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Resumen

En esta tesis, titulada Simulaciones de turbulencia en plasmas del stellarator Wendel-
stein 7-X, abordamos aspectos fundamentales de la turbulencia en plasmas de fusion en
geometrias de tipo stellarators. En particular, tras introducir el formalismo girocinético
empleado para estudiar la turbulencia en estos plasmas, estudiaremos aspectos relaciona-
dos con la conexién entre la teoria y los resultados experimentales. En este contexto, nue-
stros dos principales objetivos son la correcta verificacion del cédigo girocinético stella
en la geometria del stellarator Wendelstein 7-X (W7-X) y la comparacién de medidas
experimentales obtenidas en la primera campana experimental de este dispositivo con
los resultados obtenidos con el cddigo. Tras esto, ademas se ofrecen predicciones que
seran de gran utilidad para comparaciones con futuros experimentos en este dispositivo.

Esta tesis se estructura de la siguiente forma:

El capitulo 1 ofrece una introduccion general en la que se exponen las caracteristicas
fundamentales de la fusiéon nuclear por confinamiento magnético, enfatizando las difer-
encias clave entre los dos principales tipos dispositivos de fusion toroidal: tokamaks y
stellarators. Ademas, se resalta la creciente relevancia del estudio del transporte turbu-
lento en los stellarators, siendo este el producido por microinestabilidades que se forman
a partir de fluctuaciones en el plasma con longitudes de onda del orden del girorradio
y con frecuencias mucho menores que la girofrecuencia. El aumento en el interés por
el estudio de este canal de transpote es motivado por los resultados obtenidos en las
primeras campanas experimentales del stellarator optimizado neoclasicamente Wendel-
stein 7-X, en los cuales se ha identificado que el transporte turbulento es la principal

fuente de pérdidas de energia, particulas y momento en este dispositivo.

En el capitulo 2 se introduce el sistema de ecuaciones girocinéticas, el cual es usado
para modelar la turbulencia en plasmas. Las ecuaciones se presentan de una manera
general, particularizandose posteriormente para la geometria de un tubo de flujo, que
es el dominio computacional usado en los capitulos siguientes para resolver el sistema

de ecuaciones girocinéticas con el codigo stella. Al concluir el capitulo, se describe



brevemente cémo el cédigo stella resuelve el sistema, haciendo énfasis en su método
mixto explicito-implicito que significa una gran ventaja con respecto a los usados en otros
cédigos girocinéticos. Ademas, se incluye una detallada descripcién de los parametros

de entrada necesarios para la correcta realizacion de una simulacién.

El capitulo 3 incluye la primera contribucién significativa de esta tesis: la imple-
mentacién de las condiciones de contorno stellarator symmetric twist-and-shift en el
codigo stella. Esta implementacion resulta fundamental, ya que las condiciones de
contorno previamente disponibles requerian un uso excesivo de recursos computacionales
para simular correctamente tubos de flujo en las superficies internas del stellarator W7-
X, llegando incluso a imposibilitar la simulacion en algunas de ellas. Dado que uno de
nuestros principales objetivos es comparar los resultados obtenidos numéricamente con
datos experimentales, es esencial poder simular en estas superficies con precisiéon. Tras
la correcta implementacion de estas nuevas condiciones de contorno, se proporciona una

serie de comparaciones que evidencian claramente las ventajas de su uso.

Ante el creciente interés en el estudio de la turbulencia en stellarators, en el capitulo
4 se introduce un caso de referencia disenado para la futura verificacién de codigos
girocinéticos en estas geometrias. Este caso de referencia, publicado en [1], incluye una
serie detallada de pruebas en la geometria del stellarator W7-X, como la simulacién
lineal de inestabilidades de gradiente de temperatura iénica (ITGs), modos de electrones
atrapados (TEMs) y modos zonales en distintos tubos de flujo, asi como la simulacién no
lineal de ITGs. Ademds, hemos evaluado este caso de referencia utilizando los cédigos
stella y GENE, lo que ha permitido la correcta verificaciéon del cédigo stella en la

simetria stellarator.

Con el codigo stella verificado en la geometria de W7-X, en el capitulo 5 se pre-
senta una comparacién entre las medidas experimentales obtenidas en W7-X y los
resultados obtenidos numéricamente, asi como predicciones a tener en cuenta en fu-
turas campanas experimentales. En particular, analizamos cantidades turbulentas que
pueden compararse directamente con las mediciones experimentales realizadas por el re-
flectémetro Doppler instalado en W7-X. El estudio se centra en cinco posiciones radiales
correspondientes a dos descargas de la primera campana experimental de este disposi-
tivo. En primer lugar, se realizan simulaciones no lineales para comparar la amplitud de
las fluctuaciones de densidad para los nimeros de onda estudiados con el diagnéstico.
Los resultados muestran que tanto las mediciones experimentales como los resultados
numéricos abarcan un rango de 15 dB y exhiben un crecimiento mondétono con la co-

ordenada radial. Sin embargo, se detectan algunas discrepancias entre los resultados
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numéricos y experimentales, las cuales podrian atribuirse a las limitaciones actuales del
cédigo, como la omisién de colisiones o la simulacién de tubos de flujo en vez de la com-
pleta simulacién de las superficies magnéticas. Estas limitaciones seran abordadas en
estudios futuros. Ademads, en este capitulo se incluyen predicciones para las frecuencias
de las fluctuaciones de densidad y de flujos zonales, considerando las mismas posiciones
radiales y descargas que en la comparacion anterior. Se espera que las frecuencias de las
fluctuaciones de densidad presenten sus mayores amplitudes en torno a los 10 kHz, con
una caida abrupta mas alla de los 500 kHz. En cuanto a las fluctuaciones de los flujos
zonales, se prevé que estén dominadas por frecuencias inferiores a 20 kHz, con picos por

debajo de los 10 kHz. Los resultados mostrados en este capitulo estan recopilados en
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Summary

In this thesis, titled Simulations of turbulence in the stellarator Wendelstein 7-X plasmas,
we address fundamental aspects of fusion plasma turbulence in stellarator geometry.
In particular, after introducing the gyrokinetic formalism used to study turbulence in
these plasmas, we will examine aspects related to the connection between theoretical
predictions and experimental results. In this context, our two main objectives are the
correct verification of the gyrokinetic code stella in the geometry of the Wendelstein
7-X stellarator (W7-X) and the comparison of experimental measurements obtained
during the first experimental campaign of this device with the results obtained from the

code. This thesis is structured as follows:

Chapter 1 provides a general introduction that outlines the fundamental charac-
teristics of magnetic confinement fusion, highlighting the key differences between the
two main concepts of toroidal fusion devices: tokamaks and stellarators. Additionally,
the increasing relevance in the study of turbulent transport in stellarators, produced
by microinstabilities that arise from fluctuations in the plasma with wavelengths on
the order of the gyroradius and with frequencies much lower than the gyrofrequency,
is highlighted. The growing interest in studying this transport channel is motivated by
the results obtained in the first experimental campaigns of the neoclassically optimized
stellarator Wendelstein 7-X, where it has been identified that turbulent transport is the

main source of energy, particle, and momentum losses in this device.

Chapter 2 introduces the gyrokinetic system of equations, which is used to model
turbulence in plasmas. The equations are presented in a general manner and then partic-
ularized for the geometry of a flur tube, which is the computational domain used in the
following chapters to solve the gyrokinetic equation system with the code stella. At the
end of the chapter, a brief description of how stella solves the system is provided, with
emphasis on its mixed explicit-implicit method, which represents a significant advantage
over those used in other gyrokinetic codes. Additionally, a detailed description of the

input parameters needed for the correct performance of a simulation is included.



Chapter 3 includes the first significant contribution of this thesis: the implementation
of stellarator symmetric twist-and-shift boundary conditions in the code stella. This
implementation is crucial given that the previously available boundary conditions re-
quired an excessive amount of computational resources to accurately simulate flux tubes
located at the inner surfaces of the stellarator Wendelstein 7-X, being the simulation
at some of these surfaces even impossible. Since one of our main objectives is to com-
pare the numerical results with experimental measurements, it is essential to be able to
simulate at these surfaces accurately. After the successful implementation of these new
boundary conditions, a set of comparisons that clearly demonstrate the advantages of

their use are provided.

Given the growing interest in the study of turbulence in stellarators, chapter 4 in-
troduces a benchmark case designed for the future verification of gyrokinetic codes in
these devices. This benchmark case, published in [1], includes a detailed set of tests in
the geometry of the Wendelstein 7-X stellarator, such as the linear simulation of ion-
temperature-gradient (ITG) instabilities, trapped-electron-modes (TEMs), and zonal
flows in different flux tubes, as well as the nonlinear simulation of ITGs. Additionally,
we have evaluated this benchmark case using the codes stella and GENE, meaning the

correct verification of the code stella in the stellarator geometry.

After the verification of the code stella in the geometry of W7-X, chapter 5 presents
a comparison between experimental measurements obtained in W7-X and the results
obtained numerically, as well as predictions to be considered in future experimental
campaigns. In particular, we analyze turbulent quantities that can be directly compared
with experimental measurements obtained with the Doppler reflectometer system (DR)
installed on W7-X. The study focuses on five radial positions corresponding to two dis-
charges from the first experimental campaign of this device. First, nonlinear simulations
are performed to compare the amplitude of density fluctuations for the wavenumbers
studied with the diagnostic. The results show that both experimental measurements
and numerical results cover a range of 15 dB and exhibit a monotonic increase with the
radial coordinate. However, some discrepancies are detected between the numerical and
experimental results, which could be attributed to the current limitations of the code,
such as the omission of collisions or the simulation of flux tubes instead of the complete
simulation of magnetic surfaces. These limitations will be addressed in future studies.
Additionally, this chapter includes predictions for the frequencies of density fluctuations
and zonal flows, considering the same radial positions and discharges as in the previous

comparison. It is expected that the frequencies of density fluctuations will present their
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highest amplitudes around 10 kHz, with a sharp drop beyond 500 kHz. As for the zonal
flow fluctuations, it is predicted that they will be dominated by frequencies below 20
kHz, with peaks below 10 kHz. The results shown in this chapter can be found in [2].






CHAPTER 1

Introduction

1.1. Magnetic confinement fusion

Thermonuclear fusion is a promising and potential future energy source free of long-term
radioactive waste. Its fuels are expected to be deuterium, which is abundant on Earth,
and tritium, which is projected to be sustainably bred from lithium in future fusion
reactors. This positions nuclear fusion as one of the power sources capable of ensuring
large-scale energy supply in the coming centuries.

The physical principle on which thermonuclear fusion is founded is the equivalence
between mass and energy. In nuclear reactions the difference in mass between the reac-

tants and the products, known as mass defect, can be expressed as
AE = (my —my)c?, (1.1)

where mg denotes the total mass of the reactants and my that of the products, with ¢
the speed of light. Therefore, in order to get energy release in a fusion reaction, the total
binding energy of the reactants must exceed that of the products. Roughly, as it can be
observed in figure 1.1 (left), this requirement restricts the process to nuclei with masses
less than that of iron, the most stable element in terms of nuclear stability. Notably, the
largest differences in binding energy per nucleon are observed in the lighter elements,
particularly between hydrogen and helium.

Among fusion reactions involving hydrogen nuclei, the one with the largest reaction

rate at lower temperatures is
D+ T —) He +n+ 17.58 MeV, (1.2)

as illustrated in figure 1.1 (right). As a consequence, this reaction is the one intended for

the operation of future fusion reactors. During this reaction, tritium (T) and deuterium
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Figure 1.1: Left: average binding energy per nucleon in MeV as a function of the mass
number. Figure taken from [3]. Right: reaction rates for different hydrogen isotopes to
fuse as a function of the temperature (on logarithmic scale) required for their occurance.
Figure taken from [4].

(D) react to produce a fast alpha particle (a fully ionized helium nucleus) with 3.52
MeV of the energy generated in the reaction and a neutron with the remaining energy
of 14.06 MeV. The main challenge for this reaction to occur lies in overcoming the
electric repulsion between the nuclei, which requires a significant amount of kinetic
energy. Specifically, as depicted in figure 1.1 (right), this energy is of the order of 10
keV?! which is equivalent to temperatures of the order of 108 K. At these temperatures,
matter exists in plasma state. A brief and concise description of plasma is given at the
beginning of section 2.1.

At the temperatures required for fusion reactions to occur, particles within the plasma
would escape from any container in a very short time, typically of the order of mil-
liseconds. Due to their charged nature, magnetic fields can be applied to confine these
particles, which is the main principle on which magnetic confinement fusion is based.

Magnetic confinement takes advantage of the Lorentz force, which causes charged
particles to follow helical trajectories around magnetic field lines [5]. The radius of these

helical paths, ps, is known as gyroradius and expressed as

where v, represents the component of the velocity of the particles that is perpendicular

In this thesis, as well as in the literature on plasma physics and nuclear fusion, temperature is
usually expressed in energy units, typically in eV or keV. That is, what would actually be kgT is
denoted as T, omitting the Boltzmann constant, kp, in this notation.

10



10
\ vl T
10 i SPARC" ITER*
i W7-X
>
19
L0
™
|
E
T T c-2w
=10 FUZE
~ RFX-mod
<
ETA-BETAII
10" ZETA
@ Tokamak ¢ FRC
+ Stellarator Spheromak
/ | ZPinch —  Mirror
1013 YETA-BETA A MaglF ¥ RFP
& Spherical Tokamak Pinch
"maximum projected } ; i T
1960 1980 2000 2020 2040
Year

Figure 1.2: Time evolution of the highest experimental triple product (nT'7g) obtained
for multiple fusion experiments. Data for devices not yet built are projections. Figure
adapted from [0].

to the magnetic field and €2 stands for the gyrofrequency

B
0, = &2 (1.4)

S

with B the magnetic field strength, ¢, the charge of species s and m, its mass. Therefore,
since the gyroradius is inversely proportional to the the magnetic field strength, by
generating an intense magnetic field, charged particles are compelled to move along
magnetic field lines, increasing the time it takes for them to escape in the direction
across magnetic field lines. Specifically, if the magnetic field is strong enough such that
ps is significantly smaller than the device size, we talk about a strongly magnetized
plasma.

Future fusion reactors should desirably achieve plasma ignition, which is the self-
sustainment of nuclear fusion reactions by the energy relased in the process, in particular,
by the transfer of the energy carried by the fast alpha particle back to the reactans. In
order to achieve that state, the product of the plasma density (n), temperature (7") and

energy confinement time (7g), must exceed approximately a certain threshold of
nT7p 2 10*!' keV s m ™, (1.5)

known as the Lawson criterion [7]. The evolution of the product nT'rg, known as triple

product, over the decades is illustrated in figure 1.2, which compiles data from various
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fusion experiments across different magnetic confinement fusion concepts. Among the
devices shown, tokamaks and stellarators have consistently achieved the highest triple
product in each era depicted, making them the most promising magnetic confinement
devices. A more in-depth description of tokamaks and stellarators is given in the next

section.

1.2. Tokamaks and stellarators

From a macroscopic description, plasmas can be analyzed as charged fluids and, there-
fore, they must follow the equations of magneto-hydrodynamics (MHD). In particular,
from the ideal MHD force balance equation we can infer that an equilibrium must be
achieved between the expansion forces induced by the gradients of plasma pressure,
p = nT', and those resulting from the interaction between the magnetic field, B, and the

electric currents, J, present in the plasma
J x B = Vp, (1.6)

where the plasma has been assumed to be an ideal electric conductor which is close to
thermodynamic equilibrium and in steady-state. Equation (1.6) imposes that both vec-
tors B and J should lie on surfaces of constant pressure since J-Vp = B-Vp = 0. These
surfaces are known as magnetic surfaces. We will discuss magnetic confinement concepts
where magnetic field lines generate nested toroidal? magnetic surfaces, as sketched in
figure 1.3.

The magnetic fields suitable to maintain the plasma in an ideal MHD equilibrium
must have both toroidal (defined as the component in the direction of the major cir-
cumference of the torus) and poloidal (defined as the component in the direction of the
minor circumference of the torus) components. These directions are represented in figure
1.3. The presence of both components in the magnetic field gives rise to the rotational
transform (¢), which is a quantity that can be understood as the number of poloidal
turns the magnetic field makes per toroidal turn (a more technical description of this
quantity is given in section 2.3). While in magnetic confinement devices the toroidal
component of the magnetic field is created by external electromagnetic coils, there are
three different approaches to create the poloidal magnetic field, or to generate ¢, in these

geometries [8]:

2 According to the Poincaré-Hopf index theorem, the only closed surface that admits non-vanishing
smooth vector fields is the torus, hence magnetic surfaces should present toroidal topology to avoid
singular points in the magnetic field.
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Figure 1.3: Sketch of different magnetic surfaces, together with some magnetic field lines.
The toroidal and poloidal directions are sketched.

e creating the poloidal magnetic field by a toroidal electric current,
e rotating the poloidal cross-section of stretched magnetic surfaces around the torus,

e making the magnetic axis non-planar.

Tokamaks and stellarators are the two main concepts for a magnetic confinement fusion
reactor, and differ on how the poloidal magnetic field is generated.

In tokamaks (represented in figure 1.4 (left)), the first approach is implemented,
twisting the magnetic field through an external current. This choice allows the set of
external coils and the confined plasma to be axisymmetric. This setup presents consid-
erable advantages from an engineering perspective, particularly in the fabrication of the
coils and the vacuum chamber where the plasma is confined. However, since in these de-
vices the magnetic field generation is achieved through a transformer-like process, with
the confined plasma acting as the secondary coil, they are limited to a pulsed operation.
In addition, the significant amount of external time-varying electric current required
to create the poloidal magnetic fields makes tokamaks vulnerable to current-driven in-
stabilities, which can lead to disruptions, i.e., abrupt losses of the confined particles
and energy. Examples of tokamaks include the Joint European Torus (JET) [9] located
in Culham (England), the Axially Symmetric Divertor Experiment (ASDEX-Upgrade)
[10] in Garching (Germany), and the under-construction International Thermonuclear
Experimental Reactor (ITER) in Cadarache (France). On the other hand, stellarators
usually rely on the second and the third methods, rotating the poloidal cross-section of

stretched magnetic surfaces around the torus or making the magnetic axis non-planar,
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Figure 1.4: Layout of different magnetic confinement devices. Left: a generic tokamak,
where the twisted magnetic field is represented with green arrows. The axisymmetric
set of external coils is also depicted. Figure adapted from [I4]. Right: the stellarator
Wendelstein 7-X (W7-X), where some nested magnetic flux surfaces are represented
(dark blue, light blue, green and orange) together with the magnetic field lines that lie
on the green surface. The complex 3-D geometry of the external coils is clearly depicted.
Figure taken from [15].

which imply that the magnetic configuration of stellarators is three-dimensional. The
inherent 3-D geometry of the coils makes stellarators complex to build and causes the
shape of the plasma to lack any axis of symmetry. However, this intricate geometry
allows to twist the magnetic field without the need of an external current, resulting in
a disruption-free operation for stellarators with the ability to operate in steady state.
Among the current stellarators, some examples include TJ-II [11], which is located in
Madrid (Spain), the Large Helical Device (LHD) [12], which is located in Toki (Japan) or
Wendelstein 7-X (W7-X) [13], which is located in Greifswald (Germany) and represented
in figure 1.4 (right).

