (L1, L) does not satisfy that L; N Lo, is dense in Ly,
writing down the duality results for (L1, L) the outcome coincides with the associate
spaces of generalized Lorentz-Zygmund spaces L 4.), determined by Opic and Pick
in [16]. The aim of the present paper is to clarify this coincidence.

We compute the associate space of (Xg, X 1)1’ oA where X; are Banach function spaces
on a o—finite measure space (€2, ). This is done in Section 3 with the help of the
description of logarithmic spaces in terms of the J-functional. Since there is no J-
description in a certain range of the parameters (see [8, Proposition 3.4]), we show
first in Section 2 that in such range the space (A()?Al)l,q,A turns out to be equal to
the sum of A; with a certain J-space modified. This result is of independent interest,
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it complements those of [8, 3] and it is useful in Section 3. Finally, in Section 4, we
show some applications of the abstract results. We first consider a non-atomic o—finite
measure space and applying the results to the couple (L;, L) we recover the results of
Opic and Pick [16] on associate spaces of generalized Lorentz-Zygmund spaces Lo g:)-
Then we establish the corresponding results for the sequence spaces (s 4.q). For this
aim, we work with the measure space (N, #), where # is the counting measure, which
is completely atomic. The sequence case has not been studied previously.

2. LOGARITHMIC INTERPOLATION METHODS

By a Banach couple A = (A, A1) we mean two Banach spaces Ay, A; which are
continuously embedded in some Hausdorff topological vector space. We set X (A) =

Ag + Aj and A(A) = Ag N A;. These spaces become Banach spaces when normed by

lallag+a1 = llallsa) = inf{llaoll 4, + llarlla, : @ = a0 + a1, a; € Aj}

and
lallagna, = llalla sy = max{|lall 4, [[all 4, }-

For t > 0, the Peetre’s K- and J-functionals are defined by

K(t,a) = K(t,a; A) = inf{||ao|| o, +tlar]l 4, : @ = a0+ a1,a; € Aj},a € Ag + Ay,
and

J(t,a) = J(t,a; A) = max{|lal 4, tllall4,}, a € Ao N Ay

Note that K (1,-) = [ 4g4.a, and J(L,) = |-l 4pn4,- )

The Gagliardo completion A7 of Aj consists of all those a € X(A) for which there
exists a bounded sequence (ay) in A; which converges to a in X(A4). The norm in A7 is
given by

> _ K(t,a)

sup

O<t<oo 1 I =01

all 4~ = inf | sup(|lan|l 4.
ol = it (supClanl.,)

an ne

where — means continuous

(see [1, Theorem V.1.4]). We have A; — A7 — v (A),
(A7, AT), we have

embedding. Furthermore, for the Banach couple A~ =
(2.1) K(t,a;A~) = K(t,a; A), t >0, a € (A)

(see [1, Theorem V.1.5]). The couple A is said to be a Gagliardo couple if Ag = Ay and
A; = AT. Examples of Gagliardo couples are (L1, L) and (41, {s). See Section 4 for
details.
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For t > 0, let £(t) = 1+ |logt| and ££(t) = 1+ log(1 + [logt|). For A = (ap, ) € R?
write
(o) if0<t<,

(A (t) = l0o0) () =
(Yo (t)  if 1 <t < oo,

and define £¢*(t) similarly.
Let 0 < ¢ < oo and A € R?. The logarithmic interpolation space Ay 4 = (Ao, A1), oA

is formed of all a € ¥(A) which have a finite quasi-norm

lally g8 = (/Ooo[tlgA(t)K(t’ “)]qit)l/q

(as usual, the integral should be replaced by the supremum when ¢ = o0). See [11, 12,
8, 3]. The functional ||-[|; , 4 is a norm if 1 < ¢ < co. We shall assume that

ag+1/g<0 if0<qg< oo,
(2.2) 0 /q q

ap <0 if ¢ = oo,
in order to avoid that (Ao, A1), , , = {0} (see [12, Theorem 2.2]). The space (Ao, A1)1,¢,a
also makes sense when ¢ = oo and g = 0. However we do not study this limit
case here because the space (Ao, A1)1,4,(0,00,) has a different structure than the spaces
(Ao, A1)1,4,a when ¢ and A satisfy (2.2). We refer to [4] for the properties of the space

(AO’ A1)17Q7(07a00)' —
This construction produces exact interpolation spaces. More precisely, if B = (By, B1)

is another Banach couple and T': ¥(A) — X(B) is a linear operator whose restrictions
to A; define a bounded linear operator from A; to B; for j = 0, 1, then

T: (onAl)l,q,A - (BO?Bl)l,q,A

is also bounded and

1704, 5, < max{ITlay 5o IT]Lay .-

It is not hard to check that the quasi-norm of (Ao, A1), ,  is equivalent to

00 1/q
HaHAL‘LA = ( Z [ngA(Qm)K(zm,a)]q> .

m=—o0
Here the {;,—quasi-norm should be replaced by the /o, —norm if ¢ = oo.
Next we introduce the corresponding J-spaces. We assume that
Qoo > 0 if0<qg<1,

