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ON THE MELTING OF ICE BALLS*
MIGUEL A. HERRERO! AND JUAN J. L. VELAZQUEZ!

Abstract. We consider here the problem of describing the melting of an ice ball surrounded by
water. The corresponding mathematical model consists of the Stefan problem with radial symmetry.
We obtain asymptotic expansions for the radius of the melting ball which turn out to be of a different
nature according to the cases N > 3 and N = 2, N being the space dimension. The methods employed
combine matched asymptotic expansion techniques, a priori estimates, and topological results.
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1. Introduction. This paper is concerned with radial solutions of the following
Stefan problem. To find functions 6(r,t) and R(t) such that

(1.1a) 6 = 0, + (N;1>9T forr > R(t) and t>0
(1.1b) 0(r,0) = 6o(r) for r > R(0),

(1.1c) O(r,t) =0 ifr <R(t) and t>0,

(1.1d) 0.(R(t),t) = —R(t) ift>0.

Here r = |z, z € RY, and N > 2. As it stands, (1.1) is a model for describing the
melting of a ball of ice surrounded by water. 6(r,t) denotes the temperature of the
medium, which is assumed to be zero at the ice phase. We do not require 8y(r) to be
positive for every r > R(0), so that the existence of regions where water is initially
undercooled is not ruled out.

In view of classical results, one expects that under fairly general circumstances
(for instance, if y(r) is nonnegative or if undercooling does not affect the dynamics
of the problem much) the ice ball will entirely melt at some finite time t = T < oo.
We shall address the following here.

Question. What is the speed at which ice balls collapse? In other words, what is
the asymptotic behavior of R(t) as t T T?

We shall show in what follows that there is a countable family of possible behaviors
for R(t) as the melting time ¢ = T is approached. To describe our results, it will be
convenient to consider separately the cases N = 2 and N > 3. In the bidimensional
situation we prove the following theorem.
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THEOREM 1.1. Assume that N = 2. For any T > 0, there exist solutions of (1.1)
such that the corresponding interfaces behave as t T T in one of the following ways:

1

1 1 _
(1.2)  R(t) = B(T —t)2e~ = 1108012 | 1og(T — )| aviosr—0 " * . (1 + o(1)),
where B is a fixed positive constant, or
(1.3) R(t) = C(T — t) 2| log(T — t)]2¢"1 (1 + o(1)),

where C' is an arbitrary positive constant and l is any integer such that | > 2.
Concerning the case of higher dimensions, we obtain the following theorem.
THEOREM 1.2. Assume that N > 3. For any T > 0, there exist solutions of (1.1)

such that the corresponding interfaces behave as t T T in one of the following ways:

(14) R(t) = By (T —1)2|log(T — )| "2 (1 + o(1)),
where By is a fized positive constant depending on the dimension N,
(1.5) or R(t) = C(T —t)2 (1 + o(1)),

where C' is an arbitrary positive constant and [ is any integer number such that | > 2.

Let us remark briefly on Theorems 1.1 and 1.2. To begin with, we do not preclude
here the existence of other possible types of shrinking spheres besides those described
n (1.2)—(1.5), although it seems very unlikely in view of the arguments leading to
the proofs of these results. As a matter of fact, we expect (1.2) and (1.4) to provide
the generic asymptotics for the case of the classical, not undercooled, Stefan problem.
However, no proof of such a statement is given here. It will be apparent from the proofs
that (1.3) and (1.5) correspond to problems with small undercooling, i.e., problems
where temperature changes sign somewhere for any ¢t < T

We next observe that (1.2)—(1.5) imply that the ice radii R(¢) are such that

Rt)< (T—t)> ast?]T,

and the contracting rates are therefore faster than those corresponding to the natural
scales of the problem under consideration. In particular, the solutions obtained are
not self-similar.

It is worth pointing out that our approach here allows us to obtain further infor-
mation on the structure of the solutions involved. For instance, asymptotic expansions
for the predicted water temperature near the melting ice ball can be obtained ast T T'.
The corresponding result reads as follows.

THEOREM 1.3. Assume first that N = 2. Then the solutions referred to in
Theorem 1.1 are such that the following expansions hold:

If (1.2) occurs, then

1 1
(1.6) 0(z,T) = D e~ 21812112 |9 10g ||| 2v2tes 1211 (1 4 0(1))  as x| 0,

where D is a fized positive constant.
If (1.3) occurs, then

(1.7) 0(z,T) = Ds |2~ (|logll)) "1 (14 0(1)) asa |0

for some positive constant D1 .
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Now suppose that N > 3. Then the solutions referred to in Theorem 1.2 are such
that the following expansions hold:
If (1.4) occurs, then

(1.8) 0(z,T) = Ky(log|z|)~~2(1+0(1)) asz |0,

where K is a fized positive constant depending on the dimension N.
If (1.5) occurs, then

(1.9) 0(x,T) = Kq|z[*72(1 +o(1)) asz |0

for some positive constant K.

Concerning previous related work, it is well known that for N = 1 the asymptotic
shape of the vanishing ice phase is a space-time wedge which has its tip at t = T. We
refer for such a case to the paper [AK], where disappearance of one of the phases in a
one-dimensional, two-phase Stefan problem is studied by means of functional analysis
methods. A different approach, based on matched asymptotics expansion techniques
has been developed in [RSP] and [SW].

For instance, in [SW] a formal analysis of (1.1) with (1.1d) replaced by

(1.10) 0,(R(t),t) = —AR(t) fort >0

is performed in the limit A — oco. In particular a boundary layer is then identified
where an expansion similar to (1.2) and (1.4) takes place. The reader is referred to
[DH], [HD1], [HD2], and [S] for related work, as well as to [R] and [M] for a general
outline of results concerning Stefan problems.

We conclude this introduction by describing the plan of the paper. Some pre-
liminary material is gathered in section 2. Section 3 is then devoted to deriving the
results in Theorems 1.1-1.3 by means of matched asymptotic expansion techniques
in a way which we believe to be conceptually simpler than the study done in [RSP],
[SW] for (1.1a)—(1.1c) and (1.10). Besides its heuristic interest, this formal method
detects a number of previously unnoticed patterns and provides the basic lines along
which a rigorous proof is subsequently implemented. The arguments in section 3 are
made rigorous in sections 4 to 7. To be precise, the sought-for solutions are obtained
by means of a topological fixed point argument. This is a classical approach in the
literature on partial differential equations (PDEs) which, to mention but a few ex-
amples, has been used recently to analyze singularity patterns arising in parabolic
equations in the works [B1], [B2], [AV], and [HV3], among others. The basic aspects
of our topological method are presented in section 4.

Sections 5 and 6 are then devoted to providing the various estimates required to
yield (1.2) in Theorem 1.1 and (1.6) in Theorem 1.3. Once this has been achieved, we
conclude by sketching in section 7 those modifications required to obtain (1.3)—(1.5)
as well as (1.7)—(1.9).

2. Preliminaries. Let (0(r,t), R(t)) be a solution of (1.1). It will be convenient
for our purposes to introduce a new variable u(r,t) given by

"N ¢ oNa
(2.1a) u(r, t) :/R(t)ﬁ - df/R(t)s “HO(s,t) + 1)ds if r> R(t),

(2.1b) u(r,t) =0 if r < R(¥).
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We then readily see that wu(r,t) satisfies

N -1

(2.2a) Ut = Upp + <
r

)uT—H(u) forz € RN, t>0,

where H(u) is the standard Heaviside function; i.e., H(u) = 1 whenever v > 0 and
H(u) = 0 otherwise. Equation (2.2a) is to be complemented with the initial condition

r 3
7. 0) = 1-N N-1 )
(2.2b) u(r, 0) /R (0)5 d¢ /R (0)5 (6(s,0) + 1) ds

For ease of notation, we shall often use the symbols A and V instead of their radial
counterparts when dealing with (2.2a) and related equations. Further, we introduce
self-similar variables as follows:

(2.3) u(r,t) = (T = t)®(y,7), y=r(T—1)">, 7=—log(T—1);
we define a rescaled free boundary e(7) given by
(2.4) e(r) = R(t)e? = R(t)(T —t)" 2.