1.3. The neoclassically optimized stellarator Wendelstein 7-X (W7-X) and

the importance of turbulence

Concisely, in magnetically confined plasmas, the transport and losses of particles, energy
and momentum can be categorized into three different channels: classical, neoclassical
and turbulent transport. Classical transport solely considers Coulomb collisions and it
is typically negligible both in tokamaks and stellarators. On the other hand, neoclassical
transport also incorporates the effect of the magnetic field curvature and its inhomo-
geneities. While at low collisionality the contribution of this channel tends to be small in
tokamaks, it has traditionally been the major source of concern at the core of stellara-
tors. Lastly, turbulent transport accounts for the transport driven by microinstabilities,

which arise from fluctuations of the plasma electromagnetic fields with frequencies much
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lower than the gyrofrequency, €, of the plasma species and length scales on the order of
their gyroradius, ps. This channel of transport is the most relevant in tokamaks, whereas
it has been explored in less detail in stellarators due to the traditional predominance of
neoclassical transport in them.

The concept of neoclassically optimized stellarators has emerged with the objective of
minimizing neoclassical losses. Wendelstein 7-X [13], in operation since 2015, is the first
large stellarator optimized with respect to neoclassical transport. In figure 1.4 (right)
we can observe some magnetic surfaces of this device alongside part of its set of coils,
which consists on 50 non-planar and 20 planar superconducting coils. By appropriately
choosing the currents in the coil system, this flexible set of planar and non-planar coils
allows a large variety of magnetic fields conforming different magnetic configurations.
For a comprehensive overview of the W7-X configuration space, we refer the reader to
[16].

The optimization of W7-X with respect to neoclassical transport [17] has involved
a systematic reduction of the effective ripple €.;r, which is a measure of the effect of
the ‘helical’ ripple® on the behaviour and confinement of particles in a stellarator. This
reduction is appreciated in figure 1.5 (left), where we show the effective ripple values for
two different configurations of W7-X and LHD as a function of a normalized coordinate
that labels different magnetic surfaces. In particular, the highest triple product values
(see expression (1.5)) in stellarators has been achieved with the two W7-X configurations
shown in this figure. They are the so-called standard (line b), in which all planar coil
currents are set to zero and the non-planar coil currents are set to the same value,
and high-mirror (line c¢), in which the toroidal mirror ratio? is significantly higher. Since
neoclassical energy fluxes in the 1/v regime scale with ezﬁ [18], reducing €.y is a natural
way of decreasing neoclassical losses in stellarators. Indeed, as observed in figure 1.5
(right), where the normalized neoclassical energy losses are represented for the same
configurations depicted in 1.5 (left), the normalized neoclassical energy fluxes in W7-X
are significantly lower than those in LHD.

This optimization has been successfully proven experimentally in the first experi-
mental campaigns of W7-X [20, 21]. However, the results obtained in these experiments
have made it evident that, in general, the total particle and energy transport exceeds the

predictions made by neoclassical theory [22]. As it can be observed in figure 1.6, there is

3The helical ripple of the magnetic field quantifies the strength of its inhomogeneities.

4The toroidal mirror ratio is defined as bg; = By /Boo in a Fourier representation B,,, of the
magnetic field strength, where m and n are, respectively, poloidal and toroidal mode numbers. In W7-
X, depending on the configuration, this ratio can reach values up to by; ~ 0.2.
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Figure 1.5: Left: effective ripple as a function of a normalized radial coordinate, labeling
different magnetic surfaces, for two different W7-X configurations (standard (b) and
high-mirror (c)) and two different LHD configurations (d,e). Right: neoclassical energy
losses, computed with the code DKES [19] and normalized to the heating power as a
function of the same normalized radial coordinate for the configurations represented in
the left figure. Plots taken from [17].
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Figure 1.6: Power balance analysis for a gas-fuelled discharge in W7-X. The input power
is represented as a solid black line and the sum of neoclassical ion and electron energy
fluxes (dotted orange line) and radiated power is represented as a solid red line. These
results are given as a function of an effective radius, which labels different magnetic
surfaces. Figure adapted from [22].

a significant gap —approximately of a factor of ten— between the sum of the neoclassi-
cal fluxes (for both ions and electrons) combined with the radiated power, and the input
power. Thus, the neoclassical heat flux alone is not sufficient to explain the total losses.
This energy and particle transport has been attributed to the turbulent channel, turning
turbulent transport into an essential mechanism to understand and predict how plasmas
perform in this device. This disagreement between the experimental losses and those
predicted by neoclassical theory has motivated much work in the study of turbulence,

modelled by gyrokinetic theory.

1.4. Scope of this thesis

In this thesis, we have focused on the numerical study of electrostatic turbulence de-
scribed within the framework of the gyrokinetic theory [23], which will be introduced in
chapter 2. As will be discussed throughout this work, we have addressed two fundamen-
tal aspects related to the theory and its connection to experiments: the benchmark (or
verification) of gyrokinetic codes and the validation of their predictions against experi-
mental measurements. Specifically, the code stella [21] has been benchmarked against
the code GENE [25] in W7-X geometry. Notably, at the beginning of this thesis, stella
had recently been developed and had not yet been verified against any other code for
stellarator geometry. This verification has been carried out in the form of a comprehen-
sive benchmark, which includes different tests thought as a reference case against which
present and future stellarator codes can be tested and benchmarked. Following this ver-
ification, which will be explained in detail in chapter 4, we have used stella to provide,

for the first time in W7-X, a detailed comparison between the numerical characteriza-
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tion of turbulent fluctuations in this device and the existing experimental measurements,
particularly those obtained with a Doppler Reflectometer installed in W7-X. In order to
asses this comparison, given in chapter 5, it has been necessary to implement a new set
of boundary conditions in the code, which allow us to simulate flux tubes located at the
inner surfaces of W7-X, as carefully described in section 3. Finally, after the verification
and validation of stella, we have employed the code to predict certain quantities that
will be valuable for comparisons with future experimental analyses of W7-X, as detailed

in the final part of chapter 5.
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CHAPTER 2

Gyrokinetic description of a fusion plasma

In this chapter we will introduce the gyrokinetic system of equations, which is used for
modelling microturbulence in strongly magnetized plasmas. Specifically, our focus will
be on the electrostatic and collisionless version of these equations. Once the gyrokinetic
equations are introduced, we will particularize them to the flux tube geometry, which
is the computational domain in which the code stella, used in the development of
this thesis, solves them. Then, we will provide a brief overview of how stella solves
the gyrokinetic system of equations, highlighting the differences between linear and
nonlinear simulations. Finally, we will collect the input parameters required to run the
code, establishing the correspondence between each parameter and the physical quantity

it represents.

2.1. Kinetic description of plasmas

A plasma is a globally neutral ionized gas, composed of positively and negatively charged
particles. The near balance between positive and negative charges makes the plasma

quasi-neutral, which can be represented by the quasi-neutrality equation

> guns = 0. (2.1)

This condition implies that, on the relevant scales for our study —meaning for frequencies
smaller than the plasma frequency and spatial scales larger than the Debye length—,
the plasma can be considered locally neutral. Furthermore, at these scales, plasmas are
capable of effectively screening electric fields. As a consequence, the particles within the

plasma respond collectively to any perturbations, thereby exhibiting collective effects

[26].
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Each particle in the plasma can be characterized by its position r and its velocity v.
The description of fusion plasmas requires a kinetic treatment in terms of phase-space
distribution functions. Specifically, each species s, where in this thesis s = ¢ stands for
the main ions and s = e stands for the electrons, is described by a time (¢) dependent
distribution function fs(r,v,t). The total number of particles of species s (Ng) within

the system can be obtained by integrating its distribution function over the phase-space

variables,
Ni(t) = /fs(r, v, t)d*rd®v. (2.2)
In the absence of sources and sinks, the distribution function must follow the continuity
equation
dfs
=0 2.3
Lo, (23)

or, following the chain rule,

of. . of. . of.
ot T TV oy 70 (24

where a dot over a quantity indicates its differentiation with respect to t. Here, v must
equal the force per mass unit. If we neglect gravitational forces, the only remaining force

of interest is the electromagnetic Lorentz force [27], given by the expression

v="L (—Vy+vxB), (2.5)

S

where —V¢ and B are, respectively, the total electric and magnetic fields, with ¢ the
electrostatic potential. Substituting this expression into the continuity equation (2.4),

we obtain the so-called Vlasov equation

Ofs Ofs  qs ofs
ot v or +ms (=Vep+vxB) ov

0. (2.6)

2.2.  f-gyrokinetic formalism

The Vlasov equation (2.6) contains information about both large and small scales. How-
ever, the focus of this thesis is to examine the effects of microturbulence, whose wave-
lengths are on the order of the gyroradius (1.3) and whose frequencies are much lower
than the gyrofrequency (1.4). We can exploit the scale separation between the typical
variation lengths of the background magnetic field, B, and plasma profiles, and the scales
of the turbulent fluctuations and treat the small-scale fluctuations of f, and ¢, denoted,

respectively, by f% and (', as the unknown variables of the system.
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Figure 2.1: Sketch of the helical motion of a charged particle (red circle) in the presence
of a non-uniform magnetic field, represented in blue. The position vector r, the guiding-
centre X and the gyroradius p, (in green) are also included, together with the drifts
in the direction perpendicular to the magnetic field, v, . The perpendicular scale is
exaggerated for clarity.

Let us decompose the particle motion under the action of a time-independent mag-
netic field into two components: a fast, approximately circular orbit around the mag-
netic field, and a slower movement of the orbit’s center (or guiding-center). Figure 2.1
illustrates this, showing the trajectory of a charged particle in a non-uniform, time-
independent magnetic field. In this context, and as shown in figure 2.1, the position of
the particle, r, is given by

r=X+p,, (2.7)

where X represents the guiding-center position and p, = ps(cosyes —sinye;) is the
gyroradius vector! with v the gyro-angle. The gyroradius p, is perpendicular to B and
its magnitude, known as Larmor radius, is given by (1.3). Additionally, as it can be
noticed in figure 2.1, the guiding-center trajectory does not coincide with the magnetic
field line due to drifts that occur on the plane perpendicular to the field.

In a strongly magnetized plasma, the parameter

Ps
p 7 < (2.8)

Here the gyroradius is expressed in the orthonormal basis {e;, ez, B/B}, where e; and e are
unitary vectors satisfying e; x e = B/B.
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can be defined, with L a characteristic length scale typically on the order of the device
size. Gyrokinetic theory consists of systematically expanding the equations in this small
pss and averaging them over the fast gyromotion, retaining only the slower timescales
relevant for microturbulence. Thus, the equations are averaged over the rapid gyration
to eliminate v as a phase-space variable, reducing them from 6 to 5. This operation,

known as gyro-average, is represented by (-), and defined as

() = (2m)! / "()dn. (2.9)

In what follows, we use {v,u,v} as velocity coordinates, where v represents the
component of the velocity parallel to B and
mgv?

2B

is the magnetic moment. Using these coordinates, the Vlasov equation (2.6) can be

= (2.10)

expressed as
afs Y . afs . afs . afs

X . ZJs —Js
or TV, i T,

where, from now on and unless otherwise stated, every quantity is evaluated at the

=0, (2.11)

position X and V represents the gradient operator 0/0X.
We gyro-average expression (2.11) and retain its terms accurate to O (nsv;,st_l p*s),
where vy, s = \/2T5/m is the thermal velocity. To the required accuracy we take?

<}(>,y = U”E) + Vs + <V%s>7, (2.12)

where we can distinguish between the parallel motion of the particle (v”f)), withb = B /B
an unitary vector pointing in the direction of the magnetic field, and the perpendicu-
lar drifts. Among the latter, we differentiate between the magnetic drift, v, and the
fluctuating £ x B drift?, vi%. The magnetic drift is caused by the magnetic field in-
homogenities and can be divided into a magnetic curvature drift and a magnetic VB
drift,

1. 0o
Vs = Q_sb X Uﬁl‘{, -+ mb x VB (213)
Curva;lrre drift VB\grift

2The expressions for (X), and (v))~ up to second order in p,, are derived in [28].

3Given the objective of this thesis, we have only considered the fluctuating component of the E x B
drift in (2.12), which varies on short time scales and small spatial scales. However, this quantity also
possess a neoclassical analogous, which varies on long time scales and large spatial scales, and has
not been considered. Formally, up to first order in p.s, we should write (vgs), = Vi + (vi.)., , where
vy = %B x Vg represents the neoclassical component of the E x B drift, with ¢y the mean component

of the electrostatic potential.
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with &k = b - Vb the magnetic curvature. Analogously, the E' x B drift is caused by the
combined effect of electric and magnetic fields that are not aligned,

1
B

where ¢ describes the fluctuating component of the electrostatic potential evaluated at

b x Vo, (2.14)

tb
VEs -

the position r,
¢y (X, v,t) = (X + pg, v, 1), (2.15)
As for (v)),, up to first order in p,,; we can write

. O qs
<UH>’Y = —m—b . VB — m—b . V<¢ib>,y + ’UHK, . (VVBs + <V%’>7) s (2.16)

with vyps the magnetic VB drift defined in expression (2.13).
In addition, the use of J f-gyrokinetics allows to split the particle distribution func-

tion, f,, into a mean component, F,, and a turbulent one, f%. This is
fo=Fo+ f2. (2.17)
With the aforementioned considerations we can introduce the gyrokinetic ordering

Wg ftb SOtbqs k||
V-V A T 2.18
P~ " TS (2.18)

PxsVth,s ™~ PxsV)| ™~ |VM8| ~ |V%s|7 (2'19>

where w is the characteristic frequency of turbulence and k| and &k, represent, respec-
tively, the characteristic wavenumbers of the fluctuations parallel and perpendicular to
the magnetic field line.

To the lowest order in p,s, the mean component of the distribution function of the

species s is a Maxwellian distribution function, Fy; = F),, with

Fass = ms " s (”ﬁ/ 2+ 1B/ ms) (2.20)
Me =N\ opr, ) P T, ’ '
so that
(fs)y = Fus + 97, (2.21)
with ¢ = (f).. In what follows we assume derivatives of g% such that
aggb ~ gébvth,s
ot L’
th
b.vgtt ~ s
Vg~ T
n th g2 999
V-bv)gl~ L .
( o~ (2.22)
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Analogously, we assume derivatives of the fluctuating part of the electrostatic potential,
¢ such that

a(ptb ~ thbvth,s
ot L
B X Vg@tb ~

i
L )

) b

(v b Vgotb) ~7 (2.23)

PssL

Retaining the gyro-averaged turbulent terms up to order 0(7151);38[71 Pxs) in (2.11)

we obtain
9yt A wo 9
“Is bv__bVB_ tb 5 tb v tb
5 U . A 90+ (Vs + (VE)4) - Vi
2
Vn., VT. [™Ms (vH/Q + ,uB/mS> 3
tb s s _ 2
+ (V2)y T T 5 | | P (2.24)

+ ;— (UHB v vMs> V(D). Fygy = 0,

where we have taken into account that p is an adiabatic invariant, implying ;& = 0 and
that, up to first order in p.s, fs is independent of  [29]. In addition, we have explicitly
computed the derivatives of the Maxwellian distribution function from its definition
(2.20), so that

Vne, VT, mS(Uﬁ/z"f’MB/mS) 3 W
VEy, = [ ot T ( T =5 =7 VB| Fus (2.25)
and
8FMS v|ms
=— Fis. 2.26
aU” TS M ( )

The gyrokinetic Vlasov equation (2.24) shows that the main sources of microinsta-
bilities in this formalism are the temperature and density gradients, which act as source
terms in the equation. These gradients can create favourable conditions for the growth of
small perturbations in the plasma, potentially leading to significant instability. When the
temperature gradient, VT, is the dominant destabilizing factor, the resulting microin-
stability is referred to as a temperature-gradient-driven mode. Conversely, if density gra-
dients, Vn, are the primary source, the instability is known as a density-gradient-driven

mode.

24



Finally, the system which unknowns are g and ¢% is closed by coupling the quasi-
neutrality equation (2.1) gyro-averaged under the considerations made in this section.

Retaining just its turbulent terms up to first order in p,s we can write

sB fe’e) 00 2 : Tth
>0 / dy / dp / dy (gi” - q_sFMs) =0, (2:27)
5 Ms Joo 0 0 T

with ¢ = ¢ — (%), the gyrophase-dependent part of ¢!
Therefore, the electrostatic, collisionless gyrokinetic system of equations consists of
equations (2.24) and (2.27).

2.3. Gyrokinetic system of equations in a flux tube

The gyrokinetic Vlasov (2.24) and quasi-neutrality (2.27) equations can be further sim-
plified by exploiting the fact that the parallel wavenumber (k) of the fluctuations of
interest is much smaller than their perpendicular wavenumber (k) ), as indicated by the
gyrokinetic ordering (2.18). To fully exploit this scale separation, it is advantageous to
solve the gyrokinetic system of equations within a fluz tube. A flux tube is a volume that
extends over a large finite length parallel to the magnetic field direction while being
relatively small in the perpendicular directions. This approach offers several advantages,
focusing on the relevant spatial scales for studying microturbulence. Notably, one of
its key benefits is the improved computational efficiency, as it can be found in [30],
where simulations conducted in various computational domains, including the flux tube
geometry, are compared.

Since a flux tube represents a volume around a magnetic field line, it is convenient to
introduce coordinates adapted to this geometry. We begin by defining a set of coordinates
that accurately describes the geometry of magnetic surfaces. We choose two different
angular variables, a poloidal-like one (f) and a toroidal-like one (¢), together with a
variable (1) that labels magnetic surfaces. We use ¢ to represent the toroidal magnetic

flux enclosed by a magnetic surface over 27. Therefore

2 (r) = / B - dS, (2.28)

where dS; is the area element perpendicular to surfaces of constant ¢. The poloidal flux

x enclosed by a magnetic surface is given by

2mx(r) = /B - dSg, (2.29)
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where dSy is the area element perpendicular to surfaces of constant 6.
The introduction of toroidal and poloidal magnetic fluxes allows for the mathematical
description of the rotational transform, ¢, a quantity already mentioned in section 1.2.

