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PRIMALS OF AN ALGEBRAIC VARIETY

Introduction

Let P be an irreducible algebraic variety of dimension r
cver ‘an arbitrary constant’s field, k, with infinitely many ele-
ments. Let (§, ..., &) be the homogeneous coordinates of a ge-

neral point of P and set P=k[&, ..., &,]; Q=k(Z,, ...y En); E’i=§i, v
’ 0

1=1, .., n; o=Rk[&, .., ], E=k(F,, ..., &,. P is a homo-
geneous ring and Q is a homogeneous field ; i.e. they admit the
~ isomorphisms t: &—>)E, =0, ..., n, over k; where % is an
indeterminate over Q. Since an irreducible variety is determined
by one of its general points, there are not any inconvenient
for the use of the same letter for the representation of a va-
riety and of its polynomial ring. So, when we speek of the va-
riety P we are refering to the variety with the general point
{Z4y ---» En), Whose coordinates are the elements of the base of P.
Analogously, the variety o has as general point (&, ..., §yp).
Hence o is the affin variety obtained cuting P by the hyper-
plane x%,=0. We shall represent the subvarieties of P, or of o,
by the same letter that its corresponding ideal in P, or in o, res-
pectively. :

- We call primal of P to every irreducible subvariety of P
obtained as intersection of P with an hypersurface. The main
goal of this paper is to gix}e a constructive proof of the existence
of primals that. contain a finite number of arbitrarily .given
subvarieties, '‘whose dimensions are <r—2. This study is made
in the §.2. On the § 3 are given some consequences of the.
zbove results ; specially two new .caracterizations of the sim-
ple subvarieties of an algebraic variety and a proof of the
resolutions of the singularities of an algebraic curve. In the
§ 1 is given some properties of «the birational correspondences
PP’ between the varieties P and P’ such that the ring P
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is contained in the ring P’. We shall call such correspondences
-antiprojections of P on P’. '
- The numbers in brackets are references to the papers quoted
at the end.

§ 1. Aﬁtiprojections

Let 0* be a ﬁnife overring of 0, with ¥ as its quotients field. Let

£®& - £(E)
fi(€) 1 €)

We shall denote by Fi(E) and Gy(§), i=1, ..., s, to the ho-
.mogeneous polynomials obtained multlplymg numerator and
denominator of the above fractions by a potence of §, of expo-
nent equal to the greatest of the degrees the two polynomials
{, and gl Then

(1 n*-—o[ ] g, freo, i=1, ... s

6E) _ &0 . G Fep; de =

&) _ o gr G;=degr F,; i=1, .., s.
FE)  Fi® R

If we mu tlply all the. elements of the base of o* by g, we
obtain '
@

s G(E)Eo L GEE]_ L [GBE G(E)Eo
P—"Z‘;[Em . Eny E‘ (E) ’ FS (E)] P[ Fl (E) 3 aesy F (E) ]

i, e. P is an overring of P and too an homogeneous ring. If we

. R _ v‘ 8 -
multiply every element of the base of P by F(&)=H,Fi-(§)

BN F=3 R
and if we put F’i=H F;(g), it is obtained B
) | PF=kEF, b F, GOFE, . G OFE
» - T % . : G"; '
(.4) (an sy Eny wvey Enﬂ-s); El El /L=0) - N » Enﬁ FJ(EO) C’

» j=1,..,8 & an indeterminate,

and B -
®) o RPN R

(nn; ey Ny "'_7nn,+s); ni=EiFC~1 7'=0:) n; 71n+j-=G7jE’;on;), .7':1’ sy 8
) ’ Co- " & 4an indeterminate,
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are-general points of the same variety, that we shall denote by -

P or P* indistinctely.
- The birational correspondence, T, between P and P* is de-
fined by the following bihomogeneous ring

R=P.P*=Fk[&, ..., Ea; Moy -y Naeel
KE’;eing the equaﬁons of T
Nk —MmE=0.

(6) ME&a— Mk =0
noG’iF’i—nnHF:-O; 7'=1; crey 8
Bl = =0 =0, o()=...=9,0) =0

where the equations on the last line are those of the variety P,
write firts with the variablés (£) and later with the (n). With the
notation ¢(7’), that we shall use too in the following pages, we
will denote that in the polynomial ; occour only the variables
Tgy vey T and d’ ont occour the Tnt1s oy Motse
' We shall denote by (@) the divisor of Q correspondmg to
the element ®.
Let

D GP=MIy, -, EF) =M, (G, F, e.,\—smtnﬂ, -y
) (GS F, EO) - 91{5[1&55 t

where IJ is the divisor h.c.d. of all the divisors on the left-hand
side of (7). We shall intended as center of a prime divisor over a
ting, or over a variety, the center of its corresponding valuation.’
. If we represent by ®; the ideal of P which is intersection of all
ideals corresponding to the centers of the prime divisors of I,
the 1deal

F=rad. (@, ..., 9.,

represent the fundamental subvariety of P in T.. Every. divi-
sor, J(, that divide the ideal P(F, &) divide too all the divisors
of the left-hand side of (7), and hence it divide 9. Therefore,
~ if I is a prime divisor, its center on P divide the center of a

primer divisor of 9. Conversely, if 9, ..., W, are -prime di-

visors of (F) such that any one of them d’ont divide 9, and
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.
if By, j=1, ..., a, are the centers of I, i=1, ..., a, over P,
these ideals shall be m.p.d. (m.p.d. signify: minimal prime
divisor) of PF. Not every G, V¥, i=1, ..., s, can be contained
in one of the ideal §,;, because, if G,F,=0(By), i=1, ..., s, it
must |, i=0, ..., n+s, and since I; is a prime divisor
that d’ont divide 97, it should be 9%;|JG, =0, ...,‘ n+s, and
the center of Jj{; on P should divide F and its dimension should
be <r—2, in contradiction with the hypothesis. Therefore,
G; F';#0(R y), for at last one i, and, by the equations (6), it
follows %,=0(PR*), where P*is any m.p.d. of R R that liess
over 9P,;- Since £,£0 (B*) it follows too that w4y, ..., 7. =0 (B*).

