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Abstract

In this work we develop a Lagrangian reduction theory for covariant field theories
with local symmetries and, more specifically, with gauge symmetries. We model these
symmetries by using a Lie group fiber bundle acting fiberwisely on the corresponding
configuration bundle. In order to reduce the variational principle, we utilize generalized
principal connections, a type of Ehresmann connections that are equivariant by the
fiberwise action. After obtaining the reduced equations, we give the reconstruction
condition and we relate the vertical reduced equation with the Noether theorem. Lastly,
we illustrate the theory by applying it to several examples, including the classical case
(Lagrange-Poincaré reduction) and electromagnetism.

1 Introduction

Reduction by symmetries has played a major role in geometric mechanics since it was first
introduced with its modern approach [I,23,24,28]. The key idea is to use the symmetry
group of the system to obtain a reduced set of equations on a space of lower dimension. In
the Lagrangian setting, this reduced space is the quotient of the configuration manifold by
the symmetry group, and the reduced equations come from a reduced variational principle.

The reduction results in Geometric Mechanics [9,[10,22] have been extended successfully
to the realm of Classical Field Theory [6,15] and, in particular, to covariant field theo-
ries [BL7,8,11], where the configuration manifold is substituted by a fiber bundle whose base
space models the space-time. In previous works, reduction by global symmetries (also known
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in the Physics literature as global gauge symmetries) has been investigated. In this case a
Lie group G acts upon the configuration bundle Y so that the configuration bundle of the
reduced problem will be Y/G. In this situation, every element g € G induces a diffeomor-
phism on the whole space ®, : Y — Y. However, there is a wide variety of physical systems
with local symmetries, i.e., when the symmetry group depends on the point of the space-time
(also known in the Physics literature as local gauge symmetries). This is modelled by a Lie
group fiber bundle acting fiberwisely on the configuration bundle. The main instance of this
situation are gauge theories [12,19]. In such theories, Utiyama’s theorem [14,29], as well as
its generalization to interaction of gauge fields with matter [2], ensure that the Lagrangian
density only depends on the curvature (force), instead of depending on the principal con-
nection itself (potential). The standard Field Theory reduction scheme (Lagrange-Poincaré
reduction) does not apply and a new framework is needed for these essential theories.

This paper addresses the construction of a general Lagrangian reduction procedure for
(covariant) field theories with local symmetries, following the idea introduced in [26] for
a very particular case. The reduction of the variational principle relies in the use of the
generalized principal connections investigated in [I§], that is, Ehresmann connections that
are equivariant by the fiberwise action. Our theory of local symmetries extends the classical
case investigated in [II] for global symmetries, as we will see below.

Reduction theory has also been analyzed in the discrete setting for both mechanics [34,20,
21] and field theory [30], yielding geometric integrators for the reduced theories. Nevertheless,
we do not address this matter in this work.

We organise the paper as follows. In Section 2] we recall the geometric tools needed
to develop our theory. Namely, fibered actions of Lie group fiber bundles and the natural
connections arising on the corresponding quotient bundles, generalized principal connections.
Section [3is devoted to study the geometry of the quotient of the first jet of the configuration
bundle by the fibered action, and to build an affine connection on it. Next, in Section 4] we
compute the reduced variations and we apply it to the reduced Lagrangian, thus obtaining
the main result of this work: the reduced field equations. After that, we investigate the
reconstruction condition in Section Bl and we relate the vertical reduced equation with
Noether theorem in Section [6l At last, in Section [7] we demonstrate our theory by applying
it to several examples. In particular, we study the classical case (global symmetries), the
full jet symmetry, electromagnetism in vacuum —as well as p-form electromagnetism—, and
symmetry breaking of gauge theories with product groups.

In the following, every manifold or map is assumed to be smooth, meaning C'*°, unless
otherwise stated. In addition, every fiber bundle my x: Y — X is assumed to be locally
trivial and is denoted by my x. Given z € X, Y, = W;l)(({:c}) denotes the fiber over x. The
space of (smooth) global sections of 7y x is denoted by I'(my x). In particular, vector fields
on a manifold X are denoted by X(X) = I'(mrx x), where TX is the tangent bundle of X.
Likewise, the space of local sections on an open set &« C X is denoted by I'(U, 7y x). The
derivative, or tangent map, of a map f € C*°(X, X’) between the manifolds X and X’ is
denoted by (df),: T, X — Ty X' for each € X. When working in local coordinates, we
assume the Einstein summation convention for repeated indices. A compact interval will be
denoted by I = [a, b)].



2 Preliminaries

This section is devoted to introduce the main geometric tools used in the forthcoming devel-
opment. Namely, we recall the theory of generalized principal bundles and connections that
was introduced in [18]. Here we present the results without proofs, since they appear in the
aforementioned paper.

2.1 Actions of Lie group bundles

A Lie group fiber bundle with typical fiber a Lie group G is a fiber bundle 7g x : G — X
such that for any point x € X the fiber G, is equipped with a Lie group structure and there
is a neighborhood & C X and a diffeomorphism U x G — 7r§1X (U) preserving the Lie group
structure fiberwisely.

Note that the map 1: X — G that assigns the identity element 1, € G, to each x € X is
a global section (called the unit section) of mg x. Any Lie group bundle defines a Lie algebra
bundle 7g x : § — X as the vector bundle whose fiber g, at each x € X is the Lie algebra of
G,. That is, g = 1*(VG), where VG C TG is the vertical bundle of 7g x, i.e. the kernel of
(mg,x)«. We consider subgroups of Lie group bundles in the following sense.

Definition 2.1. A Lie group subbundle of a Lie group bundle mg x : G — X is a Lie group
bundle Ty x: H — X such that H is a submanifold of G and H, is a Lie subgroup of G, for
each v € X. It is said to be closed if H, is a closed Lie subgroup of G, for every x € X.

Let my x be a fiber bundle and 7g x be a Lie group fiber bundle. We denote by Y xx G
the corresponding fibered product, which is also a fiber bundle over X.

Definition 2.2. A (right) fibered action of 7g x on my x is a bundle morphism ®: Y xxG —
Y covering the identity idx such that ®(y,hg) = ®(P(y,h),g) and ®(y,1,) = y, for all
(1,9): (y,h) €Y xx G, mg x(y) = x.

For the sake of simplicity, we will denote ®(y,g) = vy - ¢ and we will say that mg x
acts fiberwisely on the right on my x. Note that it induces a right action on each fiber,
b, = Ply,«g,: Yo X G, — Y,. The fibered action is said to be free if y - g = y for some
(y,9) € Y xx G implies that g = 1,, z = 7y x(y). In the same way, it is said to be proper
if the bundle morphism Y xx G 3 (y,9) — (y,y-g) € Y xx Y is proper. If ® is free and
proper, so is each action ®,, since the fibers of a bundle are closed.

As the fibered action is vertical (i.e. it covers the identity idx), we may regard the
quotient space Y/G as the disjoint union of the quotients of the fibers by the induced actions,
that is,

Y/G=||Ye/Go = {lyle = (x,[¥]g.): € X,y € Y, },

zeX

The following diagram is commutative:



Ty, X

Y X Y oy T

T Y,Y/\ ﬁ/g,x \ / (1)
Y/G [y]g

Proposition 2.1. Ifng x acts on my x freely and properly, then'Y /G admits a unique smooth
structure such that

(1) myyg is a fiber bundle with typical fiber G.

(it) Ty x is a fibered manifold, i.e. a surjective submersion.

If we fix x € X, yp € Y, and gy € G,., we can consider the maps

o, G — Y, o0 Y, — Y,
g — Y4 y = Y9
In the same way, denote by Ly, : G, — G, and Ry, : G, — G, the left and right multiplication

by go € G, respectively. Infinitesimal generators (or fundamental fields) are defined in the
same fashion as in classical actions of Lie groups. Namely, for each £ belonging to the Lie

algebra g, of G,, then £* € X(Y,) is defined as
, d
&= | yoexp(te) = (dPy)1.(€),  yEY (2)
t=0

Fundamental vector fields are myy g-vertical, i.e. £ € VY for each y € Y,, where VY =
ker (my,y/g)« is the vertical bundle of yy/g. Of course, they are also 7y, x-vertical.

Lemma 2.1. Let mg x be the Lie algebra bundle of mg x. The following map is a vertical
isomorphism of vector bundles over Y :

Y xXxg — VY (3)

(y,6) — &
In addition, for any (g,&) € G Xx @, we have:
(Dg)+(£7) = Adg1(£)". (4)

2.2 Lie group bundle connections

Recall that an Ehresmann connection (see for example [17]) on a fiber bundle 7z x: Z — X is
a fiber map TZ — V Z = ker(mz x). such that its restriction to V' Z is the identity. Similarly,
we can regard an Ehresmann connection as a distribution HZ C T'Z complementary to V' Z.
Finally, an Ehresmann connection is also a section of the jet bundle mji, : J'Z — Z.