It is defined as
_dx(r)
L g
dy(r)

This formal definition clarifies the interpretation previously given in section 1.2, where ¢

, (2.30)

was explained as the number of poloidal turns a magnetic field line makes in a toroidal
turn.

With the previous considerations, we can now introduce spatial coordinates {r, a, (}
that properly describe the flux tube geometry, where r € [0, a] is the radial coordinate,
« € [0,27) is an angular coordinate labelling field lines on each magnetic surface and
¢ € [Cmin, Cmax) 18 used as a coordinate along field lines. Here, a is the stellarator minor

radius? and the value r = a corresponds to the last closed flux surface. Specifically, we

o2 <2.31>

where 1), = ¢ (a) is the value of the toroidal magnetic flux at the last closed flux surface.

choose

As for a we take
a=60—-., (2.32)

known as Clebsch angle, where we have particularized 6 and ¢ to be, respectively, toroidal
and poloidal angles such that the magnetic field lines are straight on them.
The coordinates {r, o, (} allow to express the magnetic field B as
dy

B = EVT’ x Va. (2.33)

In figure 2.2 (left) we show poloidal contours of different flux surfaces for the standard
configuration of W7-X, together with the radial coordinate r. Additionally, figure 2.2
(right) presents a sketch of a flux tube surrounding a magnetic field line that crosses
one of the contours depicted in figure 2.2 (left), along with the coordinates {«a, }. These
magnetic surfaces and poloidal contours are obtained using the ideal MHD equilibrium
code VMEC [31], which computes the equilibrium configurations of plasmas in three-

dimensional devices by solving the three-dimensional MHD equilibrium equations.

4Given the volume of the last closed flux surface, V,, the minor radius can be defined as a =
Vo /272 Ry, where 2mRy is the length of the magnetic axis and Ry is called the stellarator major
radius.
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Vr

Figure 2.2: Left: poloidal cross sections of different magnetic surfaces corresponding to
the standard configuration of W7-X. They are labeled by r/a=0.5 (yellow), r/a=0.6
(red), r/a=0.7 (blue), r/a=0.8 (green), and r/a=0.9 (black). The radial coordinate r is
depicted. Right: sketch of a flux tube surrounding a magnetic field line, represented as a
thick black line, that lies on the flux surface r/a = 0.7. The coordinates {«, (} are also
illustrated.

We use flux coordinates to express the gyrokinetic Vlasov (2.24) and quasi-neutrality
(2.27) equations in the flux tube geometry. We begin by Fourier expanding the unknowns
g and ¢ in the fast variations, see (2.22) and (2.23), perpendicular to the magnetic
field:

gib (r, a, (,UH,,LL, Z gk Koo r a,G, V||, fhy t) exp(ik,r + ik,a),
r ko
O (r,a, (1) Z G (rya, 1) exp(ik,r + ika), (2.34)

where k, and k., are wavenumbers such that the wavevector perpendicular to B, k|, can

be expressed as

k| =k Vr+ kVa. (2.35)
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We assume the Fourier coefficients vary slowly, accurate to

(9g 1A ag s ~ 8§tb S 0
g;a, ~ O (L0, ga’“‘* ~ O (0 kos) gga ~ O (Ghrras)
890 o A agp o A a()btl; Q D
Pk L0, TN O TR 0. (230

whereas the wavenumbers k, and k, are assumed to be of the order

ky ~ o0 (p L7, ko ~o0(py)) - (2.37)

Hence, in the expansion p,, < 1 the spatial derivatives of g and ¢® read

o gtb

8_; ~ Z ik:rg};l:.kavs exp(ik,r + k),
kr ko
dgth - : :
89; ~ Z ika g1 1. s exp(ikyr + ikaa),
v ke
dgy’ Z aglﬁika (k7 + ikact)
—_ —orfen® o e o),
oC = 2T exp(i i
agptb
o Z ik, Q1. exp(ik,r + ikaa),
kr,ka
8@“’
S Z iko @ 1. exp(ik,r + ikqa),
kr ko
o tb Opto
= exp(ik,r + koo .
*0 SO’“ Ko oxp(ikyr + ik 2.38
kr ko

In order to formulate the flux tube version of equations (2.24) and (2.27) we need to

express (), (X) as a function of the coefficients ¢}’ (X). Therefore, we Taylor expand
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@' in the vicinity of X,

(6. <Z S0 (X + p) explikyr(X + p,) + ikaa(X + p3>]>
kr ko Y
- <Z (6 (X)+py- Vgl (X)+---)
Ky ke

exp{ik, [r(X) + p, - Vr(X) + - - -] + ik, [a(X) + p, - Va(X) + - - .]}>

<Z cpk ko (X) expli (k7 + ko) explip, - (k. Vi 4+ kE V)] + - >

Y

1 2m '
= ngkk expli (k7 + ko a)]zﬁ/ exp(ipy - ky)dy + - --
0

= Z 901% expli (k7 + k)] Jo (kLvy /€), (2.39)

rka

where

L[ k
Jo(kros/9u) = 5 / exp<i 5“ sin’y)dfy (2.40)
0

s

is the zeroth order Bessel function of the first kind with k; = |k, | and (---) refers to
higher-order terms in the expansion. As usual, if not stated otherwise, every quantity is
evaluated at X.

With these considerations, expression (2.24) simplifies to the collisionless and elec-

trostatic gyrokinetic equation in a flux tube for the modes g’ - s and @t ., which reads

~tb

agk ka8 qs 0 [@Zbk J0<kLULs/Qs)} agltcbk s pu OB agk ko8
— b -V rfa i Fuys _Zhrfe,s 7 77 TRrRa,S

o+ (B ve) T." ac MU0 T aC Oy

ik, |dlnn, dInT, {ms(vf/2+pB/ms) 3|

_ 2V 2 Jolkivs /) Fase

dw/dr[ T ( T. 3 ) | PrrkeJolkrvs /) Fu
vk (0 B0 L1/ i ) ~ N =0, (2.41)
with

1 A
Nivkars = Z B [(ku x ko) b} glmlm M}Zlkaljo(kum/fzs) (2.42)

kT17k7‘2
k/'ozl 7ka2

the nonlinear term, where k,; = k. Vr + k,1Va and k5 = k.oVr + koVa are such
that k1 + ko = k. In order to obtain expression (2.41), we have assumed Ty and ng

to be flux functions, i.e., Ts(r) and ns(r).
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Similarly, we can express the quasi-neutrality equation (2.27) in the flux tube geom-

etry for the modes g, and ¢}, as

B[~ <
: / doy / dugi g, s Jo(kLvL /)
ms J_ o 0

qins Ath kivfh,s
_ ; T, Gk | 1 =T 202 =0, (2.43)

kivtzh s kivzgh s kivfh s
F‘)( 202 ):e’q’(‘ 202 )I< 202 ) (2.44)

with Iy the zeroth order modified Bessel function.

S

where

Therefore, the electrostatic and collisionless gyrokinetic system of equations in a flux
tube consists of the gyrokinetic equation (2.41) and the quasi-neutrality equation (2.43).

In this thesis we will use the code stella [21] to solve them.

2.4. The gyrokinetic code stella: coordinates and simulation settings

At the time of writing this thesis, stella [24], in its flux tube version, is a gyrokinetic
code capable of solving the electromagnetic gyrokinetic system of equations for an arbi-
trary number of species and including the presence of collisions. In this work, we use the
electrostatic and collisionless version of the code, which solves the gyrokinetic system of
equations given by (2.41) and (2.43) for an arbitrary number of species.

The perpendicular spatial coordinates used by stella and employed throughout this
thesis are {x,y} defined as

T =1r-—r,

y =ro(a — ap), (2.45)

where r and « are defined, respectively, by expressions (2.31) and (2.32), being ry and
ap the values of r and « that select each simulated flux tube (and the centre of the
simulation domain). In this way, both z and y have units of length. In particular, x
measures the distance from the center of our domain in the radial coordinate (r) while
y represents the arc length that subtends the angle a.. Therefore, throughout this thesis,
the direction of x will be referred to as radial direction and the direction of y as binormal
direction. Analogously, stella takes ( as the spatial coordinate parallel to the magnetic

field.?

SWith « selected, either ¢ or 6 can be chosen as parallel spatial coordinate, as shown in expression
(2.32). In the study of tokamaks, € is commonly used, whereas in stellarators, ¢ is typically preferred.
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Thus, stella solves the system of equations composed by (2.41) and (2.43) consid-
ering the coordinate system conformed by {x,y,(}. Within this context, the flux tube
version of the collisionless and electrostatic gyrokinetic Vlasov equation (2.41) imple-

mented in the code can be expressed as

0 @y, Jolk o1,/ )]
o

aglil;ky,s _ ﬁa_Bagltfl;ky,s
aC mg 6(’ 8v||

g, .
M + <b . VC) &U” FMS + U”

ot

_osgn(vy) [dlnn,  dnT, (ms(}/2+puB/ms) 3\ .
+ iVMs . kL (glil;ky,s + %@ZZ}chO(kLUL/Qs)FMs) — kak.u’s = 0, (246)
where 20

denotes a normalizing magnetic field, such that the magnetic field (2.33) can be expressed

as
B = B,Vz x Vy. (2.48)

As usual, in equation (2.46) N, s represents the nonlinear term, which can be written

in the coordinates (2.45) as

5gn(Ya)

Niskys = =5 § - (karkyz — Kaoky1) G20 o1y s Py Jo (k1101 /S2s). (2.49)
G kg ky
kwévky;

Analogously, we can express the flux tube version of the quasineutrality equation

(2.43) implemented in stella by using perpendicular coordinates {x,y} as

B[ R
Z g / dU||/ dpgip, s Jo(kLvi /S)
s ms —00 0

2 k2 ,02
qsMs . 1Yh,s
AN 1-T ’ = 0. 2.50
- QWngpkzky( 0( 202 )) (2.50)

The code stella employs a mixed implicit-explicit scheme for solving the system

of equations conformed by (2.46) and (2.50). Specifically, the parallel streaming and
acceleration terms appearing in the flux tube version of the gyrokinetic Vlasov equation
(2.46) —the third and fourth terms in the equation, respectively— are solved implicitly,

while the remaining terms are solved using an explicit time advance algorithm® (for

SFor the explicit time advance algorithm, the user can choose between a standard fourth order
Runge-Kutta and second or third order strong stability preserving Runge-Kutta schemes [32].
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a more detailed explanation of how the code treats each term of equations (2.46) and
(2.50) we refer the reader to [24]). This mixed implicit-explicit method offers a significant
advantage over fully explicit schemes when accounting for the electron dynamics. This
is because, when kinetic electrons are taken into account, the parallel streaming and
acceleration terms of (2.46) scale up to a factor of y/m;/m, ~ 40 (assuming H* as
main ion species) compared to the other terms in the equation. This imposes a severe
constraint on the integration time step size that is alleviated by implicit time advance
schemes. This advantage in the performance of the code will be further discussed in
section 4.2.

For the analysis of the results presented in chapters 4 and 5, it is essential to define
the real frequency and growth rate of plasma instabilities. Given the coefficient of a
mode of the electrostatic potential, characterized by its wavenumbers k, and k,, g&’;f; oy

its temporal evolution can be Fourier-transformed as
P ( ky Z g oy (€ Qe ", (2.51)
where the frequency w is a complex number defined as
w = w, +17. (2.52)

Its real component, w, (usually referred to as real frequency), indicates the frequency of
oscillation and its imaginary part, v (usually referred to as growth rate), represents the
growth or damping of the amplitude of ¢y, x,. Values v < 0 imply that the mode is stable
while values v > 0 correspond to those responsible for the instability growth. In the case
of ignoring nonlinear effects, i.e. neglecting the nonlinear term Ny, s, instabilities lead
to the exponential increase of the electrostatic potential amplitude over time. In such
linear simulations, the value of the complex frequency is adjusted for each mode at each
time step by comparing the squared electrostatic potential between consecutive time
steps. On the other hand, in nonlinear simulations where the exponential growth phase
is followed by a saturation phase, the evolution of the potential in this saturated phase
gives rise to frequency spectra, as presented in chapter 5.

The input parameters required by the code to perform a simulation, regardless of
whether it is linear or nonlinear, include the magnetic configuration to be studied, the
definition of the flux tube position in space, the phase-space grid, physical parameters of
every species present in the plasma and the specification of the analysed wavenumbers
(ky, ky). Regarding the magnetic configuration, it is obtained with the ideal MHD code
VMEC [31]. The description of the flux tube of interest for the simulation requires the
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specification of rg and «y, along with the length of the flux tube in the direction parallel
to the magnetic field. This is determined by the number of turns the flux tube makes
expressed in machine field periods (e.g. in W7-X, which has 5 field periods, i.e. Ny, =5,
each field period covers an angle 27/5 in () and the number of divisions along ¢, N.
With respect to the physical parameters of each species, they include the temperature
and density ratios of the main ions and electrons in the plasma, along with other species-
specific characteristics such as their charge, mass, temperature, density, and normalized

temperature and density gradients, given by

dInTj dInn,
a/Lr, = —a ( e ) : a/L,, = —a ( . ) : (2.53)

In addition, the number of divisions in v (N, ) and g (N,) must be provided, together

with the time step, At, considered for the simulation. As previously indicated, for linear
simulations, each mode @Z’; K, 18 analysed independently, requiring just the specific value
of the wavenumber (k,, k,) as input parameter. However, when a nonlinear simulation is
addressed, the Fourier components of the fluctuation are coupled. In fact, the selection
of k, and k, values considered in a nonlinear simulation is, in general, not free since,
given a minimum value of &, (k;nin), the boundary conditions in the parallel direction
of the flux tube restrict the allowed values of k,. This restriction depends on certain
quantities of the magnetic configuration considered, as it will be discussed in chapter
3. Therefore, in a nonlinear simulation, the domain in k, and k, is completely defined
by specifying k;;“i“ and the total number of radial and binormal wavenumbers (N, and
N, , respectively) included in them. It is important to note that the ion thermal Larmor
radius
_ Uth iy

, = Dbl 2.54
Pi =B (2.54)

will be used to normalize the wavector components throughout this thesis.

Among the input parameters available in stella, those most relevant to the sim-
ulations performed in this work are listed in table 2.1. This table also includes each
parameter’s name as it appears in the stella input file, along with its physical inter-

pretation.
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Input name Quantity | Description
VMEC output file. Among other quantities, it gives
Magnetic | the Fourier representation of the magnetic field, B,
vmec_filename ) )
geometry | the stellarator minor radius, a, the profile of ¢, the

plasma geometry and other geometric information.

Normalized value of 3 that selects the center of

the flux tube in the radial coordinate. For instance,

torflux (ro/a)? oo '
torflux=0.36 indicates that the flux tube is cen-
tered with respect to ro/a = 0.6
Value of oy that selects the center of the flux tube
in the coordinate . For instance, alpha0=0 indi-

alphaO Qg .
cates that the flux tube is centered at (# = 0,( =
0), see expression (2.32)

nzed N¢ Number of divisions in (
Number of turns the flux tube makes in the

nfield periods toroidal directior'l in units of machine ﬁeld peri-
ods. It relates with the number of poloidal turns
through ¢ as Ny = L—nfiel?\}i’zrmds

nmu N, Number of divisions in g

nvgrid Ny, Number of divisions in v

nine n;/Me Ratio between ion and electron densities

tite T;/T. Ratio between ion and electron temperatures

z s/ q; Normalized charge of species s

mass ms/m; | Normalized mass of species s

temp T,/ T; Normalized temperature of species s

dens ns/n; Normalized density of species s

tprim a/Lr, Normalized temperature gradient of species s

nprim a/Ly, Normalized density gradient of species s

delt v,iAt/a | Normalized time step
Number of radial and binormal wavenumbers in

nakx, naky Nia, Niy | the ranges [EX™, k2] and [k, k], respec-
tively. Only for linear simulations

nakx_min, omin_min Minimum value of normalized radial and binormal

naky min v wavenumbers. Only for linear simulations

This table continues in the next page




Input name

Quantity

Description

nakx_max,

naky_max

max max
Jomax n

Maximum value of normalized radial and binormal

wavenumbers. Only for linear simulations

nx

In nonlinear simulations, number of divisions of
the flux tube along its radial extend. To pre-
vent aliasing, it relates to the number of radial

2(Np—1
wavenumbers, N,, as N, = AN 3 ) +1

ny

In nonlinear simulations, number of divisions of
the flux tube along its binormal extend. To pre-
vent aliasing, it relates to the number of binormal

Ny—1
wavenumbers, Ny,, as N, = % +1

yO

In nonliner simulations, extension of the flux tube
in the binormal direction in units of 27 p;. It relates

with the minimum &, value as k™ p; = y0~!

Table 2.1: List of input parameters required for a standard simulation performed with

stella. The first column lists the variable names as used in the stella input file; the

second column corresponds to the associated physical quantities and the third column

provides a brief description of the relationship between each physical quantity and its

respective input parameter.

35






CHAPTER 3

Parallel boundary conditions in the code stella

The results presented in this chapter are original from this thesis work.

In this chapter, we will describe the different boundary conditions in the parallel
direction employed by the code stella. As outlined in the description of the flux tube
in section 2.3, this geometry extends over a finite length along the coordinate that mea-
sures distance along the magnetic field line. Equations (2.41) and (2.43) are then solved
imposing boundary conditions in this direction. Specifically, in nonlinear simulations,
the formulation of these boundary conditions relies on the assumption that turbulence
is statistically periodic at geometrically identical points over the magnetic surface. As it
will be shown below, this condition determines the maximum wavelengths allowed in the
perpendicular directions in nonlinear simulations, or, equivalently, the size of our domain
in k; and k,. In this context, we will present the commonly used standard twist-and-shift
boundary conditions [33], which were already implemented in stella before the real-
ization of this thesis, and the so-called stellarator-symmetric twist-and-shift boundary
conditions [34], whose implementation is a significant contribution of the work developed
for the present thesis. This implementation has been crucial because, as will be shown in
this chapter, the constraints imposed by the standard twist-and-shift boundary condi-
tions on the smallest £, allowed or, equivalently, on the size of the our spatial domain in
the radial direction, are particularly restrictive in devices such as W7-X. In fact, before
the implementation of the stellarator-symmetric twist-and-shift boundary conditions,

studying certain surfaces of this device was extremely expensive with stella.