Conversely, if $*=P*(n,, ..., 1w ...), taking into account the
cquations (6), it follows that g, F=0(R B*), i=1, ..., s; hence
if § is a m.p.d. of R $* which d’ont liess over the irrelevant

of P*, it will be F= 0(‘)3) Therefore we have obtained the
folloving : o

LemME 1. Every irreducible subvariety, B*=P*(ng, ..., s ---)
- of P* that contain all the elements x,, ..., n, has as total trans-
form [5] by T~ a wvariety contained in lhe suwbvariety corres-
ponding to the prime ideals of PF. For that the ideals of all
components- of the transform in. T of a subvariety B of P must
divide to P*(qy, ..., na), it is Sufficient that P divide the center
of a prime divisor of (F) that d’on divide 9 in (7).

We shall denote by T[®] the transform [5] of § by T
and by T{ B} its total transform. We shall denote too by [PR]
the intersection of all m.p.d. of P that liess over 9§ ; by {T"B}
the intersection of all m.p.d. of P$ that d’ont liess over the
irrelevant of P; and by {P$] the intersection of all primary
' cornponents of a normal decomposition of P9 whose corres-.
ponding prime ideals d'ont contain all the elements &0, vy Ene
Similar notations shall be employed for the ideals R, Between
the - rmgs P* and P there are the 1somorphlsm T >k
1=0, ..., n+s. If P* is any ideal of P*, we shall put
H(PH)=TFEP. ‘ '
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THEOREM 1. If % is an irreducible subvariety of P, it is
- werified that :

T({RRInP)={PB.

If B* is an irreducible subvariety of P¥, such that (n,, ..., 1) B¥,
it follows that '

T*{B* =P n P.

PrOOF. Let f(r) be an arbitrary form of {R]nP*. There
are not any inconvenient for suppose that the elements &, and

& d'ont belong to any of the m.p.d. of {R§ } and that £, and E—p
d’ont belong to any of the m.p.d. of {P%]. Since the other
m.p.d. of R that d’ont occour in {R ], if there are any one,

must contain &, or g (it ‘must be observed that «, p<n), i
follows that : )

. q i '
B =D aEGNu®, %€R  HEB, i=1...q

i=1

Multiplying this equation by fr,; , and regarding (6),_ it 'result\, :
q :
Wy F) = @05 Wy (), .
i=1 ’
and applying the isomorphism =,
Er®= Z % (E; D& E)

but, siﬁce W(E) = (&) € *I;‘ and £, and ép d'ont belong to any
~one of the m.p.d. {PR, it follows :

f&)=0 G PB)).
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~+ Conversely, if fE)=0(¢ PR]), it follows
q

Erl=2aE0%E), a@)es, i=1...4¢

i=1

“Where £ ;p d’ont be! ong to any one of the m.p.d. bf {P%], and
hence, one can take B<n. Following the inverse way of the‘
above case, it is ¢btained :

F=0(Rg] n P*),
ahd'hehce '
’ t((RB]aPY={B %]

Let f(€) be an arbitrary from of [%*R]nP ‘then it shall be
verlﬁed that .

i=1

@ g =X 0 m, H=0(8n, il s

where g(y) d’on belong to any of the m.p.d. of [B*R]. If U
is the degree of (9) with respect to the (§) multiplying by.qh»
belng a<<n and 1, ,%O(SB*) and takmg into account (8), it follows

g1 = X el'; 0 ),
i=1 :

and applying the isomorphism «:

8

g® f“(é'>'=2 B e>—0<is>,

and since’ g(&)£0(B) (then if were g(E) 0 (SB), by ¢ it .should
be g(n)=0 ($*)) it follows :

f(E’)EO(?E nP).
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- Conversely, let f(§)=0 ($nP). Then, by =% it follows
j()=0(%*) and since it is possible to determine an e« such

that 4, d’ont belong to any of the m.p.d. of [R%*], bemg
a<n; if p is the degree of f it will be -

, \ g fiy)=0(R 213*),
and by (6)

) n,fE=0(R 3P
and, a fortiori, :
g 1 (8) = 0 ([RB*])

hence, since Ny ci’ont ‘bel.ong to any fn.p.‘d. ’of [R%-*’f;].,
follows :
| F®=0(R $*1n P)
;trhexjeféré : ' o

([B*RINP)=FnP
. and sihce ) ‘ |

T-1[§*]=[ *RInP

~ it follows the last part of the theorem.

§ 2. Primals containing other given subvarieties

We have called primal of P to an irreducible subvariety ob-
{tained. as intersection of P with an hypersurface. We shall em-
ploy in this number the hypothesis and notations previously es-
tablished. We will give a constructive proof of the following.

THEOREM 2. If 'B,, ..., B, are prime ideals in P, whose
dimensions are all <r—2 it is possible to find ?nme and prm-
c11>al ideals that are multiples of every B, i=1, ..., k.~

Let A, ..., My be indeferminates over Q, where N 1s a num-
ber that ‘we shall fix a posteriori. Set .

CPM=Phy,-0hd, QN=Q0y, oo,
IO =90, ... »01 IR
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The ring P{i] is a N+1—homogeneous ring ; i.e. it admit the
isomorphims : ‘

giétlgi’ 1=0, ..., m )‘1"')12)‘19 ey Ay —> TN?llN',‘

where 1, ..., 144, are indeterminates- over Q(\). But we will
consider it as a bihomogeneous one, with respect to the two
series of variables (&;, ..., &) and (X, ..., Ax), respectively.

It is convenient to observe, since we shall made a tacit use
“of it, that in the homogeneous or polyhomogeneous rings the
only unities are the elements of the field of coefficients.. Hence,
a homogeneous polynomial contained in P, or in P[X], is irre-
ducible if and only if there are not two polynomials of degree
distinc of zero and last that its degree, whose product is equal
to the given polynomial, '

For the proof the Th. 2 it is possible suppose that not one
of the ideals ‘$,, ..., By is a proper multiple of other of them.