If mg x is a Lie group bundle, an Ehresmann connection v: TG — VG can be also
regarded as a bundle map (denoted by the same letter for the sake of simplicity)

v: TG — g, Uy — (ngfl)g (v(Uy))
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Definition 2.3. A Lie group bundle connection on g x is an Ehresmann connectionv: TG —
g satisfying
(i) ker vy, = (d1),(T,X) for each x € X.
(ii) For every (g,h) € G xx G and (U,,Uy) € T,G X1,x ThG, * = mg x(g), then:
v ((dM) 1) (Uy, Un)) = v(Uy) + Ady (v(Uy))

where M : G X x G — G 1is the fiber multiplication map.

The geometric interpretation of Lie group bundle connections is provided by the following
results. We denote by ”‘ ‘ the parallel transport of v and by Hory: T, X — T,G its horizontal
lift at any g € G, v = mg x(9).

Proposition 2.2. Let v be an Ehresmann connection on g x such that ker vy, = (d1),(T,X)
for each x € X. Then v is a Lie group connection if and only if for any curve x: I — X we

have o
H z(a) <gh ( H a) ) (VHx(a)h> ) g’h € gx(a)' (5)
Consequently,

g = (1D 0) Y e = L, 6)

Proposition 2.3. Let v be an Ehresmann connection on mg x and consider the corresponding
jet section v € I'(mjigg). Then v is a Lie group bundle connection if and only if

(i) pol=j'1=dl
(ii) v(gh) = v(g) v(h) for each (g,h) € G Xx G.

Lie group connections induce linear connections on the corresponding Lie algebra bundle.

Proposition 2.4. Let x: I — X be a smooth curve. Then the map gHiEZ)) Boa) — Ba(p)

defined as

z(b

. il
Q‘ ‘ (b ‘ ‘xga)) eXp<€ g)a f € gm(a)

m(a dE —o

is a linear parallel transport on g x.

Denoting by
be checked that p

8¢ — —
Vi dt

l/odexp(tf), € € I'(mg x).




2.3 Generalized principal connections

Let my,x: Y — X be a fiber bundle on which a Lie group bundle 7g x: G — X acts freely
and properly on the right. We denote by ®: Y xx G — Y the fibered action.

Definition 2.4. Let v be an Ehresmann connection on the Lie group bundle mg x. A gener-
alized principal connection on myy,g associated to v is a for’nﬂ w e QY(Y,g) satisfying:

(i) (Complementarity) w,(&;) = & for every (y,§) €Y xx 8.

(11) (Ad-equivariance) For each (y,9) € Y xx G and (U,,U,) € T,)Y x1,xT,G, v = my x(z),
then:
Wy-g ((dq))(y,g)(Uya Ug)) = Adg-1 (wy(Uy) +v(Uy)) -

We denote by Hory': Ty, (Y/G) — T,Y the horizontal lifting given by w at y € Y. The
next result gives a geometric interpretation of the above definition in terms of the parallel
transports ”H and ”} , in the same vein as Proposition 2.2

Proposition 2.5. Let v be an Ehresmann connection on ngx and w € QY(Y,g) be an
Ehresmann connection on wyy,g. Then w is a generalized principal connection associated to
v if and only if for any curve v: I — Y /G, the corresponding parallel transports satisfy

-9 =(“100y) - (IL0s):  9€Gw. yeYw, tel,  (7)

where x = Tyg x © 7.
The cuvature of w (see, for example [17, §9.4]) is the 2-form Q € Q*(Y,g) defined as:
Q(Ul, UQ) = —W ([Ul — W(Ul)*, UQ — W(Uz)*]) s Ul, U2 € X(Y)

The linear connection V& on 7g x enables us to express the curvature as follows.

Proposition 2.6. Let d® be the exterior covariant derivativdl associated to V8. Then

Q(Ul,Ug):dgw(U{L,Uél), Ul,UQ E%(Y)

The adjoint bundle of the action of 7y x is defined to be the quotient g = (Y X x )/G by
the (right) fibered action

(Y xxg) xxG — Y Xxxg (8)
((v.€).9) > (y-g,Ad-1(9)).

It is a vector bundle over Y /G equipped with a Lie algebra bundle structure. As in the case
of (standard) principal connections, it is possible to regard the curvature as a 2-form on the
base space Y /G with values in g.

Tn fact, w takes values on the vector bundle my «8,v, which is the pull-back of mg x by 7y, x. Abusing
the notation, we denote the pull-back bundle by the same symbol.

2The exterior covariant derivative of a linear connection VZ on a vector bundle TE,x is an operator in
the family of E-valued forms on X, d?: Q*(X, E) — Q**!(X, E). For a I-form a € Q' (X, E) it is given by

d¥a(Uy,Us) = V§ (a(Us)) — V{, (a(Uy)) — a([Ur, Us)), Ui,Us € X(X).



Definition 2.5. The reduced curvature of w is the 2-form Q € Q*(Y/G,&) given by
Qg (U1, Un) = [y, Q, (Hory (Uy), Hory (Us))]
for each [ylg € Y/G and Uy, Us € Ty, (Y/G), where y € Y is such that yy,g(y) = [ylg-

The reduced curvature is well-defined, i.e. it does not depend on the choice of y € Y.
Indeed, let g € G,, where © = 7wy x(y), u; = (dmy)g x)y(Ui) € T, X for i = 1,2 and
v € I'(mg,x) be such that vy(x) = g and vy, o (dy), = 0. Using [I8, Proposition 3.10] we
obtain

U) (dCI)) (HOT (Uz)> (d'Y)x(uz)) ) =12

Hence, we have

[y~g,Qy.g(HOT§,g(U1,Hor <U2))] = [y-g,—wyg([Hor o(U1), H yg(U2)])]g

y'ga_wyg( dq))(yg HOT (Uy), )l‘(ul)) (d >(y79) (HOT <U2>7<d7)l“(u2))])}g
y-g

[ (
gy ((AD) ) ([Hor(Th), Hor(U)] ,[(d >< ). () (u)]))],
( [

)
= | (
2 ( ) .
[y g, wyg(d ) (w.9) (HOT (Uy), Hory (U )} (dy)e ([u, ug] ))]
= | ]
= |
= |

NMlweg <g

- g, —Ady-1 (wy ([Hory(Ul ), Hors( Us)])) G
Y, — ([Hor (Uy), Hor”(Ug)])}
v,y (Hor (Uy), Hor¥ (Ug))}

Q@

where we have used that [(d7).(u1), (dy)z(u2)] = (dv), ([u, us)).

3 Geometry of the reduced configuration space

Let mg x be a Lie group bundle endowed with a Lie group bundle connection v. Then

it defines an identification of jet bundle J'G — X with the vector bundle on which it is
modelled, that is,

0, JI¢ — Gxx(T"X ®g)

jen +— (n(x),v o (dn).).

Note that J'G — X is also a Lie group bundle (for example, cf. [12 §3, Theorem 1]). This
structure may be transferred to G xx (T*X ® g) via the above identification, yielding the
following fiber multiplication

(10)

(9,&) (h,n.) = (gh, & + Adg o ng), (9,&),(h,ny) € Ge x (Th X ®1,), x€X.

Henceforth, let my x be a fiber bundle on which g x acts fiberwisely, freely and properly,
and 7y x be a closed Lie group subbundle H C J'G of mjig x such that mngg(H) = G.
Besides, suppose that 7 g is an affine subbundle of 7,15 g. Identification (I0) enables us to
regard

@1/<H) C g Xx (T*X ®g>7



We denote O,(H) by the same symbol H, since the context will clarify the distinction
between the two objects. If v satisfies ©(G) C H, where 7 € I'(m15¢g) is the corresponding
jet field, then the condition for mz ¢ to be an affine subbundle of J'G — G is equivalent to
be a vector subbundle of G x x (T*X ®g) — G.