(2.3)
0 —1/¢d >0 if1<q< oo,
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where for 1 < ¢ < oo the parameter ¢’ is given by equality 1/¢ + 1/¢’ = 1. The space
AlJ,q,A = (A07A1)i]7q,A consists of all a € X(A) for which there exists (uy)mez € A(A)
such that

a= Z U (convergence in ¥(A))

m=—oo
and

( i [z—me‘*(zm)J@m,um)}q) " < .

m=—00

The quasi-norm in (A, Al)ijq A 18

00 1/q 00
Halgi{mzinf{< 3 [2—mzA(2m)J(2m,um)]q> a= Y um}

m=—00 m=—00

If 1 < ¢ <ooand as = 1/¢, the J-space still makes sense if we replace £4(t) by
A ()00 (t) with B = (B9, Bo) and B —1/¢’ > 0. We denote the corresponding space by
fl{’q’AB = (A()?Al){,q,A,IB' The space fl{’q’AB is also well-defined for 0 < ¢ < 1, aso = 0
and B > 0. The quasi-norm in Ai],q,A,IBB is

00 q 1/q 0o
lallag = inf{ < 3 [rmeA(zm)eeB(zm)J@m,um)} ) o= Y um}
m=—o0 m=—oo
It is easy to check that the J-spaces are also exact interpolation spaces.
According to [8, Theorems 3.5 and 3.6], if A and 1 < ¢ < oo satisfy (2.2) then we

have with equivalence of norms

J .
08 (AoAy,, = LA A Lan Has+1/a>0,
h (Ao, Al){,q,AH,(o,l) if oo = —1/q and g < oo.

Here for A € R, we put A+ X = (g + A, aso + A).
If 0 < ¢ < 1 and (2.2) holds, then by [3, Theorem 3.2] we have with equivalence of

quasi-norms

(Ay, AD)! if oo +1/q >0,
(2:5) (Ao An)ygn =9 0 |
(A7, A1 g at1/00,/9 1 o0 =—1/q.

Moreover, if 0 < ¢ < 1 and we assume in addition that Ag N Ay is dense in Ag and Aq,
then

(A07 Al)l,q,A = (Ag7 A1~)1J,q,(a0+1/q,0) for e + 1/q <0.



In general there is no description for (A, A1)17 .4 38 & J-space in the case

Ooo+1/g <0 if ¢ < 00,
(2.6) w +1/q q
Qoo <0 if g =00

(see [8, Proposition 3.4]). However, we show next that in this range (A, Al)l,q,A is the
sum of A; with a modified J-space.

In what follows, if X and Y are quantities depending on certain parameters some of
them being the significant parameters in our reasoning, we write X <Y if X < ¢Y with
a constant ¢ > 0 independent of the significant parameters. We put X ~ Y if X <Y
and Y < X. Similarly, if || -|| and ||| ||| are quasi-norms on a space A, we put ||a|| < |||al||
if there is a constant ¢ > 0 such that ||a|| < c|||a||| for any a € A. We write ||a|| ~ |||a]||
if lall < llall and ]| S Jlal.

Put Z~ = {0,—1,-2,-3,..}. If0 < ¢ < oo and ag € R, we write [A]{

[Ao, Aﬂ‘{’q’ao for the collection of all a € ¥(A) such that there exists (up),ecz- C A(A)
satisfying
0
a= Z uy, (convergence in Ag + Aq)
and

0 1/q
(Z [2”5“0(2")J(2”,un)]q> < 0.

n=—oo

We endow [Ay, Al]{, .00 With the quasi-norm

0 1/q 0
HGH[A(%AlH,q,aO = inf{ ( Z [2_”6040(2”),](2717%“)]!1) P Z u”}

We claim that

AoﬂAl — [Ao,Al]J <—>A0—|—A1.

1,q70¢0

Indeed, take any a € Ag N Aj and for any n € Z~, put u, = 60a where §™ is the

Kronecker delta. So, a = Zg:_oo uy, and ||aH[A0 A < J(1,a) = |lall 4yn4,- On the
) R
other hand, take any a € [Ap, Al]‘lj’ a0 0d let a = S0 up be a representation with

0 1/q
(35 Eremensenat) <2,

n=—oo



Then
0
lallaysa, = K(La) < > K(1,up)
n=-—oo
0 0
< ) min(L27)J(Q2%un) = Y J(27 up).
n=—oo n=-—oo

If 1 < g < o0, applying Holder’s inequality, we obtain that

0 1/q 0 1/¢
HaHA0+A1 < ( Z [2_"60‘0(2”)97(2"71171)](]) ( Z [2n€‘a0(2n>]q>

n:;oo l/q n=—oo
< ( > [2—"fa0(2”)J(2",un)}q>

5 HaH[Ao,Al]lJ,q,ao '

If0<q<1, we get

0 1/q
lall 4g 44, < ( Z J(Qnaun>q>

n=—oo

neL=

0 1/q
< ( Z [2_"€a0(2n)J(2",un)}q> sup (Q"Z_QO(Z"))

nN=—0o0

S ”aH[AmAl]i’,q,ao ‘

This proves that [Ag, A1]7 < Ag + Aj.