3.1. Twist-and-shift boundary conditions in flux tube codes

The standard parallel boundary conditions within a flux tube geometry impose that any
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fluctuating quantity, A, must be equal at the flux tube endpoints z;, = (x4, y.,(;) and

z_ = (z_,y_,(_). In other words

[A].. =[4]

_ Z4

(3.1)

where [A], means that the quantity A is evaluated at the position z. Underlying this
hypothesis is the fact that, given two geometrically identical points on a flux surface
that are sufficiently separated along the parallel coordinate, turbulence is statistically
periodic. Concerning the first point, in the stellarator geometry, the geometric identity
of the endpoints occurs only in field lines with stellarator symmetry [35], whereas, in a
tokamak, it occurs between points separated by an integer number of poloidal turns.

If we denote the position of the magnetic field line by ro(zo, ¥, (), any point in the
flux tube can be labeled with coordinates (z = zo + Az, y = yo + Ay, (), such that the

position vector r can be written as

r(z,y,() = ro(C) + e, Az + e,Ay, (3.2)

where e, = 2 and e, = & denote a set of perpendicular basis vectors. Alternatively,
ox Y Oy Y.

we can also parametrize any fluctuating quantity A in coordinates (u,v), defining the

orthonormal vectors perpendicular to B

Vz b x Vz
u = To v = ; 3.3
® = Vil © = Vil &
being it possible to relate the coordinates (u,v) with (x,y) as
u=(r—rop) e, v=(r—rg) e, (3.4)

Therefore, by substituting (3.2) and (3.3) into (3.4) and using the expression (2.48) for
the magnetic field, we can write explicitly (z,y) as a function of (u,v) as
_ Vz- Vyu n B .
|V Bu|Vz|

(3.5)

r =ulVz|,

As stated in section 2.3 (see expressions (2.34)), in the flux tube approach, fluctuating

quantities can be expressed in Fourier series as

Az, y, 1) = A (¢ 1) exp (ko + ikyy) . (3.6)

ke ky

Accordingly, they can be written in coordinates (u,v) as

) ‘ V-V B

kaky
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Imposing the condition expressed in equation (3.1) yields the following constraints for

the different factors present in the exponent of (3.7):

[Akxky = Akzﬁky] ;
dzy L z_
Vz-Vy, \] i Vz-Vy
k —k = k —k )
(1w s T ) (wetee s S)] e
B ] 2]
A7) [
{Ba]Vx] Y] .. LBV yL’

which are general expressions for twist-and-shift boundary conditions in a flux tube. It

is typically assumed that, in addition,

[Bl., = [Bl._, [Vall,, = [IVall._, (3.9)
reducing expressions (3.8) to
ko)., — (k). = ot (V2 V.~ (V2. ). (3.10)
IVl *
where |Vz| can be evaluated at either z; or z_, as we have considered [Vz|._ = [Vz].,,

and k, is not explicitly evaluated at z. because it remains constant throughout the
entire domain.

Expression (3.10) indicates that each k, value connects different values of k,. There-
fore, the left hand side of this expression constraints the largest step size in k, allowed

in a simulation, that we will denote as

(3.11)

In stella the grid in k, is equi-spaced and the first computed value is always &, = 0,
therefore, the grid spacing in &, is equivalent to k;mn. In the same way, the grid spacing
in k, is equivalent to |k, |™™.

3.1.1. Standard twist-and-shift boundary conditions

The so-called standard twist-and-shift boundary conditions [33], impose that the flux

tube ends are separated an integer number of poloidal turns, which implies that!

2 = (z,9(0,0),0), 24 = (z,y(0 + 27N, (),0 + 27N) , (3.12)

f ¢ is used as parallel coordinate instead of 6, as it is the case in stella, expressions (3.12) would
take the form z_ = (z,y(0,(), () and z4 = (z,y(0,(+27N),(+2xN). This is the definition for standard
twist-and-shift boundary conditions considered for the following derivations
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where NV is an integer.
Therefore, using the definitions of coordinates x and y, see expressions (2.45), we

have
de 9
Vz-Vyl. =1 Vx~V6’—LV:U~VC—C£|Vx| ,

de 9 de 9
[Va - Vyl, =m0 (Vx -V —Vzx - V(- C£|V:U| — QWNEIVM ) : (3.13)

so that the shift of radial wavenumbers, see expression (3.10), can be written as

Ak, =27 N|5|k,, (3.14)
where the global magnetic shear?
R rode
= —— 3.15
° vdz (3:15)

has been introduced.

Expression (3.14) makes evident the problematic application of these boundary con-
ditions when studying low shear devices. Since the grid spacing in k,, or equivalently,
|k,|™" is proportional to the global magnetic shear, a low value of § requires to simulate
significantly more values of k, than of k,.

Figure 3.1 illustrates these restrictions. For instance, in figure 3.1 (left), we see that
ko™ & 0.1k for the surface labeled by ro/a = 0.35 in the standard configuration of
W7-X, which has low magnetic shear. The shape of the global magnetic shear for this
configuration of W7-X can be found in figure 3.1 (right), where it is represented as a

function of the radial direction.

3.1.2. Stellarator symmetric twist-and-shift boundary conditions

On the other hand, stellarator symmetric twist-and-shift boundary conditions, formu-
lated in [34] as an alternative to the standard twist-and-shift boundary conditions dis-
cussed in section 3.1.1, impose the flux tube endpoints to be stellarator symmetric points

[35], therefore

R = (.Z‘, y(_67 _C)a C) ) Bt = (3:7 y(67 C)? C) : (316)

ZNote that in expression (3.15) 7g is the center of the flux tube in the radial direction (see expression
(2.45)) and should not be taken to be as the modulus of ry in expression (3.2).
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Figure 3.1: Left: ratio between |k, [™™ and k"™, or equivalently, between the grid spacing
in k, and k, for the standard configuration of W7-X as a function of the radial direction,
computed using standard twist-and-shift boundary conditions. The vertical dashed lines
indicate different radial positions, labeled by ry/a = 0.35 in blue, r¢/a = 0.5 in yellow
and ro/a = 0.7 in red. Right: global magnetic shear (see expression (3.15)) as a function
of the radial direction, computed for the W7-X configuration used for the calculations
presented in the left figure.

Hence, by applying the definitions of perpendicular coordinates provided in equation
(2.45), we obtain

d
Vz-Vy|, =1 <—Vx -Vl + V- V(+ Cd—;]VﬂQ) :
d
[Vz-Vyl, =g (v:c VO — V- V( — Cd—;IWF) (3.17)

and the following expression for the shift in the radial wavenumber

[V - V], [Vz - Vyl,
Aky =2———Fky= —2————k,. (3.18)
[IV[].+ [IVz|].-

Expression (3.18) reveals that, unlike standard twist-and-shift boundary conditions,
Ak, does not depend on § but on [Vz - Vy|,+ and on |Vz|,+ when using the stellarator
symmetric ones. This allows to adjust the flux tube length to set the grid spacing in &,
approximately equal to the grid spacing in k,, or equivalently, to achieve |k, |™" ~ k:;“in
as shown in figure 3.2. In fact, in this figure it can be observed, for three different radial
locations, that within nearly one full toroidal turn of the flux tube, we can achieve

| K| ™in / k;ni“ ~ 1 using these boundary conditions (the radial locations are the same as

those depicted in figure 3.1 (left)). It is worth noting the result for the radial position
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Figure 3.2: Factor that relates Ak, and k, when using stellarator symmetric twist-
and-shift boundary conditions, see expression (3.18), represented as a function of the
parallel coordinate, (, for the full flux tube length. Results computed for the standard
configuration of W7-X in the radial positions labeled by r9/a = 0.35 (left), ro/a = 0.5
(center) and ro/a = 0.7 (right).

ro/a = 0.35, given that the standard twist-and-shift boundary conditions would impose
| K| ™/ k:;nin ~ 0.1. In summary, the choice of boundary conditions —stellarator symmetric
versus standard twist-and-shift boundary conditions— at that particular position would
result in a simulation requiring approximately 10 times fewer values of k, to cover the

same k, range.

3.2. Stellarator symmetric twist-and-shift boundary conditions in stella

We perform a series of tests comparing the results obtained in similar simulations us-
ing standard and stellarator symmetric twist-and-shift boundary conditions consider-
ing different radii of the stellarator W7-X. With these simulations we want to probe

not only the correct implementation® of stellarator symmetric twist-and-shift boundary

3In stella, the geometric quantities required to solve the gyrokinetic system of equations are
obtained from a VMEC output through a dedicated geometry interface. These quantities are provided
in the VMEC coordinate system and must be processed to obtain expression (3.18). Specifically, in
these coordinates, expression (3.18) becomes

2'(/)(7‘0) [vw ’ VO{} z+

Ak, = — ,
Yo [IVYP],

(3.19)

where the ends of the flux tube are those of the selected magnetic field line segment z; = (o, a0, ()
and A denotes that the quantity A is normalized. In particular, the normalizations used are

L

w:aBa’ Va =aVa.

Expression (3.19) is the one we have coded for the implementation of the stellarator symmetric twist-
and-shift boundary conditions in stella.

42



0.20 1.004
015 _0.75
5 S
=0.10 30.501
S 3
0.05 —— Zero incoming 0.25] —— Zero incoming
O  Standard TS O  Standard TS
*  Stellarator symmetric T'S *  Stellarator symmetric TS
0'000 1 2 3 4 0'000 1 2 3 4
kypi kypi

Figure 3.3: Normalized linear growth rates (left) and real frequencies (right) as a function
of k, for a fixed k, = 0 for the surface labeled by r9/a = 0.7 of the standard configuration
of W7-X. Results obtained using zero incoming (solid black line), standard twist-and-
shift (empty red circles) and stellarator symmetric twist-and-shift (blue stars) boundary
conditions.

conditions, but also their advantages over the standard twist-and-shift ones and assess
any differences in the results obtained with both choices. First, we start by comparing
the results obtained in linear simulations performed with stella using zero incoming
boundary conditions on the Fourier coefficients of the fluctuation distribution function
<§,§l;ky7s(<°_,v|| >0) =gy, Gy <0) = 0)> and those obtained using standard and
stellarator symmetric twist-and-shift boundary conditions. We would expect the results
obtained when using these three boundary conditions to be identical since, as explained
in section 2.4, in linear simulations the modes with different wavenumbers (k,, k,) are
decoupled.

To explore this, we compute the linear spectra of the growth rate and the real fre-
quency of an ion-temperatue-gradient (ITG) instability. For this, we have assumed hy-
drogen ions (H*) as the main species, adiabatic electrons, normalized ion temperature
gradient of a/ Ly, = 4 and a vanishing density gradient (a/L,,, = 0) for the radial position
ro/a = 0.7 of the standard configuration of W7-X.

Figure 3.3 shows the results for the growth rate (left) and for the real frequency
(right) as a function of k, and for a fixed k, = 0. It is important to remark that, when
using both alternative choices of twist-and-shift boundary conditions, we have considered
three values of the radial wavenumber to perform the connection between different values

of k, (see expression (3.10)), while only the central value, k, = 0, is shown in the figure.
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Additionally, for simulations with zero incoming boundary conditions, the amplitude
of each Fourier coefficient must decay at the flux tube ends to ensure convergence.
To achieve this, we have simulated nearby six full toroidal turns per flux tube. As
expected, in this figure we find a perfect agreement between the calculations performed
using the three different boundary conditions. Based on this initial verification, we can
confidently conclude that the implementation of stellarator symmetric twist-and-shift
boundary conditions is correct and has not introduce modifications where they are not
expected.

We now turn our attention to the nonlinear simulations, where different boundary
conditions can affect the computational demands of a simulation given that they deter-
mine the ratio |k,|™™/k"™, as we have commented above.

As an initial nonlinear test, we simulate the same ITG case as in the linear check dis-
cussed above applying both standard and stellarator symmetric twist-and-shift boundary
conditions. In addition, to ensure a fair comparison between the results obtained with
both boundary conditions, we use identical grids of {126, 24, 12} points in {(, v, }. The
radial position 79/a = 0.7 is selected for this first nonlinear test given that, as shown in
left figure 3.1 (red line), the ratio |k,|™"/k™ ~ 1 imposed by standard twist-and-shift
boundary conditions is comparable to that achieved with stellarator symmetric twist-
and-shift boundary conditions in nearly one toroidal turn of the flux tube, as shown in
figure 3.2 (right). These values are specified in table 3.1. Consequently, we do not an-
ticipate significant differences neither in the performance nor in the simulations results
when using the two different boundary conditions.

In figure 3.4 we show the time traces of the calculated ion heat fluxes, ();, which can
be written as

G+ -1 G+ 00 00
Pa d¢ 2B
Qi = %{E) / W / dC/ dUH / du (Uﬁ + m,lu>
- ¢— —00 0

~ -1
>t (G, % i) Bydolkivs/2) (B VC) (3.20)
kz,ky

and are represented normalized to the ion gyro-Bohm heat flux, @45, defined as

pi\?
Qgn,i = niTivin, <E) : (3.21)

In figure 3.4 it can be observed that the ion heat flux time traces obtained with each
of the two boundary conditions choices are similar and the converged values, which are

averaged over the grey shadowed region and collected in table 3.1, are comparable. The
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Figure 3.4: Time trace of the normalized ion heat flux computed using standard twist-
and-shift boundary conditions (red) and stellarator symmetric twist-and-shift boundary
conditions (blue) at the radial position ro/a = 0.7 of the standard configuration of W7-
X. The dashed lines show the time-averaged quantities over the shadowed time range.

Boundary condition | (kF*p;, ky®p;) N, Ni,  |k/™™/EM™  Qi/Qgp:  tcpu [h]

Standard ‘ (1.0, 2.5) 53 ol 0.81 19.1£2.7 3456

Stell. symmetric ‘ (1.0, 2.5) 47 51 0.89 193+£12 3325

Table 3.1: Parameters of the nonlinear simulations performed for the radial position
ro/a = 0.7 of the standard configuration of W7-X. From left to right: twist-and-shift
boundary condition choice; maximum considered value of £k, and k,; number of simulated
values of k,; number of simulated values of £,; ratio between the grid spacing in k, and
k, or, equivalently, between |k,|™" and k:;nin; value of the time-averaged ion heat flux
and CPU time required to run the simulation.

values of CPU time required to complete each simulation are also indicated in this table.
The minor discrepancies in the CPU hours are attributed to the fewer number of radial
wavenumbers required to reach the same maximum k, when using stellarator symmetric

twist-and-shift boundary conditions, as shown in the same table 3.1.

As a second nonlinear test, we perform a similar comparison but for the radial posi-
tion ro/a = 0.5 of the standard configuration of W7-X. We have chosen this surface for
the second test because, as shown in figure 3.1 (left) (see yellow line), the standard twist-
and-shift boundary conditions limit the ratio [k,[™"/k"™™ & 0.3. This constraint requires
simulating approximately three times more values of k, to cover the same range of radial

wavenumbers as when using stellarator symmetric twist-and-shift boundary conditions,
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Figure 3.5: Time trace of the normalized ion heat flux computed using standard twist-
and-shift boundary conditions (red) and stellarator symmetric twist-and-shift boundary
conditions (blue) at the radial position ro/a = 0.5 of the standard configuration of W7-
X. The dashed lines show the time-averaged quantities over the shadowed time range.

Boundary condition ‘ (K2®ps, k*pi) Ny, Ny, |ka|™ /™ Qi/Qgpi  tcpu [h]

Standard | (1.0,25) 135 51 0.30 146+ 04 13248

Stell. symmetric ‘ (1.0, 2.5) 47 51 0.89 15.0+£0.5 2880

Table 3.2: Parameters of the nonlinear simulations performed for the radial position
ro/a = 0.5 of the standard configuration of W7-X. From left to right: twist-and-shift
boundary condition choice; maximum considered value of k, and k,; number of simulated
values of k,; number of simulated values of k,; ratio between the grid spacing in k, and
k, or, equivalently, between |k,|™" and k;“in; value of the time-averaged ion heat flux
and CPU time required to run the simulation.

with which the ratio |k,[™"/k™ ~ 1 can be reached with roughly one toroidal turn
of the flux tube (see figure 3.2 (center)). These specific values are listed in table 3.2.
Additionally, simulating the large number of k, values needed by the standard twist-
and-shift boundary conditions has required to reduce the grid in { to keep computation
times manageable. In particular, we have assumed grids of {96, 24,12} in {¢, v, u} for
the simulations to perform this comparison.

The normalized ion heat flux time traces obtained from these simulations are rep-
resented in figure 3.5. This figure shows that, again, the converged results of ion heat
flux computed with both twist-and-shift boundary conditions are similar. The heat flux

values from this comparison, along with other simulation parameters, are presented in
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Figure 3.6: Left: Number of k, values as a function of the maximum computed k, using
standard twist-and-shift (red empty circles) and stellarator symmetric twist-and-shift
(blue empty stars) boundary conditions for flux tubes covering nearly one poloidal turn
on the surface labeled by ro/a = 0.35 of the standard configuration of W7-X. Right:
time-averaged values of ion heat flux calculated for the surface ro/a = 0.35 of the
standard configuration of W7-X as a function of the maximum computed value of k,
using standard (empty red circles) and stellarator symmetric (empty blue stars) twist-
and-shift boundary conditions.

table 3.2. In particular, it can be observed the CPU time required to complete each sim-
ulation, pointing out a significant performance advantage of the stellarator symmetric
twist-and-shift boundary conditions, as they require approximately five times fewer CPU
hours to achieve the same results compared to the standard twist-and-shift boundary
conditions. Underlying the larger CPU time for the latter is the higher number of radial
wavenumbers needed to cover the same range in k,. The exact number of £, values used

for each simulation is also listed in table 3.2.

As a final nonlinear comparison, that underscores even more the significant computa-
tional disadvantages of using standard twist-and-shift boundary conditions, we conduct
a similar test at the radial position r9/a = 0.35 of the standard configuration of W7-X.
At this location, see blue line in figure 3.1 (left), the ratio between the grid spacing
in the radial and binormal directions allowed by the standard twist-and-shift boundary
conditions is |k, ™" /k™ ~ 0.1. In fact, figure 3.6 (left) shows the number of &, values
required to reach different values of £'** with both standard and stellarator symmetric
twist-and-shift boundary conditions. It can be observed that, in order to cover the same

range of radial wavenumbers, nearly one order of magnitude more modes are needed
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Boundary condition | (kF*p;, k™p;) N, Ni,  |ko/™™/EM™  Qi/Qgps tepu [h]

Standard | (2.0,25) 386 51 0.12 - >

Stell. symmetric | (2.0, 2.5) 47 51 0.93 34402 9936

Table 3.3: Parameters of the nonlinear simulations performed for the radial position
ro/a = 0.35 of the standard configuration of W7-X. From left to right: twist-and-shift
boundary condition choice; maximum considered value of k, and k,; number of simulated
values of k,; number of simulated values of k,; ratio between the grid spacing in k, and
k, or, equivalently, between |k,|™" and k:;mn; value of the time-averaged ion heat flux
and CPU time required to run the simulation.

for the standard than for the stellarator symmetric twist-and-shift boundary conditions,
with which we maintain the ratio [k,|™"/k™ ~ 1 with the range in ¢ illustrated in fig-
ure 3.2 (left). This leads to a prohibitively high computational cost for the application
of standard twist-and-shift boundary conditions.