Proposition 3.1. Let H C J'G be an affine Lie group subbundle and v be a Lie group
bundle connection on mg x such that v(G) C H. Taking into account the identification (I0),
there exists a vector subbundle $ C T*X ® g such that

H=Gxx$9
Furthermore, $ is Ad-invariant, i.e. Ady($),) C 9, for each x € X and g € G,,
Proof. Given the subgroup H C G xXx (T*X ® g), we consider the bundle $ — X, by

9, = Hy,, v € X. Given any element (g,n) € H,, mg x(g9) = x, if we consider the group
operation by (¢71,0) € H, we have

(9:1)(g",0) = (1a,n) € H,

so that n € 9,.
For the second part, observe that for each n € $, and g € G, we have

(9,0)(Lz,n) = (9, Ady(n)) € Go X -
U

Analogous to the adjoint bundle defined in (§)), we can consider the tensor product 7% X ®g

as the quotient

ENGE CLIIN

by letting G act trivially on T*X. As the vector subbundle $ C T*X ® g obtained in
Proposition Bl is Ad-equivariant, the action of G on Y x x (T*X ® g) restricts to Y Xx $
and we may consider the corresponding quotient

Y xx $
g

In addition, gy g 1S a vector subbundle of 7y« xggy/g, S0 it makes sense to consider the
corresponding quotient vector bundle

T"X @8

"X @g=

H =

cCT"X®g—Y/G (11)

— Y/G (12)

We denote its elements by [y, {.]5, where y € Y, & € (T"X ®g), and z € X.

On the other hand, the first jet extension of the fibered action ® turns out to be a right
fibered action of g x on my x

W JWYW xx J'G — JY

(jis.jlv)  — jH(®(s,7)) (13)



where, for (local) sections s € I['(myx) and v € I'(mg x), we have the (local) section
O(s,v)(z) = P(s(x),v(x)), v € X. If we regard 1-jets as differentials of sections at a
point, that is, jls = (ds), and jlv = (dv),, we can see ®! as

O (25, 17) = (AR)(s(@) () © (A, dYa) + TeX = Tiayn(a)Y
The following result studies the geometry of the quotient of 71y, x by the fibered action
(I3) when restricted to the Lie group subbundle H C J!'G.

Theorem 3.1. Let w € QY(Y,g) be a generalized principal connection on Ty,y)g associated
to the Lie group connection v on mg x and consider a Lie group subbundle H =G X x ) as
in Proposition[31. Then the following map is a bundle isomorphism over Y/G:

JYWY/H —  JYY/G) xysg (T X®g) /9

(14)
[ mS]H — (]:1:087 [[5 ‘T ]] ) )
where 0, = [slg = Ty,y;gos € I'(my g x).

Proof. For jls € J'Y and jln € H, let s and n be (local) sections defining those jet elements.
On one hand, it is clear that og(,,) = 0s. On the other,

[ @5, ) (@), watm 0 ([@0(s,m)] . = [5(2) - 0(2), wsterne) © (@) spmien © () (dn))] 5

) )
)
S SL’) ( ) Adn(x -1 (ws(x) © (dS)x +tvo d?] m)]].%
5(x), we(zy 0 (ds)z + v o (dﬁ)m]]fj

= [s(z),wsm) 0 (ds)gcﬂfj :

Subsequently, the map is well defined. A straightforward computation shows that the inverse
map is B
JUY/G) xyg (T"X @8)/H — J'Y/H
(720 [y, &]5) — [Hory o (do)s + (&);]
where Hory': Tj,,(Y/G) — T,Y is the horizontal lifting given by w at y € Y. It is well
defined thanks to [18, Lemma 3.1, Proposition 3.10].

O

3.1 Connections on the reduced spaces

Let w be a generalized principal connection on 7y,y,g associated to a Lie group connection v
on mg x and VX be a linear connection on 7y x,x- These connections induce linear connections
on the reduced bundles T3,Y/G and T (1 X 2§) /5.Y/G as follows. Consider the linear connection

V8 on mg x induced by v (cf. Proposition 2.4]). As above, denote by ”H, QH and ”H the
corresponding parallel transports. It is easy to check from the definition that the connections
v and V3 satisfy the following compatibility relation:
m(b z(b)
QH (f) = Adqu(b) (E‘ }:1:( )£> ) g € gzv(a)v f € gm(a) (15)

a

Ne)



for every curve x: I — X. This and Proposition ensure that the following parallel
transport is well defined.

Proposition 3.2. The assignment that each curve ~v: I — Y /G corresponds to the map

W' Bw — 8, )

v(b)

w a(b)
[yug]g — |: ’ ,Y(a)yvg (

a(a) g] G

where x = Ty x © is a linear parallel transport on gy g.

We denote by V8 the corresponding linear connection on Tg,y/g and by Ve /dt the corre-
sponding covariant derivative.

Lemma 3.1. Let V¥ be a linear connection on g x. The assignment that each curve
x: I — X corresponds to the map

HHm(b Ha(a) = Hav), HHiEZ (9, 12) = (”Hx 9.l aﬂh) v (9:1e) € Hao)
is a linear parallel transport on Ty x .

Now we extend V¥ to a linear connection V® on T*X ® g and we suppose that it is
compatible with v, that is, that the relation (I5) holds for ®H instead of g} ‘ We are ready
to define a linear connection on the reduced bundle.

Proposition 3.3. The assignment that each curve ~v: I — Y /G corresponds to the map
(b) * =\ & * AN
L (TX@8)/Hw — (T"X®8)/ )0
v(b) z(b)
[[y7£:v]]5:j — [[ ’ “/(a ®H () ﬂ
where © = Tyg x ©7, 15 a linear parallel transport on T(1+x®8) /5.Y/G
Proposition and Equation (IH), together with the Ad-invariance of $), guarantee that

it is well-defined. Besides, linearity comes from the linearity of V®. We denote by V the

linear connection on m (7+ X&) /5Y/ associated to ’ } and by V /dt the corresponding covariant

derivative.

4 Reduction of the variational principle

4.1 Calculus of variations and reduced Lagrangian
Let my x: Y — X be a fiber bundle. A (first order) Lagrangian density on my x is a bundle
morphism

L:JVY — N"T*X

10



covering the identity on X, where n = dim X. Assuming that X is orientable and v € "(X)
is a volume form, we can write £ = Lo for certain L: J'Y — R called Lagrangian.

Henceforth, we suppose that X is compact. The action functional defined by L is
S(S):/ E(jls), SEF(WYJ()
X

A wariation of a section s € I' (my,x) is a 1-parameter family
{st} ={st el (myx):t€(—e€}

such that s = s, where ds = ds;/dt|,_, € I' (ms=7y,x) is the infinitesimal variation. In what
follows, we consider only 7y x-vertical variations, that is, dmy x o ds = 0.

Definition 4.1. A section s € I' (my,x) is critical for the variational problem defined by £
iof the variation of the corresponding action functionaﬁ vanishes for every vertical variation
of s, that is,

d

58(s) = =

S(sy) =

t=0

d ‘
- / ;C (]18t) == O, 55 c F (WS*TY,X)
dt),_oJx

A well-known fact is that s € I'(my x) is critical for S if and only if it satisfies the
Euler-Lagrange equations for the Lagrangian L, i.e. EL(L) (j%s) = 0, where EL(L): J?Y —
V*Y = (ker my x)* is the Euler-Lagrange operator (see [8, §2.4]).

We now assume that L is invariant with respect to an affine Lie subgroup bundle H of
J'G — X such that mpgg(H) = G, by a fiberwise action ® : Y x G — Y of a Lie group
bundle mg x on 7y x. That is, we have

L(®W (jps,gan)) = L (jas) . Y (jrs.dan) € J'Y xx H.
This enables us to define the dropped or reduced Lagrangian,
I: J'Y/H — R,

as l ([jzs]y) = L (jzs)-

Let w € Q'(Y, g) be a generalized principal connection on Ty,y,g associated to a Lie group
connection v on 7g x and suppose that the corresponding section v € I'(mig ) satisfies
7(G) C H. Thanks to Theorem B.I, we may regard the reduced Lagrangian as defined on
JHY/G) xy;g (T*X @)/ 9. Given s € I (my,x), the corresponding reduced section is

5=[s,s5w]z el <7T(T*X®Q)/5:J7X>

Observe that the projection T (1 x28) /5./G © sel (ﬁy/gx) is nothing but the quotient

section o, = [s]g = Ty,y)g © s.

3The variation of S only depends on the infinitesimal variation. This means that if {s;} and {s}} are two
variations of s such that ds = ds’, then dS(s;)/dt|,_, = dS(s})/dt|,_,

11



A variation {s;} of s induces a variation {Et = [s, sjw]]jzj} of the reduced section 5 =
[s,s*w];. By construction, L (j's;) = 1 (j'(0)¢,5;) for every t € (—¢,€). Therefore:

d / 1 d / q _

— L(js)v=— (7 (0s)e,S¢) v (16)
dt),_y Jx () o= G o Jx ( »3)

JY

x
’
’
’

; JY/H = JYY/G) xyg (T"X @8)/ 9
—— —_————

Remark 4.1. The calculus of variations described above is straightforwardly extended to a
non-compact base manifold X by considering compactly supported variations. In other words,
given a section s € I'(my x), the only variations ds of s allowed are those satisfying

{r e X:ds(x) A0} CcU

for some open subset U C X with compact closure U. Observe that, in particular 6s = 0 on
the boundary OU.