We shall suppose that we have select a basis of %§; in such
a way that the degree, u;, of the homogeneous polynomial of that
basis with a greater degree is so small as possible ; then we shall

put w=max. {p;, ..., prf-

LEMME 2. One can find bihomogencous polynomials of
P{i] such as

. N
FEN=2NF, FEP, i=1, ..., N,
i=1 .

where degr Fi=g>y, i=1, ..., N, and thal satisfy the following
conditions : ‘ .

Ca) F(g; )=0 (PI\BY, i=1, ..., k,
b) F(&; ) is irreducible in P[al.

" Proof of the lemme 2.—Set dim * (P)=d=r—s5;<r—2 and
hence s>2, i=1, ..., k. Let g be a ‘whole number >u. It is pos-
sible to- select two forms of degree g in each one of the ideals %,

* We denote as dimension of a homogeneous ideal the dimension of
its corresponding projective model; i..e. its dimension as ideal diminished
at one unity. )
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i=1, ..., k, in such a way that if f*, f,° are the forms co-
rresponding: to B, ¢=1, ..., k, it is verified that:
a) The ideals (£, f,*), i=1, ..., k, are all unmixed and
of dimension r—2. '
b) The ideals (f,°, f? i%j, i, j=1, ..., k, are all unmixed
and of dimension 7—2. ' :

Let
@ ’
a - F=11n"+ j=12 +=1 .. N=2
' a=1
. and, in particular. .

Fl =fo ;k—l) f;k)

(2) B‘!2 — 2(1) . 2(k—‘l) f‘l(k) A
Fk+]= f‘l(l) . ‘: . 2(k-l) 2(]{)

where F, is the product of all forms with subindex equal 2,
~and the other forms are obtained from F, by succesive substi-

tution of a f;* by the corresponding f

The set of forms {F,, ..., Fy,,} d'ond have any common di-
- visor. Then if it where verified that '

F,=MG,  i=1, .., k+1.
it should be F;=0 (PM), i=1, ..., k+1; and from
F,=f® ... [ =0(PM)

follows that if P is'a m.p.d. of PM one and only one of
the £% must belong to ¢, then this ideal as m.p.d. of a prin-
cipal ideal is of dimension 71 and because b) it can not con-
tain two of the £,” . If fie. f;*=0(%) it should be f*, ...,
D [ £0 (PB) and - this is in contradiction with the con-
dition F,=0 ().
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- The formr
. N
@ o F=>NE

i$ an irreducible one in P[], then as F is linear relatively to
the (A) if it were reducible, one of the factors should must be a
form in the (%) alone, and such a factor should divide to all Fy,
i=1, ..., N..

Q.e.d.

LeEMME 3.
I=P\]F

is a ?rime ideal. _
We ground the proof of this lemme on the following :

LEMME 4. Let N(£) be a form of P, PIX\IN=Q,n... nQ, be
a normal decomposition -of -P[A]N in primary ideals, P; be the
prime ideal corresponding to &;, i=1, ..., 1, RB,n P=yp; and
&nP=y,, i=1, ..., 1, it follows that

PN=gq,n:...Nng o L

is an irreducible decomposition of PN in j)ri;na,ry ideaﬁl's h, is the
“prime ideal corresponding to §;, i=1, ..., r, and B,=P[]Ip,
=1, ..., 1.

Proof of the lemane 4. -Since the %, atée algebraically inde-
pendents over P, it is verified that P[A]NNP=PN and there-
tore PN=g, i...n g, i$ a decomposition of PN in primary ideals
and p; is the prime ideal corresponding to §; , =1, ..., 7.

It remain only to prove the last vpart of the lemme and that
the bove descomposmon of PN is 1rreduc1ble but this is an
mméd1ate consequenice of ‘that.

“Actually P[A]p:C B.. Let A(k £) be an element of SBi that
d’ont belong to P[A]#,; then it can be assummed that no one
.of the coefficients of A(x; &), relatively to the ()), is contained in
p;. We assume that all the ideals p;, i=1, ..., 7 are distinct. Then,
" since all tht_em are m.p.d. of PN, no one Of them is contained. :in
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other one , therefore one can find an element b such that =0 (9,
1=1, ..., i—1, i+1, ..., r and b=£0 (pi). Then it will be verified
that A°(h; &) b=0 (P[A]N) i.e.

@ APO; BB® =05 ON®, f€PMN.

"We shall call first term of a polynomial of P[], to the term
obtained by the following process: we take up all the terms of
the polynomial for which %, has the greatest exponent ; amongs -
these terms we take up those for which A, has the greatest ex-

. ponent ;.and so succesively, till to proceed in the same fashion . -

with A . In this fashion is obtained one and only one term of
‘the polynomial which we call the. first; if neccessary it must
be add : relatively to the order X, .., A, of the variables, The
coefficient of the first term will be a polynomial of P. From
_this definition it folows inmediately : a) If two polynomials of
P[A] are equal, its firts terms are too equal. b) The first. term
of a product is- equal to the product of the first terms of the
factors.

Let a(§) and fo(&) be the coefficients of the first terms of A
'lnd f respectively. From (4) follows that )

ad®bE) =hHENE),
that is

@ ©b®=0(p),

and since b(&)#o (p;), we obtain the contradiction a(E)=0 (py).
For complete the proof it remain only to prove that the
ideals p;, 2=1, ..., a-are all distinct. Let us admit that p,=...: =¥y
being the other 1deals distinct of these ones. Then it should be pos-
sible find a polynomial, B(x; &) that should belong to- 8, =2,
... @ and d'ont belong to $,. We can suppose that no one of
the coefficients of B(A ; &), with respect to the (A), belong to w,.
Let b(g) be an element of P such that b(8)=0 (g, ) ]—aa-l—l T
b(¢)s£0 (p,). Then if 'we admit that P[)\]plc R, it should exist:a
form A(), &) of $, whose coefficients with respect to the () d’ont
belong, any one of them, to p,. Then it would be

A°E VB E Nb=g (N EIN(E), &€ P
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If a(E), b,(E) and go(&) are the coefficients of the first terms
of A, B and g, respectwely, it would result

aE)-bE)DE =g ENE=0

which is a contradiction ; hence also in this case should be
P[A]p,= B, and from this follows that B,=...=B,, which is
too a contrad1ct10n

Q.e.d.