1’q7a0
It is also not hard to check that these modified J-spaces are exact interpolation spaces.

Lemma 2.1. Let A = (g, ) € R? and 0 < ¢ < oo satisfy (2.3). Given any Banach

couple A = (Ag, A1), we have with equivalent quasi-norms

A1+ (Ao, A1)] 4, = A1+ [Ao, A1)

17Q7a0 :

Proof. Let v = a1 +a with a; € A and a € (AO’Al)i],q,A‘ Find (um)mez € Ao N Ay
such that a =Y °° U, and

m=—0Q

00 1/q
—m m m q
(Z 27t @em) a2 ,umﬂ) <2 lallay a7,

m=—00



Then w = > Uy, belongs to A;. Indeed, if 0 < ¢ < 1, we have

0o 0o 00 1/q
S umlla, < 30272, ) < (Z [2mJ<2m,um>]">
m=1 m=1 m=1

00 1/q
< (Z [2fm€aoo (2m)J<2m’um)] (I> Su%fﬁam (2m)
1 me

S ”(IH(AO,Al)iq,A

where we have used that ao, > 0 in the last inequality. If 1 < ¢ < 0o, we proceed using
Holder’s inequality. We get

oo oo
S umlla, <D0 27T @™, u)
m=1 m=1

00 1/q o0
< (Z [2—m£aoo (Qm)J(2m7um)] Q> (Z E—Oéooq/(Qm))
m=1

1/q

m=1
N ||a||(,40,,41)17’(17A

because aoo — 1/¢' > 0.
Therefore, v = (a1 + w) + 3.0 ____ uy, belongs to A; + [Ag, 41]7, . with

17‘1,040

0 1/q
HU||A1+[AO7A1]1J’(1,O‘0 < lla; + w||A1 + < Z [Q_mfﬂéo(Qm)J(Qm’um)]Q>

m=—o0
S llarlla, +llallag a7, -
This yields that
A1 + (Ao, Al){,q,A — A1+ [Ao, Al]{,q,ao :

The converse inclusion is clear. O

Now we are ready to show the announced result for the modified J-spaces.

Theorem 2.2. Let A = (qp, o) € R? and 0 < q¢ < oo satisfy (2.2) and (2.6). Given
any Banach couple A = (Ag, A1) we have with equivalence of quasi-norms

Al + [A07 Al]{,q,ao—kl Zf 1 S q S 0,
(A07 Al)l,q,A = ~ ~ ~1J 3
AY AT AT sy FO<g<L.

Proof. The argument in the proof of [8, Lemma 2.3] for 1 < ¢ < oo is still valid for
0 < g < oo showing that in the assumption (2.6) we have

1 1/q
(2.7) HGHALM ~ </0 [t—lK(t,a)an(t)]q C?) )



In particular, if a € Ay, we obtain

1 1/q
dt
lols,,,, S ([ #@%) lally, Slall,

This yields that
(28) A1 — (Ao, Al)l,q,A .
Take any a € R with o +1/¢ > 0. We claim that

(29) (A(), Al)l,q,A = A1 =+ (Ao,Al)

17Q7(a07a)
with equivalent quasi-norms. Indeed, by (2.7) and (2.8) we have that
(A0, A1)1 4 (a0,0) (A0, A1)y g a and Ay — (Ao, A1)y g -
So,
A1+ (Ao, A1)1 g (ag,0) < (Aos A1)y g4 -

Conversely, if a € (A07A1)1,q,Aa we can write a = ag + a1 with a; € A; and

(2.10) laoll 4o + llaalla, < 2llallsyya, -

Now we check that ag belongs to (Ag, A1) )- We have

1,(1,(&0 &

HGOHALq,(aO,a) N (/100 [t K (t, ap) e (t)]" Cff) v
+ </01 [tflK(t,m)an(t)]q c?&)l/q ) (/01 [rlK(t, e (t)]q it) 1/q

0 e th 1/(1 1 N dt l/q
S([Tteor ) ol + ([ e0) lal, + s,

S ||a”AO+A1 + ||a1HA1 + HQHALq,A

where we have used (2.10) in the last inequality. Hence,

laoll 4, , gy S llarlla, +llall s, ,, -

This shows that (A(), Al)l,q,A — A; + (AO?Al)l,q,(ao,a) with

lall 4,4 (a0,41) < llailla, + llaoll4, , ., .,

1,q,(eg,x)
< llall gy a, +llallz,
< lallz,

which establishes (2.9).



