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From integrable nets to integrable lattices
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Inspired by the results of Jonas, Einsenhart, Demoulin, and Bianchi on the permut-
ability property of classical geometrical transformations of conjugate nets and its
reductions—of pseudo-orthogonal, pseudo-symmetric, and pseudo-Egorov types—
dressing transformations of tié-component KP hierarchydescribed within the
Grassmannignare used to generate quadrilateral lattices and its corresponding
reductions. As a byproduct we get the corresponding discrete dressing transforma-
tions; in particular, we characterize the vectorial fundamental discrete transforma-
tions preserving the symmetric lattice. 2002 American Institute of Physics.

[DOI: 10.1063/1.1454185

[. INTRODUCTION

As was noticed in Ref. 1 Jonas and Einserfttaknew that the iteration of fundamental
transformations? of a conjugate net generate a lattice built up of quadrilaterals. More recently this
idea of interpreting transformed integrable as points on the corresponding integrable lattices was
considered in Refs. 5 and 6. In Ref. 7, following Demotiimd Bianchf) it was also observed
that the circular lattice could be obtained by the iteration of Ribaucour—Bianchi
transformationg®®

On the one hand, in Refs. 11 and 12 we gave #fanction formalism of conjugate and
orthogonal nets and found the role of Miwa transformations in the construction of quadrilateral
lattices. We extended further these ideas to the orthogonal net and the circular'faBicehe
other hand, we have a Grassmannian theory for conjugate and reduced nets as well as for their
dressing transformatiort:*® The aim of this article is to generate, using these dressing transfor-
mations, the corresponding lattices, expressing the elements of the lattices in terms of the so-called
Cauchy propagator. Thus, this article could be considered as an analytical version—of a geometric
nature—of the folklore “Darboux transformations discretise continuous integrable system.”

In this article we study conjugate nets and their reductions of pseudo-orthogonal, pseudo-
symmetric, and pseudo-Egorov types. In this respect we generalize the Grassmannian
descriptiod®!’ of nets in Euclidean spat®'®to the pseudo-Euclidean case. We take advantage of
this extension to present the characterization of the Baker functions, Cauchy propagator, and
dressing transformations for these more general reductions. Although, thhessing—as was
discussed in Ref. 15—is not adequate to generate lattices from the reduced nets, we introduce a
limiting case of it, which we call singular dressing transformation, in order to generate the corre-
sponding lattices. As these lattices are generated from reduced nets in pseudo-Euclidean space
they are not of the standard circular or Egorov types. Indeed, we get integrable lattices that extend
these lattices and that we have named as pseudo-circular and pseudo-Egorov lattices.

The contents of the article are as follows. In Sec. Il we remind the reader of the Grassmannian
formulation of conjugate nets, their reductioffow in pseudo-Euclidean spaceand the corre-
sponding dressing transformatiom@sand singulafnote that even for thé-dressing the construc-
tion given here is more general than that of Ref). 16 Sec. lll we generate quadrilateral lattices
and give their geometrical elements, including those of the backward Idttineterms of the
Cauchy propagator. Section IV is devoted to the generation, by means of singular dressing, of the
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reduced lattices. We first generate pseudo-circular lattices, then symmetric and finally pseudo-
Egorov lattices. Finally, in Sec. V we recover the dressing transformations of the lattices. The
central idea is that of permutability: dressing transformations of the net permute. Hence, we could
either first generate a lattice and then perform a general dressing, or first perform the general
dressing of the net and then, through particular dressing transformations, generate a dressed lattice.
We prove that the passage from the lattice to the dressed lattice is a discrete fundamental
transformatior®1?°We also show that for the reduced pseudo-circular case we get the generali-
zation to this pseudo-Euclidean case of the discrete Ribaucour—Bianchi transforffiatiane
finally characterize the discrete fundamental transformations for the symmetric lattices of Ref. 18.
We now proceed to briefly review some basic facts regarding geometric nets, lattices, and
their transformations.

A. Geometric nets

1. Conjugate nets

In recent years'?*!it has been found that the theory of integrable systems is a useful tool to
studygeometric nets x=x(uy,...,uy) of conjugate typein RN.?>° They are characterized by the
Laplace equations

#x  dInH; ax dInH; ax L L .
- Em —, L,j=1,..N, i
au; du; Juj  u; o oy’ J=1,...N, is (1)

whereH; are the so-calletlamecoefficientsThe compatibility conditions for the above equations
can be expressed in terms of tletation coefficientss;;

1 9H;
I H] an ’
as
IBik o ,
——=pPibBxj, 1,J, and k different. 2)
Juy
Each solutions;; of (2) determines a family of parallel conjugate netgiven by the solutions
of
x =H;X
ou,

Here X; stands for theenormalized tangent vectord the net defined by

X

2. Reduced nets

Let us consider now conjugate nets in the pseudo-Euclidean ﬁﬁ'qchith p+q=N. Thus,
we have a nondegenerate symmetric bilinear form
1, i=1,.p,

N
(X.X>==Zl axXiXi, with =1 _ i=p+1,.p+q,

which can be written as
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X1
<X,X>:(X1,...,XN)Ip‘q ~: y
XN

with
lpq:=diag €q,...,en).