It is then readily seen that ® satisfies the following equation:

N-1
@T:q>yy+( , —g><1>y—H(<I>)

1
(2.5) = AP — 2yV¢ +@—(1—xe)

= AP — (1 — x.),

where x.(y) = 1 for y < &(7) and x.(y) = 0 otherwise. The linear operator A will
play a key role in our approach. Consider the weighted space

12, (RY) = {f € L2 (RY) : | f|? = / PN F)Pe Y dy < oo}.

Clearly L2, .(R") is a Hilbert space when endowed with the norm

1712 = (f. f) = / YN f()2e ¥ dy,
0

where we have used the symbol ( , ) to denote the corresponding scalar product.
For any positive integer k, one may then define the Hilbert spaces HE (R*) in a
straightforward way. By classical spectral theory, one then has that the radial operator
A in (2.5) is self-adjoint in L2 (R*) with domain D(A) = HZ ,(RT). Furthermore,
the eigenvalues of A consist of the sequence

(2.6a) Mi=1—k, k=0,1,2,....
The corresponding eigenfunctions can be written in the form
y?
CkLk(4) ifN=2 k=0,1,2,...,

(2.6b) er(y) = )
N-2 [y .
Ck’NLkN (4) lfNZ?), k:0,1,27...,
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where Ly (z) (resp. L,&N_Q)/ N (z)) denotes the standard kth Laguerre polynomial (resp.
N—2

the modified L§(x) Laguerre polynomial with o = ), cf., for instance, [L] and
[MF] for a review of properties of such functions. The normalization constants ¢ and
¢k, N in (2.6b) are selected so that

(2.6¢) okl =1 for any k.
By classical results (cf., for instance, [MF]), we readily see that

P30k +1)

(2.7a) N = )
P (0 (N7 4 k1))
1
2
(2:7) T gxl(k+ 1)

The following a priori bound on solutions of (2.5) is important for our purposes:

(2.8) ®(y,7) < C(y*+1) for some C >0 and any y > 0,7 > 0.

Estimate (2.8) can be obtained, for instance, from the Bernstein-type bound
[V®(y,7)] < C for any y and any 7 > 0,

which holds for solutions of (2.5) under rather loose assumptions on their initial values
(cf., for instance, [HV1] for a related result). Arguing as in [HV2], we may deduce
from (2.8) the following convergence result:

2

Y
P(y,t) — as t — oo,
(2.9) =7

uniformly on sets y < M < co.

Since (2.9) plays an important role in what follows, we shall briefly sketch here
the main ideas in its proof and refer to [HV2] for details. To begin with, an energy
argument like that in [GK] shows that

Oy, 7) = ®*(y) T— o0

uniformly on compact sets of |y|, where ®* is a stationary solution of (2.5). Arguing
as in Lemma 4.3 of [HV2], we see that either lim, o e(7) = 0 or lim, . (1) = 1.
The second case would allow for a possible stationary solution ®*(y) = 1, which
would in turn yield that ®(0,7) > 0 for 7 > 1. This in particular implies that the ice
ball has already disappeared for some time t < 7', which is a contradiction. On the
other hand, the case lim,_, . £(r) = 0 gives rise to two possible stationary solutions
satisfying (2.8), namely

To rule out the first possibility, we argue by contradiction as follows. Assume
that lim,_,oo ®(y,r) = 0 uniformly on sets |y| < R < co. Then for fixed A > 0 and
e > 0 we may select 7 > 1 so that ®(y,7) < e for 7 > 79 and |y| < A. A quick glance
at equation (2.5) reveals then that ®(y,7) is at most of order O(ge™ ™) for 7 > 7
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at distances y ~ Ae("=70)/2_ As a matter of fact, this estimate is readily suggested
by dropping the absorption term H(®) in (2.5) and then checking how bounds on
initial values propagate along characteristics for the resulting equation. In terms of
the variable u(z,t), one is thus led to a bound of the type

(2.10) u(z,t) <ex? for <6, to<t<T,

where 6 = §(¢) > 0 is a small (but fixed) positive number and ¢ is close enough to
T. On the other hand, our assumption ®*(y) = 0 carries into

(2.11) u(z,tg) < e(T —ty) for x < A.

From (2.10) and (2.11), a barrier argument as the one in [EK] or [HV1] yields
that u(x,T) = 0 for some = > 0, thus contradicting the assumption that the ice ball
collapses exactly at t = T'. This concludes the proof.

3. The formal argument. This section is devoted to showing how to obtain the
asymptotic results in Theorems 1.1 and 1.2 by means of formal perturbative methods.
While the approach to be described is a nonrigorous one, it is in our opinion the
crux of this work. The reason for this statement is that these heuristic methods not
only provide deep insight into what to expect but also mark the path along which
a rigorous argument can be implemented. This last task will be postponed until
sections 4-7.

For definiteness, we shall consider first the case N = 2 and remark then about
the differences which arise for N > 3. Our starting point is the convergence result
(2.9). Bearing it in mind, we set

2

(3.1) ly.T) =Dy, )~

so that the function ¥(y, 7) satisfies
(32> wT = A¢ + Xe(r)-

We now introduce the following ansatz concerning the effect of the term x.(;) in (3.2).
Assumption 3.1. For |y| > e(7) and 7 > 1, we may replace (3.2) by

(3.3) e = A +e(r)%6(y),

where constant 7 is uniquely determined by imposing that

(3.4 [ xeds =2 [ sy ey =)
R2 R2

We next proceed to derive (1.2) in Theorem 1.1. To this end, we set

(oo}

(3.5) Uy, 7) =Y ar(r)er(y) = ao(r)o(y) + ar(T)e1(y) + Q(y, 7).
k=0

The first two Fourier coefficients would then satisfy

(3.62) ao = ag +7e(1)*(po, 8(y)) for 7> 1,

(3.6b) ay = ve(1)?{p1,6(y)) for 7> 1,

whereas the remainder term Q(y, 7) is such that

1
(3.6¢) Q- = AQ +7e(7)? (5(1/) = (#x; 5(y)>s0k> :
k

=0
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(3.6d) (Q,pr) =0 fork=0,1.

We now introduce the following assumption.

Assumption 3.2. The leading term in (3.5) as 7 > 1 is a3 (7)p1(y); i.e., evolution
in time of ¥ (y,7) is driven by the eigenfunction corresponding to zero eigenvalue.
Moreover, one then expects

(3.7a) le(T)] < e(r) as T — oo,

(3.7b) Qy,7) ~e(1)*F(y) asT— 00
for a suitable function F(y). It then turns out that F(y) satisfies

(3.8a) AF + (5(y) - Z(@mé(y)}%) =0,

k=0

(3.8b) (F,pr) =0 for k=0,1.

We may now integrate (3.8a) and (3.8b) to obtain
1
(3.9) Fly) = —, logy+B+O0(y’|logy|) fore(r) <y <1,

where constant B is detemined by the orthogonality conditions (3.8b). On the other
hand, since we expect lim,_, o ax(7) = 0 for £ = 0,1, we obtain from (3.6) that

(3.10) ag(T) ~ —vgok(())/ e(s)2e1MT=)gs for 7> 1, k=0,1.

T

Putting together (3.5), (3.9), and (3.10), we arrive at
2 1

(311) B~ " =1 o0l [ o0 P
k=0 T

1
2
B — 1
+ ve(r) ( o ogy)
whenever

e(r)<y<C withC>0and 7> 1.

Formula (3.11) provides an outer expansion for ®(y, 7) in regions sufficiently far from
the free boundary. To analyze the set where y ~ €(7), we change variables as follows:

Y

(3.12) 2y,7) = (M) ), €= )

Substituting (3.12) into (2.5) readily gives

2
(3.13) géw — éelwe + 2w, = Aw — 52 fwe + 2w — ¥,
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where now Aw = wee + Ug and x(&) = 1 whenever £ > 1 and is zero elsewhere. After

comparing the order of magnitude of the different terms in (3.13), we are led to guess
that as 7 — oo, w(&,7) ~ w(£), where w(&) is the solution of

We

3
w(1) = we(1) = 0;

(3.14) wee+ - =1 for&>1,

ie.,

(3.15) w(E) = f - élogf - i for £ > 1.