Combining (2.9) with (2.4) and Lemma 2.1, we conclude for 1 < ¢ < oo that

(Ao, Al)l,q,A = A + (AO7 Al)l,q,(ao,a)
= A1 + (Ao, Al)lj,q,(a0+l,a+1)

= A1+ [Ao, A1]{ 041 -

If 0 <g<1, weuse (2.1), (2.9), (2.5) and Lemma 2.1 to derive

(Ao, A1)y ga = (A5 AT )1 g
= AT + (Ag7 AlN)l,q,(ao,a)

~ ~ ~ J
= AT + (Ag, A )1,q,(a0+1/q,a+1/q)

~ ~ ~ J
= AT+ [A7, ATT gao+1/q -

The proof is complete. O

3. ASSOCIATE SPACES

In what follows, (£2, 1) is a o—finite measure space and M is the collection of all
(equivalence classes of) scalar valued p—measurable functions on €2 which are finite
p—almost everywhere. We endow M with the topology of convergence in measure on
sets of finite measure.
The notion of Banach function space as described in [1] and [9] includes the Fatou
property. However, in other books one can find a similar concept but leaving out the
Fatou property. See [18], [14] and [15]. In this paper we follow this last point of view.
By a Banach function space we mean a Banach space (X, ||| y) of functions in M
satisfying the following three properties:
(i) Whenever g € M, f € X and |g(x)| < |f(x)| p—a.e., then g € X and ||g||x < |/ fllx
(lattice property).

(ii) xg € X for every FE C Q with u(F) < oo.

(iii) For every E C Q with pu(E) < oo there is ¢cg > 0 such that [, [fldu < cgl/fllx
for every f € X.

Clearly, simple functions are contained in X and |||f|||x = || f||x for f € X.
The argument in [1, p. 4] based on (iii) can still be applied with the result that

(3.1) X —> M.

Lebesgue spaces L, Lorentz spaces L, 4, Orlicz spaces L?® are examples of Banach
function spaces. Other examples are the generalized Lorentz-Zygmund spaces L, 4.a)
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formed by all those f € M satisfying that

00 t q 1/q
(32 i = ([ [0 [ 1] ) <o

(the outer integral should be replaced by the supremum if ¢ = o). Here 1 < p < o0,
1 <q<o00, A= (a,as) € R? and f* stands for the decreasing rearrangement of f,
defined by

£ =inf{6 > 0: p({w € Q: [f(w)| > 6}) < t}, t > 0.

Spaces L, q.4) make also sense if 0 < ¢ < 1 but then (3.2) is no longer a norm but
a quasi-norm. We refer to [16] and [9] for properties of generalized Lorentz-Zygmund

spaces. In order to avoid that L, 4.4y = {0} one should assume that any of the following

DsG;A
conditions holds

(1< p < oo

p = 00, qg<oo, ag+1/q<0;
P = 09, q=00, ag<0;
p=1, q <00, Qoo+ 1/q<O0;
p=1 q =00, Qoo =0;

(see [16, Lemma 3.5/(ii)]).

We write Ly, 4:a0)(0, 1) if the integral in (3.2) is taken only on the interval (0, 1) instead
of (0, 00).

The associate space X' of the Banach function space X consists of all ¢ € M such
that

/ |fg|du < oo for every f € X.
Q

It is also a Banach function space over 2 endowed with the norm

ol =sup { [ Ifoldu: 171 < 1}.

Indeed, the arguments in the proof of [1, Theorem 1.2.2] can be applied to show that
(X', ]|+ |lx) is a norm space of functions in M which satisfies the corresponding versions
of (i), (ii) and (iii). Moreover, using the definition of || - || x, it is not hard to check that
if (gn) € X" and Y 02, |lgn|lx’ < oo then the function g = Y 7 | g» belongs to X’ and
lg =7 gllx — 0 as n— co.

We also have that [ |fgldu < | fllx gl x-

If (Y] - |ly) is a quasi-Banach space of functions in M such that the corresponding
versions of (i), (ii) and (iii) hold, then we define Y’ as above.
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We let £, be the usual space of scalar g—summable sequences with indices on Z. It
is known that £, = £ for 1 < ¢ < oo where 1/q +1/¢' = 1. For later use we compute
now the associate space of the quasi-Banach space ¢, when 0 < ¢ < 1.

Lemma 3.1. Let 0 < g < 1. Then E; =l with equality of norms.

Proof. Take any n = () € o and & = (&) € £,. It follows from
00 00 1/q
> lemnml < ( > |€m|q|77m!q> < [I€llg, Il

that foo — E; and that the embedding has norm less than or equal to 1. Conversely,
take any n = () € £ and for n € Z let e, = (d;,)mez. We have

o0
al =D il < llnllg, lleally, = Inll, -
m=—00
Hence, 1 belongs to {« and 9|, < ||n]|,. This completes the proof. O
e q

Let Xy, X7 be Banach function spaces over . According to (3.1), we have that
X; — M. Hence X = (Xo, X1) is a Banach couple. Subsequently, we are going to
determine the associate space of X 1,4,A and X i] oA We work under different assumptions
on X than in [13] and [5], but ideas of those papers will be useful for our considerations.

Let g € M and f € Xy N X; with |g(z)| < |f(x)| p—a.e., then it is clear that
g € XoN X1 with J(t,g; X) < J(t, f; X), t > 0. So, XoN X7 is a Banach function space
with the norm J(t,-; X). As for the K-functional, using that

K(t, f; X) = mf{[| fol x, +tllfillx, : [f] < fo+ fr, f; >0, f; € X}

(see, for example, [7, Lemma 3.1]), it follows that K (¢, g; X) < K(t, f; X) provided that
lgl < |fl, f € Xo+ X1. Now it is not hard to check that Xy + X; is also a Banach
function space.