Among the conjugate curvilinear coordinates systems in pseudo-Euclidean ﬂ%ﬁgmme
finds thepseudo-orthogonalones for which

IX X 0 izi

o o = ’ | .

dU; (9UJ J
The corresponding normalized tangent vectors

X_l X H X X i—1
e NN e TN

where we assume that the LaroeefficientsH;, i=1,...N, do not vanish; i.e., that none of the
vectorsdx/du; have zero norm. The linear system satisfied by these vectors is

IX; . o

ﬁ_uj_’B”Xj:O’ i,j=1,..N, 1#], (4)
X,

(9_|+ > €aBiX=0, i=1,.N, (5
u; k:qué.i..N

whereH; and g;; are the Lamend rotation coefficients.
For the rotation coefficients one has

J
,BIJ —BikBik;=0, i.j.k=1...N, with i,j.k different, ©6)
3ﬂ” aBu o o
i du; jau +k72 fkﬁkiﬁijO, i,j=1,..N, i#]. )
k;ﬁlj

Forp=N, q=0 we recover the Lamsystem which characterize orthogonal rfét8°It that case
the metric GZ—EN 1szu is a flat diagonal metric, while in the pseudo-orthogonal case the flat
metric is (tz—EN LeHZdu?.

A different reductlon is the pseudo-symmetric one. Now we request

€j ﬁlj ejﬂjl - (8)
In this case we are dealing wittotentialconjugate nets; i.e., potentials functions exist such that
, 90 N
€H; :(3’_Ui’ |<X| -X|> 0—;u| 9

for any symmetric bilinear forng-, -).

A particularly important type of pseudo-orthogonal net is piseudo-Egorov nef”:2¢ Now,
we have a pseudo-symmetric pseudo-orthogonal net. F8pand(5) we deduce that the pseudo-
orthonormal framg X}V, is s-invariant
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aX;=0, i=1,.N,
with (9==EiM=107/(9Ui , and using(8), (7) and then(6) we conclude that

In fact, the Lameequationg6) and(7) reduce in the Egorov case (6) and(10). The d-invariant
Egorov net®?° are Egorov nets that further satisfy tiiénvariance of the Lameoefficients
dH;=0,i=1,...N. These nets are relevant in relation with Frobenius manifolds and associativity
equationg>30

3. Transformations of conjugate nets

The fundamental transformatigf(x) of a conjugate nex shares withx the same conjugate
congruence; i.e., the linds, F(x)) intersecthoth nets along the coordinate lines. The fundamental
transformation is given By*

— * Q[g’H] .
hereQ[{,{*] is a solution of

0
{9_uk_§k§k1 =1..N,

where{ are scalar solutions dB).

4. Ribaucour transformation

The Ribaucour transformatidfi?’%43Lis the reduction of the fundamental transformation
which preserves the orthogonal character of the net. Essentially, both orthogonal nets are tangent
to families of hiperspheres iRRN, and can be recovered by studying nets in quadfi@iven
functions¢; such that

agi_ o1 o
ﬁ_uj_lgijgj, i,j=1,..N, i#]j,

new orthogonal coordinateB(x) are given by

1 N
R(x)=x—2mﬂ(§,H)k21 Xy

B. Geometric lattices

1. Quadrilateral lattices

Among the N-dimensional lattices<:ZN— RN there is a distinguished class for which the
elementary quadrilaterals are plafai>1The planarity condition can be expressed by the follow-
ing linear equation for suitably renormalized tangent vect(s) € RN,

AG=(T;Qj))¢;, 1,j=1,..N, i#], (12)
being its compatibility conditions, and the following discrete Darboux equations
Ainj :(Tink)ij, i,j and k different.

The pointsx of the lattice can be found by means of discrete integration of
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Ax=(TH)¢, i=1,.N,
whereH; are solutions of equations
AiHj=Q;TiHi, i,j=1,..N, i#]. (12)
In the above formulasT; is the translation operator in the discrete variahle
Tif(ny,... N ... ny)=F(nq,....n+1,...nn),

andA;=T,;—1 is the corresponding partial difference operator.
The discrete vectorial fundamental transformatidris given by

G=¢—QE)ULL) G, i=1.N,
Hi=H - Q&) 'QgH), i=1..N,
Qij=Qi—(§ Q&L ),
K=x—Q(&, )LL) TTAGH).
These are data for a new quadrilateral latfices far ag;  V, V a linear space, angf € V* being

the dual ofV, are solutions of11) and(12), respectively. The linear operat®({,*):W—V is
defined by the compatible equations:

AL )=4e(Tig), i=1..N. (13

2. Reduced lattices
Quadrilateral lattices: ZN— RN for which each quadrilateral is inscribed in a circle are called
circular or cyclid lattices*3%7:3¢20t can be shown that for the tangent vectors the constraint

Q:|T|(Q:])+Q:]TJ(Q:|):O, |¢j,

is equivalent to the requirement that the lattice is circular. In Ref. 18 the symmetric and Egorov
lattices were introduced—the Egorov lattice was also introduced by Schief. The symmetric lattice
appears when backward and forward data of the lattice are related in a particular way. A circular,
symmetric, and diagonal invariant lattice is called an Egorov lattice. It was proven that Egorov
lattices are characterized by

Qi'Ti(QJ’):O, |¢j
When the data defining the fundamental transformation fulfills
G=(Q(¢, )+ T,Q(e, )¢, i=1,...N,

QL)+ QL8 =20(¢,0)'Q (¢, ),

the transformation preserves the circular reductfot{:??

Comment:Continuous versions of these discrete vectorial fundamental transfornfatigns
pear in the continuous limit. The geometrical interpretation of these transformations can be found
in Ref. 1.
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II. GRASSMANNIANS, CAUCHY PROPAGATOR, NETS, REDUCTIONS, AND DRESSING

In this section we review the results of Refs. 14 and 15 and extend them to the pseudo-
Euclidean reductions. We recall for the reader the Grassmannian scheme for conjugate nets as well
as pivotal objects like the Cauchy propagator. We continue with the reductions in pseudo-

Euclidean space and finish studying dressing transformations—aofl singular types—and the
corresponding reductions.