In view of (3.12) and (3.15), we expect that

2 7)2 7)?
(3.16) Oy, 7) ~ (r)w <5(y7)) - y4 - 8(2) o <€(yf)> - 6(4)

for y ~e(7) and 7 > 1.
Matching the inner and outer expansions (3.16) and (3.11), we obtain as a match-
ing condition

(317) BE(T)2 — ’yz (pk((])2 /Oo 6(8)26(1719)(T75)d8 _ 6(72—)2 10g€(7’) o 5(74—)2 )
k=0 o

This is the basic integral equation that determines the position of the rescaled free
boundary (7). Actually, we claim that (3.17) yields

(3.18) e(r) ~ Ke™ T pave AL (I14+0(1)) as 7 — o0,

where K = e*B.

Taking into account (2.4), one readily checks that (3.18) gives (1.2) in Theorem
1.1. For the convenience of the reader we shall briefly sketch the way in which (3.18)
can be derived from (3.17). We first observe that a dominated balance argument
shows that the leading terms in (3.17) satisfy

(3.19) 8?2 log(e(7)2) ~ —vip1(0)2 /TOO e(s)?ds = —i /Too e(s)%ds.
Now set

Glr) = / ~ e(s)2ds.
Then

and it follows from (3.19) that

(3.20) log(e(7)?) ~ log G(7) — log(—log G(7)),
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where here and henceforth all asymptotic equivalences are understood to hold for
r > 1. Hence

52(10g G(1) —log(—log G(1))) ~ —G(7)

which in turn yields

G 'GlogG (1— log(~log &) 4+ =1,
log G

and we obtain after integration

log(—log G)

1 2 _
2(logG) =T (1+ log G

s )ae

for some constant C. To the first term, the equality above gives |log G| ~ (27)'/2,
whence

(3.21) G(r) ~ eV asT— o0

up to some algebraic factor. From (3.21) and our choice of G, we deduce that

(3.22) / eTe(5)2ds ~ 2(r)?.
it then follows from (3.22) and (3.17) that
e(7)?log(e(1)?) = —G(7) + 4Be(r)? + -+,

whence

g(logG—log(—logG) +4B+--) =1.

Taking into account (3.21), we then see that

1 d 2y 1 1 4B —1
2dT((logG) )= <1+ 2/ (log\/2+ 210g7> + Jor +)

1 log7 (logv/2+4B)
Cov2 VT V2r

Setting o = v/2(log v/2 + 4B), we obtain

1

1 - )
logG)? =7 — logT —ar2 +---
5 l0g &) /2 %8
which at once yields
(3.23) G(1) ~ Koe V¥ r2v-  with Ky = v/2¢4B.

Plugging (3.23) and (3.20) into (3.19) and (3.18) follows.
We next set out to describe the way in which (1.3)—(1.5) are obtained. For the
ease of presentation, we shall merely sketch the points that give rise to the different
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behaviors involved. To begin with, we continue to suppose that N = 2 and that
Assumption 3.1 is in force. We now recast (3.5) in the form

l

(3.24) Py, 7) =Y ar()er(y) = Y ar(r)er(y) + Qy, 7).
k=0

k=0
It is readily seen that formulas (3.6) read in this case as

(3.252)  ax = (1 —k)ag +ve(1)* (¢, 6(y)) for7>>1, k=0,1,...,1,

l
(3.25b) Qr = AQ +ve(r)? (5(11) - len 5(y)><pk> ;

k=0

(3.25¢) (Q,pr) =0 for k=0,1,...,1.

We now replace Assumption 3.2 by the following.

Assumption 3.3. The leading term in (3.24) as 7 > 1 is a;(7)p1(y); i.e., evolution
in time of ¥ (y, ) is driven by the eigenfunction corresponding to the Ith eigenvalue.
Moreover, one then expects

(3.26a) ddT (€2(1)) ~ (1 = De*(1) as T — oo,
(3.26b) Qy,7) ~e(r)*F(y) as T — oo,

where F(y) satisfies

(3.27a) AF + <(‘5(y) - kZl:0<<pk’ 6(y)>g&k> =0,k=0,1,...,1,
(3.27b) (Fyor) =0 fork=0,1,...,1

and the operator A; is given by

Ly
(3.27¢) AF =F,, + 5 F, +1F.

Yy
Integrating (3.27), we obtain

1

(3.28) F(y) = o logy +--- fore(t) <y 1.
We point out that no further details on the expansion (3.28) are required to derive

the sought-for result (1.3). Arguing as before, we now obtain the following outer
expansion for ®(y, 7):

2 oo
3.29 [0)) Y, T) ~ Yy — v 0 2 e(s 26(1_l)(T_S)dS
(3.29) |

e(r)? (- ;ﬂ log y + 0(1))
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whenever £(7) < y < 1 and 7 > 1. The inner expansion for ®(y, ) is exactly that
already obtained in (3.16). From (3.29) and (3.16), we deduce the matching condition

o 1
(3.30) — (0)? / (52600 s = () loge(r),
which yields now the following asymptotic behavior for £(7):
(3.31) e(r) ~ Cet'2 )77 as - oo

for some positive constant C.

Estimate (3.31) can be obtained from (3.30) by means of an argument similar to
that leading from (3.17) to (3.18). Indeed, setting 7(s) = £2(s)e”(1=% and observing
that 4y¢;(0)% = 1 (cf. (2.8)), we may rewrite (3.20) in the form

— /00 r(s)ds =r(7) log(EQ(T)) =r(7) (1 =71 + log(r(1))).

Hence

1

- /TOO r(s)ds = r(1) (r+ O(log(r(r)))) for 7> 1,

which can be integrated to yield (1) = Cr~"/(=1)  whence
52(7') = C’e(l_l)TT_lil,

and (1.3) follows.

We conclude this section by sketching the formal derivation of (1.4) and (1.5) in
Theorem 1.2. Consider first the case of (1.4). From Assumptions 3.1 and 3.2 (with
£2(7) replaced by £V (7) where appropriate), we obtain the following outer expansion
for ®(y,7):

y2 ! e eN (7)
(3.32) Q@’ﬂﬁv2N"77§:¢imX/ sN(ﬂeﬂmﬁ'®d5+()<yN_2)
k=0 T

whenever £(7) < y < 1 and 7 > 1. The corresponding inner expansion is also
obtained in the form

Y

2y.7) =S (Mu(Er) withe=_ o,

where w(&, 7) ~ w(&) for large 7 and w solves

_ N-1)\ _
Wee + ¢ we =1 for &> 1,

(compare with (3.14)). This now yields

52 1 fQ_N

w@_2N_%N—m
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whereupon the following inner expansion for @ follows:
2 2 1 N-2
Sy~ Y~ F (m e(7)
2N 2(N-2) N(IN-2)\ y
for y ~ e(7) and 7 > 1.

(3.33)

Matching (3.32) and (3.33) gives the following equation for e(7):

1

(334) ,YZ @k(O)Q /OO E(S)Ne(l_k)(T_s)dS — 2(?\57‘1 2)’

k=0 T

which yields (1) ~ C771/(N=2) and hence (1.4). Finally, (1.5) is obtained by guessing
an outer expansion of the form

2
Yy —r
(3.35) By, 7) ~ oy — o T i(y).

This follows by neglecting the term x.(r) in (3.2) and assuming that the Ith mode
dominates in the Fourier expansion for ¢(y, 7). Matching (3.35) with (3.33), (1.5)
follows.

4. The topological argument. In this section we shall describe the basic ap-
proach towards a rigorous derivation of Theorems 1.1-1.3. For simplicity, we shall
concentrate on the case where N = 2 and (1.2) holds and remark briefly on the
remaining situations afterwards.

4.1. Obtaining (1.2) in Theorem 1.1. Let us define &(7) as follows:

(4.1) g(r) = Ke~ X/ZQTT&T_}‘, K given in (3.18).

In another words, £(7) is the leading part in the expected asymptotic behavior of
the rescaled free boundary in this case. Fix now 7y, 7, with 71 > 79 > 1 and consider
functions (7) such that the following estimates hold for some choice of M > 1.

1
(4.2a)  sup {|E(T) — &(s)|, where 7,8 € [19,71] and |7 — 5| < } < M&(T)T_g,
T

(4.2b) gj(\;) <e(r) < M&(r) for T € [0, 71].