Taking these restrictions into account, we calculate the ion heat flux for the surface
ro/a = 0.35 of the standard configuration of W7-X, with nearly identical parameters
as those in previous cases. Figure 3.6 (right) presents the results obtained for the time-
averaged ion heat fluxes, considering different ranges of k,. As it can be observed, this
figure only displays the results obtained using standard twist-and-shift boundary condi-
tions up to k,p; = 0.5, since computing larger ranges requires simulating a number of k,
values (see figure 3.6 (left)) that exceeds the memory capacity allowed by the compute
nodes. In contrast, the use of stellarator symmetric twist-and-shift boundary conditions
allows the simulation of larger ranges of k, until a converged value for the heat flux
is achieved. This result, together with other parameters of the simulation, such as the
CPU hours of computation are summarized in table 3.3.

To verify the accuracy of the converged ion heat flux obtained using stellarator
symmetric twist-and-shift boundary conditions, we also perform a similar scan in k)***
using self-periodic boundary conditions. This comparison, together with the description

of these boundary conditions is addressed in the next section.

3.3. Self-periodic boundary conditions

We have shown that standard twist-and-shift boundary conditions impose that the global
magnetic shear is proportional to Ak, (see expression (3.14)). Therefore, a low value of
|min

§ corresponds to a low value of Ak,, or in other words, |k,|™". When this value is very

small; it is often approximated to zero, which leads to the imposition of self-periodicity
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Figure 3.7: Right: zoom in to figure 3.6 (right), including the results obtained using exact
periodic (in green) and forced periodic (in yellow) boundary conditions. The converged
value is depicted as a dashed horizontal line.

for each mode with wavenumbers (k,, k,). These boundary conditions are referred to as
forced periodic boundary conditions and, although they are formally incorrect, their use
is widespread since they allow for the free specification of |k, [™™ and k™. We perform
similar simulations to those depicted in figure 3.6 (right), but employing forced periodic

boundary conditions. Their results are represented in figure 3.7.

On the other hand, in the context of stellarator symmetric twist-and-shift bound-
ary conditions, it is also possible to adjust the extent of the flux tube in the parallel
coordinate such that [k,[™"/k™ = 0, as observed in expression (3.18), leading to the
same condition of self-periodicity for each mode considered in the simulation without
incurring any formal inaccuracies. These boundary conditions are referred to as exact
periodic boundary conditions. In this context, we also perform similar simulations to
those depicted in figure 3.6 (right), but employing exact periodic boundary conditions.

Their results are represented in figure 3.7.

Therefore, In figure 3.7, which corresponds to a zoomed-in view of figure 3.6 (right),
we have included the results obtained with the two self-periodic boundary conditions we
described above. Hence, this figure presents the results for the normalized ion heat flux
obtained with both self-periodic boundary conditions and both twist-and-shift boundary
conditions analysed throughout this chapter. We observe that there are no appreciable

qualitative differences between the converged values obtained for this flux.
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3.4. Summary of this chapter

In this chapter, we have outlined the issues associated with the use of standard twist-
and-shift boundary conditions [33] when simulating flux tubes on surfaces with a low
value of global magnetic shear, 5. This problem becomes of critical importance when
studying the inner radial positions of W7-X| since § decreases towards the core of the
device, as shown in figure 3.1 (right), and becomes too small to perform simulations
at a reasonable computational cost. This is because such boundary conditions force the
connection of modes separated by very small distances in k,, which is equivalent to set
a very low value of |k,|™™ (see expression 3.14).

Since one of the main goals of this thesis is to compare the results of our simulations
with experimental measurements in W7-X, achieving effective resolution control in £,
and optimizing computational time have motivated us to adopt alternative boundary
conditions, referred to as stellarator symmetric twist-and-shift. These were formulated
in [34] and implemented in stella as part of the work undertaken in this thesis. We have
tested this implementation and verified that using these boundary conditions improves
the performance of the code when studying flux tubes at radial positions with § < 1.
Indeed, we have provided an example in which completing a simulation using standard
twist-and-shift boundary conditions was not feasible, while a converged result for the

ion heat flux was successfully obtained with the new implemented boundary conditions.
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CHAPTER 4

Verification of stella. Benchmark between the

codes stella and GENE

The results presented in this chapter are original from this thesis work and
are mainly part of [1].

As introduced in section 1.3, the dominance of neoclassical losses in generic stel-
larators has traditionally led to significantly less attention being given to the study of
turbulence in these devices than in tokamaks, where the turbulent channel is known to
be the main source of energy and particle losses. With regard to the numerical descrip-
tion of microturbulent processes, while existing tokamak gyrokinetic codes ([36], [37],
[38], [39], [25], [10], [11], [12]) have been extensively exploited and tested, less work has
been carried out in the validation and verification of stellarator gyrokinetic codes ([13],
[44], [45], [46], [47], [24], [48], [19]). In the context of verification between stellarator
gyrokinetic codes, comparisons have also been reported. In [50] the growth rate of linear
ion-temperature-gradient-driven modes in W7-X computed with the global particle-in-
cell code EUTERPE and with the full flux surface version of GENE are compared. These
simulations have later been reproduced with the global particle-in-cell code XGC-S in
[17] and with the global version of GENE, GENE-3D, in [13]. Although valuable, as they
account for global effects, these efforts are limited to linear cases and a single type of
instability. In fact, at the time of undertaking this thesis, the stellarator community
did not have a sufficiently comprehensive and well-documented set of benchmark tests
for gyrokinetic simulations in the geometry of these devices. In this thesis, we have
addressed this gap by the introduction of a reference benchmark case for stellarators.
It consists on a set of linear and nonlinear gyrokinetic simulations in W7-X geometry
against which present and future stellarator gyrokinetic codes can be tested and bench-

marked (following the example of the tokamak community with the Cyclone Base Case
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a [m] Ry [m] ro/a B, [T] t(ro) 5(ro)
0.494 5.485 0.8 2.604 0.910 -0.107

Table 4.1: Basic quantities of the magnetic configuration at the radial position selected
for the simulations. From left to right: minor radius; major radius; selected radial posi-
tion; reference magnetic field given by (2.47); rotational transform and global magnetic
shear.

[51]). This reference case is presented in the form of a comprehensive benchmark between
the flux-tube gyrokinetic code stella and the well-established code GENE [25] in W7-X

geometry, standing as the verification of stella in a stellarator geometry.

4.1. Configuration and parameters

Despite the flux tube version of stella and GENE solve the same equations (2.41) and
(2.43), presented in chapter 2, there are some differences between both codes when
implementing them. Here, we will only mention the most relevant one, refering inter-
ested readers to [24] and [52] for further details. It lies on the treatment of the parallel
streaming and acceleration terms in equation (2.41). As commented in section 2.4, for
electrons, these terms of the gyrokinetic Vlasov equation scale up to a factor /m;/m.
with respect to the other terms. GENE treats these terms explicitly, while stella com-
putes them implicitly, allowing to handle kinetic electrons using a time step size only
slightly smaller than the one employed in simulations with adiabatic electrons, greatly
reducing the computational cost. This will be clearly shown in section 4.2, where simula-
tions with kinetic electrons are presented. Additionally, since at the time this study was
conducted GENE had implemented standard twist-and-shift boundary conditions, these
boundary conditions are used for both linear and nonlinear simulations performed with
this code. In contrast, for stella, we employ a zero incoming boundary condition on
the fluctuating distribution function for linear simulations! and standard twist-and-shift
boundary conditions for the nonlinear calculations. For a comprehensive description of
the twist-and-shift boundary conditions see chapter 3.

For this benchmark set of cases, we consider a high-mirror configuration, where the
magnetic geometry used as input for the simulations is provided by the ideal MHD
equilibrium code VMEC [53]. Some basic quantities of this magnetic configuration and the

flux surface selected for our simulations are listed in table 4.1.

In chapter 3 we showed the results of linear simulations using zero incoming boundary conditions
are identical to those obtained using standard twist-and-shift boundary conditions.
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o=—m/d

-2.39

Figure 4.1: 3D view of the surface ro/a = 0.8 (a), together with the field line oy = 0
(solid black line), the field line ag = —um/5 (solid green line) and the last closed flux
surface ryp = a as a semi-transparent halo. Details of two toroidal cuts of the flux surface
ro/a = 0.8 are also given, showing a bean-shaped section (b) and a triangular section

(c).

Due to the flux tube geometry (see section 2.3), gyrokinetic simulations that run on
different flux tubes (in general) lead to different result. Therefore, this benchmark case
includes simulations in two different flux tubes, the one that extends along the widely
simulated field line cqy = 0 and the less common choice ag = —tm /5. The field line g = 0
is centered with respect to the so-called equatorial plane, # = 0, and the bean-shaped
toroidal plane ¢ = 0, hence the name bean flux tube. The field line oy = —um/5 is
centered with respect to the equatorial plane and the triangular toroidal plane ( = 7/5,
hence the name triangular flux tube. A 3D view of the flux surface ro/a = 0.8 is shown
in figure 4.1 (a) together with the field lines ap = 0 and g = —¢7 /5. Figures 4.1 (b) and
4.1 (c) show some details of figure 4.1 (a). In addition, a schematic view of these field

lines for the studied flux surface is given in figure 4.2, where they are represented on a
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Figure 4.2: Schematic view of the magnetic field lines ap = 0 (solid black line) and oy =
—ur/5 (solid green line) extended along the five field periods of W7-X. The magnetic
field strength is represented in the background.

(0, ¢) plane with the magnetic field strength referred to the color scale.

The geometric quantities required to solve equations (2.41) and (2.43) for the men-
tioned flux tubes are represented against the ( coordinate, centered with respect to
Co = ¢(0 = 0), in figures 4.3 (a)-(e). In figure 4.3 (a) it is observed that the magnetic
field strength is symmetric with respect to ( = (y. This symmetry is also seen in the quan-
tities (f) X VB) -Vy and (B x k) - Vy, which are represented in figures 4.3 (b) and 4.3

(¢), respectively. In figures 4.3 (d) and 4.3 (e) we see that (B x k)-Vzx = <B X VB) -V,
as is the case for any ideal MHD equilibria.

The description of the flux tubes is complete with the specification of their length, for
which we have considered the number of poloidal turns Ny (see table 2.1). This length
is chosen to correctly resolve the modes of the fluctuating electrostatic potential, gbfci ky
along the flux tube. Since the localization of the electrostatic potential varies with the
wavenumber, different values of Ny have been considered in each test. The maximum
and minimum values of Np, N} and N}, respectively, needed in each test are indicated
in table 4.2, together with other parameters set for the simulations. These include the
normalized ion temperature and density gradients (a/Lr,, a/ Ly, ), the number of divisions
in the velocity grid (NN, ,NN,), the time step size used for the calculation of the most
unstable mode in each simulation and the different quantities compared in each test. It
is important to remark that we have used Ny = 128 x IVy divisions in the ¢ domain in all

simulations. Finally, the main ion species considered in every test is HT and T;/T, = 1.
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Figure 4.3: Normalized geometric quantities in the range ( — (5 = [—27,27] for the
surface 79/a = 0.8 along the field lines ay = 0 (solid black line) and ag = —uv7/5 (dashed
green line). The magnetic field strength is represented in (a); the projections of bx VB
and B x k along the binormal direction are represented in (b) and (c), respectively; the
projections of b x VB and B x & along the radial direction are represented in (d) and
(e), respectively.
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Test Flux tube [N}Z,N%} a/Ly, a/Ln, Ny N,  Atvy,/a Compared

stella 0.15  7y(ks), wr(kz)

L. bean L6 s 362 e 014y, wi(ky)
. stella 0.15
2. triangular [4, 6] 3 1 36 24 GENE 0.14 v(kz), wp(ky)
stella 0.04 v(ky), wr(ky)
3. bean 2, 8 0 3 36 24 GENE 0.004 @Zl;kyKC)
4, bean [4, 4] 0 0 256 32 StG‘fElNlEaOg'lw (P11, e ()
Qi(t)
stella 0.09
5. bean 1,1 3 L6024 TR S Qilkeky)

ka Qz(kx, ky)

Table 4.2: Set of parameters used in each test. From left to right: flux tube, minimum and
maximum number of Ny,, normalized ion temperature and density gradients, number
of divisions in the grid of v)| and p, time step size and quantities compared with both
codes.

4.2. Linear Simulations

Here we present the four linear tests included in our reference case. In tests 1 and 2,
ion-temperature-gradient-driven modes (ITGs) are simulated. In test 3, density-gradient-
driven trapped-electron-modes (TEMs) are computed. Finally, the simulations of test 4
include the collisionless relaxation of a zonal electrostatic potential.

The linear properties of ITGs and TEMs in stellarators have been reported in a
large number of studies by means of linear gyrokinetic simulations. [13] studied the ITG
structure and its stability in W7-X with the global particle-in-cell code EUTERPE. This
code has also been used to model the effects of radial electric fields on ITG modes for
the geometries of W7-X and the Large Helical Device (LHD) in [54]. [15] and [55] used
the code GENE to study the effect of changes in the density gradient and temperature
ratio on ITGs and TEMs and to look at the stability properties of W7-X, comparing
with other devices. GENE has also been used in [50] to investigate how stellarators can be
optimized with respect to TEMs and in [57] to analyze the growth rate of the instability
as a function of the temperature and density scales for different configurations of W7-X.
A theoretical study about the effects of ITGs and TEMs in non-axisymmetric devices
and, particularly in W7-X is summerized in [50]. Recently, in [30], the codes EUTERPE,

GENE, stella and GENE-3D have been compared in order to assess the differences on
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Figure 4.4: ITG stability map corresponding to test 1. It shows the growth rate computed
with the code stella in the bean flux tube as a function of k£, and k,.

the linear properties of I'TGs and the zonal flow relaxation that arise when different
computational domains, namely, flux tube, full flux surface and radially global domain,

are considered.

4.2.1. Test 1. Linear ITG simulations in the bean flux tube

In this test, a linear ITG driven by a normalized ion temperature gradient a/ Ly, = 3 with
a normalized ion density gradient a/L,, = 1 and adiabatic electrons is simulated in the
bean flux tube (see table 4.2). In order to find the most unstable mode, a map containing
the growth rate values «v as a function of the radial and binormal wavenumbers has been
produced with stella and shown in figure 4.4.

Two regions of large growth rate can be observed in this map. While Ny = 1 is

< 0.5, Ny = 6! is required to simulate the one

~

enough to simulate the region with k,p;
including k,p; = 2 due to the localization of the mode far from the center of the flux
tube. The maximum growth rate found in this map is localized at k,p; = 2.1. The codes
GENE and stella have been used to compare the spectrum along k, for fixed k, and
vice-versa, containing this wavenumber in both scans.

The comparison of growth rates and real frequencies as a function of k, for fixed
k., = 0 is given in figures 4.5 (left) and 4.5 (right), respectively. These figures show
an excellent agreement between stella and GENE. In figure 4.5 (right) it is seen that

the frequency is positive for every simulated mode. ITG-driven modes are expected

!These lengths are the required ones if the flux tube is centered at ¢ = 0.
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Figure 4.5: Linear growth rate (left) and real frequency (right) as a function of &, ob-
tained for the ITG scenario studied in test 1 using stella (open circles linked by a solid
red line) and GENE (open triangles linked by a dashed blue line) in the bean flux tube.
The inset of figure (right) shows the structure of the modes (k. p;, kyp;) = (0,1.3) (green
line) and (kypi, kypi) = (0,2.1) (black line) together with some bad curvature regions
(shaded in red).

to propagate in the ion diamagnetic direction, i.e. w,w,; > 0, where w,; is the ion
diamagnetic frequency, given by

_ 4.1
QiBaLni ( )

Wyi = —Sgn(wa>

As only positive values of k, are explored in this scan, L,, > 0 (see table 4.2) and
1, < 0 for the selected configuration, we have w,; > 0. This proves that, indeed, in this
test wyw,; > 0, thus the studied I'TG-driven modes propagate in the ion diamagnetic
direction. A closer look at figure 4.5 (right) shows a discontinuity in the frequency,
which is associated with a change in the mode structure, defining two different branches
of the ITG instability. This can be observed in the inset of figure 4.5 (right), which
represents, as a function of {, computations of stella for the modulus of the fluctuating
electrostatic potential normalized to its maximum value (]@Zl; e ]M) for the modes
with k,p; = {1.3,2.1}. These modes are strongly localized in the highlighted red bands,

which correspond to bad curvature regions, defined as those that satisfy

k., dT,
sgn(wa)gy o

If k, = 0 and k, > 0 these regions are the ones where the quantity shown in figure 4.3
(b), which is proportinal to <f) X VB) - Vy, takes positive values. This behavior of the

(B x VB) k. > 0. (4.2)
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Figure 4.6: Linear growth rate (left) and real frequency (right) as a function of k,
obtained for the ITG scenario studied in test 1 using stella (open circles linked by a
solid red line) and GENE (open triangles linked by a dashed blue line) in the bean flux
tube. The inset of figure (right) shows the structure of the modes (k,p;, kyp;) = (0.2,2.1)
(green line) and (kyp;, kyp;) = (1.7,2.1) (black line), together with a bad curvature region
(shaded in red).

parallel structure of the modes is the expected one for toroidal ITG-driven modes.

The growth rates and real frequencies as a function of k,, keeping k,p; = 2.1, can be
seen in figures 4.6 (left) and 4.6 (right), respectively. As in the k,-spectra, every mode
studied in this scan propagates in the ion diamagnetic direction, as it can be observed in
figure 4.6 (right). This figure also shows a discontinuity in the frequency, giving rise to
three different branches, located at k,p; € (0,1.0], kyp; € (1.0,1.8) and k,p; € [1.8,2.7).
In the inset of figure 4.6 (right), the structure of the modes with k,p; = {0.2,1.7}
computed with stella, belonging to the first and central branches, respectively, are
represented as a function of (. As observed in this inset, the electrostatic potential
associated to the first branch is strongly localized and Ny = 1 has been sufficient to
capture the parallel structure of this mode. On the other hand, the electrostatic potential
associated to the central branch spreads along (, making it necessary to extend the flux
tube length up to Ny = 6.