A. Grassmannians

The KP formalism of conjugate nets can be conveniently formulated in terms of the two
families G, and Gt,, of infinite-dimensional Grassmanniang(f) :={ze C:|z|=r}).** The
elementsWe Gr,,y andV e Gr’;(r) are subsets of the spatg,,) of Laurent series

> a

n=—o

with coefficientsa, in the algebraMy(C) of NXN complex matrices, which converge on the
circle y(r) and such that the projection mn;(,),

<] oo
P > a "> a2,
n=—c n=0

is a bijective map. Furthermor&/ andV are assumed to be left and right modules, respectively,
for the algebrav (C).
EachWe Gr, ;) has an associatety* e Gr’;(,) defined as the set of those=H ,, satisfying

f w(z)v(z)dz=0, VweW. (14
y(r)

GivenWe Gr
operators

y andVe Gr y the action of the KP flows are implemented by the multiplication

y(r y(r

W(W) =W H(z,u), V(W)= g(z,u)V,
whereu=(Uy,U,,...,uy) denotesN infinite sequences
Ui:(Uiyl,Uivz,...)ECN'w,

and

n=1

N
Yo(z,u):=exp(£(z,u)),  &(z,u):= D, Z”(iZl ui,nEi)’ (ED) k= 8ij Six -

B. Cauchy propagator

Given We Gry, its associated Baker function is defined as the unique funcifon
=(z,u) such that its restriction tg(r) is the element oV which admits a convergent expansion
of the form

ay(u)
2"

Y=x(zZ,U)ho(z,U), x(zu)=Iy+ n; (15)

Similarly, the adjoint Baker function associated W& is defined as the unique function*
=y* (z,u) such that its restriction tg(r) is the element ofNV* with a convergent expansion
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ag (u)
Zn

P = do(z,u) " x* (z,u), >(*<z,u>=|N+n§1 : (16)

Finally,_the corresponding Cauchy propagateee Refs. 38, 39, 14, and)36 a Green function
for the 9 operator

A .o ,
a—?(z,z u)=m8(z—2'), (17

outside the diskD(r):={ze C:|z|<r} which satisfies the following boundary conditions:

(1) The restriction of to y(r), as a function of, is an element of\.
(2) As z—x,

\If(z,z’,u)zo(%) Po(z,u).

The relation between the Baker functions and the Cauchy propagator is giten by

1
—;zp*(z’,u)w(z,m—[z’]) for |z]<|Z'|
¥(z,z',u)= 1 (18
SV (2 -z for |2]<|2

1 1
[2):=([2]1,... 2]y [z]i==(;,...,— )

nz"’

and by
o
m(z,z’,u)=z//*(z’,u)Eiz,/;(z,u). (19

C. Conjugate nets

We introduce the row matrix

e=(0,.,0, 1 ,0,..,0, i=1,..N.

1
ith place
The Baker functions satisfy
ap, oy .
a_ull:Bikl/fka 0—u|k:¢//’lfﬁki, i #K, Ug=Ugg, (20
where 8= B(u) is
B=a;=—aj, (21)

and

gi=e,  Yf=yre.

The compatibility of these linear systems implies the Darboux equations
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IBik . .
——=BiByj, 1,j and k different.
8uk

Thus, B, are the rotation coefficients for the family of parallel conjugate nets with tangent vectors
and Lamecoefficients given byX;);=X;; and the rowsH;=H,;, (I=1,...N), respectively. Here

X(u):= Lzﬁ(z,u)N(z) d?z,

HW:= | M@ 20 &2

where M(z) and M(z) are appropriate matrix distributions. The corresponding conjugatexnets
are the rows=x;;, (1=1,...N) of'*

x(u) = LX(VM(z’)‘P(z,z’)N(z) d’zd?z’. (22)

D. Reductions

We introduce the following involution in the space of KP parameters:

e(u)=(e(u)1,e(u)z,....e(Un), e(u)in=(—1)"" u,.
The following notation convention is used:

( e oN u =0, for n even,
U= (Uq,...,Uuy) € ,
! N W n,=Ujn, for n odd.

We should stress that the following propositions 1, 2 and 3 were originally obtained—in

Euclidean space—in the context of thdormulation of integrable lattices in Refs. 36 and 18.
Here we derived them following the Grassmannian scheme of Refs. 14 and 15.

1. Pseudo-orthogonal reduction

An elementWe Gr,,, satisfiesthe pseudo-orthogonal reductighfor every v e W* it fol-
lows thaft (z) :=zv(—2)"1, 4 is an element ofV. For the discrete case ape-N (see Refs. 18 and
36) similar results are found. In the sense of Ref. 23 this i$-arduction.

Proposition 1: If We Gr, satisfies the orthogonal reduction, then we have the following

(1) The Baker function and the adjoint Baker function satisfy

z* (= z,8()l p g=1p qd%(Z,u) + (B (U g =15 oBU)) ¢(Z,U), (23

whered:=3,;d/du; .
(2) The following identity for the Cauchy propagator holds:

Z'1,q¥(2,2 ,u) =2V (=72, — z,e(W)l p = — ¥(= 2’ ,e(W)l, gh(Z,U). (24)
(3) The Baker function satisfies
P (=z, (U p qth(Z,U) =1, 4. (25

(4) The Baker function at=0 satisfies
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Ip(0,u) = (B(U)— 1, g8 (W) p,q) ¥(0U),

PHO.(UNN g (OU) =1, 4.