4.2 Reduced variations on (7T*X ®g)/ 9

In this section we compute the variation d5 of of the reduced section 5 € I'(7 (7. g5 /5 x)
induced by a variation ds of an unreduced section s € I'(my x). More particularly, we are
interested in the vertical part

§V3(x) = 05(x)" = : r € X,
dt |-

of that reduced variation with respect to the connection V on T (1+x08) /5,Y/ built in Propo-

sition 3.3l For that we analyze below the corresponding expression of §V5 when the variation
ds = ds;/dt|,—o is vertical or horizontal with respect to w. The expression of §V5 will be the

combination of both terms.

Lemma 4.1. If {s;} is a my,yg-vertical variation, that is, §s = & for some § € T'(mg x), then
we can suppose that it is of the form s, = s-exp(t&). In that case, d/dt|,_y Adexpe) 0 5w =
VE¢E.
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Proof. The first statement is because the variation of the functional only depends on the
infinitesimal variation. The second part is a computation:

%’tzo Adexp(tf) (@) 8:(,0 = %}t OSIW + %’t OAdexp(tﬁ) (@) s*w
= dt}t 0 Yo (s,exp(t€)) ((dq)) (s,exp(t€)) (dS deXp@&))) +ad( )( )

s Adexp(—te) (s"w + vodexp(t§)) + [€, s*w]

vodexp(té) + 4 Adexp(—teyovodl

il |
dt 1t=0 dt 1t=0

%}tzoy odexp(t§)
— v

Equality () comes from property (i) in the definition of Lie group connection. O

Proposition 4.1 (6V5 for vertical variations). If {s:} is my,y g-vertical, that is, ds = & for
some £ € I'(mg x), then:

§V3(x) = [[s(:p), (ng) (x)]]);j , reX
Proof. The reduced variations are

Si(x) = [s(z) - exp(t&()), ( = [s(2), Adexp(re@ay © (570),] 5 -

Since T (1 xe8) /5 y)gOSt = 05 forallt € (—e, e), we have that {5} is a T /8 y,g-vertical

T*X®F)
variation and V35,(z)/dt|,_, = d5,(z)/dt|,_,. Subsequently, the previous Lemma results in

7) = [s(2), &, Adexpesiwy © (5jw)2] s = [5(2), (VE) (2)]5
O

Lemma 4.2. If {s;} is w-horizontal, i.e. w(ds) = 0, then the horizontal component of §s
with respect to 'V is

d
§5(x)" = pr [s¢(x), (s*cu)gg]]j:j
t=0
for each x € X.
Proof. Let Hory,y: Toy@)(Y/G) — Ts@)((T*X ® &)/ $) be the horizontal lift given by V

at 5(z). Then 05(z ) Horg(x) (6os(x)), since (dm (T*X@;})/ﬁ,y/g)s(x) o ds(x) = dos(z). By
construction of V, we hav

HO"’—(x) (dos(z)) = (dQ)(s(m),(s*w)z) <HOT§}(x) (dos(x)) 7H07’(V5?w)x(0x))

where ¢: Y xx (T*X ®g) — (T*X ®§)/$ is the quotient projection. The horizontality of
ds(x) yields Hory, (dos(x)) = ds(x), and it is clear that Hor(vs?w)z (0z) = O(s+wy, - Hence,

_ d d .
05(x)" = Horg,) (d0,(x)) = (q o)(t) = — [[St(x), (s"w)als
dt|,_ dt|,_
where for the computation of the dlfferentall dgq, we consider the curve v: (—€,€) = Y X

(T"X @), () = (s:(2), (s"w)a), since ¥(0) = (s(x), (s'w).) and 7'(0) = (55( ); 02)- 0

*Recall that (dry /g x ), (2)(60s(x)) = 0, since the variation {s;} is my, x-vertical.
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Proposition 4.2 (6V5 for horizontal variations). If {s;} is w-horizontal, i.e. w(ds) = 0,
then
8V5(0) = [s(2), Qugey (0s(a), (ds).)] 5, € X.

Proof. Thanks to the previous Lemma:

6Vs(z) = 63(x) — 05(x)"
d

dt

[se(o), (57):l5 —

[s:(x), (s"w)l g

t=0 t=0

- o2

Since the formula that we are proving is local, we can suppose that our bundles are trivial,
that is, G = X x G, g= X xgand Y =Y/G x G, where g is the Lie algebra of G. We can
thus regard w as a 1-form on Y with values in g. Then

<s:w>$ﬂ ~

9

t=0

d

pr (sjw)e = 8" Lsew = 8™ (155dw + d(i55w)) = dws(z) (05, ds)

t=0

where £ is the Lie derivative and w(ds) = 0. Then

d

p (Sjw)e = dwy(m)(3s, (ds)") + dws() (35, (ds)") = dws) (35, (ds)") = dBw(Ss, ds)

t=0

= Q) (ds,ds),

since dwg(z)(ds, (ds)”) = ds(w((ds)’)) — ws@)([0s, (ds)’]) = 0. Indeed, we are working on a
trivialization, so we can write (ds)’ = £* for some & € g. Thus, w((ds)’) = w (é*) = ¢ and

~

ds(€) = 0. In addition, we have
[0, (ds)"] = (£as)0s)
d
— | (d®)(e g (95, 040
=0

dt
d

U
t=0

dt
= U

where g: (—¢,€) — G is defined as g(t) = exp (té) Note that U € T,Y is my,y/g-horizontal

since so is each Z; € Ts.4)Y:

ws.g(t) ((dq))&g(t) (58, Og(t))) = Adg(t)fl (ws(és(x)) + I/(Og(t))) =0

O

Since every arbitrary variation ds can be split into its 7y,y/g-vertical and horizontal parts,
we obtain the following result.
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Corollary 4.1. Let ds be a variation of a section s € I'(my x) and consider the induced
variation of the reduced sections = [s, s*w]z € 1"(7T<T*X®Q)/5;J «)- Then:

§Vs = [[s, VB¢ 4 Q (05, d:s)]]j:j : £ =w(ds)

At last, we express the reduced variation in terms of the reduced section. To do so, we
define the operator V" [(mg x) — D(7rexeg x) as
s v (£07) (1 _
(V8 (0) = —~—| . éellmgy), UEX(X), zcX, (17
t=0

where ~v: (—e€,¢) — X is a curve such that 7/(0) = U(x). By definition, it is clear that

VPl €lo = [, Ve, [v,€lg € T(mgx)

Corollary 4.2. Let 0s be a variation of a section s € I'(myx) and consider the induced
variation of the reduced section’s = [s, s*w]z. Then

3Vs(z) = {vﬂé + Qo0 das)]%

where &(z) = [5(2), wu(s) (95(2))g-

4.3 Variations on J}(Y/G)

The induced variations o of o, = 7y,y/g o s are just the projection of the variations of s,
that is

dos = dmy,y/g(ds).
In particular, these reduced variations are free, with no particular constraints (in contrast
with the constraints for §s analyzed in the previous section). For later convenience, we
now analyze the vertical part of the 1-jet lift of dos to J1(Y/G) with respect to a suitable
connection.

Let V¥/9 be a linear connection on the tangent bundle 7(Y/G) — Y/G and consider the
operator Vy/g: L(mrvig),x) = D(mrxerv/g),x) defined as

(W?%) () = v/ Q(Zto 7)(t)

y o€ F(?TT(y/g)J(), U e %(X), T e X, (18)
t=0

where 7: (—€,¢) — X is such that 7/(0) = U(z). The following Lemma is an adaptation
of [11, Corollary 3.4].

Lemma 4.3. Let {s;} be a variation of a section s € I'(my.x) and consider the induced
variation of o5 € I'(my,g x). Then:

VY9d(0,)(U,)
dt =0

where U € X(X) is such that U(z) = Uy, and TY/9 € T,H(Y/G) is the torsion tensor of VY/9.

= (V1/%00,) (@) + T (30,(2), jhon(Us)) . w€ X, U.€T.X,

15



The connection VY79 is said to be projectable on a linear connection VX on mrx,x if the
following diagram is commutative:

T 16 L 1(v/6)
d(dﬂy/g,x) dﬂ'y/gx
T(TX) v rx

where Y/9 and ¥ are the vertical projections of the connections VY/9 and V¥, respectively.
Consider the vector bundld]

TV,Y/G - V=T"X® T(Y/Q) — Y/Q

A section p € I'(m1(y/g),v/g) can be regarded as a section p € I'(my,y/g) since J*(Y/G) C V.
Likewsise, p can be regarded as a connection on 7y, x. The next proposition is an adaptation
of [16, Theorem 3.1, Lemma 3.1] to our case. See also [11, Equations (3.13), (3.14)].