We next recall that if ®(y,7) is a (rescaled) solution of our problem (cf. (2.3)), then
¥(y,7) given in (3.1) solves

(4.3a) Yr =AY+ xe(r) foryeR, 7>,

(4.3b) Y(y,m0) = Yoly) at T =70,

where A is the linear operator in (2.5). We want to pick 1o(y) above in a particular
manner. Namely, we take

(4.4) Poly) = ao@o(y) + 181 (y) +7&(10)* F(y),
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where F(y) is as in (3.9), and «p, a1, @0, and ¢ will be selected presently. As a
matter of fact, for j = 0,1 functions ¢;(y) will coincide with the eigenfunctions ¢;(y)
given in (2.6) for, say, y > (£(79))'/2. The main point in selecting v (y) in (4.4) is
that we want it to match with the inner expansion (3.16) (with £(7) replaced by (7o)
there) at distances y ~ &(79)'/2. This amounts essentially to imposing

1
appo(0) + ar1p1(y) + v&(m0)? ( o logy+ B+ -- >

= 5(20)2 log (7o) — 5(720)2 logy — 5(740)2,
whence
(45) oo + g+ (B4 ) vzt = 0 boge(m)
so that
(4.6) o] + |aa| = O(&(19)?| log &(7o)).-

We have yet to determine what kind of modification is to be performed on the ¢;’s
near the origin for £ = 0, 1. To ascertain this point, we observe that if no change were
done at all, we would have that

_7é(m)

2
logy asy— 0.
27

Yo(y) ~

To remove such singularity, we just redefine the ¢y’s near y = 0 as follows:

_ 7é(m0)?

+o(é(1)%logy) asy — 0.
2

(4.7) aopo + 11 (y)
Notice that relations (4.4)—(4.7) are compatible and allow for many possible choices
of ag, ¢k for k = 0.1. Bearing in mind our previous arguments, we now introduce the
following notation:

(4.8)
Let 79,71 be such that 7 > 79 > 1, and let p be a given number
such that 0 < p < 1. We shall say that a solution 9 (y,7) of (4.3a)
which is defined for 79 < 7 < 7 belongs to the class A(rg, 7y, ) if
there exists a constant M such that [¢(y,7)| < M (1 +y?) fory € R
and 7 € [19, 71| and conditions (4.2) are satisfied with M replaced by
My there.

We shall say that ¥ (y,7) € A(70, 71, ) if it satisfies those conditions describ-
ing membership in the class A(7, 75, ) when strict inequalities are replaced by the
symbol <.

For k = 0,1, let us now define

(4.9) (oo, a1;7) = (W(y, 75 0, 1), Pk) +/ eA=R=9) (v o )ds,

T

where ¥(y, T; ap, 1) is the solution of (4.3a) such that ¥ (y, 70; @, 1) = o (y), Yo(y)
being a function satisfying (4.4)—(4.7) above.
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The following result is a crucial ingredient in the proof of (1.2) in Theorem 1.1.

PROPOSITION 4.1. Assume that M > 0 is large enough and let ¢¥(y,T) be the
solution of (4.3), where ¥(y, 7o) = o(y) is such that (4.4)—(4.7) hold. Suppose also
that

(4.10) Yy, ) € A, 71,1)

for some 11, 19 so that 7y > 19 > 1. Then if

(4.11) lg(ag,1,71) =0 for k=0,1
(¢f. (4.9) above), one has that

vnr) €4 (mimy ).

We shall prove Proposition 4.1 in sections 5 and 6, which contain most of the
technical aspects of this paper. To keep the flow of the main arguments here, we
will assume that the proposition holds true and continue with the derivation of (1.2).
Let o = (o, 1) be any pair of real numbers and set I(ag,a1;7) = (lo(co, a1;7),
l1 (v, a157)), where for k = 0,1,1) is defined as the right-hand side of (4.9). Let
71, To be such that 7 > 75 and define U(79, 1) C R? as the open set consisting of
all points (ag, ;) € R? such that the corresponding solution (y,7) of (4.3)-(4.8)
satisfies that ¥ (y,7) € A(7,71,1). From our previous arguments, it follows that we
may select an initial value ¢(y, 79) = ¥o(y) in (4.3b) so that

¢(y77'0) S ‘A (7-077-03 ;)

and there exists a unique solution of I(ag, a1, ) = 0. Indeed, by (4.9) one has that
(g, a1;70) = o + 6(a, 70)(Jag| + | |) + O(E(70)?)  for k= 0,1,

where 6(a,79) — 0 as 79 — oo, uniformly for |a| = |ag| + |a1| bounded, and the
last term on the right above may be assumed to be independent on . On the other
hand, we may always suppose | = (lg,l1) to be differentiable with respect to ag, ay
by means of a suitable choice of the initial value 1o(y). We shall assume henceforth
that ¢o(y) satisfies such a condition. It then turns out that for £k = 0,1 equation
lk(ap, a1;79) = 0 has a unique solution ¢y, such that

ar = 0(&8(19)?).
As a matter of fact, one then has that
d(l,Z/{(To, To); O) = 1,

where for 7 > 79, d(I,U(19,7);0) denotes the topological degree of the mapping [ in
the set U(p, T) at the value zero.

Now assume that U(m,7) # ¢ for any 7 € [19,71] with 71 > 0 and denote
by 0U(19,7) the boundary of the open set U(7p,7). We notice that if [ # 0 on
U(oU(ry, 7)) for 19 < 7 < 11, the d(I,U(79,7);0) = d(l,U(70,70);0) for any such 7. It
then follows from standard continuous dependence results that

u(7—077—1) # ¢
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and
d(l,U(19,m);0) =1
for any 71 > 79 such that (ry — 7p) is sufficiently small. We next claim that
(4.12a) d(l,U(7o,7);0) = 1
for any 7 > 7y as far as

(4.12b) U(T0,T) # .

Indeed, suppose that there exists a first time 7 > 79 when (4.12a) fails but (4.12b)
holds true. In view of our previous remark, there must be a point 8§ = (fp,51) €
OU (1o, T), where I(8) = 0, and clearly ¥(y,7;00,01) € A(1o,7;1). We then use
Proposition 4.1 to deduce that 5 € U(7, 7), which is a contradiction.

We further observe that

(4.13) U(T0,T) # ¢ Tfor any T > 7,

provided that 79 > 1.

To check (4.13), we define 7* = sup{r : U(79,7) # ¢}. We already know that
T* > 79. Assume now that 7* < co. By (4.12), we may select a sequence of times {7, }
increasing to 7* and a sequence {an} = {(qon,a1n)} such that I(aon, @1n;7) = 0
and a,, € U(Ty,T,). Since U(1y, Tnt1) C U(T0,Tn), one has that {a,} is bounded.
Therefore, a subsequence (still denoted by {«,,}) exists which converges to some point
a* = (af,af). It then turns out that I(af, af; 7*) = 0 and hence by Proposition 4.1
the corresponding function ¥ (y, 7; o, @f) remains at the interior of A(7, 7*;1); this
is the point where restriction 79 > 1 needs to be imposed on (4.13). By continuous
dependence results, 1 would also remain at the interior of A(7y,7* + ;1) for some
6 > 0, thus contradicting the definition of 7*.

We are now prepared to detail the argument leading to the existence of the solu-
tions referred to in Theorems 1.1 and 1.3. Take a sequence {7, } such that 71 > 79 and
lim,, o 7, = 00. For any such n, U(79,7,) # ¢, and we may select «,, = (agn, @1n)
such that {(con, a1n; 7} = 0.

Let ¢, (y,7) = Yn(y, T; aon, @1,) be the solution of (4.3a) with initial value
Un (Y, 70) = Yo(y; Qon, a1n) satisfying (4.4)—(4.8). By Proposition 4.1, we have that
Uy, 7) € Al1o, Tn; é) Since the sequence {ay,} is bounded, there exists a subse-
quence (still denoted by {e.,}) and a value @ = (@, @) such that lim, . a, = @ €
U (10, 70). It then turns out that function ¢ (y, 7; @, &1 ), solution of (4.3a) with initial
value ¥ (y, 70; &, @1 ), provides a sought-for solution satisfying (1.2), and the proof is
concluded under our current assumptions.

4.2. The remaining cases. To derive (1.3) in Theorem 1.1, we just repeat our
previous argument with the following modifications. First we replace &(7) in (4.1) by

g(r) = Ce(lfl)TTflil,

where, as in the statement of the theorem, [ is any number larger than or equal to
two and C' is any positive constant. Instead of making use of (4.4), we now define

Yo(y) by

l
C
wo(y) =D onr(y) — , logy
k=0
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and replace condition (4.11) in Proposition 4.1 by
Ie(ag,01,...,00;71) =0 for k=0,1,...,1,

where the [;’s are defined as in (4.9), except that here we allow I to depend on all
parameters g, o, ..., Q.