Proof: (1) As W fulfills the pseudo-orthogonal reduction we can ensure that"
X (—z,e(u))l, 4 W. Moreover, its asymptotic expansionzt < is

1 1
zy*(—ze(u)lpq=2 IN+B‘(e(U))E+0 ;))Ip,qtﬂo(z,U),

which has the same normalization as

p.q@¥(z,u)+ (B e(U)lp g poB(W)¥(Z,u).

(2) The function
’ ! Z t !
d(2,2',u):=1, V(z,2 ,u)—?\lf(—z y—zZe(u)lp g,

as a function ofz, belongs toW and is homomorphic outside(r) up to a singularity az=2";
however, this singularity is avoidable and therefore the asymptotic expansenoat

1 1
(2.2 ,u)= —;wt(—z’,ew))lp,qw(;))%(z,u)

can be extended te(r). This implies the desired result.
(3) Just takez' —z in (24).
(4) Putz=0 in (23) and(25).
O
WhenMz) =N5(2), with N'e 0(p,q) a pseudo-orthogonal matrid/ , JN=1, 4, the rows
of x(u) describe a set of parallel pseudo-orthogonal nets. This is a consequence of

Xl p o X(w) = NGOl g (ON=Np (N=1, 4,

as it means that the rows % X;, from a pseudo-orthonormal basis. Moreover, fr(@8) we get

dii(0)=— 2 €€ By (0)

k#i

that together with(20) implies for theX; = ¢;(0)N the system formed by4) and (5).

2. Pseudo-symmetric reduction

We say that an elemeWe Gr,,, satisfiesthe pseudo-symmetric reductidginfor every v
e W*, it follows that7 (z) :=v(—2)l n.q€ W.

Proposition 2: When W Gr, fulfills the pseudo-symmetric reduction, then we have the
following.
(1) The Baker function and the adjoint Baker function satisfy

w*t(_zae(u))lp,q:Ip,q‘!"(zau)- (26)

(2) For the Cauchy propagator one has
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lpq¥(z,2 ,u) =V (=2, —ze(u)l,4=0. (27)

Proof: (1) As W fulfills the pseudo-symmetric we know that*'(—z,e(u))l, ;€ W. The
asymptotic expansion at is

1 1
P (=2 e(W)lpg= |N+ﬁt<e(u>);+0(?))lp,qwc)(z,u),

which implies the stated result.
(2) The function

d(z,2'u):=1, V(2,2 ,u) =P (=2, —z,e(u)l, 4

as a function oz belongs toW and is homomorphic outsid2(r) up to an avoidable singularity
atz=2z'; i.e., the asymptotic expansion @t

1
¢(Z!Z, )= O( E) lﬁo(z,u)

extends toy(r) and the result follows.
O
From (26) we deduce,Bt(e(u))Ip,qzlp,qﬂ(u); i.e. €Bij=¢€;B;i. Thus, parallel pseudo-
symmetric nets are given by the rowsxdu) of (22). Moreover, the potentials ifB) are

= ' ! t_— 25,251
6_( Jt:xcM(z )W (z,2')lp gM(—2) d°zdz ) ,

V= Tr( f GNY(—2)1,4V (2,2 )Mz) dPzd?z’ ) ,
CXC

with G the symmetric matrix of the bilinear form, -).

3. Pseudo-Egorov reduction

The pseudo-Egorov reduction is the combination of pseudo-orthogonal and pseudo-symmetric
reductions. Thus, an elemeWte Gr,,, satisfiesthe pseudo-Egorov reductidh

(i)  for everywe W, the functionW(z):=zw(z) is also inW, and
(i)  for everyv e W*, the function (z):=v(—2)"is in W.

The pseudo-Egorov reduction implies the following properties for the Baker functions and the
Cauchy propagators.
Proposition 3: If We Gr,, satisfies the pseudo-Egorov reduction, then we have the following
(1) The Baker function and the adjoint Baker function satisfy

(= z,e(U)lp q=1pqt(Z,U),  I(z,u)=2zi(z,u). (29

(2) The Cauchy propagator is given by

lp. g/ (= 2", e()l p qib(zZ,u)

¥(z,z',u)= —

(29
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E. Dressing methods

We review the dressing methods in the Grassmannian as presented in Refs. 14 and 15. We

start with the?—dressing and then define the singular dressing. We end describing how these
transformations can be constrained in order to preserve the reductions.

1.4 -dressing

Let D(r) andD(T) be two disks centered at the origin witk<T. Denote byy(r) and y(T)
their respective boundaries, and Aythe annuluD (f) —D(r).

Given a matrix distributionrR=R(z,z') with support inAXA, it determines a “dressing
transformation”

Tr:Gr—>Gr,5), W—W, (30)

where for everyW e Gr,,, the correspondinglV e Gr, is the set of boundary values aiff) of
matrix functionsw=w(z) satisfying theg-equation

ow _ ’ ’ d2 !
a—?(z)—wa(z )R(Z',z) d°z', zeA,

and such that the restriction wfto y(r) is an element ofV. Observe that fov € W* CGr’;(r) we
have

0_0 __fR ’ ! d2/ A
(97(2)_ A (z,2")v(z")dz", zeA.