4.2.2. Test 2. Linear ITG simulations in the triangular flux tube

In this test, a linear ITG instability driven by a normalized ion temperature gradient
a/Ly, = 3 with a normalized ion density gradient a/L,, = 1 and adiabatic electrons is

simulated in the triangular flux tube (see table 4.2) .
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Figure 4.7: ITG stability map corresponding to test 2. It shows the growth rate computed
with the code stella in the triangular flux tube as a function of k, and &,.
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Figure 4.8: Linear growth rate (left) and real frequency (right) as a function of k,
obtained for the ITG scenario studied in test 2 using stella (open circles linked by a
solid red line) and GENE (open triangles linked by a dashed blue line) in the triangular flux
tube. The inset of figure (right) shows the structure of the mode (k,p;, kyp;) = (1.2,2.1)
(green line) together with a bad curvature region (shaded in red).
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As in the previous test, in order to find the most unstable mode, a map of the growth
rate for each pair (k;, k,) has been produced with stella, see figure 4.7. As in the bean
flux tube, the most unstable mode in this map is localized at k,p; = 2.1. Interestingly,
unlike in the bean flux tube, the maximum growth rate does not correspond to a mode

with k, = 0. This figure also shows the triangular flux tube to be equally unstable as the

max

Veriang = 1. The different localization in &, of the most unstable modes

bean one as Y /
found in figures 4.4 and 4.7 implies that special care must be taken when comparing the

linear stability properties of different flux tubes.

A scan along k, keeping k,p; = 2.1, has been performed with both codes, represent-
ing the growth rates and real frequencies in figures 4.8 (left) and 4.8 (right), respectively.
Although not as close as in the bean flux tube, the agreement between stella and GENE
is still remarkable. As in the previous test, these modes propagate in the ion diamagnetic
direction. In this scan, the localization of the electrostatic potential moves to higher val-
ues of ¢ when increasing k., making it necessary to extend the flux tube length up to
Ny = 6. The inset of figure 4.8 (right) includes the parallel structure of the Fourier co-
efficient with k,.p; = 1.2 obtained with stella, together with the bad curvature region

where this mode is localized.

4.2.3. Test 3. Linear density-gradient-driven TEM simulations in the bean
flux tube

In the third test, kinetic electrons are included. Here, we study linear instabilities driven
by normalized electron and ion density gradients a/L,, = a/L,, = 3. In order to avoid
the presence of temperature gradient driven modes, the electron and ion temperature
gradients have been set to zero, a/Lr, = a/Ly, = 0 (see table 4.2). Therefore, we will
refer to modes studied in this test as density-gradient-driven TEMs. It is worth noting
(see Atvy,;/a in table 4.2) how the mixed implicit-explicit method employed by stella
allows a larger time step in these simulations than the explicit scheme used in GENE.
This difference in the time step size results in a clear reduction of the total simulated
time. In fact, while GENE has required 703 total CPU hours (5.49 hours running in 128
processors) to complete the whole simulation, stella has needed 76 total CPU hours
(0.53 hours running in 144 processors) to simulate the same modes. The growth rate
and real frequency values as a function of k,, keeping k, = 0, are shown in figures 4.9
(left) and 4.9 (right), respectively. As observed in these figures, there is a remarkable
agreement between the results obtained with stella and GENE. In figure 4.9 (right) it
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Figure 4.9: Linear growth rate (left) and real frequency (right) as a function of k, ob-
tained for the instabilities studied in test 3 using stella (open circles linked by a solid
red line) and GENE (open triangles linked by a dashed blue line) in the bean flux tube.

can be seen that these modes can propagate both in the electron? and ion diamagnetic
directions, depending on the wavenumber. A closer look at this figure allows to clearly
distinguish three different branches. The electrostatic potential associated to the modes
with k,p; = {0.7,1.2,4.7}, belonging each one to a different branch, are represented as
a function of ¢ for the whole length of the flux tube in figures 4.10 (a), (c) and (e),
obtaining a good agreement between both codes. The same structures found in figures
4.10 (a), (c¢) and (e) are represented in figures 4.10 (b), (d) and (f), respectively, in a
narrower ( range, together with the normalized magnetic field strength and the bad
curvature regions. The parallel structure of the modes belonging to the first branch, in
the range kyp; = (0,1.1], has a particular shape (figures 4.10 (a) and 4.10 (b)), which
can be identified with some structures discussed in [58]. To resolve this electrostatic
potential we have increased the flux tube length up to Ny = 8 with both codes. In order
to study the second branch, in the narrow range of k,p; = (1.0,1.5), the flux tube has
been extended up to Ny = 4. Finally, Ny = 2 has been sufficient for the study of the

third branch, covering from k,p; = 1.4 to the end of the simulated range.

4.2.4. Test 4. Linear zonal-flow relaxation in the bean flux tube

Finally, as the last linear test presented in this reference case, we perform the so-called

Rosenbluth-Hinton test [59], which consists on the study of the linear collisionless time

2Since ¢; = e, o = —e and T} /T. = 1, we have w,. = —w,;, see equation (4.1).
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Figure 4.10: Normalized modulus of the electrostatic potential computed with stella
(solid red line) and GENE (dashed blue line) as a function of ¢ over the entire length of
the flux tube for some modes simulated in test 3; specifically, we are representing the
modes (kypi, kypi) = (0,0.7) (a), (0,1.2) (c) and (0,4.7) (e). The structures calculated
with stella are shown as solid green lines in narrower ¢ ranges in figures (b), (d) and
(f), respectively, together with the normalized magnetic field strength (grey line) and
the bad curvature regions (shaded in red).
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Figure 4.11: For test 4, time trace of the flux-surface averaged electrostatic potential
normalized to its maximum value computed with stella (solid red line) and with GENE
(dashed blue line) for the pairs (k,p;, kypi) = (0.05,0) (a), (kupi, kypi) = (0.07,0) (b),
(kzpi, kypi) = (0.1,0) (c) and (kzps, kypi) = (0.3,0) (d). The insets show a detail of each
trace at large times.

evolution of the zonal components of the electrostatic potential from their value at the
initial time ¢ = 0 to their value when ¢ — oo. The zonal perturbations of the electro-
static potential ¢ are constant on flux surfaces and have only radial structure. Hence,
in the flux tube scheme, they correspond to the Fourier components of the potential
with k, = 0 and finite k,. The theoretical study of the zonal flow response in stellarators
has been addressed in [60]; [61]; [62]; [63]; [64] and [65]. In non-axisymmetric devices,
the relaxation of a zonal potential perturbation typically shows a damped oscillation,
reaching a stationary residual level at ¢ — oco. The damped oscillation involves two
different frequencies with different time scales: the geodesic acoustic mode (GAM) os-
cillation (which is also found in tokamaks) and a low frequency oscillation characteristic
of the non-axisymmetric geometry of the stellarator. This characteristic low frequency
oscillation of the time evolution of the potential, only predicted for k,p; < 1 ([01]; [62];
[61]), has been experimentally identified in the TJ-II stellarator in [60].

For simplicity, in the simulations included in this test a/Ls;, = a/L,, = 0 have

been considered. In addition, as initial condition we have imposed gb',iky (t=0) to be a
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Gaussian function centered in the center of the flux tube in the parallel coordinate. Four
time traces of the field line-averaged electrostatic potential® normalized to its value at
t = 0 have been computed and represented in figures 4.11 (a)-(d). In these figures, it
can be observed how the results obtained with both codes for k,p; € {0.05,0.07,0.1,0.3}
match remarkably well. As already mentioned, the four time traces show an initial GAM
oscillation at tvy,;/a < 100, followed, except for figure 4.11 (d), by a lower-frequency
damped oscillation. As observed in these figures, the frequency of the damped oscillation
decreases with increasing k., in fact, for k.p; = 0.3, represented in figure 4.11 (d), this
frequency is missing. The residual level of each time trace is given in the insets of these

figures. These plots show that the residual value of the time traces increases with k.

4.3. Nonlinear simulations

As outlined in section 2.3, in flux tube nonlinear simulations, gyrokinetic codes solve
equations (2.41) and (2.43) within a flux tube that extends in the radial and binormal
directions, coupling the different Fourier components g&}‘f; k- 1O add some context to the
use of non-linear gyrokinetic simulations in the W7-X geometry, it is worth noting that
the first nonlinear gyrokinetic simulations were reported by [07], where GENE was used
to study the nonlinear I'TG-driven heat flux. Since then, GENE has been widely used
to look at the nonlinear properties of turbulence in W7-X ([08]; [50]). Then, in [69],
the effects of ITG turbulent transport in different configurations of W7-X have been
investigated with the global version of GENE, GENE-3D [18]. In [70] the ITG-driven heat
flux has been studied using realistic plasma parameters with the global particle-in-cell
gyrokinectic code EUTERPE. Finally, simulations carried out with stella with all species
treated kinetically have been employed to look at the transport of impurities driven by
ITG and TEM turbulence in W7-X [71] and with the aim of explaining the shape of the

density profiles obtained in this device in [72].

4.3.1. Test 5. Nonlinear ITG-driven heat flux

The parameters that define the flux tube for the nonlinear test presented in this section
(corresponding with the test 5 of this reference case) are listed in table 4.3. In this test,
a nonlinear calculation of the ITG-driven ion heat flux, @Q;, defined by expression (3.20)
is carried out considering adiabatic electrons. In addition, a normalized ion temperature

gradient /Ly, = 3 and a normalized ion density gradient a/L,, = 1 are assumed (see

3Here, the field line average is defined as ()¢ = fc:i" (b-V¢)~(-)d¢/ fc:'” (b-V¢)~ldc.
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Test 5. Ny, Ny, | ™0 ki pg
stella 51 64 0.067 0.100
GENE 101 64 0.047 0.071

Table 4.3: Parameters used by stella and GENE to define the flux tube in test 5. From
left to right: number of modes in the radial (/Vi,) and binormal (NN, ) directions; smallest
positive wavenumber in the radial (|k,|™") and binormal (k") directions.

tables 4.2 and 4.3 for the values of the simulation parameters). The time trace of the ITG-
driven ion heat flux computed with both codes and normalized to the ion gyro-Bohm
heat flux, defined by expression (3.21), is shown in figure 4.12. Despite the different
initial evolution, both traces converge to very similar values. To quantify the difference
between the saturated ITG-driven heat flux obtained with each code, an average over
the time interval tvy,;/a = [1500,1900] has been taken and represented in the inset of
figure 4.12. The results for the normalized time-averaged I'TG-driven heat flux computed
with stella, which is Q;/Qyp,; = 2.26 and GENE, which is Q;/Qyp,; = 2.47, represent a
difference around 8.5%. This slight difference may be caused by the different resolution
in the flux tube used by each code, see table 4.3.

In order to provide a more comprehensive study of these results, stella has been
used to compute the contribution of each pair (k,, k,) to the time-averaged ITG-driven
heat flux. In figure 4.13, it can be observed that the modes which contribute the most to
the heat flux are those with k,p; < 2.0 and |k, p;| < 0.5. To compare these results with
GENE calculations, the time-averaged ITG-driven heat flux is represented as a function
of k,, summing over k,, in figure 4.14 (left), and as function of k,, summing over k,, in

figure 4.14 (right). These figures show a satisfactory agreement between both codes.

Finally, for the sake of completeness, a simulation in the triangular flux tube per-
formed with stella has been included in this section. The parameters selected to carry
this simulation out are the ones collected in tables 4.2 and 4.3 for test 5. The time trace
of the normalized ITG-driven heat flux and the contribution of each mode are repre-
sented in figures 4.15 (left) and 4.15 (right), respectively. Figure 4.15 (right) shows the
saturated ITG-driven heat flux in the triangular flux tube to be Q;/Q,5; = 2.22. This
value is very similar to the one obtained in the bean flux tube using stella. The main
differences between nonlinear I'TG-driven heat flux calculations in both flux tubes are
found in their spectrum, as it can be seen by comparing the maps given in figures 4.13
and 4.15 (right). As in the bean flux tube, the modes in the binormal direction which

contribute the most to the total heat flux in the triangular flux tube are those with
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Figure 4.12: Time trace of the normalized I'TG-driven heat flux computed with stella
(solid red line) and GENE (dashed blue line) in the bean flux tube for the test 5 scenario.
The inset shows a detail of the time interval tvy, ;/a = [1500,1900], with the heat flux
time average given by the black dashed lines.
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Figure 4.13: Normalized nonlinear I'TG-driven heat flux computed with stella in the
bean flux tube, averaged over the time interval tvy,;/a = [1500,1900] and represented
as a function of k, and k,.
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Figure 4.14: Normalized ITG-driven heat flux averaged over the time interval tvy, ;/a =
[1500, 1900] computed with stella (open circles linked by a solid red line) and GENE
(open triangles linked by a dashed blue line) in the bean flux tube. It is represented as a
function of k,, summing over k, (left) and as a function of k,, summing over k, (right).
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Figure 4.15: Left: time trace of the normalized ITG-driven heat flux computed with
stella in the triangular flux tube, together with the heat flux time average over
tvg,;/a = [1200, 1500], represented with a black dashed line. Right: this time-averaged
ITG-driven heat flux is also represented as a function of k, and k,.
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Fth tube twaufclock [h] Nproc tCPU [h]

Bea stella 161 stella 288 stella 46368
1 GENE 24 GENE 1920 GENE 46080
Triangular stella 115 stella 288 stella 33120

Table 4.4: Time required to run the nonlinear simulations with GENE in the bean flux tube
and with stella in the bean and triangular flux tubes. From left to right: simulation
wall-clock time in hours, number of processors and total CPU time in hours.

kypi < 2.0. However, in contrast with the results obtained for the bean flux tube, modes
in the radial direction with 0.5 < |k.p;| < 1.5 give a large contribution to the total heat

flux in the triangular flux tube.

For a complete view of these nonlinear simulations, we have indicated in table 4.4
the simulation wall-clock time (¢yan—cock) required to produce these results. This table
also includes the number of processors (Npyoc) in which the codes have been running and
the total CPU time (tcpy) that each simulation has taken, defined as tcpy = Nproe X
twall—clock- As expected, since we have assumed adiabatic electrons in these nonlinear
calculations, both codes require similar tcpy to perform the presented nonlinear test,
as it is shown in table 4.4. On the other hand, the time difference when simulating the
triangular and bean flux tubes with stella is attributable to the different time ranges

explored with each simulation, see figures 4.12 and 4.15 (left).

4.4. Summary of this chapter

Due to the increasing interest in stellarator gyrokinetic modelling, fostered by the results
of W7-X first experimental campaigns, it is desirable to have a sufficiently complete,
documented and well verified set of linear and nonlinear gyrokinetic simulations in W7-
X geometry against which present and future stellarator gyrokinetic codes can be tested
and benchmarked. Such a set of simulations has been provided in this thesis in the form
of a comprehensive benchmark between the codes stella and GENE.

This benchmark, consisting of five different tests, has been carried out in a fixed-
boundary high-mirror configuration of W7-X. The linear part of the benchmark has
been presented in tests 1 to 4. ITG instabilities have been studied in the bean and
triangular flux tubes of W7-X in tests 1 and 2, respectively. Comparing these results,

it can be concluded that both flux tubes are equally unstable, but the largest growth
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rates are found at different radial wavenumbers. TEM instabilities driven by density
gradients have been studied in test 3, where it has been shown how the mixed implicit-
explicit method used by stella allows to use larger time steps than explicit codes for
simulations with kinetic electrons, resulting in a clear reduction of the total CPU time.
In these three tests, the structure of the electrostatic potential associated with each
instability has been given and the growth rate and real frequency values obtained with
stella and GENE have been successfully compared. In test 4, different time traces of
the zonal electrostatic potential relaxation have been compared. Finally, the nonlinear
[TG-driven heat flux and its spectrum have been calculated in test 5 in the bean flux
tube with both codes and, for completeness, in the triangular flux tube with stella.
The computed energy fluxes are similar in both flux tubes, although the radial modes
that give the largest contribution to the total heat flux are different.

The results presented in this section verify successfully the code stella in the stel-
larator geometry. This verification increases the confidence in the code to address prob-
lems like those discussed in chapter 5. They include comparisons between the code
results and experimental measurements and predictions of quantities that are valuable

for future experimental campaigns.
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CHAPTER 5

Comparison of local gyrokinetic simulations with

Doppler reflectometry (DR) measurements in W7-X

The results presented in this chapter are original from this thesis work and

are mainly part of [2].

With the code stella verified through the benchmark presented in chapter 4 and
with the succesful implementation of stellarator symmetric twist-and-shift boundary
conditions presented in chapter 3, we can use the code to compute experimentally rele-
vant quantities. This allows, on one hand, the interpretation of experiments and, on the
other hand, the validation of the gyrokinetic theory underlying the simulations. Further-
more, given the limited number of studies that directly compare numerical gyrokinetic
simulations with measurements of turbulent fluctuations in stellarators and, in partic-
ular, in W7-X| it is interesting to address a comprehensive study of these fluctuations.
Specifically, we present a numerical characterization of the turbulent electrostatic fluc-
tuations in W7-X and compare the results with the existing experimental measurements
[73] obtained with the Doppler reflectometer (DR) system [71, 73, 75, 70] installed in

this device.

In addition, we will offer predictions for quantities that can be compared in the
future, including the frequency spectra of density fluctuations and those of the zonal
components of turbulent £ x B flows. Finally, apart from the objective of comparing the
simulations results against the DR measurements, we will perform comparisons between

linear and nonlinear simulations and discuss their similarities and differences.
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5.1. The DR system in W7-X. Correspondence between k, and k7%

The Doppler Reflectometry system (DR) is a diagnostic capable of providing a measure
of the amplitude of density fluctuations (|dn|)! and rotation velocity (u_) for a selected
perpendicular wavenumber (kP®). In what concerns to the amplitude of density fluctu-
ations, the DR system measures the backscattered power, denoted by S, of a microwave
beam whose point of reflection at the so-called cut-off density determines the specific
point of measurement. For low turbulence levels, this backscattered power is propor-
tional to the squared amplitude of the density fluctuations S oc (6n)? [77]. On the other
hand, the measure of the perpendicular rotation velocity, u,, can be inferred from the
shifted frequency of the backscattered wave due to the Doppler effect.