The properties above of the J- and K-functionals also yield that for 1 < ¢ < oo the
spaces Xl,q,Ay X i] 2A and X i] oA B are Banach function spaces. To check (iii) one can rely
on the exact interpolation property of the logarithmic interpolation methods applied to
the operator f ~ [ fdu. If 0 < g < 1, these spaces have also properties (i), (ii), (iii)
but || {5, ., I ||Xi],q,A and || - ||Xi]7quB are only quasi-norms.
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Let X’ = (X}, X]) be the Banach couple formed by the associate spaces. If f €
XoN Xy, g€ Xg+ X{ with g = go + g1, g; € X] and ¢ > 0, we have

/\fgdus/ !fgo!du+/ Forl du
Q Q Q
<11y lgoll g + 1, gl

<t £: %) (llgollxg + ¢l ) -
This yields

(3.3) [ sl < T 50K 0 X0, 0> 0

Furthermore, we have that
7 Jo |fgldp
(3.4) J(t,g X7 = sup JoltdCH
feXo+X1 K(t_la f; X)
Indeed, let g € XN X{. Proceeding as to establish (3.3) we get

fQ |fg| dp ~7
sup - < J(t, g5 X).
feXo+X1 K(tila f? X)
To check the converse inequality we write AX for the space X normed by A||-||y. Since
the embeddings Xo — (Xo+X1, K(t71,-)) and t 71Xy — (Xo+ X1, K(t71,+)) have norm
less than or equal to 1, we have (Xo+ X1, K(t71,-)) — X{ and (Xo+ X1, K(t71,-)) —
tX] with norm less than or equal to 1. Hence

geX,NXj, t>0.

(Xo+ X1, K(t7,)) — (XgN X1, J(t,))
with
— Jo|fgldu
J(t,g; X') < sup T —.
rexorx: K7 f; X)
This establishes (3.4).

Recall that a Banach function space X over € is said to have absolutely continuous
norm if for any f € X and any decreasing sequence (F,) of p—measurable sets with
empty intersection we have that || fxg,| x | 0 asn — oco. If X has absolutely continuous
norm then X’ coincides with the dual space X* of X (see [18, Theorem 15.72.5, p. 480]).

Subsequently, K stands for the scalar field, K =R or C.

Lemma 3.2. Let X = (X, X1) be a couple of Banach function spaces over Q. Suppose

that Xy or X1 has absolutely continuous norm. Then

(3:5) K(t_17957): sup M

—, g€ X, + X, t>0.
feXoNXy J(ta f; X) 0 !
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Proof. Inequality

fQ |fg|dﬂ <

sup = _thl,g;F, ge X)+ X1, t>0,
feXonXy J(t» f;X) ( ) 0 !

follows from (3.3). To check the reverse inequality, consider Xy N X; with the norm
J(t,; X), endow X{, + X| with the norm K(¢~1,-; X’) and take any g € (Xo N X1)'.
Then the functional T assigning to any f € Xg N X; the scalar T'f = fQ fgdu belongs
to (Xo N X1)* with

A sup{ [ o 0.5 < 1} oy P —
Consider the space Xy x X7 normed by

||(f07f1)”X0xX1 = maX{HfOHXO 3 ||f1”X1}

and put A = {(fo, f1) € Xo x X1 : fo = f1}. The linear functional F' : A — K defined
by

R

/Q fogdis (fo. f1) € A,

is bounded with
| F 4= = Sup{ ‘/Qfgdu‘ : f e Xon Xy with J(t, f; X) < 1} = l9ll xonx,y -

According to the Hahn-Banach theorem, we can extend F' to a bounded linear functional
Fre (Xo x X1)* with ||Fl|xoxx)« = l9ll(xonx,) - Hence, there are L; € X7, j = 0,1,
such that

(3.6) Lofo = F(f0,0), Lifi =F(0,f1) and F(fo, i) = Lofo+ L1f1.

Assume that X has absolutely continuous norm. Then X = X and so there is
go € X{, such that Lo fo = [, fogodp and HLOH)(g = HQOHX(/)- For any f € XoN X1, we
have

/ fodu = P(f, f) = Lof + Lof = / Foodp + Lo f.
9] Q
Whence

Lif = /Qf(g — go)d, f € Xon X,
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We claim that g—go € X]. Indeed, take any f € X;. We can find an increasing sequence
of simple functions (f,) such that 0 < f,, T |f]. Since (f,) € Xo N X1, we get

/an |9 — goldp = ‘/ﬂ(sgn(g = 90).fa)(g — go)dp

= |L1(sgn(g — go) fn)|
< [ Lallxz [fnllx,

< I Zally £y, -

Whence, using the monotone convergence theorem, we derive that

/\fl\g—goldu= lim /fn\g—goldu<00-
Q n—oo JO

This shows that g1 = g — go belongs to X7 with ||g1[x/ < [|L1]x;. So, g = go+ g1 €
X{ + X{. Moreover, given any £ > 0, we have