For separable kernels of the type,

R(z,z'>=wk21 f(2)9(2") (31)

with {f, }e 1, {gi}ks, two sets of linearly independeiM y(C)-valued distributions, the Cauchy
propagatorst and¥ associated wittW andW, respectively, are related by
V(2,2)=V(2,2)+mz)(1-w) K2, (32

where we have introduced the following notation:
Mk(2)==fA‘I’(Z’,Z)fk(Z’)dzZ’, m= (g opm) A= Msemn(C),

V1

vk(z)==ngk(z’)W(z,z’)dzz’, k=1,...m, vz( : ):AHMmNXN(C),

Vm

w/k::fAXAg/(z”)\If(z’,z”)fk(z’)dzz’dzz”, kK,/=1,..m, ®=(w,)eMmnnuxmn(C).
(33

We also showed the followintf.
(1) The dressing transformations for the Baker functigz), adjoint Baker functiong/* (z),
and the matrix of rotation coefficienf3 are
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W)= P(2)+ e(1- ») n(2),
P ()= (2)+ m(2)(1- w) e,

B=B+e(1-w)te*,

with

©=(¢1,....¢m), ¢k=fA¢(Z)fk(Z)d22,

o= 1], er= ngAz)w*(z)dzz.

(2) The dressed nets are then given by the corresponding rows of the matrix,
X=X+ M(1-w) N, (34)

where
M=f/\/l(z)/u(z) d’z, NIJ v(z2)Mz) d?z. (35)
G C

2. Singular dressing

The?—dressing generated by the separable ket@®l has the following singular form. For

everyWe Gr the correspondingVe Gr, s, W* e Gr’;, are the sets of boundary values on
v(T) of matrix functionsw=w(z), v=v(z), respectively, satisfying

fw(z')fk(z')ol2 '=0, fgk(z')u(z')ol2 '=0, k=1,..m,
A A

and such that the restriction of v to y(r) is an element oW, W*, respectively. Observe that if

in theg-dressing with a separable kernel we schle>sf,, ge¢—sg, and lets—», we get the
just-introduced singular dressing. This observation justifies the name given to this type of dress-

ing. The Cauchy propagators and ¥ associated wittw andW, respectively, are related by

V(z,2)=V(z,2")— m(z ) 1(2). (36)

Hence, all formulas for the nonsingular dressing translates into this singular case by just perform-
ing the replacementl ¢ w) '— — L. In particular,

X:=x— Mo N (37)

Comments:

(i) These two dressing methods can be identified with iterated fundamental transformations of

conjugate netd? In particular, theg-dressing constitutes a spectral interpretation of these
transformations.
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(i) The dressing transformations presented here are maps from-GGr, ) . However, both
Grassmannians are obviously isomorphic as a subsﬁ&g@srym determines a unique

subspacalV e Gryy=1w(zr/T):w(z) e \7V}. Hence, with this at hand it is clear that we can
iterate these dressing transformations.

3. Dressing reduced nets

(a) Pseudo-orthogonal reductioror theg-dressing when the dressing kernel satisfies the
condition

zl,R(2,2')=Z'R(~2',~ 7)1, 4=0, (39

then its corresponding dressing transformation preserves the pseudo-orthogonal reduction. Ex-
amples of separable kernels of this type are

m

R(z,2')=—n2Z' kél f1(2)Bual pafl (=2 pg (39

with By e M(C) and Byl o+ p,qB}k=O, which corresponds to the following identification

m

gk(Z) == Z;l BkII p,qflt( - Z)I p.q-

This is precisely the choice to take within the singular dressing in order to ensure the pseudo-
orthogonal reduction after the transformation. However, now there is an essential difference: now
the matrixB,, is not constrained in any way.

Now we apply the different relations characterizing the pseudo-orthogonal reduction. First,
from the differential relation23) between Baker and adjoint Baker functions we deduce that we
can relate the followingransformation data

(pkzzfA,p(z)fk(z) d?z and <p;=—JAzlpyqftk(—z)lp,qlp*(z) d?z,
as follows:

t
(P’l:c p.q— I p,qﬁ(Pk"_ (Btl p.q I p,qIB)(Pk-

With the notation

Ld(2)=— f 2l ot (=21, gV (2,2') P2,
A

W= — fAXAz’Ip,qf}((—z’)lp,q\lf(z,z’)f,(z) d?zd?z’,
we can write

pn(2) = fAWz’,z)fk(z')dzz', w2 3 Bk
=1

m

Y= 2 Brom -

k=1
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Then, (24) implies the following relations:

Zp(=2) gt 1 qd(2) =@ (2), (40)
lp.q@+ @ q= @1 qe. (41)
If we setz=0 in (40), then
e=9(0)1, L' ()l q, (42)
so that
@ p.q0=1p,qf(0)1 € (0, (43)
and we conclude
wlpgtlp @ =N, N N =: Lg(z)/\/(z) d?z={0)N. (44)

Then, the dressing is
%:=x+ M(1-Bw) BN’, B=(By).

From the above expressions we conclude the elementary singular dréssiresponding tan
=1 andf,;=fP; with f a scalar function coincides with the well-known Ribaucour—Bianchi

transformation of orthogonal néfs’ and bothd-dressing and singular dressing are generalizations
of it.
(b) Symmetric reductionVhen the dressing kernel satisfies the condition

1p.qR(z,Z')—R(=2',—2)1,4=0, (45)

its corresponding dressing transformation preserves the symmetric reduction. Separable kernels of
this type are

m

R(z,z')=wk§1 f(2)Cil pafi (=2 ) g (46)

with Cy;e My(C) andCyl o —1 p,quk=O, which corresponds to the following identification:

m
gk(Z)Zzl Cul pafi(=2)pg-

This is the proper choice to perform when dealing with the singular dressing in order to preserve
the symmetric reduction but now the constant matriCgsare completely free.