Particularizing to the W7-X stellarator, the DR system installed in this device em-
ploys a fixed line-of-sight geometry, meaning that the direction of the microwave beam
relative to the plasma is constant. Radial resolution is achieved by varying the microwave
frequency, which changes the cut-off layer location within the plasma, thereby select-
ing different radial positions of measurement. During the first operational phase (OP1)
of W7-X, the DR system has been limited to measure in regions close to the bean-
shaped toroidal plane (¢ = 0) of the plasma. Although this limits the spatial coverage,
it provides valuable insights into the plasma behaviour at this specific region. A typical
DR microwave launching direction, the accessed measurement points (determined using
ray-tracing techniques), a schematic representation of one of the reflected rays, and the
poloidal cross-section of the plasma where the DR system is installed are depicted in
figure 5.1.

To enable a comprehensive comparison between the quantities measured by the DR
system on W7-X (in particular [0n| nearby ¢ = 0) and the results obtained with stella,
it is necessary to establish a correspondence between the perpendicular wavenumbers
measured by the DR, (kP%) and those computed with the code. Given that the direction
of measurement of the DR system is perpendicular both to the radial direction and to the
magnetic field [73], an unitary vector pointing along the direction of measurement can
be defined as eP? = B x Vz/|B x Vz|. Consequently, the perpendicular wavenumber

of measurement can expressed as

B x Vzx

R =k sk m o

(5.1)

Tt is worth noting that, with the aim of avoiding multiple superscripts on a single quantity, we have
used the symbol ¢ to denote fluctuations in this chapter, rather than the superscript tb used throughout
this thesis.
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Figure 5.1: Bean cross section of the standard configuration of W7-X. The DR antenna
position is represented as a black triangle and the launching direction of the microwave
beam as a dashed blue line. The set of points marked with blue crosses indicates the
positions where the beam is reflected and the DR diagnostic performs its measurements.
These points can be obtained applying ray-tracing techniques. Figure taken from [73].

or, in terms of the coordinates and normalizations used by the code (see expressions
(2.35) and (2.45))

v
kypi = \/ZmiTi|—g|kER, (5.2)
e

where, as usually in this thesis, we have taken into account that the wavenumbers defined
in stella are normalized with the ion thermal gyroradius given by (2.54). Expression
(5.2) implies that, given a certain set of plasma profiles and a certain wavelength of the
microwave beam launched by the DR system, the corresponding value of the normalized
binormal component of the wavevector defined by the code changes with the spatial

location. This is due to the modification from point to point of the geometric quantities

|Vz| and B, as well of T;(z).
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Figure 5.2: Radial profiles for the low (light blue) and high (dark blue) density scenarios.
From left to right: density (solid line) and its normalized gradient (dashed line), ion
temperature (solid line) and its normalized gradient (dashed line), electron temperature

(solid line) and its normalized gradient (dashed line).

5.2. Plasma scenario and simulation settings

The selected plasma parameters for this study correspond to two gas puff-fueled electron
cyclotron resonance heated (ECRH) scenarios, without neutral bean injection (NBI) for
heating, from the OP1.2b campaign of W7-X. We have chosen these specific discharges
given that analyses of the amplitude of the fluctuations measured with the DR system
have been presented in [73], which allows a straightforward comparison of the calcula-
tions obtained with stella and those already published. These discharges are labeled
by #180920.13 and #180920.17, both using the same heating power of Prcry =~ 4.7
MW without electron cyclotron current drive (ECCD) and with the former featuring
a lower density than the latter. Hence, they will be referred to as low density scenario
(#180920.13) and high density scenario (#180920.17).

The profiles of density (n), ion temperature (7;) and electron temperature (7,) of
these two scenarios, obtained as fits to the experimental data, are represented in figure
5.2. In this figure, the normalized gradients of these quantities (see expression (2.53))
are also depicted. In order to cover the radial range of measurement of the DR system
reported in [73], five radial positions, labeled by r9/a = {0.5,0.6,0.7,0.8,0.9}, have
been considered for the simulations. The specific values of the plasma profiles and their
normalized gradients for the selected radial locations are listed in table 5.1.

The magnetic geometry used as input for the simulations is provided by the ideal
MHD equilibrium code VMEC [53]. This configuration is an example of a standard W7-X
equilibrium with effective minor radius @ = 0.514 m, major radius Ry = 5.513 m, and, for
normalization purposes, see equation (2.47), B, = 2.28 T. In addition, the global shear,
defined as it is in (3.15) and ¢ (see equation (2.30)) profiles corresponding to this config-
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Figure 5.3: Radial profiles of ¢ (left) and § (right) of the standard configuration considered
throughout this study.

uration are represented in figure 5.3. As anticipated in chapter 3, it is shown that as one
moves towards the magnetic axis of this device, the global magnetic shear represented in
figure 5.3 (right) becomes critically low. To avoid the restrictions imposed by the stan-
dard twist-and-shift boundary conditions (see expression (3.14) and related discussion),
the implementation of the stellarator symmetric twist-and-shift boundary conditions has
been indispensable. Consequently, these boundary conditions are employed in this study.

In figure 5.4, the measurement positions for the high density scenario® at the radial
locations considered in the gyrokinetic simulations, obtained using the ray-tracing code
TRAVIS [78], are represented with stars. The restrictions of the flux tube formalism and
the boundary conditions used in this study to access those measurement locations should
also be noted. As described in chapter 3, the use of stellarator symmetric twist-and-shift
boundary conditions restricts the selected flux tubes to stellarator symmetric ones, i.e.
those fulfilling B(#, () = B(—0,—(). In W7-X, the suitable flux tubes are then the bean
and the triangular flux tubes, see section 4.1 for a description of these flux tubes. The
intersections of these two flux tubes, assuming they extend one turn in the toroidal
direction, with the bean-shaped toroidal plane of W7-X can also be found in figure 5.4.
The bean flux tube position (¢,() = (0,0) provides the spatial location nearest to the
positions of measurements of the DR system. Therefore, the information to compare
against the measurements of the DR system will be extracted from that flux tube at

(0,¢) = (0,0). In addition, concerning the perpendicular wavenumber of measurement,

2The measurement positions for the low density scenario are very close to those represented in figure
5.4.
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Figure 5.4: Points belonging to the bean (blue dots) and triangular (red squares) flux
tubes of W7-X that lay on the plane ¢ = 0. The measurement positions for the high
density scenario, obtained with TRAVIS for the radial locations considered in the gyroki-
netic simulations, are represented as stars.

the relationship between kPR and k,p; (see expression (5.2)) is represented as a function
of the radial coordinate in figure 5.5 for a wide range of kP®. The kPR values selected
in the experiment (included in table 5.1 and reported in [73]) are indicated in figure 5.5
with white squares.

Finally, for the simulations performed in this chapter, we have considered a phase
space grid of {92 x 36 x 12 x 59 x 45} points in {(, vy, i, ks, ky} and maximum and
minimum values of k, and ky, (K3®p;, k7®p;) ~ (2.5,4.5), and (|ks|™™"p;, k™" p;) ~
(0.1,0.1), respectively.

5.3. Radial dependence of density fluctuations: comparison between stella

results and DR measurements

As introduced at the beginning of this chapter, the amplitude of the density fluctuations
measured by the DR system is one of the quantities suitable to be compared against the
calculations carried out with stella since the code provides, at each instant and each
position along the flux tube, the decomposition in Fourier space of the density fluctu-
ations (dn) on the plane perpendicular to the magnetic field. Thus, as any fluctuating

quantity, the density fluctuations over the plane of the flux tube perpendicular to the
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Figure 5.5: Relation between k,p; and kP as a function of the radial position for a wide
range of kPR, These plots are the result of evaluating expression (5.2) at (6,¢) = (0,0)
considering the 7; profiles represented in figure 5.2 for the low (left) and high (right)
density scenarios. The white squares represent the perpendicular wavenumbers measured
by the DR system at each radial location.

ro/a | discharge | n [10m™] a/L, T;[keV] a/Ly, T.[keV] a/Ly, kDR [em™!]

0.5 low 4.23 0.22 1.11 1.41 1.62 3.35 8.9
’ high 5.63 0.25 0.96 1.70 1.04 3.20 10.1
0.6 low 4.14 0.23 0.93 2.18 1.13 3.78 8.5
’ high 5.51 0.22 0.78 2.33 0.75 3.23 9.7
0.7 low 4.01 0.43 0.70 3.75 0.75 4.51 8.1
’ high 5.36 0.34 0.59 3.43 0.54 3.47 9.3
0.8 low 3.75 1.02 0.42 6.70 0.45 5.97 7.7
’ high 5.09 0.76 0.39 2.32 0.37 4.37 8.7
0.9 low 3.21 2.25 0.17 11.81 0.22 8.73 6.8
' high 4.52 1.73 0.20 8.48 0.22 6.63 8.1

Table 5.1: Local parameters used in the simulations at each radial position for the low
and high density scenarios. From left to right: density, normalized density gradient, ion
temperature, normalized ion temperature gradient, electron temperature, normalized
electron temperature gradient and perpendicular wavenumber measured by the DR sys-
tem.
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Figure 5.6: Time evolution of (dn)?(k,p; = 0.8) at rg/a = 0.6 in the high density scenario.
The range considered for the time-average is represented by the shadowed area and the
mean value of this quantity is indicated with the horizontal dashed line.

magnetic field centered with respect to rg and g can be expressed as

on (,y, 1) = D O, (G, 1) expli(ho + kyy)]. (53)

K ky
As depicted in section 5.2, the simulated positions nearest to the measurement locations
are those of the bean flux tube with ( = 0. Once |@kxky|2(§ = 0,t) is obtained from
the simulations, the quantity to compare against the DR system measurements is post-
processed as follows. First, for each pair of wavenumbers (k,, k,), the spectrum in k, is

obtained by summing over k, as

2

(C=0,1). (5.4)

((571)2 (kw t) = Z ‘gﬁkzky
kx

Second, we time-average each (dn)?(k,,t) over the saturated nonlinear phase, obtaining
the time-averaged squared density fluctuations, ((dn)?),(k,). For illustrative purposes,
figure 5.6 shows the time trace of (dn)? for the mode k,p; = 0.8, which is the one with
the largest amplitude at 79/a = 0.6 in the high density scenario.

In figure 5.7, the results obtained for ((dn)?); for the five scanned radial positions
and for the two scenarios are represented as a function of k,p;. The values of k, that
correspond to the wavenumbers of measurement of the DR system, that we denote by
k‘gR = k,(kD?), are also indicated with vertical dashed lines in these plots. It can be

observed that the DR system, depending on the radial location, measures very disparate
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Figure 5.7: k, spectrum of the time-averaged squared density fluctuations, ((dn)?),,
obtained with stella for the low (left) and high (right) density scenarios. The dashed
vertical lines indicate the wavenumber measured by the DR system, kPR, at each radial
position.

values of k,p;. Whereas at 79/a = 0.9 the system accesses nearly scales with k,p; ~ 1,
as 1o decreases it explores different regions of the spectrum, reaching up to kyp; ~ 3.5.

Finally, considering the squared density fluctuations for each radial location at the
specific value of k, accessed by the diagnostic,

(0n)br = ((0n)*)e(ky = k™), (5.5)

Y

the comparison against the backscattered power, S (which we recall, is proportional
to (dn)% ) can be carried out. In figure 5.8 (left), the numerical results obtained with
stella, (dn)?y, are represented as a function of the radial coordinate, while in figure
5.8 (right), the measurements of S obtained with the DR system (reported in [73]) can
be found. It is important to note that the DR measurements represented in figure 5.8
(right) are expressed in dB, but the reference normalization value is unknown. Hence,
S [dB] o 10log,o(dn)3g + C, with C an arbitrary constant. For this comparison, C' has
been chosen to make S (rg/a = 0.5) = 101log;y(0n)dg (ro/a = 0.5) + C or, equivalently,
to set the lowest value of the numerical and experimental results at the same level. It can
be observed that the numerical results shown in figure 5.8 (left) and the measurements
in figure 5.8 (right) exhibit a monotonic increase of the squared density fluctuations
with 7/a. In addition, the difference between their minimum and maximum values is
approximately 15 dB in both cases. Finally, the numerical and experimental results

corresponding to the low density scenario show lower turbulent fluctuations than those
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Figure 5.8: Squared amplitude of the density fluctuations as a function of the radial
coordinate for the low (light blue circles) and high (dark blue triangles) density scenarios.
Left: Numerical results of (dn)3y obtained with stella. The error bars represent the
standard deviation from the mean value evaluated over the saturated nonlinear phase.
Right: backscattered power measured by the DR system.

of the high density scenario. These features, in particular the monotonic increase of
the density fluctuations towards the edge, result, partially, from the fact that the DR
system measures, as the radial position changes, at different locations of the k, spectrum,
as we anticipated in figure 5.7 and related discussion. Indeed, the density fluctuations
integrated both in k, and ky, i.e dn = />, ((6n)?)¢, loses the monotonic increasing
behaviour with r/a, as figure 5.9 illustrates, for the two discharges analyzed. In that
figure, one can observe that the integrated density fluctuations have a maximum at
nearly 79/a = 0.8 and ranges between 2 and 8 x 101 m™3. This picture aligns remarkably
well with what Phase Contrast Imaging (PCI) techniques and GENE [25] simulations have

reported for similar plasmas in W7-X [79)].

Returning to the comparison between stella calculations and DR measurements
of figure 5.8, the numerical results do not exhibit the significant reduction that the
measurements do for the low density scenario in the range r/a ~ [0.6,0.7]. A possible
source of discrepancy could be that the bean flux tube at ( = 0 does not correspond
to the exact spatial measurement position of the DR system (see figure 5.4). We have
addressed this aspect computing poloidal profiles of (dn)%, by interpolating its value
at the points of the plane ¢ = 0 crossed by the been and triangular flux tubes (see
figure 5.4). These interpolations are represented in figure 5.10. In this figure it is shown

that, when the poloidal deviation from the bean flux tube at ( = 0 is considered, the
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Figure 5.9: Amplitude of the density fluctuations integrated over k, and k, computed
with stella as a function of the radial coordinate for the low (light blue circles) and
high (dark blue triangles) density scenarios.
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Figure 5.10: (6n)3 as a function of the poloidal coordinate 6 for a fixed ¢ = 0 for the
low (left) and high (right) density scenarios. Computed as an interpolation of the (dn)%g
calculated for the bean (circles) and triangular (squares) flux tubes. The shadowed region
shows approximately the maximum deviation of the DR measurement position from

0 = 0.
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numerical results do not change more than a 20% between (dn)dy evaluated at the
exact measurement location and that at (6,() = (0,0). Such differences are negligible
compared to the quantitative discrepancy between the simulations and the experimental
measurements shown in figure 5.8. With respect to the model used, possible extensions,
such that accounting for the full flux surface geometry [76] and, in that case, including the
radial electric field as well, might be worth addressing in order to attempt in the future
a better agreement. With regard to collisions, which, as in every simulation presented in
this thesis, have been neglected, the normalized ion collision frequency between r/a =
0.5 — 0.8 (considering ions and electrons with one thermal speed) is av;/vey,; ~ 1.3 X
1073 —1x 1072. This value is significantly smaller than the growth rates of most unstable
electrostatic instabilities, typically of a few tenths in units of a/vy, ;. Exceptionally, at
the position r/a = 0.9, av;/vy,; ~ 3.5 X 1072 in both scenarios. Electron collision
frequencies are higher though (av./viy,; ~ 0.1 — 3), nevertheless electrons do not seem

to play a prominent role except at the innermost studied position (see section 5.5).

5.4. Numerical characterization of fluctuations in the frequency domain. Pre-

dictions for future analysis with the DR system

With the density fluctuations already compared in the real space, we extend our analysis
to the frequency domain. The aim is to complete the characterization of the fluctuations
with features that can be inferred from the time evolution of S and u, measured by the
DR system. In particular, these features correspond to the frequency spectrum of the
squared amplitude of density fluctuations, that will be presented in section 5.4.1, and the
frequency spectrum of the zonal component of the F x B flow, discussed in section 5.4.2.
Future analyses, that automate the measurement of highly time-resolved traces of S, will
enable a straightforward comparison against the fluctuation frequency spectra provided
in section 5.4.1. On the other hand, the installation in a different toroidal sector of a
second DR system —whose data acquisition and analysis will extend during the second
WT7-X operation phase (OP2)— will allow to identify oscillations in u; of zonal origin

to be verified against the spectra presented in section 5.4.2.

5.4.1. Frequency spectra of density fluctuations

In section 5.3, we have addressed the comparison between the radial dependence of
the squared amplitude of the density fluctuations computed with stella and those

measured by the DR system. In that case, a time average of (6n)?(k,,t) was performed.
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Figure 5.11: Frequency spectra of (dn)? for the low (top) and high (bottom) density
scenarios computed with stella as function of £,,.

If, instead, the time dependent squared density fluctuations, (dn)?(k,,t), are considered

and a Fourier transform in ¢ is taken®, we can write
(on Z on, (k) exp(—iwt), (5.6)

leading to the frequency spectrum of the squared density fluctuations. Note that the
obtained frequency spectrum differs from the power spectral density of dn. In this sec-
tion, we assume that once the time evolution of the backscattered power S(t) of the
beam launched by the system is known —since S(t) is proportional to the (dn)?*— the
comparison of the frequency spectra of the experimental signal S and the numerically
obtained (dn)? is straightforward. In figure 5.11, the amplitude of dn,, is represented as
a function of the frequency w and k,. We define the amplitude of the Fourier harmonics
on,, for k, = kDR as

Snpr(w) = [6ny|(ky, = k™). (5.7)

Figure 5.12 shows 5hDR(w) for the two scenarios under consideration. In general, for
all radial positions, the spectrum is broad and extends a few hundreds of kHz. Above

frequencies of that order of magnitude, an abrupt drop of the amplitude is observed.

3Following the definitions introduced in section 2.4, the coefficients of the Fourier expansions in ¢
are expressed as A. On the other hand, the coefficients of the expansions in (z,y) are expressed as A.
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Figure 5.12: Density spectra of dnpr computed with stella for the low (top) and high
(bottom) density scenarios for the case k, = k)"

Below w/27m ~ 100 kHz, the spectra are rather flat. However, for some radial positions —
ro/a = {0.5,0.6,0.7} in the low density scenario and ry/a = {0.6,0.7} in the high density
one— peak values of the amplitude are observed for frequencies such that w/27 < 10
kHz. After a similar Fourier analysis of S(t), the experimental frequency spectra could

be compared against those represented in figure 5.12.