The cases corresponding to dimensions N > 3 are similar. For instance, to obtain
(1.4) (resp. (1.5)), we define &(7) as follows:

é(r) =Bt~ No2 (resp. &(1) = C’e(lfé)T),

where B > 0 is a fixed constant which depends on N and can be determined from
(3.34) and C is any given constant. We now have to redefine the ¢’s near y = 0
in order to remove singularities of the type y~(M=2) instead of logarithmic ones. A
straightforward modification of the previous approach yields then the desired results.

5. Derivation of (1.2): Analysis of the outer region. We now set out to
provide the details required to justify the picture given in sections 3 and 4. To this
end, we shall concentrate on proving Proposition 4.1 to highlight those modifications
required to obtain (1.3)—(1.5). From now on we shall thus assume that N = 2 and
start by considering solutions to the equation satisfied by ¥ (y, ) given in (3.2); i.e.,

(5.1) Yy = AP+ Xe(r) for7>70,y €R

with initial condition (4.3b), where ¥o(y) satisfies (4.4)—(4.8) and operator A is given
n (2.5). We shall compare solutions to (5.1) and (4.3b) with those to the auxiliary
equation

(5.2) W, = AW +~e(1)%6(y) for 7> 79,y € R

with the same initial condition at 7 = 5. Solutions of (5.1) can be represented in the
form

(5.3) Y(y, 7) = ao(1)wo(y) + ar (1)1 (y) + E(y, ),
where E(y, 7) satisfies
1
(5.4) E, = AE — GYVE+E+ (Xe(r) = (905 Xe())P0 — (P1Xe(r))P1)

and (E,¢r) = 0 for kK = 0,1. Bearing in mind (5.2), we shall also consider solutions
Q(y, 7) to the equation

(55) Qr=2Q - ,yVQ+Q

+ 7e(1)*(8(y) — {0, 6(y))po — (@1,6(y)) 1)

such that (Q, ¢x) = 0 for k = 0,1. We then have the following lemma.
LEMMA 5.1. Let 79 > 0 be fized. Then the solution Q(y,70) of (5.5) which is
defined for 7 > 19 and satisfies Qo(y, 7o) = 0 is given by

(5.64) Q)= [ " K7 — s)eme(s)?ds,
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where

K(p) = tantr =) (o (-, V)
(5.6b) .

Lol

J

Proof. For convenience, we shall dispense with the subscript in Qg (y, 7). Differ-
entiating three times with respect to the y variables in (5.5) yields

0 1 1
aTQi,j,k: =AQijr — 2vai,j,k - Qme,k + 75(7)2(5(y))i,j,k

1
=A,.Qi ;% — 2Qi,j,k + ’75(7)2(5(9))i,j,k

in an appropriate weak sense. Using a variation of constants formula in the equation
above and denoting by S, the semigroup generated by A,, we obtain that

T r—s 3(6 T r—s
Quistyr) = [T =0 (sl S5 Yts =y [ e

o s (ye~("3°) — ¢)?
: R B
e 08,0606, ((47?(1 e ) Lexp ( 4(1 = e~(r-) 6(§)> d§> ds

o T eTe(s)? —(r=5)))- (ye ("27))?
— T—S8 4 1 o (T S) 1 . d .
vayiayjajk /TO e %e(s) (( m(l—e )" exp ( 41 — e~(r-) s

Integrating now three times with respect to the y variables and imposing (Q1¢0) =
(Q1p1) = 0, the result follows. a
We shall elaborate a bit on the formulas in (5.6). To begin with, we observe that

(5.7a) ©o, € - ye o =C(l—e (T*S)) for some C' > 0
. X -
0, ¢XP 4(1 — e—(T—S)) ’

y2€—(7—s)

(5.7b) <<p1,exp (—4(1 B 6_(7_8))>> — (ap+ar(1 — e ) (1 — e )

for some constants ag and a;. To check (5.7a), we simply notice that

@o,exp | — yre Y = 00/ exp v e dy
4(1 — e~ (T=9)) R2 4 41 —e(779))
=co(l — e_(T_S)) / e_Tan
RQ

where ¢ is given in (2.6b). The proof of (5.7b) is similar and will therefore be omitted.
Assume now that 7 > 79 + 1. We may then split the integral term in (5.6a) in
the form

65:) Q)= [ O+ [ 0= Qi)+ Qoalynr)

0
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To estimate (o 2, we proceed to examine the quantity
T 2,—(1—s)
(5.9) J = 'y/ (Ar(1—e =) Lexp ( (1 —5) — ye o £2(s)ds.
-1 41 — e (7 3))
Setting n = y2e~ 779 (4(1 — e~ ("=%)))~1 it follows that e7% = 1 + Z; and dn =

471y2e=(7=9) (1 —e=(7=9)) 245, If we now write f(y) = ef(y) with 0(y) = y?e = (4(1—
e 1)1, we easily see that

%) 2\ 2 [e’e] 2
Y 2 Yy —2 v 2 Yy —n -1
J = / e(s) <1+ > y “e dn = / e(s) (1+ )6 ™ dn,
T Joy) 4n AT J g (y) 4n

where s = 7 — log(1 + Z;)

Now we shall pay attention to the term S(7 — 79)Q(y, T0), where Q(y, 7o) is given
by

(5.10) Q(y,m0) = v&(10)*F(y) + ; j (@ - kzzo e ¢j>>

= v&(10)?F (y) + R(y),

where aj,p;, and ¢; are as in (4.4). Notice that (Q(-,7), k) = 0 for k = 0, 1.
Moreover, one has that

R(y) =) a;(@i—g)+ > 0y (Z Pr (6,6 — <90k795j>)> ;
=0 j=0 k=0

where, as customary, 6 =1 if j = k and 6, = 0 otherwise. In view of (4.4)-(4.7),
it holds that

IR(y)| < C (s-m)?

Y _
log <E(TO)> ‘ Xiy<e(royr/2) + €(70) 70 (1 + y2)> :
Using the explicit kernel for the semigroup S(7), we then derive

(5.11a)  |S(r —19)R| < CE(TQ)STOg (149%) formg<7<79+1landy> E(To)‘li.
On the other hand, by regularizing properties of S(7), we obtain
|S(T —10)R| < Ca(r)3X(1+y?) forT>7+1,
(5.11b)
y > &(rp)4, and some x € (0,1).

Summing up, we have obtained the following lemma.
LEMMA 5.2. Let 7% = max{7, T — 1} and let Q(y,T) be the solution of (5.5) for
T > 19 such that Q(y, 7o) is given by (5.10). We then have that

(:12) Q) = 1S =) F) 7 [ Kl — )6 e(s)ds

oo

+ 7/ (A 4+ Ay(1 — e~ T=%)))em3¢(s)%ds + Z / e(s)%e M tdn
T* b

=1 [Cetpemparytanro () as )

T Js
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in regions where y > 5(7’0)1/4 and T > 19. Here Ay, As are some positive constants,

S =2 (4(ef — 1)), where B = max{ry, T — 1} and in the last two integrals above,
s=1—log(l+ Z;)

We now proceed to estimate the difference (F — @), where E and @ are solutions
of (5.4) and (5.5), respectively. To this end, we set

(5.13) Z=E-Q, g=Xxe(r)—7e(r)*8(y)

so that Z satisfies

1
Z, = A7 — SIVZ+Z+ (9 — (0, 9)p0 — (¥1,9)01)
(5.14a)

= AZ + (9 — (@0, 9)0 — (¢1.9)¢1) = AZ + h(y,7)

We shall consider equation (5.14a) for values 7 > 79 > 1. At 7 = 79, we impose
E(y,70) = Q(y, 7o) so that

(5.14b) Z(y, 1) = 0.

We then have that the solution to (5.14) can be written in the form

(5.15a) Z(y,T) = /T S(r —s)h(-,s)ds = /T Ly, — s; 8)ds,

0 70

where

Ly, 7 = s;5) = (4m(1 — e (T72))) 7!