As for the pseudo-orthogonal reduction we use the relations characterizing the symmetric
reduction. First, with the differential relatidi26) between Baker and adjoint Baker functions we
derive for the followingtransformation data

<pk::JA¢(z)fk(z) d’z and ¢:=JAIp,qf‘k(—z)lp,qz/f*(Z) d’z,

where

*1 _
Pi Ip,q_lp,q(Pk-



J. Math. Phys., Vol. 43, No. 5, May 2002 From integrable nets to integrable lattices 2537

The notation

gk(z)::jAIpyqflt(,(—z’)lp'q\lf(z,z’)dzz’,

@ = foAlp,qf‘k(—z')lp,qxv(z,z’)fl(z) zd?z’,

allows us to write

pd(2) = JA\I’(z',z>fk<z'> &z, w(2)=2 Cueli(2),

k'=1
m
W= 2 Crw @i
k'=1
Thus, (27) gives
|p,qﬂt(_z):€(z)|p,q ) (47
lpq@=w'lpq- (48)

Finally, the dressing is
X:=x+ M(1—Cw) ‘CN, C=(Ck|),./\/"=ﬁ§(z)./\/(z)dzz.

Comment:Observe that, apparently, in the singular dressing there is more freedom in the
matricesB,C. However, this is not true in general, for if we assume, for example in the symmetric
case, that the matri€= (Cy,) is invertible, then in the dressed Cauchy propagator there is no trace

of these matrices; i.e., it is built up only in terms of the functidp&), while in the 9-dressing
these constant matrices do not disappear at all. Of course, the situation changes when the matrix
C is not invertible.

Ill. QUADRILATERAL LATTICES GENERATED BY DRESSING TRANSFORMATIONS

We discuss here how the dressing transformations for conjugate nets generate quadrilateral
lattices. We finish discussing the backward represent&timfithe lattice in this context.

A. 67-dressing and quadrilateral lattices

We shall consider within thBl-component KP hierarchy a set Nf&_—dressing transformations
with the jth transformation, sa¥;, being generated by the following separable kernel:

R(z,z")=ma(z)P;b(2),

with al) andb(") scalar spectral distributions. The Cauchy propag#dt¢z,z’) satisfies
TV 2 = "+ ()51 1 ﬂ<i)
i¥(z,2")=¥(z,z ) +a'(z )1_Qi(iii) (2)
with

am(z)::L\P(z’,z)a“)(z’)dzz’eit,
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(7)) .— (i) 1 {257
B (2):=¢ f b(z)W(z,2') 7',
A

Q“U::J b(z")¥(z,z")a(z) d’zd?z’,
AXA
or, in terms of the shift operataX;:=T;—1,

AW (z,2')=ad"(Z) (I,)ﬂ' (2). (49

The transformationsT; are fundamental transformations and, following Jonas and
Einsenhart®? their composition must generate a quadrilateral lattice. We can show explicit ex-
pressions of the geometrical objects defining the net in terms of the Cauchy propagator. For that
aim we introduce the following definition.

Definition 1:

Qll)

1- Q“ Tihy:=

TQy:= f M(2)d(2) Pz, ¢ = J(;ﬂ‘>(z>N<z> 2.

1— Q(”)

Then, we have the following proposition.
Proposition 4: The following equation holds:

Aix=(T;ih)g. (50)

The vectors!; are the Comberscure vectors of the fundamental transform@tioAssuming
that the set of Comberscure vectQS}iN:l is linearly independent and also thgtf =0 implies
f=0, we have the following.

Proposition 5: The Comberscure vectas, i=1,...N, satisfy

the coefficients Q satisfy the discrete Darboux equations
AQi;=(TQik)Qkj»  1,j,k=1,...N, i,j,k different
and h; fulfill

Proof: The first assertion follows from
Agi=¢g LXAb“)(z')(A,—qf(z,z'))/\/(z) d?zd?z’

b(i)(z ) (J)(Z )
= jA— z|=(T;Q;)¢;.

Y
QIJ

U BV (2)Mz) &

The second is the compatibility condition for the just-deduced equation. Tha¥,(g);<;)
=AJ(Ak€|) SO that

[T((4;Qi) = (T;Qij) Qi) 1€+ [ T; (A Qi) — (T Qi) Qij) 1€ =0,

and using the linear independence&f, ¢, and the invertibility of T; and T,, we deduce the
discrete Darboux equations. The compatibility(60), A (A;x)=A;(Ax), implies
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[Te((Ajh) = (T;h) Q) 1€+ [T;((Akhy) — (Tkhy) Qi) 1€; =0,

and as before we deduce the linear systemhfor Il

We have just shown that théth row x;, of x has the property that the vectors
1%, Tix, Tjx, TiT;x } form a planar quadrilateral. To build up the quadrilateral lattice we need to
give a meaning td’ini with n; € Z: first, for n;=1 we identifyTilzTi ; second, to construdtinixu)
we just iteratgn;| J-dressing transformations with kernets("’(z) Pib{"(z'), j=1,...n;. In each
step we are sure that we are constructing a quadrilateral strip of the lattice. Thus, we deduce the
following.

Theorem 1: The rows of the matrix

X(Ng,...ny) =T TRX(to),  Ny,...NyeZ

are parallel quadrilateral lattices with renormalized tangent vectpes ., , Lamecoefficients of
the Ith lattice given by(h;), and rotation coefficients Q.

B. Singular dressing and quadrilateral lattices

Analogous considerations as above lead to the same conclusions; i.e., the generation of quad-

rilateral lattices, as in thg—dressing but with the new definitions.

Definition 2: Discrete rotation coefficients and Lameefficients are given by
Qi(j'l)
YK
Qj)

1 ) )
T;Qij= Tih; ::_WLM(Z)“@(Z) d’z, €= J'Cﬁ(')(Z)N(Z) d’z.

It is particularly relevant, as we shall see, in relation with the pseudo-orthogonal, pseudo-
symmetric, and pseudo-Egorov reductions.
C. Backward representation of the generated quadrilateral lattice

For the?—dressing generated quadrilateral lattice we introduce the following.