Proposition 4.3. If VY/9 is projectable onto VX, then it induces an affine connection
v Y9 gy, Try/g)y/g given by
1 .
Vo =(idov)oVip  ZeX(Y/G). peT(mnwoe)

where id: T*X — T*X 1is the identity map, v* is the vertical projection associated to p, and
VYV is the linear connection induced on V =T*X @ T(Y/G) — Y /G by the tensor product of
the connections VY/9 and VX.

Corollary 4.3. For any variation dos = d/dt|;—o(0s); of a reduced variation o, the vertical

part with respect to the connection V7' /9 of its 1-jet lift is given by

V91 o),
dt

= _Y/géos +TY/9 (60,,doy) .

t=0

(3:]1()//g)j10S —

Proof. Given z € X and U, € T, X, the tensor product connection V" satisfies

VY50 gy - VG0l (YUY V(0 Ue)
dt * dt v dt dt '

Since the projection of 5. (o). (U), by dmy/g x is constantly U,, we have that VY79 (0,),(U,) /dt
is my,g x vertical so that

A HCAT 1 VVialos): VYo
x S — d J os €T S — x S
dt (id@177) 0 dt dt 7’
and the proof is complete by Lemma [4.3] O

If the connection V¥ is torsionless (and that will be our choice from now on), the formula
above simply reads

519 g — 75,

°For the sake of simplicty, we are omitting the pull-back notation of w7« x x by TY/G, X -
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4.4 Reduced equations

Let $° C TX ® g* be the annhilator of $§ C T*X ®g. Then, f° = YoH)/)gcTX 5"
will be the annihilator of $ C 7T*X ® g. This space is canonically isomorphic to the dual
vector bundle

5~ (TX9)/9)
and the dual pairing is (ly, Gla: [y, &llg) = (Coy &) for each [y, Glg € $° and ly, &5 €
(T"X ®8)/ 9.

On the other hand, note that J'(Y/G) xy,g (T*X ®@8)/$ — Y/G is an affine bundle,
since 1 (y/g),y/g affine and T (1 x08) /§,Y/0 vector bundle respectively. Let V* be the affine

connection induced by the connections V7 '(Y/9) and V on the corresponding bundles.

Definition 4.2. Let s € I'(my,x) and consider the reduced section s = [s,s*w]g, as well as
o, = Ty,y)g © s. The partial derivatives of the reduced Lagrangian

- JNY/G) Xy (T"X @8)/H — R

are the sections

5l 5l 5l
€ T (mr(v/9),x) 5ia. €T (mrxevv/gx) s 52 €T (Tge x)

00

defined as

ol d
<503 (), Um> T odt

ol d
VoY= —| 1(jloy+tVy,5(x)), YV, eT'X @V, »n(Y/G),
<5j10-3 (.T}), > dt o (ij' + 8(1’)) € x ® s( )( /g)

<%<x),wx> -2

for each x € X, where vy (t)" is the horizontal lift with respect to the connection V* of a
curve yy: (—€,€) = Y/G such that v (0) = U,. As usual, (-,-) denotes the corresponding
dual pairings.

l (w(t)h(t)> , Ve € T,y (Y/G),

t=0

[ (jpos,S(x) +tW,), VW, € ((T*X ®ﬁ)/§o)

os(z)

t=0

We remark that, whereas the two latter derivatives are (intrinsic) fiber derivatives, the
partial derivative §l/dos depends on the choice of the connections. Anyway, all of them are
sections projecting onto .

Since 61/05 lies in the annihilator of $, then for each [s, {lgel (7‘(‘( the dual

pairing satisfies

T*X®Q)/5%,X>

(o boels) = {5215l ) (19

Indeed, let z € X, g € G, and 1, € §, then [s(z) - g, Ady-1 0 & +na]g = [s(2),&lg +
[s(:p),nx]g and <5l/5§(x), [s(x),nx]g> =0, since [s(x),nm]g € 9.

17



Definition 4.3. The divergence of the operator v defined in () is minus the adjoint of
W“, i.e. the operator dive: T (7TTX®Q*7X) — T (71'@*7)() given by:

/X<¢,V%>vz—/x<divﬁg,g>v

for every ¢ € T’ (WTX@*,X) and § € T (7TQ7X).

Analogously, the divergence of Wy/g is minus the adjoint of (A8) restricted to vertical
sections (the restriction is allowed since the linear connection VY/9 is projectable), that is,
diVY/gi r (7TTX®V*(Y/Q),X) —T (WV*(Y/Q),X)-

Theorem 4.1 (Reduced field equations). Let my x be a fiber bundle over a compact manifold
X, mg.x be a Lie group bundle, mg x be its Lie algebra bundle and H C J'G be a Lie group
subbundle such that H ~ G xx $ via ([I0) for some $H C T*X ® g. Suppose that mg x
acts fiberwisely, freely and properly on the right on wy x. Let w € QY (Y, 5) be a generalized
principal connection on Tyy,g associated to a Lie group connection v on mgx, V® be a
linear connection on mg x that can be extended to a compatible linear connection V® on
Tr=Xeg X, and VY9 be a torsion free linear connection on mr(y/g)y g projectable on a linear
connection VX on mrp.x. Consider the induced connections built Section 31, as well as the

. o ]
affine connection V> on T (Y/G) %y /6 (T Xe8) /5.y /G"

Let L = Lv: JYY — N'T*X be an H-invariant Lagrangian density and consider the
corresponding reduced Lagrangian l: J'(Y/G) Xy;g (T*X ®§)/$H — R. For any section
s € I'(my,x), we denote by 3 = [s, s*w] its reduced section and by o, = my,y/g © 5.

Then the following assertions are equivalent:

(i) The variational principle 5/ L(j's) = 0 holds for arbitrary variations of s.
b
(ii) The section s satisfies the Euler-Lagrange equations for L, i.e. EL(L) (j's) = 0.

(iii) The variational principle 5/ I(j'os,35)v = 0 holds for variations of the form:
X

375 = [V + (o, das)]%

where 5 € I'(mg x) is an arbitrary section and do is an arbitrary variation of o.

(iv) The reduced section s satisfies the reduced field equations:
ol ol ol ~
_ qivY/e _ 0
o, (5;105) <5§’ Vo >

div8 (%) -0
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Proof. The equivalence of (i) and (i7) is a well-known fact as we stated before. The equiv-
alence of (i) and (7i1) is a straightforward consequence of Equation (I€]) and Corollary [£.2]
To complete the proof, we show the equivalence of (ii7) and (iv).

Let ds be a my, x-vertical variation of s and consider induced variations of o5 and 5. Then:
[rGteasye = [ a(ie.s).
dt t=0J X X
= / dl (5 (jlos,E)h> v +/ dl (5 (jlos,E)v) v
X

— ﬂ ol Jl(Y/g) o / ﬁ Vo
= /X<5US,5OS>U+/ <5] ,0 v+ = 0vs

where the vertical parts 67 H(Y/9) jto, and V5 are defined with the connections V7 '(Y/9) and
V respectively. Making use of Corollaries and (.3 (with vanishing torsion) we get

, _ ol ol —=vyg
1(jY(0s)e5) v = /<—,5as>v+/<,—,v 5os>v
tO/X (j( )t t) X 503 5.7103
ol
Q
—i—/X<5 [V£+ (5as,das)]5>v

d

d

dt

Thanks to (I9), we may write:

<§l [V§+Q(5os,das)}5> <§i V% 4+ Q(éas,d08)>

Using this and the divergence operators defined above we get:

tzo/Xl(jl(as)t,Et)v — /X<5%,5as>v+/x< leY/g( j‘” ) 5as>v
L () e () o)

As a result, the variational principe of (7ii) reads:
é > v=20

—{ =10
/X<6as e (djlas) <5§’Ld<’s >"5Js>“+ (a5 )

for every section 5 el (7‘(‘@7 X) and every variation do, of 0. U

q
dt

Remark 4.2. The first equation is on my«y/g) x, and the second one on mg. x. On the other
hand, if the connection VY/9 has non-vanishing torsion, then the reduced equations are:

ol . Y/G ol ol v ol ~

—_—— — TY/9 N = ( = Q

5o div ( 5j10's) + < 5oy ldos 55 ldos )
ol

div8 (55) = 0.
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5 Reconstruction
Let 5 be a section of the reduced bundle (T*X ®§)/$ — X and let
0 =T (r+xe8)/8y/g ° 5
be the induced section of Y/G — X. We consider the subset
Y7 =705, (0(X) ={y €Y 1 myysg(y) = o(myvx(y))} C Y.