Proof of the lemme 3.
Q[A]F is a prime ideal. If A . B=0 (I}, A, B€P[], one of
them, for example A, shall belong to Q[A]F. Hence

M@K B

F; B, MEP[, N¢P.
N TO MERH

B  AEgGM=

From this follows
®) MG 5 OF(; H=0 (PIIN).

Employing for P[x]N the results of the L. 4, it follows that
if F=0 (%,), since {;=P[A]p, all polynomials F; (L. 2) should
belong to b, and therefore the dimensién of this ideal should
be <7—92, which is in contradiction with the fact that p, is a
‘m.p.d. of a principal ideal. Hence (6) imply

MQ.; §=0 (PIAIN),
tﬁat is )
M E M@ B = g(l BN E), £ B) € PIA,
and, by substitution in (),
NEAEGN=¢0 BFQ B=0FNF),

and since one can choice i and § so that % and §; d’ont belong
to the eventuell m.p.d. of P[\]F, it follows that

Ates 9=0 (PP, |
Q-e.d.
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" The indeterminates (,, ..., %) can be considered as homo-
geneous coordinates of the general point of ‘a projective space of
dimension N—1, We shall put Q=k[x,, ..., 1], and, following
our agreement, we shall denote the. projeéﬁve space too by Q.
" ¥f 1 is the ideal of the lemme 8, we put

@ "R=P[2]/L.

Hence R is a bihomogeneous domain of integrity, ‘that define

an irreducible algebraic correspondence, T, between the varie-
ties Q’=0Q/1 and P'=P/I.

LEMME 5.—P =P, Ox(Q'.

Proof —If o(&)=0 (1), 930, 0€P, being o a form, the pre-
ceding congruence imply that

® £: Ne®=hE; NFE; N,  ghePD], g0 (D).

, Hence h(x; F(x; £)=0 (P[)\]¢) and, following the same way
as in ‘the proof of the L. 4, of this congruecnce follows that
h(x; €)=l ; E)e(), which, by substitution in (8) give

g; B)=0(D,

which is a contradiction. Hence from 9(8)=0(I) is must follows
¢(8)=0 and hence P« P.
We shall now admit that ¢ g()\)—O (s U(A)I 0, J()\)E Q, being

q;()\) a form Frorn the first congruence follows ¢$(3)=0 (Q[)\]F)
i.e.

o)=L EE)” FE N, hE€P, g€PN.

And, as in the above cases, from this follows g(&;\)=1(% ;)\)h(E)
and by substitution in the above equality

O L avey=lE: DEE:
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If ‘we consider the first terms of (9) obtain that a constant must
be equal to a form of degree greater that one ; which is a con-
tradiction. Hence of ¢(3)=0 (1), ¢(A)€ Q must follows ¢(2)=0,
and therefore Q' Q.

Q.e.d.

Hence we can identify P’ and Q" with P é_nd Q, respectii?é—
ly; and so ‘we can put

" PcR, QcR.

" We have proved in [1] that one can find a+1 elements of
R, a=r—1, that we will denote by ¢, ..., & such that they are’
‘zlgebraically independents over () and that R is integrally de-

pendent over Q=Q[¢, ..., &]. Let Q*=Ql%, ..., &1, RcQ*.
We shall distinguished two cases: ‘
a) Q and Q* have the Same quotients field.

b) (;j and O* hwve distinct quotzents field.

a) Let Yo be a point of Q. Qp, is a prime ideal of dimen-
sion ¢. Since Q and Q* have the same quotients field and Q*

is integrally dependent on Q, the conductor, ¢, of Q relatwely
to Q% is distinct of zero.

The following lemme 'was proved by Zariski for zero-dimen-
‘Sional- 1deals [4].

o LEMME 6 If Op, b, O*p, is a prime ideal.

PROOF Slnce Do is homogeneous and zero- dlmensmnal 1dea1
and Q is a projective space, Q/b,=k[N], where % is an indeter-
minate over-k. Since Q is a pure transcendental extension of Q,
it shall be Q/on k[N Coy ooy Gal, cl—:‘f(—(‘—)po) i=0, ..., a, and

R oy - vG] is a polynomlal rlng W1th a+ 2 indeterminates.
From the hvpothesxs fo]lows that there are one element A such

that A=0 (¢), A0 (Op.). Let A=A(Qp,), then A=0. If A* is
an arbitrary element of Q¥ it shall be \A . A*=B¢ Q. Taking
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into actount that since Q* depend integrally of Q,-it is verified
that Q*pong on, it follows that Q/Q prQ/()po, hence . .one
“can put A_A(Q*p) and if A*= A¥(Q*y,), B=B(Q* po) it follows

that A*= % ER(\; Qo, , %), and therefore O%y, is prime.

U Qed.