Definition 3: Discrete backward rotation coefficients and Lacoefficients are given by
ool | ) 1 |

Tini==1_—Qi(i”), hi==—f“M(z)a<'>(z) d?z, Ti¢i==—1_—wﬁjﬂ'>(zw(z) d?z,

and then
Proposition 6: The backward coefficients just introduced are subject to the following rela-
tions:

AQi=(TiQiQuj 111 k=1...N,i,j k different

Proof: First we compute

Ajﬁi:LXAM(Z’)(Aj\lf(z,z’))a“)(z) d’z' d’z¢

bi(2)Wi(z,2)aV(2)
f an d°z
XA 1-Q;

=“ M(z’)a(i)(z’)dzz’}
G

=(T;Qih;.
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Then, the compatibility of this equatiod;A;h,=A;jA;hy, gives the discrete Darboux equations
for Qij . We also observe that

AiX: ﬁiTi é:i
and its compatibility gives the linear system foy. O
This is the backward representation of the quadrilateral lattice as explained in Ref. 18. More-
over, the functiong; introduced there can be identified with
pi=QiV—1. (51
If instead of the;-dressing one uses the singular dressing, one only needs to perform the replace-

ment 1- Q{0 — — 01
For a further check we can evaluate

TjPi=Pi+foAb“)(z’)(Aj\If”(z,z’))a“)(z) dzd?z’

=pi[ f b"(z)af"(2') 2
A

1 . )
_ () (i) 2
pj[fA'B' (z)a"(z) d°z

1

:pi_Qi(j”);ﬂj(i“):pi_(Tiji)pi(TiQij)1
J

so that we obtain(2.8) of Ref. 18, from where it is derived the-function expressiorp;

=Ti7'/7'.18

IV. PSEUDO-CIRCULAR, PSEUDO-SYMMETRIC, AND PSEUDO-EGOROQV LATTICES
GENERATED BY SINGULAR DRESSING TRANSFORMATIONS

The quadrilateral lattice generated ldydressing does not admit the pseudo-circular or
pseudo-symmetric reductions. This was the main motivation for us to consider the singular dress-
ing which indeed allows for both reductions. Thus, we will use it to generate reduced lattices and
show that they are of the pseudo-circular, symmetric, and pseudo-Egorov types, respectively. For
the standard cadg 4=y this was anticipated by Demoufirmnd Bianchi and we are following
the path suggested in Ref. 7.

A. Singular dressing and circular lattices

We consider the pseudo-orthogonal reduction and take the singular dressing for generating
quadrilateral lattices with

b (z)=—za"(-2z).

In this way it is ensured that the dressing transformation is a Ribaucour—Bianchi transformation of
the corresponding pseudo-orthogonal net.
From (24) we deduce

| p,qQ(ij)+ QY q= ¢(i)t| p,q¢(i): I p,q[ fAb(i)(Z)q,(o’z) d?z

t
|p,({ Lb“)(z)\lf(o,z) d2z} Ip.g
(52

where

o= J’Azp(z)a(”(z) oz
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As we chooseV(z)=Né(z), Ne O(p,q), we have for the Comberscure vectors
¢=B(0)N.
Proposition 7: The Comberscufe;}\L; vectors fulfill
(€, Ti€)+(¢;, T;¢)=0, i#j.

Proof: From (52) it follows that

ijij)ej-f—eiﬂfiji):(ﬁ ). (53
As we also have
iR
Tj¢i=¢i—2m¢j :

we conclude
(&, Tig)+(¢), Tj€)=2((¢;, ¢~ Q] ej— Q") =0,

O
Hence, following Ref. 18, fop=N andq=0 (the Euclidean casehe corresponding quad-
rilateral lattice is circular . Thus, we are dealing with extensions of the circular lattice to pseudo-
Euclidean spaces.
Observe that53) implies which, in particular implies, for thg; function introduced in51),

pi= %, &),
As in the construction of the lattice we need to have a well-defined inyerSeWe require that

(€;,€)#0.

B. Singular dressing and symmetric lattices
For the symmetric reduction the associated quadrilateral lattice is generated taking
b®(z)=a(~2),
which ensures that in each step the symmetric reduction is preserved. In this case we have
Ip,qQ(ij): QY 0.

In particular,
cQfl=0fg,

which gives, using Definition 2, the relation
€piTiQij=¢€piTiQji
or
EjQij =Qjjei.

After rescaling of the backward coeﬁicie?ﬁ@ijeq ejQij we get asymmetric lattice as intro-
duced in Ref. 18.
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A further check of this fact is the following.
Proposition 8: The discrete rotation coefficients do satisfy

(TiQji)(T; Q) (T Qi) = (T; Qi) (TiQii)(TkQj),  i,j and k different

Proof: Replacing the explicit form of the discrete rotation coefficients given in Definition 2 we
have

(TiQji) (T Qi) (T Qi) — (T Qi) (Ti Qi) (T Qjk)

(o)) (o ol
Q_('ll) Ql(ljl) Q(kk QJ(JJJ) Qi(ill) Q(kk)

which, using(8), is easily shown to vanish as desired. O
C. Singular dressing and pseudo-Egorov lattices
We now take the pseudo-Egorov reduction and we generate the quadrilateral lattice with

a(z)=6(z—1), bW(z2)=68(z+1),

which ensures that Egorov reduction is preserved—this corresponds to Miwa transformations of
the CBKP hierarchy. In this case we have

26,Q1V=(¢,¢)). (54

Proposition 9: The Comberscw{e}:i}i:l vectors fulfill

Proof: From
Q(IJ)
T¢i=¢—2€j7—
(e, ¢)
and (54) we derive
(¢,¢)
T,¢=¢—
j i i <€j ,€j>
Hence, the desired statement follows. O

Again, for the cas@=N andqg= 0, we conclude thahe quadrilateral lattice happens to be
of Egorov type (following Ref. 18 and Schigf Hence,(55) is our definition ofpseudo-Egorov
lattice.