5.4.2. Frequency spectra of zonal flow fluctuations

Since the zonal perturbations of the electrostatic potential are constant on flux surfaces
(see section 4.2.4), with a second Doppler reflectometer looking on the same flux surface
as the first one but at a different toroidal location, it would be possible to identify
zonal oscillations in W7-X. Specifically, common frequencies found in the time evolution
of u, (t) obtained by each DR could be identified with zonal E x B flow fluctuations
projected along the measurement direction of the system, eP®. In this subsection we

address the characterization of these frequencies.

Following the convections used in this thesis, in which the fluctuating component
of the F x B velocity is defined by expression (2.14) and the fluctuating electrostatic

potential in a flux tube can be expressed, for each radial position, as (2.34), the zonal
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fluctuating £ x B velocity reads

(B x V) o .
SvEE (z, ¢, t) = — Z 1k$g0§f;ky:0(ﬁ, t) exp(ik,x). (5.8)
ka
In order to obtain this expression, we have considered the zonal modes of the potential,
i.e., those with k, = 0. Taking the projection of v% along the direction of measurement
of the DR diagnostic, eP®, we can compute the zonal flow fluctuations expected to
contribute to the total perpendicular flow measured by the DR system, §v%F = (§vZF .

ePR) .. Explicitly

_ V| .
v (z,t) = 1; k, < | 5 |¢Zl;ky:0(g“, 1f)>C exp(ik,x). (5.9)

Taking a Fourier transform of §v4¥(x,¢) in ¢,

v (z,t) = Z 61 (1) exp(—iwt), (5.10)

allows us to obtain the frequency spectrum, 0v ., for each = position of our flux tube.
To improve the statistics of our results, we perform an average along z, defined for each

frequency of the spectrum as

1 -
6UJ_w = mz 5’1}Lw(xj). (511)
)

Figure 5.13 shows the amplitudes of 5vvii normalized to their maximum value, elim-
inating the mode w = 0 (which corresponds to the time-averaged value). For the radial
positions 79/a = {0.7,0.8,0.9} dominant frequencies cluster in the range w/27 ~ [5, 10]
kHz. For the innermost positions, ro/a = {0.5,0.6}, dominant frequencies group around
the lower boundary of w with no clear peak in the spectra. In figure 5.13, we have also
depicted with vertical dashed lines the frequency wy above which the amplitude |5vvii| is
always smaller than half the maximum value in each case. It can be observed that, for all
radial positions, frequencies wy/2m < 20 kHz dominate the spectrum of the fluctuating

zonal £ x B flow.

5.5. Comparisons between linear and nonlinear calculations of ¢

The analysis presented in this study has focused, so far, on numerical quantities that

can be directly compared against DR measurements. Nevertheless, aspects beyond that
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Figure 5.13: Normalized amplitudes |5vvii| computed with stella and represented as a
function of the frequency w for the low (top) and high (bottom) density scenarios. The

dashed vertical lines indicate the frequency wy such that |5Vvifo| < max(|6vvf5\) /2 for all
w > wyp.

comparison, like the nature of the background turbulence, its localization along the
flux tube or its linear properties have not been discussed yet. In the present section
we briefly address some of these characteristics, comparing the linear and nonlinear
frequency spectra of the fluctuating electrostatic potential in order to assess to what
extent linear frequencies remain during the nonlinear phase.

From the saturated phase obtained from nonlinear simulations, we can calculate the

frequency spectrum for each k, mode of (p™);, summing over all k, components as

D (@) Z% ) exp(—iwt). (5.12)

ka
This Fourier decomposition allows a direct comparison between the nonlinear frequency
spectrum of (™), and the real frequencies w, obtained from linear simulations. Figure
5.14 shows, as a function of w, the amplitude of ¢, normalized to the largest value found

(at a certain w = w™) for each k,, i.e

otk = 1Pel(ky)
Pl (Ky) = [Pt | (ky) (5.13)

In addition, this figure also depicts the linear frequencies obtained from k, scans for a
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Figure 5.14: Nonlinear frequency spectrum of ka<@§€iky> for the low (top) and high
(bottom) density scenarios computed with stella as a function of k,. The amplitudes
|| are normalized to their maximum value at each k,. The white dots are the results
of linear k, scans assuming k, = 0 and the vertical dashed lines indicates de value that
kT takes in each situation.

fixed k, = 0. Since the modes {52; k, are complex values, we do not expect a symmetry
in |@,| with respect to w = 0 and, in contrast to section 5.4, we have represented
both positive and negative values of w in figure 5.14. It can be seen that at high k,, the
frequency spectra broadens and a dominant frequency in the nonlinear spectra is lacking.
It is interesting though that for the wavenumbers measured by the DR system, changes
in the sign of the linear frequency, w,, take place. Specifically, for the two analyzed
scenarios, the linear frequency is negative for ro/a = 0.5 at k, = ]{JER, whereas it is
positive for all other radii, which points out to a change in the propagation direction of
the drift waves driving the instability. On the other hand, for low £, the linear frequency
values are reasonably close to those of the dominant nonlinear ones, which correspond
with the darkest regions of the maps in figure 5.14. This fact can be more clearly observed
in figure 5.15, where the normalized amplitudes m(k‘y) are represented as a function
of w for kyp; = 0.6. In that case, the linear frequency, indicated by a triangle in the
figure, is located fairly close to the peak of the nonlinear frequency spectrum for every

radial position analyzed. Similar agreements have been reported for the ASDEX Upgrade

87



low density
v v v

.mm lum

| | rofa= 0.7 rofa =038 ro/a=0.9
100 —100 0 100 —100 0 100 —100 0 100 —100 0 100
w/2m [kHz] w/2m [kHz] w/2m [kHz] w/2m [kHz]

high density

v v v

—~1.0

QQ

o

I

0.5

=
‘ §- .m.lluu

- | | ro/a=0.8 ro/a=0.9

0.0 0 100 —100 0 100 —100 0 100 —100 0 100 —100 0 100
w/27 [kHz] w/2m [kHz] w/2m [kHz] w/2m [kHz] w/2m [kHz)

Figure 5.15: Nonlinear results of |¢,,| for the low (top) and high (bottom) density sce-
narios, evaluated at k,p; = 0.6. The linear result for the mode (k,p;, kyp;) = (0,0.6) is
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tokamak in [30], comparing linear and nonlinear simulations carried out with GENE.
Finally, we analyze the localization of the fluctuating electrostatic potential along
the flux tube for the wavenumber explored by the DR system. In particular, in figure

5.16 we represent the time-averaged squared amplitude of ¢ evaluated at k, = kIyDR,

this is
(o €)= (3

ke

~tb
Phoky=kDR

2((,t)> | (5.14)

To assess the correlation between the structure of nonlinear modes at k?R and those
computed for the most linearly unstable mode for the same kfR (generally located and
obtained at k, = 0), we have depicted the parallel structure of the electrostatic potential
from these linear simulations in figure 5.17. It is observed that both linear and nonlinear
results exhibit similar structures, with slight differences possibly due to the contribution
of every k, mode considered in the nonlinear analysis and, of course, nonlinear effects.
In particular, (p™)3 is strongly localized around the center of the flux tube, ¢ = 0, for
every radial position except at r9/a = 0.5. That localization in ¢ overlaps with regions of
bad curvature in this configuration of W7-X (see expression 4.2). This suggests that ion-
temperature-gradient (ITG) modes [$1] play a leading role at r9/a > 0.5. In addition,

we can conclude that the linear modes at k, = kER propagate in the ion diamagnetic
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Figure 5.17: Normalized (p™)%y for the linearly unstable mode with k, = 0 as a function
of ¢, computed with stella for the low (left) and high (right) density scenarios.
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direction, which in the present work correspond with positive values of w (see white
dots in figure 5.14), as it is expected for ITG modes. On the other hand, the fluctuating
electrostatic potential for the position ro/a = 0.5 is localized at regions of magnetic field
wells (see the insets of figure 5.16, where the structure of this fluctuating electrostatic
potential is represented together with the magnetic field strength). This fact, and the
change in the sign of the linear frequency, points out to a prominent role of trapped
electrons on the turbulence at ro/a = 0.5. In summary, looking at k, = k;)R, where
the standard linear stability analysis finds a change in the sign of the frequency, a very

different localization of the turbulent electrostatic potential is found nonlinearly.

5.6. Summary of this chapter

In this chapter, we have used the code stella with the aim of calculating turbulent
quantities that can be directly compared with Doppler reflectometry measurements in
the W7-X stellarator. Five radial positions of two ECRH discharges corresponding to the
first operation phase (OP1) of W7-X have been considered with this objective. In the
first place, nonlinear simulations have been carried out to compute the amplitude of the
density fluctuations at the spatial region and perpendicular wavenumbers explored by the
DR system. Numerical results and DR measurements of the squared density fluctuations
cover a range of about 15 dB and feature in both cases a monotonic increase with the
radial coordinate. This is due to the different regions of the wavenumber spectrum
accessed by the diagnostic at each radial location. Discrepancies between the numerical
and experimental results in the different fluctuation levels between the two scenarios
have also been observed.

To expand the numerical characterization of the turbulence towards other quantities
measurable by DR, the frequency spectra of the density fluctuations and of the zonal
flow fluctuations have been provided. With regard to the density fluctuations, in general,
the largest amplitudes are found for frequencies around a few tens of kHz. For higher
frequencies, a slight decrease follows up to approximate w/2m = 500 kHz, where an
abrupt fall of the amplitude is found. Concerning the frequency spectra of the zonal
flow fluctuations, they are dominated by frequencies with w/27 < 20 kHz and find their
peak values for w/27m < 10 kHz at most radial positions. Future highly time-resolved
characterization of the backscattered power and measurements of u, fluctuations at
distant locations over the same flux surface will allow to validate these numerical findings.

Finally, the turbulent electrostatic potential has been provided and compared against

linear simulations, showing, for low £, values, that the dominant frequencies of the

90



nonlinear spectrum cluster nearly around the frequency of the most unstable mode
linearly. In addition, these results have also shown that, at ro/a = 0.5, trapped electrons

seem to play a leading role on the background turbulence.
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CHAPTER O

Conclusions and main results of this thesis

This research has focused on the simulation of electrostatic turbulence in the stellarator
Wendelstein 7-X (W7-X) using the gyrokinetic code stella. In particular, the two main
objectives of this work have been the correct verification of the code stella in the
geometry of W7-X and the comparison of experimental measurements obtained during

the first experimental campaign of this device with the results obtained from the code.

As outlined in chapter 1, turbulent transport arises to a large extent from microinsta-
bilities caused by plasma fluctuations with wavelengths on the order of the gyroradius
(1.3) and frequencies significantly lower than the gyrofrequency (1.4) of the plasma
species. This is the dominant transport mechanism in tokamaks. Traditionally, in stel-
larators, turbulent transport has been studied in less detail due to the predominance
of neoclassical transport in low collisionality plasmas. However, this has changed with
the advent of neoclassically optimized stellarators. In the first experimental campaigns
of W7-X, the first large stellarator optimized for neoclassical transport, it has been
shown that in standard plasmas (see figure 1.6) there is a significant discrepancy —
approximately of an order of magnitude— between the sum of neoclassical fluxes (for
both ions and electrons) combined with radiated power and the input power. This dif-
ference has been attributed to turbulence-driven mechanisms, intensifying the interest
in studying turbulence, modelled with gyrokinetic theory, in fusion-grade stellarator

plasmas.

Gyrokinetic theory, concisely summarized in its electrostatic, collisionless, flux tube
version in chapter 2, is used for the study of turbulent transport in strongly magnetized
plasmas. It exploits the scale separation between the background magnetic field and
plasma profiles, and the much smaller plasma fluctuations, on the order of the Larmor

radius. This scale separation is addressed by systematically expanding the Vlasov (2.6)
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and quasineutrality (2.1) equations in the small parameter p,, defined by expression
(2.8), and averaging them over the fast gyromotion, reducing the dimensionality of the
phase-space variables from six to five. In this thesis, we have relied on the § f-gyrokinetic
theory, which, in addition, assumes the splitting of the distribution function into a
mean component, which up to the lowest order in p, is a Maxwellian distribution, and
a fluctuating (or turbulent) component. With the aforementioned considerations, in
section 2.2, we have presented the electrostatic and collisionless gyrokinetic system of
equations, which consists of the gyrokinetic Vlasov (2.11) and quasineutrality (2.27)
equations. Then, in section 2.3, we have particularized them to the flux tube geometry,
which fully exploits the differences between scales perpendicular and parallel to the
magnetic field (kH/ k< 1) and serves as the computational domain for stella, the
code employed in this thesis to solve the gyrokinetic system of equations. The flux tube
geometry, illustrated in figure 2.2, allows for the Fourier expansion of the turbulent
quantities in terms of the fast perpendicular variations, enabling the representation of
the flux tube version of the gyrokinetic equations as (2.41) and (2.43), which is the form
in which they are implemented in stella. As specified in section 2.4, in order to solve
the gyrokinetic system, stella employs a mixed explicit-explicit scheme, which offers
a significant advantage over purely explicit methods when accounting for the electron

dynamics.

The first objective of this work, concerning the verification of gyrokinetic codes,
is addressed in chapter 4. Prior to this research, the stellarator community lacked a
sufficiently, comprehensive and well-documented set of benchmark tests for gyrokinetic
simulations specific to the geometry of these devices. It is worth noting here that, unlike
the stellarator community, the tokamak community already had the so-called Cyclone
Base Case (CBC) for code verification since the development of the first gyrokinetic
codes, thought for the tokamak geometry. In this chapter, we have aimed to fill this
gap by proposing a reference benchmark case in the geometry of W7-X. The benchmark
described in this chapter has been presented as an extensive comparison between the
code stella and the well-established code GENE in the geometry of W7-X, serving, also,
as the verification of stella in the stellarator geometry. The benchmark includes a
series of linear and nonlinear gyrokinetic simulations against which present and future
stellarator gyrokinetic codes can be tested and verified with each other. The linear part
of this reference case is covered by tests 1 to 4 (see section 4.2). In the first two tests, we
have studied ITG instabilities in two different flux tubes of W7-X, referred to as bean
and triangular flux tubes. Test 3 has focused on the study of TEM instabilities driven
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by density gradients, where it has been shown that the mixed implicit-explicit method
employed by stella enables the use of larger time steps compared to fully explicit codes
when simulating kinetic electrons, resulting in a significant reduction in the total CPU
time spent. This is illustrated in table 4.2 and discussed in subsection 4.2.3. In these
three tests, the structure of the electrostatic potential associated with each instability
has been provided, and the growth rate and real frequency values obtained with stella
and GENE have been successfully compared (see figures 4.5, 4.6, 4.8 and 4.9 and related
discussion). In the last linear test, labeled as test 4, different time traces of the relaxation
of the zonal electrostatic potential have been successfully compared with both codes, as
shown in figure 4.11. Finally, in test 5, we have computed the nonlinear I'TG-driven heat
flux and its spectrum in the bean flux tube using both codes (see figures 4.12 and 4.14)
and, for completeness, in the triangular flux tube using stella (see figure 4.15). As
illustrated in table 4.4, the energy fluxes computed in both flux tubes are comparable,
with only the radial modes contributing most significantly to the total heat flux differing
slightly, as confirmed by figures 4.13 and 4.15 (right).

Before the realization of this thesis, stella could only consider the standard twist-
and-shift boundary conditions in the coordinate along magnetic field lines for nonlinear
simulations. However, as discussed extensively in chapter 3 (specifically in subsection
3.1.1), these boundary conditions impose significant limitations when studying radial
positions with low magnetic shear. This issue becomes particularly critical when analyz-
ing the inner radial regions of W7-X, where |§| decreases towards the core, as shown in
figure 3.1 (right), and becomes too small to perform simulations at a reasonable compu-
tational cost. Given that the second objective of this thesis involves the comparison of
the results of the simulation against experimental measurements in W7-X, achieving res-
olution control over the range of wavenumbers and optimizing computational resources
have motivated us to adopt alternative boundary conditions, referred to as stellarator
symmetric twist-and-shift. These alternative boundary conditions are detailed in sub-
section 3.1.2, and their implementation in stella has been a major contribution of this
thesis. We have tested this implementation at three different radial positions of W7-X
(see figures 3.4, 3.5, 3.6 and related discussion) and confirmed that employing these
boundary conditions improves the code performance when examining flux tubes at ra-
dial locations where § < 1, as clearly demonstrated in tables 3.2 and 3.3. In fact, figure
3.6 illustrates an example where completing a simulation using standard twist-and-shift
boundary conditions was unfeasible, whereas a converged result for the ion heat flux

was successfully obtained with the new implemented stellarator symetric twist-and-shift
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boundary conditions.

Finally, with the implementation of the stellarator symmetric twist-and-shift bound-
ary conditions, we have been able to tackle the second objective of this work: compar-
ing the results obtained with stella against experimental measurements. Therefore, in
chapter 5, we have used the code to calculate turbulent quantities suitable for a direct
comparison against Doppler reflectometry (DR) measurements in the W7-X stellarator.
For this purpose, five radial positions from two ECRH discharges belonging to the first
operational phase (OP1) of W7-X have been selected. The values of the profiles of these
discharges at the analyzed positions can be found in table 5.1. In section 5.3, nonlin-
ear simulations have been conducted to evaluate the amplitude of density fluctuations
at the spatial regions and perpendicular wavenumbers where the DR system measures.
Figure 5.8 illustrates how the numerical results and DR measurements of squared den-
sity fluctuations span a range of approximately 15 dB, both exhibiting a monotonic
increase with the radial coordinate. This trend arises from the different wavenumbers
accessed by the diagnostic at each radial location, as described in figure 5.7 and the
discussion of figure 5.9. To extend the numerical characterization of turbulence to other
DR-measurable quantities, the frequency spectra of density and zonal flow fluctuations
have been provided in section 5.4. Our objective is for these results to serve as predic-
tions for future experimental campaigns of W7-X. As shown in figure 5.12, regarding
density fluctuations, the highest amplitudes are typically found at frequencies around
several tens of kHz. Beyond this range, a gradual decline is observed up to approxi-
mately w/2m = 500 kHz, where the amplitude sharply decreases. Regarding the zonal
flow fluctuation spectra, figure 5.13 demonstrates that they are predominantly governed
by frequencies of w/2r < 20 kHz, peaking at w/2r < 10 kHz across most radial posi-
tions. Future time-resolved measurements of backscattered power and rotation velocity
fluctuations at varying points on the same flux surface will be essential to validate these
numerical predictions.

As a general conclusion, the two main objectives of this thesis —the verification and
validation of the gyrokinetic code stella in the W7-X geometry— have been successfully
achieved. Additionally, we have also provided predictions for turbulent quantities that

will be valuable for the upcoming experimental campaigns of this stellarator.
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