The theorem 2 one can ennounce now moore -precisely in
the case a) in the followmg fashion :

Tueorem 3. If. Bo is a regular pomt of relatively to the

correspondence ‘C such that on P, it s verified that
TiPol=Rp,nP is a principal ﬁrime ideal, multiple of By, ..., Py

PROOF. Let p,=Q(\,— A0 'IL,), a,€k, i=2 ..., N.-
: Then. Rg,=R ()\z—az)\l, cees Mx—an My, ZaF)\ ), a,=1; and
i=1 R

T po’}’~=R (}\z_az)\p e hy— ax A ZaiFi_)nP‘ZP <Z “iFi)' Let

H:R()\z.'_az)\l," sy A "—aN?\j, Za F> Since- o is'a- point, its

total transform coincide Wlth its transform : Tlp,t= ‘C'[‘po]
Therefore all ‘the m.p.d. of @ lie on p,. But, since Q¥p, is
prime ideal and is regular in €, by the Th 1.11. [1], W has
only one mpd and thelLfOI‘(‘ a will’ be prime or primdry
ideal. Since 'p; is regular, one can find the denominator, H,
of the ¢, i=0, ..., a [1], in such a fashion that Hs£0 (Rp,).
Then it is verified [2] that T =Rgp,NR and since
" Rap,nR D Q*ponR, it will be @D Q*ponR But 9.¢c O*p,nR
énd therefore - Q*ponR is -a- prime- 1dea1 and hencé"

<z:<p0> anP= P(ZaF)

i=t

is too a prime ideal.

R Q.e.d.
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b) Let K=k@,, ..., ) be the quotients field of Q. One
- can find the‘linear forms =;= i as€, ay€Q, A1}.=O, ey @3 j=_0?
..., n in such a fashion that KEZ:,’ v, Bl s integlja'lly depéndent
of Kirgy ..oy ma]: . \
EP 4oy MEPT . 40y, M) =0, ¢4€K[my, e T, 60,0, 7=1,... o

Gr

| e () up, (%)
10 oy e e (D
{10 2 ¢a>5 tom — 0

¢M©€Qm,uum, Y€ Q.
it we put in (10)

~1
6 _Zax_]q" () (7‘)

1t 1s obtained -

(11 B 4y (D) EP + ce by, (6) =0,
b5(0) € Qloy -y 0, $=0, s F=1, 00, i

Let Q=0Ql[6,, ..., 8,], A be the quotients field of R and

{*=K(8,, ..., 8,) the quotients field of Q. By the hypothesis
AFK*, but A is a finite algebraic extension of K*. We shall
admit that these extension is separable over K* and that the
same is truth for the forthcoming specializations of these fields.:
Let '

(12) 0=CEs+C ok + ... +Cokny,  GEQ, i=0, .., n,

‘be a primitiv element of A over K* ; A:K’*(O). There are not any
inconvenient for admit that the ¢, i=0, ..., n are elements of

(G and R. Then 6€R and hence.is 1ntegrally dependent on Q.
Since this ring is mtegrally closed, if

(18) » 08+ d, 65 ... +d. =0,
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is -the irreducible equation of § over K*, it shall be verified that

die Q’ : izl, ey g: v

-

From A=K*(g) follows that

ty 057+t lg
(14). Ei=__—--'i
o HQ®; 6y

1=0, ..., n,

7;=0, ey Ny H, tJIE Q, . -
. Jj=1, ey &

Let )\i—»pi; pi€ Kk, 1=1, , N be a spezialization of the () over k,

such that ¢(u)F0 and H(w; 6,)+0. Let 6, 0, i=0, ..., a be the
values. of 6;, 6, =0, ..., a corresponding to the above spezializa-
tion. Then follows -

(15) : P,=k[%,, ..., 6, 61CP

and P is integrally dependent on P,. Frqm (14) follows that P
and P, have the same quotients field and the varieties P and
P, are birationally equivalent. '

" Let

Bi=R:AP,, i=1, .., k&, S
then [8] dim. B,=dim.B,=di<r—2.

CLemMe 7. If P,FC%;, i=1, ..., k and if P.F is a prime
ideql. PF is too a Pprime idéal and PFc, i=1, ..., k.

- Proor. Since P,F is a principal prime ideal, it is siniple
and J=P, _ is a valuation ring,' R,. Evidently, P; <R, and
‘v is the only valuation with center P,F. Since P is integrally
dependent on P, it follows that PCR, and PFEp.nP. Let » be

: ’ w, . Y
an arbitrary element of p,nP, one can put o= Tl ;W w,EP,

w, ¢ P,F, «,€P,F. Therefore, ©,=0w,€PF, w,&p,nP and
hence- ‘ '

PF=(p,nP)nl. (i an ideal). -

But, since PF is a principal ideal, all their m.p.d. are mi-
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nimat ldeals of P and since there are only one: valuatlon with
center P,F; the m.p.d. of 1 should lie over proper divisors of
P,F, and this is not possible since P is 1ntegrally dependent
over P, [3] Therefore

e

PF=p P,

and PF is a prime ideal. . From ,Pchi.éi follows that

" FCRc P, i=1, .., k.

, Q.e.d_.'

"From this lemme follows that the proof of the Th. 2" the
case b is reduced to the proof of the hypothesis of the L. 7. ~

The variety. P, is an hypersurface of the projective space
of dimension a+2. Let (%,, ..., %, %) —>(8,, .., 0a, 8) be an
specialization of the general point of the projective space. to
:the;generalv-pOint of B ; and let O=k[6,, ..., 0,1, this ring is an
homogeneous ring. One can admit that the cones D, ey Do

obtained by projection of the varieties %1, e %k from. the.

pomt %,=...=%,=0 are all irreducibles; i. e. the ‘ideals

iy e pk are prime ideals of Q. Since O is of dimension 7 and
5 i_l , k are of dimension <r—2 we can apply the L. 2 -

for determlne the forms Fu(eo, ey 8y), i=1 N which have

rot any common factor in O, that they have the same degree W

and that F,=0 (p,), i=1, ..., N; j=1, .., k.
Making the specialization %—>w; in (13) we obtain

e 05+ dy 05 Mt ... + dg=0,
wilere 4,0, i=1, ..., g. Let o(8) be a form of O of degree v’

that belong to all the ideals W,” i=1, ..., k, ‘where y=p—g>0.
Then, by the L. 2, the bihomogeneous form

an - F(x) xoq;(e )ee+d, eg"1+ +dg_ 6 )'+ ?hFﬂ - ..
= S

is irreduci‘blé in Pilxg, -y X, and, by the L. 3

1=P,[x]F -
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< is a prime ideal. I is- too a bihomogeneous ideal with respect
to the (1) and the (8,, - vy Oa) 9) hence I deflne an algebraic ‘cor-
respondence between Q'=0Q/I and P',=PJI. If R,=P,[A1/1, it