The action of G on Y restricts to Y7 and Y7 /G ~ X. In fact, we can regard Y7 as a pull-back
bundle Y7 ~ ¢*Y — X on which the Lie group bundle G acts transitively along the fibers:

Y YO ~ oY
o
Y/G - X

In particular, the adjoint bundle of Y7 — X is o*g — X. From this point of view, the
section 5 can be also considered as a section of the pull-backed bundle

(T X ®8)/9H) = (T"X @0*5)/0*H — X.

The restriction o*w of the connection form w to Y is a generalized principal connection
on Y? — X associated to the Lie group connection v. From [I8, Proposition 3.11| we
know that for any section & of T*X ® o*§ — X the form o*w — ¢ is a generalized principal
connection on ¢*Y — X.

Proposition 5.1. Let s be a section of Y — X, which we regard s as a section of c*Y — X,
and o = 7y,y)g o s. Then the generalized principal connection defined as

W' =o'w—¢§

1s flat, where 5 =[s,s*w|g € F(WT*X@JJ*Q,X)'

Proof. To begin with, we have that s(X) C Y7 is an integral leaf of o*w—¢. Indeed, it is easy
to check that (ds),(7,X) is w>horizontal for each + € X. This means that Curv(w®)s,) =0
for each 2 € X, where Curv(w®) is the curvature of w*.

An analogous computation to () yields
[s(x) - g, Curv(w®) s(ay4) 5 = [5(2), Curv(w®)sm]; = 0, reX, geg,

whence Curv(w®), = 0 for every y € Y. O
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Theorem 5.1 (Reconstruction). Let 5 be a section of (T*X @ &)/ $ — X that is critical for
the variational problem defined by [, and let o = T (1 Xe) [3,Y/G 05 be the induced section of

Y/G — X. Let € a section of T*X @ 0*& — X whose o*$H-class is 5 and suppose that the
connection ~ 3

wP=0"w—¢
is flat and has trivial holonomy. Then the integral leaves of the w® are critical sections of the
variational problem defined by L. Furthermore, any critical section of L is obtained in this

way.
Proof. The trivial holonomy of w® implies that its integral leaves are sections of o*Y — X

that project to the reduced section 5. According to Theorem [41] s is critital.

Conversely, if s is critical, by Proposition E.1lit is an integral leaf of w®. This Proposition
also ensures that w? is flat. O

Corollary 5.1. If X is simply connected, any connection has trivial holonomy and we have
the following equivalence of equations

(4l D s
 div/9 AL
5o, Y (5j1crs) <5§’Ld"89>

ELL)(j's) =0 = ¢ . g (51) —0

3
Curv(w®) =0

\

For non-simply connected manifolds, there are topological obstructions and examples of
reduced sections that do not admit unreduced sections.

Remark 5.1. Given a reduced section’s, there may be many sections & such thats = H B
_ o9

and Curv(w®) = 0. Fach choice will induce different solution s and the transitions between

them are governed by symmetries, that is, sections of G — X with 1-jets lying on H — X.

6 Noether’s theorem

The well known Noether’s theorem establishes that infinitesimal symmetries of the La-
grangian density yield preserved quantities for the dynamics of the system. The aim of
this section is to show that the vertical part of the reduced equation is equivalent to the
Noether’s conservation law. As before, let £ = Lv be an H-invariant Lagrangian density for
some H ~ G xx 9.

Definition 6.1. An infinitesimal symmetry of £ is a vector field U € X(J'Y) such that
LyL =0 or, equivalently, £y0, = 0, where £ denotes the Lie derivative and O, € Q*(J'Y)
is the Poincaré-Cartan form of L.
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If s € T'(myx) is a critical section for £ and U € X(J'Y) is an infinitesimal symmetry
of the Lagrangian density, the Noether’s theorem gives (see, for example, [13]) the following
conservation law

d((j's)" wOr) =0. (20)
In particular, if £ € I'(mg x) is such that its 1-jet extension falls in the Lie subalgebra

gxxHCaxx (TX ®g) =J'sg

of G x H ~ H C J'G, thanks to the H-invariance, it is clear that (£*)V € X(J'Y) is an
infinitesimal symmetry of L.

Theorem 6.1. Let L : J'Y — R be a Lagrangian invariant under the action of a sub-
group H C J'G and let s be a section of my.x. If 5§ = [s, s*w]g is the induced section of
T xom/sx @nd 1 JW(Y/G) Xy (T"X @8)/9H — R is the reduced Lagrangian, then the
Noether conservation law

d((5's)"ienmOc) =0,

for any section & of mgx such that €Y falls in g xx 9, if and only if the vertical reduced

equation
& [ 0l
d. g —_— pu—
v ( 55) 0

Proof. The result being local, we work with coordinates. Some conditions on these coordi-
nates will be imposed along the proof.

1s satisfied for s.

Let (2*,9%,y) be bundle coordinates for Ty x and consider the corresponding bundle

coordinates (z*,y’,y*, v, v/}) for my1y,x. Suppose that they are chosen so that (z*,y’) are

bundle coordinates for my,g x and, thus, (:U“,yi,vi) are bundle coordinates for mi(y/gy x-
Let {B4: 1 < A <m} be a basis of local sections of mg x and {BA: 1< A< m} beits dual
basis. For a fixed xy = (xf) € X, we suppose that, using these coordinates, we have

Nao = span{(da"),, @ Ba(w): 1 <p<r, 1 <A<s} CT; X ®g,, (21)

for some 7, 1 < r < mn, and s, 1 < s < m. We start by finding the local expression of the
infinitesimal symmetries of our Lagrangian density.

We also suppose that (y#) are normal coordinates of G in a neighbourhood U C G of the
identity element 1. This means that there exist gar € C°U x U), 1 < A, B,C < m, such
that

y* (9192) = v (90) + v (92) + 93¢ (91,92) ¥7 (31) ¥ (G2), 1< A<m,
for each g1, go € U such that g1g, € U. Hence, the infinitesimal generators are given by
(Bg), = (05 + 965(3: D)y (@) Da)y,  y=(0,9) €Y/GxU, 1<B<m.

We denote by g: R™ — G the inverse of (y*): G — R™ and define f{z € C®(R™), 1 <
A, B,C <m, as
fis(™) = dis((y™), 1)
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Therefore, given £ = £8Bp € ['(mgx), where (8 € C°(X), 1 < B < m, the previous
expressions yield '
&y’ y") = %) (65 + fény™)y©) Oa.

From the formula of 1-jet lift of vector fields (for example, see, [27]), we get
(f*)(l f (5A + fCByC) Oa+ (auf (5A + fCByC) + Uﬁ)fB (8ngByC + fSB)) oy

for some functions f§5 € C*®°(R™) and 4 € C*(X), 1 < A, B,C < m. In addition, since
the jet extension of £ is given by j1¢ = d¢ = 9,£4da" ® Ba € T'(7r-xgg.x), the condition
¢W e I'(my x) at xp reads

(aqu)(ﬂfo):O, r+1<pu<n, s+1<A<m.

Using the local expression of our generalized principal connection w € Q!(Y,g), there
exist bundle coordinates (z*,y*, v Uy ;‘) for the reduced space, where the indices of w;‘ go
through p € {r+1,...,n} and A € {s+1,...,m}, such that identification of Theorem [B.1]
is given by .

JlY/H — JYY/G) Xy (T*X ©8)/H

[z, 'yt vl — (2, ', vl wi)

and, in the fiber over z¢, they satisfy
w;‘:wA(xg,y)+w (xo,yA)vL+v;‘, r+1<pu<n, s+1<A<m

for some functions w;?,wA eC®Y/G),r+1<pu<n 1<i<k s+1<A<m,being k

the dimension of the fiber of 7y /g x.
Likewise, using the definition of reduced Lagrangian, i.e.

U2,y vy w,) = vi)

S UL L(z* gy, vl

it is easy to find the local expression of the vertical equation. Then, local expression of the
partial derivative of [ is

ol ol ; ds'(z) 4 4
50 = g (7500 5 ) 0,0 5
and the, the vertical equation becomes
g Ol A
div 5 A8 ® B? | =0. (22)

As div(¢, &) = (divi(, &) + (¢, VBE), for each ¢ = (40, @ B* € I'(Trxag-x) and £ = 1By €
I'(mg,x). An easy computation using this expression shows that

AvSC = (0, ~ T7aCh) B

for some functions FﬁA €C®X),1<pu<n,1<A B<m,such that
V8¢ = (0,6" + T 5¢7) dat @ Ba, §=¢"Ba € T(myx)
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We take bundle coordinates 7g x so that V8 is flat at zo = (2f), i.e. T} 4(z) = 0 for every
1<pu<nand 1< A B<m. We thus get,

oM (8?0—%) (20)B*(20) = 0, (23)

where we recall that the summation is for s +1 < A < m.