19l xp+x; — €@ +¢71) < llgollx; — e+t (lorllx; —€)
< ||L0||Xg - 5+t_1(||L1HX; —¢)
< |Lofol +t 7" |L1fi]

for some f; € X; with ”fjHXj < 1. Therefore, using (3.6), we get

”9”){6_5_)(1 —e(1 +t_1) < Ly <‘L0f0f0> 4+ Iy (t—l ‘Llfﬂﬁ)

Lo fo Lifi
. (|L L
:F<| 0f0‘f07t71| 1f1|f1>
Lo fo Lify
o |Lo fol ‘ 1 || 1L fal ‘
< ||F « max , it
< (xoxx1) <‘ Tofy 0 . I fy 1 .
S ||FH(X0><X1)* = ‘|g‘|(XoﬂX1)’ :
Letting € — 0, this yields that
I Jo | fgldu
Kt g X') = 190 x14x1 < l9ll xonx,y = sup A

feXonXy J(tv f; X)

and completes the proof.
The case when X; has absolutely continuous norm can be treated analogously. (]

Next we determine the associate space of Xi] aA - If A = (,000) € R% we put

—A = (—ap, —o) and we write A = (a0, ) for the reverse pair.
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Theorem 3.3. Let X = (Xg, X1) be a couple of Banach function spaces over Q. Suppose
that Xo or Xy has absolutely continuous norm. Let A = (ap, aoo) € R? and 0 < g < 00
satisfying (2.3). Put

. ¢ ifl1<q< oo,

oo if0<g<1.

Then (Xi{qA)’ = Fl’q*ﬁ&

Proof. We proceed following the lines of [13, Theorem 3.4]. Take any g € (X i] .n) and
any € > 0. According to (3.5), for any m € Z, there is f,,, € Xo N X; such that

(1= K@ ™, |g|: X7) < T | fun] : ) /Q gl dp.

Take any sequence (y,,) of non-negative scalars such that (3> oe__ (Q_WKA(2m)6m)q) 1/ <

m

1. Put up = J(2™, | fml; X) " L6m | fm]- Then the function f = > °° Uy, belongs to

m=—0oQ

v J
XL%A and

1,q,A

o) 1/q
Ifllgs < < > [ngA(Qm)J(zmﬂm)}q)

; . 1/q
< ( 3 [Q—mw@m)am} ) <1
Moreover,

(1—¢) i 2R (2K (277, |g] XT)27 A (27 om

m=—00

< >0 0 I @ fali X [ 1ol

m=—0Q

= [ 1faldu < lglsy, -

Using that £ = £, we derive that g € Tlg*,_& and that HgH?w*,_A <lgllgs y-

1,q,A
Conversely, take any g € X’ Lg% — i let f € Xi], 2A and take any J-representation

J=> o fmof f. By (3.3), we have

/ gl dit < T2 frs X)E(27™, g X7), m € L.
Q



Hence, if 1 < g < o0, it follows by using Holder’s inequality that

/Q!fg!duﬁ Z J2™, fr; X)K(27™, g; X7)

m=—0Q0

< ( 5 [2meA<2m>J<2m,fm;X>]q> N

/

x ( i [2’“5‘*(27")1((2m,g;)(')}q)l/q .

If 0 < ¢ < 1, we obtain

/Qlfglduﬁ > J@" S XK, g;X)

m=—00

o0 1/‘1
< ( > [J(Qm,fm;X)K(Tm,g;X’)]q)

m=—0oQ0

< ( > [2meA<2m>J<2m,fm;X>]q> N

m=—00

x sup {2704 (2™ K (27, g5 X) .
meZ

Therefore, for any 0 < g < oo, we get that

[ ttslan= ey, ol

—A

This shows that g belongs to (Xi],q,A)/ with HQH(Xi],q,A)' < HgHF1 o

complete.
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The proof is
O

Remark 3.4. For A = (ag, aso), B = (8o, ) € R? and 1 < ¢ < 00 with as = 1/¢" and
Boo >1/¢, or 0 < ¢ <1, s =0 and Boo > 0, one can determine the associate space
of (X07X1){,q7A,IB proceeding in a similar way. If Xy or X1 has absolutely continuous

norm, the outcome is

J /
(3'7) <(X07 X1)17q7A7]B> = (X[/:“ X{) 141*7—&7—@

where the quasi-norm in the K-space is given by

1,q%,—A,—B

o] - ~ o 1/q
Il =< > prretemutemKen, g )] ) .

m=—00
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Remark 3.5. The same techniques are useful to determine the associate space of the

modified J-space [XO?Xl]{,q,ao' The relevant K-spaces are now
00 1/q
[Xo, Xu]{go = {f € Xo+ X1 : If iz, = (Z [2m£a<2m>K<2m,f;X>]q) < oo}
m=0
We have
J ! K
(38) ([XO’Xl]l,q,a()) = [X(IMXH 1,q%,—ao

provided that Xo or X1 has absolutely continuous norm.

Remark 3.6. On the contrary to the duality formulae of [8] and [3] where it is essential
that Ag N Ay is dense in Ay and Ay, such assumption is not needed in Theorem 3.3. It
suffices that Xo or X1 has absolutely continuous norm. Moreover, the parameter q can
also take the value oo in the Theorem 3.5.