‘follows from the lemme 5 that Q and P -can be c0n51dered as
-subrings of R,. '

0.=Qlb, ..., 0]

is a polynomi‘al ring over k with N+a+1 indeterminates and
therefore it is integrally closed. From (16) follows that -

- -Q*1=§1[6]

is integrally dependent from Q,. We are going now to show
that ‘with relation to the correspondence R, we are in the case a).-
It rest to prove.only that Q* and Q, have the same®quotient
field. Actually, from the definition of R,, from (16) and from
J7) follows that

X N |
)‘O‘P(E)[ - 33—1 0 ‘"Eé]'.'*i 2 'liFi(Ei) = O_)

i=1
~and hence
N ’ R -—
)‘iFi(ﬂovl"') oa) — : f
o i= . d, -
§ = —— % Ek(x By, - vy By)-
Az @O0 -5 02)  dgy ’ . ,.
: Qed.

§ 3. Simple subvarieties

“If P is an irreducible suﬁvariety of P of dimension s, one
can find r—s—1 forms ®,, ..., &, ,, by repeat appllcatlon of
the Th, 2, such ‘that all the ideals of the chain :

1. P(IDICP(QI, ®,)C ... CP(CI)I, ey @rey)CP
Ca § \ 4 t 1 :
are distinct- prime ideals. We shall say that P(®,, ..., @5 ;)
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is a canonical over-variety of B, with respect to the chain (1)
or with respect to the succession of the forms 1@, ooy Drsilbe

+ THEOREM 4. If P isa simple variety in one of its canonical
over-varieties, it is a simple variety in P.

Proor. Let (1) be the chain of ideals corresponding to
the over-variety %, of- B and let

B=P (@, ..., B, Pi=%/g, Pi=P/g
9; =.Pi1’i k Pf+1 = SBH/?Bi; i=1, ..., r—s—1. |
it follows .that
Jins == Ti/ P10 To>
hence, if Fi=wJ;, i=1, ,,_‘,,.'r_s-'—i, it 'will be
Wiy 2= G| P, T

Therefore, if o is an ai.rbitrary element of (s and if

wEB(pr 9;), and i1 =Tint (8, ) F7\)

it will be
0= Z @ O—i- ’
i=1 .

If 6, and o; are elements of J; whose images in the homomor- .
phism mod p*,, J; are the elements 9, -—a_;i, =1, ..., A, res
pectively, it will follows - '

x
@ — Z 9;0; = .0(13:»1 J1),
i3

but. since if &=B(By), 1=1, ..., i+1, it is B;=0, j<i, it follows

Pry Ji = J: (®i)
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and therefore

9 ﬂi + Prrt q)1+1‘

|
L~

j=1
For i=0is’
S1—30:(0)1 P0=P7 ]Jo:SB; So=5=P$, A
P, =%Bilg,= By F=I/BI, I~ IB,I

Hence if the minimal base of S’iI,_s_l are built with o elements,
that of 9 shall have .e+7—s—1 elements. Therefore if B is
simple in P, it is too simple in P.

Q.e.d:.

THEOREM 5. If B is simple in P, one can determine a
" canonical overvariety of B in which B is simple suwbvariety.

Proor. Let s be the dimension of . For s=r—1 the pro-
proposition is clear. Let s<r—2. Then there are [4] r—s forms
algebraic and linearly independents mod 2. Taking these
forms as the forms f™ of the L. 2, one can built, in virtue of
this lemme, a form ®, such trat (I)l_O(SB), d -;‘0(5132), and that
P®, is a prime ideal.

For convenience, we shall emploi non homog-eous coordi- |
_ natés with the plane %,=0 as plane at infinity. Let p be the non
homogeneous ideal of o corresponding to the ideal 8 of P and
s, the non homogeneous form corresponding to &,. Let us sup-
pose that we have find the polynomials ¢, i=1, ..., j such that

w:#Z0(1p?), :.=0(p) and that 0o(p,s ..., 9n), B=1, ..., j are prime
ideals. Let :

m=pop=»0J, =0, and m=I@O, -, brs);
where the base of m have r—s elements, since p is simple. Let

10 = D/P- = Di-l/pu‘ , P'1=P/p.y Py =pi+1/'pi: =1...J.

1-1 !
and

ﬂ'i = Dip"iy m; = P’ gir ’i=1, PRRYY j-
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Then follows that

@ mAma P Tn, =1
and in parti;ulér | _
@ Plo= i/ =P g = P my = m /9,9
Since = 4,, ., are linearly indepehdeﬁts‘ mod p?,
#%0 (p?), and since p is simple, it follows that
0 =a,0, b (P, @€k, i=1, .., r—s.

Then, if f. e. a,_;30, one can take 6,, ..., 0,_,_,, ¢, as a base

of mi e: m=3 (61; vy By, 9y).  Since g, ..., o are
linearly independents mod p* it fOIIOWS mmedlately by induc-
tion that '

m =j'(017 Tty L t‘P‘))
From hear and from (2‘) and (3) follows that
m)"\-’g (em sy 0:—1—,: CP:-‘:U R} (P;“>7 'L=1’ cers J
where 0, 0=0(p), i=1, ..., 75 I=1, .., r—s—; a=qulp)
t=1, ..., j, k=i+1, ..., j. This tell us that g is a simple sub-
variety of all the wvarieties gp;, t=1, ..., . This let us determine

one element ¢, of o; such that o,cp‘ij, is prime, multiple of
. b5 and. lmearly mdependent of ¢ mod pJ ,i=1, ..., 7. Then if