(ye (27 —¢)?
'/Rz b <_ 41— e=(=9) ) & o)

Without loss of generality, we may assume 7 > 79 + 1. We then split Z in the form

(5.15b)

T—1 T
(5.16) Z(y,T):/ Lder/ Lds.
T T—1

0

Then the following lemma holds.
LEMMA 5.3. There exists C' > 0 such that

T—1 T—1
(5.17) / |Llds < C / e~ (T9e(s)4ds
T T0

0

uniformly on bounded sets |y| < R < oo.
Proof. To begin with, we observe that

(o, 9(-, 8))| = ’/Rz ©0(Xe(s) —Ve(s)Qé(y))e—y2/4dy’

- / po(e ™Vt = 1)dy
lyl<=(s)

and a similar bound is easily obtained for |{(¢1, g)|. We thus have that

<C r2dr < 05(5)4
ly|<e(s)
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(5.18) {0, 9(» )| + [{p1, 9(-, 8))| < Ce(s)*

for some C' > 0.
Recalling that 7 — s > 1 under our current assumptions, we now consider the

term
T—1 —(73°) — £)2
= (1 — e~ (T=D))~ <p | — (ye™' 2 £)
1= ﬂo (4r(1—e 1 ) 1 /R2 exp ( 41 — e~(r=) ) g(&,s)ds

(5.19) = /1 S(r — 8)g(-, s)ds = /Tl s <;) s (T oo i) s (i) g(-, 8)ds.

We claim that

< Ce(s)*  for some C > 0.

(5.20) HS <D 9(- )

Let us assume (5.20) for the moment and continue. One then may use classical
regularizing effects to derive that

(5.21) Hs (T s 2) (s (i) g(-,s)) H < Ce= (=g (s)".

Finally, a standard Sobolev imbedding yields

(5.22) ’S (;) (S <T —5— i) s (i) g(-,s))‘ < Ce T ()™,

Putting together (5.18)—-(5.22), estimate (5.17) follows. The proof will thus be
complete as soon as (5.20) has been obtained. To derive this last result, we make use
of a duality argument. Let ¢(y) be any radial function in L?(R), and consider the
integral

7= [Lates) ([ o) ac= [ aece

Recalling the arguments leading to (5.18), one readily sees that

/ 96, $)G(€)dE = / (Xe(oy — 72(5)26(4))G(E)de
R2 R2

_ /| o (GO~ GO < Ce(s)*,

whereupon (5.20) follows. O
Our next result reads as follows.
LEMMA 5.4. There exists C' > 0 such that

T T 1 2
(5.23) / |L(y, 7 — s;8)|ds < C (/ e(s)*ds + \y|/ e(t —s)%s%e” Y ds) .
T—1 T—1 0
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Proof. Set

e~ (727) =
(5.24a) w(y, T — 8;€) = exp <— vy 5)2> .

4(1 — e~ (7-9))

We can then readily check that
(5.24b) / L(y, 7 — s;8)ds = / (Ar(1 — e~ =) LTS M (y, T — s)ds,
T—1 T—1

where

M(y,7—s) = / (w(y, ™ — ) — (g0, w(y, 7 — 5)) 0
(5.24c) R

— (o1, w(y, ™ — 5:6))e1)g(&, s)dE.

2 —(73°) _ £)2 1 .
y4 T (Zigfl _ 6_(7—_5))) = 4(1 - e—(‘f'—s)) ((y — fe_( 2 ))2 _|_§2(1 _ e—(‘r—s))) )

A quick computation then reveals that
2
(po, w(y, T —8;8)) < Ce~ %) (1— e—(T—s)),

and a similar result holds when we replace ¢y by ¢1 above. Recalling the argument
leading to (5.18), we then have that

(5.25) /Rz ({0, wheo + {1, w) 1)l g (-, 8)|ds < C(1 — e T=)e(s)*.

Now consider the integral
(5.26) J= / (Am(1 — e~ (T=9)))"lem—s </ w(y, T — s;f)g(f,s)df) ds.
T—1 R2

Since [g» g(€, 5)d€ = 0, it holds that

J = / (4 (1 — e=(T=9)))~1eT—s (/}R2 (w(y, 7 —8;€) —w(y, 7 — s;O))g(ﬁ,S)df) ds,
T—1
whence
|J] < Cf:_1(47r(1 —e =)yt
(5.27)
. </ lw(y, 7 —$;€) —w(y, T — s;O)|d§> ds.
|€1<e(s)
We now observe that for any real numbers a and b,
(5.28) |e_“2 - e_(“_b)2| < C’e‘a2/2|a| |b| for some C' > 0.

To check (5.28), we consider first the case where |a| > |b|. Then if |a||b] < 1,
we have that |1 — e200=%"| < Cla||b|, whereas if |a|[b] > 1, [e=® — e~ (@=0%| <
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Ce*/2 < Ce"/2|a| |b]. When |a| < |b|, we simply select y > 0 large enough and
observe that if |a| [b] < p, then |1 — €2~ < Cla|[b| for some C = C(u) > 0,
whereas for |a| |b| > 1 one has that 2ab — b* > —b; and hence |1 — 220="| < Clal |b.
Having shown that (5.28) holds, we now take advantage of that inequality (with
a= ye_(rj) (41— e )72 and b= £(4(1 — e~ ")) 2) and (5.27) to show that

J<c / (1— e 91 /| A 0l
T— ¢|<e

2, —s _CyQ

1
T y2e 1
< C/ (1 — e %)2%e(s)?|y| exp (— _ ) ds < C|y|/ e(r—s)¥s7%e” = ds.
T—1 (1 —¢€ S) 0
(5.29)

Putting together (5.25) and (5.29), the result follows. O

For latter reference, we summarize the results obtained in Lemmas 5.2-5.4 as
follows.

COROLLARY 5.5. Let E(y,7), Q(y,7) be functions such that (i) E(y,70) =
Q(y,m0) and (ii) E and Q solve, respectively, (5.4) and (5.5) for 7 > 19. Assume
also that (4.2) holds. Then for any R > 0, there exists C > 0 such that

(5.30) B(y.7) - Q)| < C (5(?3)

whenever 5(7’0)31 <y<RandT>m
Proof. The proof follows from (5.17), (5.23), and the bounds (4.2). O

6. Derivation of (1.2): Analysis of the inner region. Let o(7) be a function
to be discussed later (cf. (6.9)). We now fix 7 > 1 and define

Y

(61) €= s wlen) = (@) (o),
where ®(y, ) is given in (2.3). A quick computation reveals that w(¢, 7) satisfies
(6:2) (0()r = A= H(w) + (o) (1w 5" )

where the operators A and V are now written with respect to the inner space variable
&. When determining the asymptotics of solutions of (6.2), a key role is played by the
stationary equation

(6.3) Av = H(v).

For any A > 0, a radial solution of (6.3) is given by v)(§) = )\217(§), where

o 11
(6.4) v(r)= 47479 log 7.

We can readily check that the radial, nontrivial solution of (6.3) which satisfies
v(€) =0 for £ < A and v(A) =v'(A) =0 is given by

2 2 2
(6.5) (&) = i - >\2 log (i) - );1 for £ > A
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It will be convenient to compare the functions vy (£) given in (6.5) with the sta-
tionary solution of (6.2) that takes off at £ = A\. The corresponding result reads as
follows.

LEMMA 6.1. Let wx(§) = wa(&;T) be the stationary solution of (6.2) such that
Wr(A) = Wi (N) =0 and wx(§) > 0 for £ > X > 0. Then there holds

(6.6) W (&) = va(€) + O(0*N2log \)  for € < 1.

Proof. We set wy = vy + ¢. A quick check reveals that ¢ solves

w, ¥ 2 . 1374 - A2 3 _ A2 _
<p+€+a <<p 5 2log)\ 4 =0,
p(AN) =¢'(\) = 0.

Consider first the case where £ is close to A. Standard ordinary differential equation
(ODE) arguments yield that, in such a region

(6.7) (&) ~ Co’X\2€?% log i for some real C.
When A <« £ < 1, we introduce a new variable n = § Setting ¢ = flf;, we readily

check that ¢ satisfies

. ’ / o2\ o2 \?
@+¢+02A2<@_W>: log 1 + _
n 2 2 4

A dominated balance argument shows that the third term on the left is negligible
with respect to the remaining ones. This in turn implies that ¢(n) ~ K20?A*n?logn.
Back to the original variables, we have derived

3
A

Matching (6.7) and (6.8), we obtain C' = K and (6.6) follows. O
Let us now define

(6.8) 0(&) ~ Ko?\?¢%log > for A < £ < 1.