Next we determine the associate spaces of K-spaces. We start with the case 1 < ¢ <
oo. Weput 1/g+1/¢ =1.

Theorem 3.7. Let X = (X, X1) be a couple of Banach function spaces over the space
Q. Suppose that Xog or X1 has absolutely continuous norm. Let 1 < q < oo and
A = (ap, o) € R? satisfy (2.2). Then we have with equivalence of norms:

(i) If aoo +1/q > 0, then (X144) = FLq’,—A—l'

(ii) If ¢ < 00 and ax = —1/q, then (X1 44) = Yl,q’,ff%fl,(fl,o)'

(117) If aoo +1/q¢ <0 and g < 00, or as < 0 and g = 0o, then

> K
(Xl,qA)l = X{ N [X(,VXﬂl,q’,—ao—l '
Proof. Statements (i) and (ii) follow from (2.4), Theorem 3.3 and Remark 3.4. To prove

(iii) we use Theorem 2.2, (3.4) and Remark 3.5. O
Next we deal with the case 0 < g < 1.

Theorem 3.8. Let X = (Xo,X1) be a Gagliardo couple of Banach function spaces
over ). Suppose that Xog or X1 has absolutely continuous norm. Let 0 < g < 1 and
A = (ap, ao) € R? satisfying (2.2). Then we have with equivalence of norms:

(i) If ase +1/q >0, ()?l,qA)/ = gl,m,—A—l/q'
(1i) If oo +1/¢ =0, (X1,0.0)" = X'} o0 5 1/0.(~1/4.0)-

(i) If aso +1/q < 0, (X10.8)" = X1 0 (X0, X oo —ag1/4 -

Proof. Since X is a Gagliardo couple, we have that X7 = Xj;, j =0,1. Statements
follow from (2.5), Theorems 2.2 and 3.3, and Remarks 3.4 and 3.5. (]



18

4. GENERALIZED LORENTZ-ZYGMUND SPACES

First we assume that (€2, 1) is a non-atomic o-finite measure space and we deal with
the spaces L q.4) (see (3.2)). Their associate spaces have been determined by Opic and
Pick [16, Theorem 6.2/(ii),(v) and Theorem 6.6/(ii),(iv)] by means of direct calculations.
In this section we derive them from the abstract results obtained in Section 3 as an
specific example.

Consider the Banach couple (L1, L) . It is well-known that

t
K(t, f; L1, L) :/ f*(s)ds, t >0,
0
(see, for example, [2, Theorem 5.2.1]). From this equality it is not hard to check that

(L1, L) is a Gagliardo couple (see the comment after [1, Theorem V.1.6]). Besides, the
norm of Lq is absolutely continuous.

Theorem 4.1. Let 1 < g < o0, 1/g+1/¢ =1 and A = (ag, aso) € R? satisfying (2.2).

We have with equivalence of norms:

(Z) If ase + 1/(] > 0, then (L(oo,q;A))/ = L(l,q’;—A—l)-
(11) If aso +1/q < 0 and g < 00, or aso < 0 and g = 00, then

! . _ o *
(L) = {g € Melgll = [ Ot + gl o < o0}

(i1i) If aoo +1/q =0 and q < 0o, then (Lo ga)) =

oo ) ¢ ¢ g d
{g eM:|g||l = / [g(—oco—l,—l/q)(t)gg(o,—l)(t)/ g*(s)ds] £ < OO}.
0 0

Proof. We have

(4.1) (L1, Loo)1,g.8 = Lisogia)

because

o q dt\ V4
s tnns = ([ [ 08 0]" )

(oo frod 1) 1.,
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Besides, L] = Lo and L = L;. Hence, it follows from Theorem 3.7/(i) that

R Py ¢ dt\V?
HgH(Lmq;M ~ </O ¢ 1y—A 1(t)K(t,g;Loo,L1)} t)

0 L 1 1/q
- ([T [ roxe g )
O L

B /OO _gAl(t)/t * q/@ 1/q
—(0 _ Og(S)dS] t)

=Nl -

This establishes (i). As for (ii), using Theorem 3.7/(iii), we get

Iy ~ ol + sl s,

On the other hand, reversing the couple, we derive

[e%¢} 1/‘1/
IIQII[LOO,Lﬂfq/ T (Z [z—mg—ao_l(Qm)K(Qm,g;Loo,Ll)]q)
o m=0
[e%s) , 1/q’
- (Z [f—ao—lem)K(z—m,g;Ll,Looﬂ")
m=0
1 ’ dt l/q/
~ ( / [0 (K (1, g L, Loo)]* t)
0
1 t q 1d
— (/ [E_ao_l(t)/ g*(s)ds] ij)
0 0

=gl ., (©.1).