Using the expression for the coordinates w;‘ at xo we have

0, 1<pu<r, 1<A<s
e Liug=! w
8@;? 0/ = 87;:‘(1‘0)’ T“|‘1§M§7’L, 3+1§A§m
ol
- 1< u<
oL, av;<x°>’ =H=T
[ ] ,ro = m
: _ / 1< u<
' 8vﬁ(x0)+A§1awf(x0)w“ o r=

In addition, if the volume form is given by v = d"x = dz' A...dx", then the local expression
of the Poincaré-Cartan form is

oL , : oL
Oc =25 (dy’ — vidat) Nd" oy, + St (dy* = vi}da*) Nd* 'w, + Ld
p 1
where d”flxu = 19,d"x so that
] ] 9 i i n—
L(g*)(l)@ﬁ (:L”ua yza ?/A> 'U;Zp vf) = 81}—‘4 (:L‘Mv Y 7yA7 'qu U;j) gB("L‘M) (5§ + fCAB(yA)yC) d 1xﬂ

“w
ol

B owA ("Euv yi,vz; w;‘) 53(55“) (5§ + f(f“‘B(yA)yC) dn_lxu
m

The last condition on the coordinates is the requirement that s(xzg) = (os(zg),1) €
Y/G x G, i.e. we have s (xf) =0, 1 < A < m. Therefore,
EERY I al [T W} YN A/ _p Ag .y gn—1
(j's) (L(g*)ﬂ)@ﬁ) (zg) = DA (%75 (xo),aus (%)?wu (%))5 (zg)d Ty
I

and the Noether conservation law is

l
d (;U—Ad"—lxﬂ) =0, s+1<A<m. (24)
1 zo

This equation is the same as
ol
Ol 52 (x0) =0, s+1<A<m

that is equivalent to (23)). O
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7 Examples

In this final section we discuss several applications of the reduction theory developed. The
first one consists of recovering the case of global symmetries treated in the literature. Then
we describe the reduced equations when the system is invariant by the whole jet bundle, J'G.
The third example is devoted to study electromagnetism in vacuum, as well as it extension
to p-forms. Finally, we study the proccess of symmetry breaking by product groups in pure
gauge theories.

7.1 Classical case

The reduction by global symmetries given in [I1] can be recovered as a particular case of our
theory. Namely, let my x be a fiber bundle and G be a Lie group acting freely and properly
on the right on Y:

R: YxGd — Y
(v,9) — R(y,9)=Ry(y) =0y(9) =y -9

Suppose that 7y x(y - §) = my.x(y) for every y € Y and g € G. This action may be regarded
as a fibered one of the trivial Lie group bundle G = X x G by setting ®(y,g) = Ry(y) =y g
for each (y,g9) € Y xx G, with g = (x, g). It is clear that the fibered quotient and the usual
quotient agree, i.e. Y/G ~Y/G.

Recall that 7yy/q is a principal bundle and the Lie algebra bundle of 7g x is g = X X g,
where g is the Lie algebra of G. From [I8, Proposition 4.1.] we know that a generalized
principal connection w € Q'(Y,g) on my/g associated to the trivial connection vy on mg x is
simply a principal connection @ € Q!(Y, g). Thanks to the bijective correspondence between
(local) sections of mg x and (local) functions X — G, the identification (I0) for vy may be
written as

JIGGxT*X®@g, oy (3(2),d(Rym)-1 ©4)z) ,

where v = (idx,¥). Let H be the Lie group subbundle of m g y corresponding to locally
constant functions. Then

HeGxT'X@{0} X xG=¢G

The first jet extension of the fibered action restricted to my x (recall Equation (I3)) and the
jet extension of the Lie group action (cf. [11, Equation 2.7]) yield the same quotient:

JY/H ~ J'Y/G (25)

Since $ = {0}, the quotient (I2)) is isomorphic to
(T"X®8)/H = T*X @adY)

[[% (z, f(m)ﬂ}) — (1. X,

(26)

where ad(Y') = (Y x g)/G is the adjoint bundle of 7y,y/q.
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Theorem 7.1. Let & € Q(Y, g) be a principal connection on wyy,c and consider the corre-
sponding generalized principal connection w € Q' (Y, 8) on my,y;g associated to the canonical
connection vy on mg x. Then the fiber diffeomorphism given in Theorem [3.1 reduces to the
identification given in [11, Equation (2.8)] under the previous identifications, i.e.

JYIG — JNY/G) xye T*X @ ad(Y)
Gasle > (5205, [5(2), Gue) © (d5)a] )

Let @ € QY(Y,g) be a principal connection on TY,Y/G Vg be the canonical connection
on mgx and VX be a linear connection on mrx,x. They yield a linear connection V on
ﬂ(T*X@Q)/.%,Y/Q ~ T xgad(Y),Y/G, @ We have seen in Proposition 3.3l Using bases of local

sections of these vector bundles, it can be seen that V agrees with the linear connection
defined in [T, Equation (3.19)]. In addition, let V¥ be the linear connection on mq(yy,y/c

associated to w (cf. [1I, Equation (2.6)]). It descends to an operator v ['(Taa(v),x) —
[(mr+ x@ad(y),x) as in [1T, Equation (3.7)], whose divergence is denoted by:

div®: F<7TTX®ad(Y)*,X> — F(Wad(y)*,x)
Lastly, let VY/9 be a torsion free linear connection on Tr(v/g),y/¢ Projectable onto V¥ and
consider the induced affine connection V7' ¥/9) on 7 THY/G),Y/G-

Let L: J'Y — R be a G-invariant Lagrangian and [: J'(Y/G) Xy, T*X @ ad(Y) — R
be the reduced Lagrangian. As in the general theory, for the sake of simplicity we suppose
that X is compact. Let s € I' (myx) and consider the reduced section 5 = [s,s*w|g¢ €
r (7TT*X®ad(y)’X). Observe that H* = TX ® g* and, hence, Y xg H* ~ TX ®ad(Y)*. Given
a reduced section s € I'(mp- X@ad(Y), x), the coadjoint representation of g* induces a map:

ady: F(WTX@)ad(Y)*,X) — F(Wad(y)*,x)7
which is well defined for every Z € I'(np X@ad(Y)*, x) such that:
TTX®ad(Y)*,Y/G © (= T+ X@ad(Y),Y/G © S-

Theorem 7.2. Let s € I' (myx) and 5 = [s,s*0]g € T’ (WT*X@)ad(y)’X) be the reduced sec-
tion. Then the reduced equations for's given in Theorem[{.1] are equivalent to the Lagrange-
Poincaré equations given in [11, Theorem 3.5/, i.e.

ol . Y/G ol _/al A
5o —div <5j105) = <5§, LdoSB>

) L0\
div <%)—ads (55)—0

where B € Q2(Y/G,ad(Y)) is the reduced curvature associated to ¢.

7.2 Full jet symmetry

Let mg x be a Lie group bundle endowed with a Lie group connection v, and suppose that it
acts (on the right) on a fiber bundle 7y y freely and properly. In this example we consider
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a Lagrangian L: J'Y — R which is invariant by the whole jet bundle, that is,
H=J'G~Gxx (T"X @0).

It is clear that in this case we have (7*X ® §)/$ = X. Consequently, the identification of
Theorem B.1] can be performed without fixing a generalized principal connection:

JY/I'G — JY(Y/G)

1 1 (27)

[]a: S]Jlg — J20s

In the same way, since the reduced section s vanishes, the second equation of (iv) in

Theorem [4.T]does not appear. Therefore, the reduced equations are the usual Euler-Lagrange
equations for the reduced Lagrangian Lagrangian [: J'(Y/G) — R:

ol - y/g ol B
00 —div (5]'105) =0

Of course, to write them we have fixed a linear connection V¥/9 on Tr(v/g),y/G Projectable
onto a linear connection V¥ on TTX,X-

7.3 Electromagnetism in vacuum

To describe electromagnetism in vacuum as a geometric Yang-Mills theory, let (X, g) be a
4-dimensional, compact, oriented semi-Riemannian manifold with volume form v, € Q*(X).
The configuration bundle of this theory is the bundle of connections of a fixed a principal
U(1)-bundle 7p x:

Y=CP)=J'P/U1) — X

It is an affine bundle modelled on 7p-x x, since the adjoint bundle is trivial in this case:
ad(P) = (P xu(1))/U(1) ~ X x R, where u(1) ~ R is the Lie algebra of U(1).
Definition 7.1. The Lagrangian density for electromagnetism in vacuum is L = Lv, with:

L (le) =g (Fa, Fa), A e (mewr),x),

where Fy € Q*(X) is the reduced curvature of the principal connection A.