. Pia=0 % (7)), ,‘Pj+1€ 0,
it should be
#a=0 (1), 0 (1) and g, should be
.Iiﬁear'lgz‘ indeﬁeﬂdent of the sy i=.],‘ . ‘j. mod p?. Therefore,
proceding in the same fashion as above, it shall be possible

substitute one of the 6; in the base of m, for example er_s_j, by
Ditq W1th which one can put :

m=5(61') ceey er—s—j—li Pas --vs Pss “P:H'x)' ‘
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Since 0599, is prime, it follows that D(q)l, ey ®jy Pipy) IS tOO@
prime 1deal and since-

R G+1 (+l)
My == T 0577, oo, rJ—S-J-l)’

p is too simple in o;.,. Therefore, by induction, fo'llows.:t.h'_e
theorem. '

- We shall call prime divisors o the valuations of 3 of maximal -
dimension ; and ‘we.shall medn as center of a prime divisor on 0
the center on o of the corresponding valuatlon

THeorREM 6. If a maximal irreducible swbvariety, b, of o
is simple, there are one and only one prime divisor of 3 with center
on p. This condition is sufficient when the minimal positiv value .
of the waluation is assumed by an element of ,o.

ProoF. The condition is mecessary. Since p is simple it is
venﬁed that m= 0 p b= op( ) which imply that §=0» b. is a va-
luation ring. Any other valuation with center p should. contain
9, therefore is.should be. composite with it [1] and their di-
_-mension should be less that r—1.and their center d'ont can be
p, that hat a dlmenswn equal to r—1,

" The condition is suffwzent -Let as before S—DP, m= )35
Let § be the integral closure of ' .and mJ= m1 m"‘s the
decomp051t10n of m5 in product of potences of prime 1deals
©Itiis verlﬁed that 5—— i=1, ..., s are all the valuation rings with
" center on p, therefore, by the hvpothe51s it should be s=1. We
are going to prove that g,=1. Let Rv—ﬁa, m—ml-_ We
are going to show that m R, is prime . ideal. Actually if -
A . B=0mR,) it will be (A . B)>0. hence the value of at
least -one .of. the factors must be greater than zero Let
_'v(A)>O and A-z, a, bE g. It follo1ws that 'v(a)>fv(b But for

the hypothesis th»ere'are one element ¢ of o with minimal po-

gitiv valu-e therefore v(b )>0 and A= b— ¢ belong to R, m.
¢ e
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If ‘were m§=_n_1“ it should be mR,=(m9) Rv=_n7°‘Rv=pf, con-
tradiction ; hence a=1 and mJ is prir;le ideal. But, since I
is integrally - dependent on J and both rings have the same
quotients field, the conductor of J with respect to J d’ont

vanish and, since J is alocal ring, m should be divisor of the
" conductor besides that the -conductor be the unit ideal. But

since mJ is prime, m d’ont divide to the conductor and there-

fore .the conductor coincide with § and J =9,
Q.e.d.

If P is an s-dimensional irreducible subvariety of P and if
P®, ..., ®,_.,) is a canonical overvariety of § one can built a
valuation of rang r—s with center in 9§ and composite with
valuations that have their centers on P® , P(®, &, ..,
P®,, ..., ®._._,), respectively. A such valuation will be called a
canonical valuation with center on M relative to the over variety
P(®,, ..., ®.,_;). From the theorems 4, 5, 6 follows the follow-
ing : ’ .

COROLLARY. A mnecessary and sufficient condition for that
the. subvariety R of P should be simple is that there exist a
canonical overvariety of P . and a unique canonical valuation
with center B relative to that overvariety that assume the minimal
positiv value on o. '

THEOREM 7. If P is a curve, one can loss their singularities
by means .of an antiprojection. ’ o

Proor. Let R, ..., B, be all the singular points of P that
. we shall suppose at finity distance relatively to the plane of in-

fnity x,=0. Let Q(B)=Pg, =1, ... s; and Q(B,) be the in-
‘tegral closure of Q(%R.) Let iBiQ(ig'i)=§_]3:’:’ ‘iaé:i_ be the decom-
position of the ideal of the left hand side in product of potences
of prime ideals, and let ‘

I (P = Q(SBi);Bij, 5 = By 33'(“-139-
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ij—ﬂ (513) is a valuation ring and B, =, their correspbn-
amg ideal of non wnities. The valuatlons Vs, 1=1, ..., t; are the
only ones that have center on ;. Since P is an homogeneous ring, -
the ringé Q(B:) and Q(%.) are too homogeneous, Since 33; is an
homogeneous ideal, Q(P:)P; and all the m.p.d. of Q(PYE:
are too homogeneousvi,deal’s ; therefore, 3; (%) and 9 are too
homogeneous ones. Hence one can determine homogeneous ele-

1y
&

ments of degree zero 24 , such that

D=0y, LA, iFL jEE i=1.,5 1=1,.,4

We shall représent, as above, by(&) the divisor correspoh-
: ‘ &ij
ding to IU_ Let

£ij
' - flJ = Y7 % by - Buij qy=Tusj ~Teij
@ LDk [ I T I 5 SRR | )
& 7 u S kit
"be the decomposition of (&) in prdduct of potences of 'prime
divisors. A £4 : o
It is possible to choice Iy in such a fashion that
: &5 ’

£ | .' fJ \

3y — = 0 i')) TR 0 S‘Bi

gu E‘Q(S‘Bi) gu , (ﬂg Lj gl‘] ¢ ( l)
- for I5j. Also one can impose to f,; and gy the condition that they
d'onit belong to any one of the ideals R, for /5i. Then among

- all the prime divisors I, that lie on the ideal $,, =1, ..., s,
only 9y can figure in the decomposition (4). One can choice

“too the elements f_’J with the condition o= =1, i.e. vy (f ) =1

“and &y &ij

v

(4’> ’ (gf_‘j) = g‘jzu 3‘(?‘?1 S‘Ipm Q}l":n 35 Q‘;:Tku . )
1
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‘There are not any inconvenient for the asumption that not any