This completes the proof of (ii). Finally, for (iii), according to Theorem 3.7/(ii), we
obtain

0 - - _ q’ dt 1/‘1,
sy = ([ [P 00O 0K (gL, 20)] T )
q dt>1/q/

- (/Oo _e—A—l(t)M(—l’O)(t)K(t‘l,g;L17Loo)} "
o L

r t 7 1/d
0 / dt
= (/ g(—oco—l,—l/q)(t)gg(ﬂ,—l)(t)/ g*(s)ds] t) .
o L 0

Theorem 4.2. Let 0 < ¢ < 1 and A = (g, o) € R? satisfy (2.2). Then we have with
equivalence of norms:

O
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(Z) If aco + 1/q >0, (L(oo,q;A))/ = L(l,oo;—A—l/q)'
(ii) If oo + 1/q < 0,

L) = {g€ Melgll = [0t + gl . 4o <)
(iii) If oo +1/g =0,

t
(Liowa) = {976 M gl = s (#0019 [ (5)is) < oo},
0<t<oo 0

Proof. One can proceed from (4.1) as in Theorem 4.1 but replacing Theorem 3.7 by
Theorem 3.8. (]

We close the paper by establishing the corresponding results to Theorems 4.1 and 4.2
for sequence spaces. This question has not been discussed in [16], but it can be treated
as another specific application of the abstract results of Section 3.

Let 2 = N and p = # the counting measure. Given any bounded sequence of scalars
£ = (&n), we put

& =inf{r>0:#{j e N:|§| > 7} <n}.
The sequence (&) is the decreasing rearrangement of (&,) by magnitude of modulus. If

¢ = (&,) converges to zero, then
ff - max{|€"| ‘ne N} = |§n1‘ ’ 5; = max{ !fn! n e N\ {nl}} and so on.

For a € R, let £( 4.a) be the collection of all bounded sequences { = (&,) such that

1/q
el = [ S It g <o
n=1 j=1
We put £(1 4, for the set of all bounded sequences § = (&) such that
1le, . = [ Do) gl < oo
n=1 j=1

Replacing the weight £%(n) by £%(n)¢¢%(n), where 3 € R, we obtain the spaces L1 gia8)-

To determine the associate space of £( ), we work with the Banach couple (£1, £oo).

00,q;¢x

The K-functional for this couple is

(4.2) K(n,& b, lo) =Y &, neN
j=1

(see [17, p. 126]). Since

n
€l = sup K(t,6) = lim lej = liel,,
]:
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we have that ({1,0~) is a Gagliardo couple. Moreover, ¢; has absolutely continuous
norm.

Theorem 4.3. Let 0 < ¢ < 00 and o € R. Then we have

LA, i—a—1) if 1<qg<oo and a+1/qg>0,
g(l,oo;fafl/q) if 0<g<1 and o+ 1/(] > 0,

0=
S T if 1<g<oco and a+1/qg=0,
6(1,00;,0[,1/(17,1/(]) if 0< q < 1 and o+ 1/(] =0.

Proof. Choose ap € R with ag +1/¢ < 0. We have K(t,¢;¢1,4) < t[[§]|, . Hence

1 d 1/q 1 dt 1/q
([ reoresn ) < ([ emol) el <.
0 0

Therefore, using (4.2), we obtain

> —1 pa q dt l/q
Hé.H(lezoo)l,q,(ao,a) ~ (/1 [t ¢ (t)K(t7§§€17€oo)] t>
00 n 1/q
~ Z [n—lga(n)zf;]qn—l
n=1 j=1
- HgHE(w,q;a) )

Whence, if 1 < ¢ < 0o and a+ 1/q > 0, according to Theorem 3.7/(i), we derive

E/(oo,q;a) = (EOO’Zl)l,q’,(—a—l,—ao—l)'

Furthermore,

0 , 1/d
( / [T K (1 6 ooy 1) Cff) q
1

o AN
(et E) el

S €l -
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This yields that

~

1 AN
[ rteetor g ) )
0

<
([ e om o)
([

0 cdt\ M
E o 1 (t7£;€17€oo)}q t)

- (Z [ L ZSJ )1/q’
n=1
= lielly, ., _

Consequently, €’(oo’q7a) =L1,q'—a—1)-

The case a + 1/g = 0 with 1 < g < oo follows similarly but using now Theorem

3.7/(ii).
The remaining cases where 0 < ¢ < 1 can be derived analogously but replacing
Theorem 3.7 by Theorem 3.8. U

Hé”(Zwyfl)l,q’,(—a—l,faofl)

~

g T

a—1) ’

In Theorem 4.3 we have not considered the case o + 1/¢g < 0. The reason is that in

this situation we have that £ 4.q) = loo. Indeed,

o) n 1/‘1
el < lEle .., = (Z [ (nyn™"! Zfﬂqnl)
n=1 j=1

N 14
< (Z gaqm)n—l) €l S €.,
n=1

Therefore,

(4.3) 0 )zﬁgozﬁlfora+1/q<0and0<q<oo, or« <0and ¢g =0

(co,q;

Still, this last result can be derived from Theorems 3.7/(iii) and 3.8/(iii) noting that

in this case X] = /1 and that [(s, (1]5 =l = [600,81]{(00 —a0—1/g because

1,¢',—ap—1 —

0o ' d 1/q o0 rd Ld
( /1 (1710 (K (1,65 oo, 1)) f) < ( /1 e @) tt> €M
S el

and similarly
sup {t_lf_ao_l/q(t)K(tag;gomfl)} S il -

1<t<oco
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