1
(6.9) o(1) = (¢(1))?, where 6 is a positive and small number,0 < § < L

(6.11) A(r) = E(T)).

We shall prove the following lemma.
LEMMA 6.2. Assume that conditions (4.2) and (4.11) hold. Then there exists a
constant C' > 0 such that

_ 2
(6.12) W) —wim) < © (“T)) ,

— 7 \o(7)

provided that |7 — 7| < ! and 7 > 19 > 1.
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Proof. We set

W(r) = W(T) = po(o(7))"*(ao(7) — ao(7)) + ¢1 (o (7)) *(ai () — a1(7))
(6.13)
+ (o(7)2(B(o(7),7) = E(0(7),T)) = Wi + Wa + W3.

Terms W7 and W in (6.13) are easily dealt with. For instance, since ¥(y, 7) satisfies
(5.1), one sees that if 7 > 7,

Wa = o107 (o)) " (xe(s), 1)

= p1(0(T))(o(T = 1(y)e yfd ds;
1(o(7))(o(7)) L ~/|y|§6(s)(p (y) Y
hence

it < et e v < € (C0) (14 ),

where (4.2) has been used to obtain the last inequality above. A similar bound for
W is obtained by means of (4.11). To estimate W35, we first observe that

(614) Q.7 - Q. A < forfr A< !

To obtain (6.14), we consider first the case where |79 — 7| < - . Setting

1
7o

D(y) = 8(y) = Y _(er, 6(1)r(y)

k=0

it then turns out that

T

Q(y, ) = ve(0)?S (1 — 10) F(y) + ’y/ S(1 — s)(e(s)?D)ds

7o

= (S = m)F )+ [ " S(r — 8)(e(r0)* D)ds

+ 7 /T S(1 — 8)((e(s)* — &(19)?)D)ds

= 7e(10)?F(y) + O(e(7)?r 2| log y)

for |y| small, whereupon (6.14) follows. On the other hand, by (5.30) we have that

T 2
615) B, - Bo@), 7)< 7 100, m) - Qo))

We thus obtain from (6.14) and (6.15) that

2
1
|[W3] <C(€(T) ) for |79 — 7| < and T > 719> 1,
T T0



ON THE MELTING OF ICE BALLS 25

and putting together the bounds obtained for W; (i = 1,2,3) the proof is concluded
in this case.

When |19 — 7| > Tlo, we make use of (5.12) to check that (6.14) continues to hold.
This is done by comparing the different terms appearing in the right-hand side of
(5.12) when evaluated at (o(7),7) and (o(7),T), respectively. A typical argument in
this direction goes as follows. For i = 1,2 set >, = (6(7))%(4(e” —1))~1, where 3; =
max{7; — 1,79}, and let us write s; = 7; — log(1 — (6(7))?/4n). Then, if [s; — so| < 1,
we have that

/ e(s1)%e™ Myt — [g, e(s2)?e ™y~ dn
P

00 3o
< / le(s1) + e(s2)le(s1) — e(s2)len~ N + / (s)2e "y dn

31 P
< CM(&(r))?r~ 2 |log 1| + C(&(7))2(8(7))?| log |
< g EM)

T

)

where @ > 0 can be selected arbitrarily small as 79 — oo, and we have assumed for
definiteness that 31 < ¥5. We omit further details. a

A key result in this section is the following.

LEMMA 6.3. Under the assumptions of Lemma 6.2, there exists a constant C' > 0
such that

(6.16) W) = vy ()] < € (6“))

T \o(7)
provided that |1 — 7| < L, where vy is given in (6.5) and T > 19 > 1.

Proof. We shall argue by contradiction and therefore assume that for any K > 0
there exists 7> 1 and 7 € (7 — 1,7+ 1) such that

(6.17) LCERIES G

7 \o(7)

Now let 7 be any time in the interval (7 — 1,7+ 1). In view of (6.12) and (6.17), it
holds that

N
(6.152) W) - el > 5 (S0
Assume for definiteness that
(6.18b) (W (T) = vas) (D)] = vr) (1) = W(T).
We now claim the following:
There exists g > 0 such that if  Ao(7) = A(7)(1 + u(%)*g),

(6.19)
then vy, (1) > W(r).
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To check (6.19), we observe that since 7 > 1,

() = b+ B 10gag = 20
~ i+ /\22 (1 +u(7‘)_3>210g)\0 - Aj’
~ i + A(;)Z (1 + 2#(?)_3) (IOg A(7) + log (1 + M(f)—é))
- Mz)z (1 + 2#(%)‘3) = i + A(;)Z log \(7)
(6.20) + pA(F)?(F) 2 log A(F) — A(Z)Q

whereas by (6.18),

7\ 7)? 7)?
(6.21) W(r) < vas (1) — ;i (z((T))) = i + A(Q) log A(7) — A(4) - 5{%/\(%)2.

From (6.20) and (6.21), it follows that (6.19) holds provided that

K _p _

and this last inequality is satisfied by selecting p > 0 small enough since
7% log M)~ (1 =07 asT — oo.
We now set
z2(&,7) = (w(&,7) — Wy, (§))+, where s; = max{s,0}.
Since (H(s)—H(t))(s—t)~! > 0 whenever s # t, we can readily check that z satisfies

EVz

(6.22a) 2 < (0(F))2Az + (z — 7y

1
) forr>7— _, 0<&<1,
T

whereas by (6.19),

(6.22b) z=0 Whenfzo,land7>7~'—%
z

and
1 1
.22 = =T7— _.
(6.22¢) z O(U(%)z) at =7 -

By classic parabolic theory, it follows from (6.22) that

z(&, T o(7)) % ex —A(T_%) in
€n =A@ e (<727 e,
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o={ensd<r re(r-Lee D)}

In particular, w(§,7) ~ Wy, (§) at 7 = 7. Recalling (6.6) (with o, A replaced by
o(T), Ao(T), respectively), we see that the (rescaled) free boundary of w(&, 7) is very
close to Ag(7) and in particular is larger than A(7), which is a contradiction. The case
where (6.18b) is replaced by |[W (1) — vz (1)| = W(T) — va¢5)(1) is similar and will
be omitted. O

We now point out the following consequence of Lemmas 6.2 and 6.3.

COROLLARY 6.4. There holds

(6.23) le(r) —e(7)| < Cr~2e(7)  for some C > 0

where

whenever |7 — 7| < 1 and ¥ > 19 > 1.
Proof. From (6.12) and (6.16) we readily see that

2C . . o1
(D) = £ - NF)? for lr =71 < _

and the result follows at once in view of the explicit formula (6.5). O
We shall conclude the proof of (1.2) by means of a careful analysis of (6.16), which
can be thought of as an integral equation for the unknown rescaled free boundary (7).
Assume now that (4.2) holds. Then in view of (5.3), (5.30), and (6.16), we have that
e?(r) e(r) , elr)® e(r)?
alrpo + a(D)ea0) + Q) — 1o (50 )+ )| =0 ()
Note that the error involved in replacing 1(y) by ¢1(0) is already accounted for in

the right-hand side of (6.24). We now take advantage of (5.12) to estimate Q(y, 7) in
(6.24). Recalling (6.23), we have that for (2(7))° <y <1 and ¥ as in (5.12),

/ 6(8)26"777‘1d77—8(7)2/E e tdn

P

(6.24)

< CE(T)QT_é/ e m~tdn
b

(6.25a) < Ce(r)?r 2 (1 —|logS|)e = < Ca(r)?r 2.

Notice that (6.23) provides a factor 773 in the right-hand side of the first inequality
above in sets where |s — 7| < ©. Extending such a bound to the interval |s — 7| < 1

required by our choice of ¥ yields then the final factor 772, A similar argument gives

(6.25b) / e(s) e (dP) "y — e(r)? / n26”(4n2)1dn‘§05(7)275
) >

and
/ (Ay + Ag(1 — e=(T=9)))em=5¢(s)2ds
T—1

(6.25¢)

P [ (At A1 - eI < Cerp
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Recalling (5.12), we have obtained the following estimate:

(6.26)
1

Q(y,7) — 7 — e(10)*S(T = 10) F(y) — 7€(To)2/TS(T - ) (5@) - Z<‘Pk76(y)>§0k> ds

k=0

1

< C(&(T))*r 2.
Keeping in mind the definition of F(y) (cf. (3.8)), we see that
. 1
S(r—70)F(y) +/ S(r—s) (5(:9) - Z<<Pka5(y)>80k> ds = F(y).
o k=0
It then turns out that (6.26) can be recast in the form
Qy, 7) = 7e(7)*F(y) = 7(e(7)? = (1)) S(T — o) F(y)|
< Ce(r)%r7 2 for (8(7))? <y <1.