“one of the places of (fy) nor (gy) should be a zero of §,. Let g¢;

" be a form of P:such that all the poles of (4") are zeros of ()

and that the exponents of these are greater that the éxponents of

those ; also will we assume that neither the places 9(;, i=1, .., s,

" 1=1, .., &, nor the places of mﬁmtv occour among the’ places
of (q),u) Then it will be :

(5) (_fu_‘?%_) = S)‘T(ij <Dij Q_Nj y
- £y 6" _

where P is an integral divisor and £ is the divisor of infinity.
Let o "

aij EO Y. l=1,

A = @y fij I bl,] _gu :!Lu a'nd W= b vy 8 J=l b
; . ij :
The ring A )
® - P =Plog, i=1 ..,8 i=1 ...t

is an homogeneous ring, too PcP’ and P and P’ have the same

quotient field. Therefore P’ is an antiprojection.of P. We will '

. prove that P’ have not smgularmes

| From (5) follows that the elements % can take only a nega-
; L

tive value for the places of infinity ; hence in the correspon-
déence T : P—P’ the points at finite distance with relation to the
plane of infinity x,=0 are transformed in points at finite distance
of P’ relatively to the plane of infinity x,=0. This let us emploi
for the points at finite distance the rings o and

b

1)

R
0= o[ ”]-, i1=1,...,8 J=1,...,1%. T
TR :

instead of P and P’ ‘respectively. . .

- Let p’ be an arb;traryvrpoint of o’ and p'no=p. By the Th. 1

follo%;vs that T~ (p')y=p. From p'no=p follows that o, € o'y,
-1f p is a simple point of o, oy is the only valuatlon ring ‘with

center on p, therefore "p—" pr and oy=o’ p .* Hence § iS'a

¥

H
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simple point .of o’. If p is a singular point of o, f.e. p=p, and
if » is a valuation with center in p and ¥, v must coincide with .
one of the valuations v,,; with v,,, for example, But p, con- -
an

" tain =L | therefore
" O0n ' 1

I ¢y and since not any other place with

center in p, contain to AL | it follows that ¢, is the only valua-
. 1 . ) '

tion with center in p’; and since v, (i“—).:l-, it follows by the
. M :

coro‘llary of the Th, 6 that p” is a simple point.

We have see above that the points at finite distance of P
are transformed by T in points at finite distance of P’, therefore,
the points at infinity of P’ are transformed by T~* in points of
infinity of P. This observation let us show that. the ideal
(8gy ---» &) is irrelevant in P’. Let us assume that were this not
the case. Then it should be a m.p.d., B’, of P’ (&, ..., &) distinct
of the irrelevant and we would can -find ‘a valuation, v, with
‘center. in B’ and such that P’cR,. In this valdation should be
v(&)>0, =0, ..., n. But since. B’ is not the irrelevant of P’ it
G2k

should ‘have one element, f.e,
' . : g..el"li
lJ 0

,, of value zero. Hence

'vmww=u@@+mﬁ—nv®x by — 10,

But since the center of » in P must be a .point at mﬁmty,
follows that

2(E)>minlv @), -\ v G,
which involve that
- o vy > v.v (I)
where -v'iS the degree of fyoy; and 1 is a linear form of P of minimal

value in v. Hence f;9; would have a zero at infitity, in con-

tradiction with the construction of these forms. Therefore, by
the Th. I follows that T $]=R"NP for ever.y point, B’ at
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_infinity of P’ and since. B'NnP is a 'simple pomt also ‘B
simple point. -

Q.e.d.
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ALGUNAS CORRECCIONES

El Prof. Krull (Z. B. f. Mathematik., vol. 44, pag. 354) ha
sefialado. la posibilidad de que dada la, a su juicio, complicada
notacién que hemos empleado en nuestro trabajo: «Correspon-
dencias algebraicas. II», publicado el afio 1951 en esta Revis-
ta.se hayan deslizado gran ntmero de erratas de imprenta que- di-
ficultan su lectura. En carta particular (10-111-1953), y a nuestro
requerimiento, ha temdo la amabilidad de sefialarnos las siguien-
tes erratas:

Pag. 163, linea 1.7, dice: Q on 3y debe dec1r Q* on I.
F}

y 164, » 72 » Hence_p1 » Hence

Gustosamente las sefialamos con la esperanza de que resulte me-
nos ingrata la lectura del mencionado trabajo.
El Prof. Segre (Math. Rev., vol. 14, pag. 314), al hacer la

recensién de nuestro trabajo : «Orlentacuf)n de varledades alge-

{»~
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“braicas», publicado el afio 1952 en esta Revista, pone a conti-
nuacién del titulo: (Spanish. English summary). No- creemos
que la versién inglesa que publicamos de dicho trabajo pueda lla-
marse resumen, pues, como se advierte en la nota ** de la pa-
gina 94, lo tUnico que se ha suprimido en la versién inglesa han
sido las demostraciones. Por este motivo nos extraiia que al in-
dicar en la mencionada recensién que €l lema 2 no es correcto,
no sefiale que tal lema fué suprimido de la versién inglesa (pa-
gina 98, l.c.); ya que nos dimos cuenta que dicho lema no se
habia empleado en ningdn momento en dicho trabajo, razén por
"la que tampoco nos preocupamos de su comprobacién. '

Sefiala también el Prof. Segre que el L. 5 es incorrecto, sin
especificar que se trata de una simple errata de imprenta, pues
como se dice antes de enunciarlo (pdg. 88, l.c.) este lema es un
caso particular del L. 1. Efectivamente, en lugar de

AM. A,M.  A,M

An A, N A

(pég; 88, l.c.) debe decir:

MA, MA, ... MA,
- Anl An2 Ann

v ninguna de estas dos correcciones afectan lo m4s minimo ni a
"la esencia ni al detalle de las demostraciones que figuran en el
texto l.c. '

PEDRO ABELLANAS.
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