V. INDUCING DRESSING TRANSFORMATIONS ON LATTICES

Either theg-dressing or the singular dressing, of the Cauchy propadga8y (32), and(36),
as fundamental transformations—sa&y—provide new conjugate ne¥t) from known onex(t).
We also have shown how to generate, using basic dressing transformations, quadrilateral lattices
from them, sayX(n,t) and x(n,t). The important permutability property of these fundamental
transformations gives the following commutative diagram

]_‘
X(t) —— Xt

rl ]

x(n,t) —  X(n,t)
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Furthermore, the transformatiotin,t) —X(n,t), as we shall see, is a discrete fundamental trans-

formation in the sense of Refs. 1 and 19. To check this point, first recall, either Wﬁadlmsing
or with the singular dressing, formul&34), (35), and(37). Then,(49) implies for thetransfor-
mation data

ng Q(..>d2 -dressing,
q)ij::JAﬂ(l)(Z)fj(Z)dZZ, Tiq)j*i’:
JgJ Q(u) d z, singular dressing,

the following:
Proposition 10: The transformation dakd;;, ®;; and the potentials\;, NV and wj; are
linked by

AjDy=(TjQipPjk, A;PG=0Q;T;dy;,
Mj=(Tih) D, AN=(Ti®H)E, Ajwy=(T})D; .

Proof: Although the proof given here is for th@dressing, a similar proof holds for the
singular dressing case.
We first evaluate

Ajcbik:eif b (z") (AW (z,2"))f(2) Pzd?Z’
AXA

b(z") eV (2") ,
- fAl——Q}J’f” fAB(J)(Z)fk(Z) =(TjQi)) P
We continue with
Ai/\/lj:j M(2)(AY (2, 2)f(2') dPzdPz’
A
M(z
- fAl s()“)')dz U B () &2 =(Tih) P

and

Ai/\/j=ngj(z’)(Ai\If(z,z’))N(z) d?zd?z’

J g,(z )a(l)(z )

1— Q T a_odh (Tiq)ﬁ)ei .

HJ BY(ZHMZ') &2’

Now, from the compatibility conditionm\;A;N=A;A;N it follows that
(D,kclejiqu)’kcj

Finally,
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AiwklzijAgk(Z)(Ai‘I’(Z,Z'))f|(2’)dZZdZZ’

a2 (2)
A 1-0f"

dZZHf BY(E)(2) 2 |=(Ti) Py .
A

O
As a corollary we conclude that the induced transformatimmsdiscrete vectorial funda-
mental transformations of the quadrilateral lattice.>'*°

A. Pseudo-circular lattices

Given a pseudo-orthogonal net we know how to generate a pseudo-circular lattice and also
how construct new pseudo-orthogonal nets via dressing, which happens to be a generalized
Ribaucour—Bianchi transformation. The permutability of these transformations lead us to conclude
that the generalized Ribaucour—Bianchi transformation generates a transformation preserving the
pseudo-circularity property. In fact, as we shall show here,are dealing with a generalized
discrete Ribaucour-Bianchi transformation, in the sense of Refs. 20, 37, and 22. For that aim
it is enough to check the following.

Proposition 11: The transformation dath,
and w;; are linked by

ij » Comberscure vector®;, and the potentialsV;

=381 g(N]+ TN g,
@il p.gtp.g@ =N o Nk
Proof: The latter equality i44). For the former we first notice that
gl p,q(NjurTiNj’)t:ﬂi)(o)' rxq(gj(o)+Ti§j(o))t

and

BY(0)=e JAlp,qwt(Z)a“)(Z) &’z|1 5 qi(0), G}(0)=|p,q¢//t(0)JA¢//(Z)fj(Z) &zl g,

so that

BI(0), qsh(0)=| il q fAzﬁ(z)a(”(z) oz

lo,q-

Ip'q{f;\ (2)fj(2) &z

Second, using agaif24) we have
;= ei|p,qu¢t(Z)a(i)(Z) Ip,q[ L\ #(2)ti(2)
t
€ f (=2l ofi(= D)) ¥ (2,280 (2') Pzd?Z' | 1 4
AXA

:B(i)(o)l p,q§}(0)| pa™t pi(Tiq)}ki )tl p.q
where, in this reduced case, we define

* t a(i)(z) 2
Ti<bji = fA(—le,qu(—ZNp’q)Wd Z.
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In third place, recalling that;s;(0)= g (T;®})", we find
%ﬁ(i)(o)lp,qugj,(O):pi(Tiq)iki)t-
Finally, collecting these results we arrive at
@i =B (0)1p,4[£(0)+ (Tisj(0) —sj(0))],
from where we conclude the first relation. O

B. Symmetric lattices

The same arguments as for the pseudo-circular lattice lead us to conclude that we are gener-
ating a discrete fundamental transformation that preserves the symmetric constraint.

In fact, we can derive the following characteristic equations

Proposition 12: The transformation dath;; , ®;; and the potentialg; andw;; are linked by

;= pi(T;i@3)"
1Irk|:ﬁ’|tk-

Proof: The second equation is just8). The first derives from the definition of the transfor-
mation data and27) O

Indeed, one can show th#iese are the only two requirements to impose to the funda-
mental transformation to preserve the symmetric reduction
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