Since the term S(7 — 79)F(y) decays exponentially on sets where |y| is bounded, we
may take advantage again of (6.23) to obtain that

(6.27) |Q(y, ) — 75(7’)2F(y)| < 05(7)27'7% whenever (5(7’))9 <y<l.

Using now the explicit representation for F'(y) (cf. (3.9)), we deduce from (6.24) and
(6.27) that

(6.28)  |ao(T)o + a1 (7)¢1(0) + <BV + z11> e(r)” - 5(;) loge(T)| < C&(r)*r ™2,

Let us now define ¢*(7) as follows

“(r) = e(r) ifro <7<,
= g(r) ifr>m.

We next observe that if (4.11) is satisfied there holds

o
ak(r) = — / AT (o ou)ds.

Substituting this into (6.28), we finally arrive at

‘(BV + i) e ()2 — 5*(27)2 log £*(7)

(6.29) ! e
_Z@k(o)/ R (e (), o) ds

k=0 T
= 0(e*(7)2rY2) for 7> 1.
This is essentially the integral equation that has been studied in detail in section

3 (cf. the argument following (3.17)). In view of our previous analysis in section 3,
we may summarize our discussion in the following.
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LEMMA 6.5. Assume that (4.2) and (4.11) hold. We then have that
(6.30) e(r)=&(1)(1+o0(1)) forT>>1

uniformly on 7o < 7 < 771.

End of the proof for Proposition 4.1. Having obtained (6.30) under assumption
(4.11), it merely remains to show that condition |t/ (y, 7)| < M (1 + y?) in (4.8) holds
for some constant M which is independent of the size of the interval [rg, 71]. To check
this point, we argue as follows. We have just seen that

(6.31) Yy, ) ~ ao(T)po + a1 (1)1 (y) + O(e(1)?) for 7> 1 and y = O(1).

We now claim that we may formally differentiate twice with respect to y in both
sides of (6.31) and the corresponding expansion still holds. To wit, we set z(y,T) =
Yy, 7) — a1(7)e1(y) and remark that in regions where y = O(1), one has that z =
O(£%(7)) and satisfies

Lz = 0(*(T)¢1(y)),

where L denotes the parabolic operator in (5.1). It then follows that for 7 > 79 > 1

) =exo ([ D(s)is) alo) with D) = O(e(57)
To
whereupon the desired bound for 1 follows.
Proof of (1.6) in Theorem 1.3. It has been shown above that

2
(632 U 7) ~ Can(r) +OE(r) with € = 1, (61 (»)

for, say, y = O(1) and 7 > 1. Since 0(r,t) = )y, + 1/?7 = Cay(7) for some Cy > 0, it
follows that, setting r = Ae~™/2 with A > 0,

(6.33) 0(r,T) ~ Cray (—210g :1> (1+0(1)) asT— 0.
Since
2
ay (1) ~ () I;Jgs(r) as T — 00,

the result follows at once from (6.33) and (3.18).

T

(6.34) f(@,T) ~ Cay (—210g )

)(1+o(l)) as ¢ — 0.

Since a1 (7) ~ e%(7)loge(r) as T — oo, the result follows at once from (6.34)
and (3.18).

7. The remaining cases. In this final section we shall merely sketch those
modifications of the arguments developed in sections 4-6 which are required to obtain
(1.3)—~(1.5) and (1.7)—(1.9), thus concluding the proofs of Theorems 1.1-1.3.
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7.1. Obtaining (1.3) in Theorem 1.1. In the topological argument described
in section 4, we must replace &(7) in (4.1) by

&(r) = Cel=2)Tp=1/1-1

where C' is an arbitrary constant and [ is an integer such that [ > 2. We then
substitute (4.2a) by

1
sup {|€(7) — &(s)|, where 7,s € [19,71] and |7 — s| < } < Me(r)r 1,
T

which can be rephrased in an informal way as requiring that | &(7)| < Me(r).
Condition (4.2b) is then kept as before. As for (4.11), it is to be replaced by

an(r) = / Q=D (o o) ds

for k=0,1,2,...,1.
With these modifications in mind, the analogue of Proposition 4.1 is readily
stated. To analyze the outer region in this case, one writes ¢ (y, 7) in the form

-1
(7.1) Gy, 7) =Y ar()er(y) + a(r)eiy) + By, 7).
k=0

The term E(y, 7) in (7.1) will be approximated as before by Q(y, 7), where @Q satisfies
now (3.25b) instead of (5.5). The solution of such an equation for 7 > 7y such that

Q(y,m0) = 0 is given by
(7.20) Qoly.7) = / Ki(y, — s)e™%e(s)%ds,
To

where

Ki(y,7) = (dr(1—e"7)) 7! (exp (—4&2_6;7_7)) - kzl:ov’k <¢k*e"p (_4(32—6;—)») '
(7.2b) :

Notice that |K;(y,7)| < Ce™!" uniformly on sets |y| < R < co when 7 > 1.
Arguing as for Lemma 5.2, we then obtain the corresponding version of that result in
our case. This last is obtained by making a few modifications in (5.12):

(a) Replace S(7) by Si(7) there, where S;(7) is the semigroup associated to
operator A; in (3.27c¢).

(b) Replace F(y) given in (3.8) by the corresponding solution of (3.27).

(¢) Substitute K(y,7) by K;(y, ) given in (7.2b).

(d) Replace the factor (A1 4 Ay(1 —e~("=1))) in the integral where it appears in
(5.12) by (A + Ag(1 —e D) .o 4 A1 — e~ (T79)),

The analysis of the inner region is then performed as in section 6. The integral
equation (6.16) is now to be replaced by

(W(r) = vaem (D] < Ce(r)?,

provided that |7 — 7| < i,i‘ > 1.
Arguing as in section 6, we then arrive at an integral equation which is similar to
(3.30). We shall omit further details.
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7.2. The case where N > 3: End of the proof of Theorem 1.2. We first
describe the main steps toward obtaining (1.4). To begin with, we replace &(7) in
(4.1) by

g(r)=Cr ~x2, C>0,
and replace (4.2a) by
le(t) —&(s)| < Mé(s)T_(l_g) for some 0 < 0 <« 1

whenever |7 — s| < 77.
The main novelty now with respect to the previous cases is that we may estimate
directly the error term E(y, 7) in (5.3) to obtain

By, m)| < Ca(m)N (1 +y~ V) for 7> 1

uniformly on sets y < R < co. We are thus led to a version of the integral equation
(6.16) which reads now as follows:

[W(T) —vaen(1)] < 05(7)277(176) for |7 — 7| < 7> 1,

whence the statement in Lemma 6.5 follows in this case.

Finally, (1.5) corresponds to the situation where x.(,;) can be asymptotically
neglected in (5.1), so that the analysis sketched at the end of section 3 can be carried
out in a straightforward way.

7.3. End of the proof of Theorem 1.3. To obtain (1.7), we can argue as in
the last part of section 6 to obtain that

Py, 7) ~ a(r)euy) fory =0O(1) and 7> 1,

where the expansion above also holds when differentiated twice with respect to y. In
view of (6.33), one then has that at points z = Ae™7/2,

O(z,T) ~ ay (—210g x) A2 =@, (fglog fl) |x|2l726(171)7’

A

whence (1.7) follows in view of (3.30) and (3.31).
As to (1.8), we make use of (3.33) and (3.34) to observe that

wyy(ym) ~Ct1~ N2 for y = 0O(1) and 7> 1.
This readily gives that for z = Ae~7/2
0(z,T) ~ C(|logz][)" "> asx | 0.

Finally, to obtain (1.9) we merely recall that, in view of (3.35), one has that for
z = Ae /?

’l/Jyy(A,T) ~ e(l_l)TAZZ_Q,
whereupon 6(z,T) is shown to be such that

0(x,T) ~Clz/*2 asz|O0.
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