This Lagrangian density is invariant by gauge transformations of connections. In the
same way that principal connections on 7p x are in a bijective correspondence with sections
of mo(p),x, gauge transformations on 7p x are in a bijective correspondence with sections of
Taa(p),x, where Ad(P) = (P x U(1))/U(1) ~ X x U(1) is the associated bundle given by
the action (p,g)-h = (p- h,g) for each p € P and g, h € U(1).

In order to extend gauge transformations to the family of principal connections, we need
to take first derivatives, i.e. we need to consider J'Ad(P) ~ J'(X,U(1)). From the local
expression of gauge transformations of connections, we obtain the following right fibered
action: A, - jlg = A, + (dg). g(z)™!, for each (A,,jlg) € C(P) xx J'(X,U(1)). Note

27



that the value g(x) € U(1) does not play any role and (dg), g(z)™! € T:X @u(l) ~ TrX.
Subsequently, this fibered action induces another one:
CP)xxT*X — C(P)
(Az, o) — Ay,
It can be straightforwardly extended to the first jets, J'C(P) xx JY(T*X) — J'C(P). By

virtue of this, the Lie group bundle of symmetries for electromagnetism is the cotangent
bundle of X with the additive structure:

G=T'X — X

(28)

Second derivatives of gauge transformations correspond to the Lie group subbundle
J(X,U(1)) ¢ JY(JYX,U(1))). One can readily obtain the corresponding subbundle of
JYT*X):

H={jia e J(T"X): (da), =0} C J(T*X)
Note that C(P)/T*X = X. In order to study the quotient J'C(P)/H we need to consider

generalized principal connections on 7¢(py x. The following lemma can be proved using local
coordinates.

Lemma 7.1. Let v be a linear connection on mr-x x, then it is Lie group connection. In
addition, it induces an affine connection w on mop), x which is a generalized principal con-
nection associated to v.

Noting that g = 7*X, identification ([I0) reads J(T*X) ~ T*X xx (T*X @ T*X). If
v is such that o(T*X) C H when regarded as a section v € T’ (WJI(T*X)7T*X), using local
coordinates it can be seen that:

H2TX xx \*T*X (29)

Proposition 7.1. Let w be the affine connection on mo(py x induced by the linear connection
v on mrx x and suppose that (T*X) C H. Then the isomorphism of Theorem [31 is the
identification of Utiyama’s theorem (up to a minus sign), that is to say:

JIC(P)/H — N T*X
oAy — Al (A'w), = —(Fa)a
Proof. Observe that the fibered action (§) reads:

(C(P) XxT*X) XxT*X — C(P) XxT*X
((Azs &) s 12) — (A + 0, &)

Subsequently, T*X ® § = T*X @ T*X and $ = \/2 T*X. Using this and recalling that
C(P)/T*X ~ X, the isomorphism of Theorem [B.1] becomes:

JIO(P)/H ~ (T"X @ T*X) /\*T*X ~ N*T*X
The last isomorphism is the skew-symmetrization, i.e. Alt: T" X @ T*X — /\2 T X.

To conclude, using local coordinates again it can be checked that Alt(A*w) = —F}, for
each A € I'(mo(py,x)- O
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Therefore, for each Fy € T’ (7r A2T*X, X), the reduced Lagrangian is given by:

UFa) = g(Fa, Fa)
In this case, we only have one partial derivatived:
ol
m = 2LFAg € T (ﬂ/\QTX,X)

Let V*: I'(mp+x x) = I'(mr«xgr+x x) be the covariant derivative on mp«x x corresponding
to the linear connection v and div*: I'(mrxgrx.x) — I'(7rx x) be its divergence. From
Theorem BTl we know that if A € I'(m¢(p) x) is a solution of the Euler-Lagrange equations

for L, then the reduced section Fq4 € I’ (7‘(‘ AZT*X, X) satisfies the following reduced equation:
div* (tp,g) =0 (30)

Recall that the Hodge star operator x: Q*(X) — Q17*(X) is defined implicitly as:
o A+B = gla,f)u, @B EQ(X),
and it satisfies xx = (—1)?4"P¢(g) on QP(X), being €(g) the parity of the signature of g.
Theorem 7.3 (Maxwell equations). In the above conditions, the reduced equation ([B0) is
equivalent to the Maxwell equation in vacuum, that s:
d"Fy =0,
where d* = xd*: Q*(X) — Q*1(X) is the codifferential.

The equivalence is proved in local charts, making use of the isomorphisms §: T*X — T'X
and b: TX — T*X implicitly defined as

g (0" U) =g(a,U,) = a(U), (,U) e T*X xx TX

Theorem 7.4 (Reconstruction). Let U C X be a simply connected coordinate domain for
X which is a trivializing set for mopy x and let ' € T’ (u,ﬂ'/\Q T*X7X> be a solution of the

Mazxwell’s equations in vacuum. Then there exists a solution A € T (U,ﬂ(;(p),x) of the
Euler-Lagrange equations for L such that F = Fy if and only if the following compatibility
condition holds:

dF = 0.

This is a consequence of the Bianchi identity for the curvature of a principal connection,
the fact that closed forms and exact forms agree on a simply connected manifold, and the
equivalence given in Theorem (4.1

In short, we have the following local equivalence for sections A € I'(m¢(p) x):

Lo PFy=0
EL(L) (j'A) =0 <« { dF, — 0

"We have that (A? T*X)* =N TX = (V* T*X)L = (rxerx) )V T*X)*
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7.3.1 p-form electromagnetism

The construction above can be generalized to p-form electromagnetism (see for example
[25]). Fixed p > 0, we consider (p + 1)-forms on X that play the role of connections in
classical electromagnetism. Therefore, the configuration bundle and the Lie group bundle of
symmetries are both Y = G = A\ 17X . The fibered action is given by the addition:

/\p+1 T*X X x /\p+1 T*X N /\p+1 T*X
(Az, o) — Ayt ay

A generalized principal connection w € Q' (AP T*X, A" T*X) on Tapipex x 1S just a
linear connection on that vector bundle, and it is associated to itself. The corresponding
isomorphism (I0) is
Jl (/\p+1 T*X) — /\p+1 T*X D (T*X ® /\P+1 T*X)
Jact — (a(z), (@"w)q)

Analogous to classical electromagnetism, we pick the Lie group subbundle of closed forms
and we restrict the previous isomorphism to it:

H={jlacJ (N'T°X) : (da), =0} = A\""'T"X @ (T*X v A" T*X)

Of course, Y/G = X. Taking this into account and using local coordinates, it can be
shown that the identification of Theorem [B.1l reads (compare to Proposition [7.1]):

JUNTTX)H — NPT X
Al — Alt(Aw), = —(dA),

The Yang-Mills Lagrangian L: J! (/\erl T*X) — R is defined as:
L('4) = g(dA,dA4),  A€T (mppx )

It is H-invariant, so we may consider the reduced Lagrangian [: A" X o R. Namely,
it is given by:

Z(C) = g(C, C)a Ccerl (WAP+2T*X,X)

Fixed C € T (7T/\p+2 T*X,X), the partial derivative is 6{/0C' = 21cg € T <7T/\p+2 TX7X> and,

hence, the reduced equation is:
div* (tcg) =0

In the previous expression, div*: I’ (WT)(@/\P“TX) — T (77/\P+1TXX) is the divergence of
the linear connection w. Similarly to classical electromagnetism, this reduced equation is
equivalent to the Maxwell equations:

dC=0
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7.4 Symmetry breaking by product groups

In this last example, we consider a gauge theory whose structure group is a direct product
and we suppose that the gauge symmetry is broken to the subgroup given by one of the
factors. More specifically, let mp x be a principal G-bundle with

G=HxU(Q),
being H a semisimple Lie group. We consider the Lie subgroup Gy = {1} x U(1) ~ U(1).
Since action of G on Gy by conjugation is trivial, we have Ad(P) = (P x G)/G ~ (P X

H)/G x U(1). Hence, we may write:

PxH

JYAd(P) ~ J* ( ) xx JUX,U(1))

As a usual gauge theory, the configuration bundle is the bundle of connections of 7p x,
that is, m¢(py,x. However, we suppose that the symmetry is broken to Gy, i.e. we only
consider gauge transformations coming from elements of this subgroup. In other words, we
restrict the right fibered action C(P) xx J'Ad(P) — C(P) to the Lie group subbundle
JUX,U)) ~ {1} xx JYX,U(1)) C JLAd(P). A quick computation shows that it is given
by:

C(P)xx JHX,U(1)) — C(P)
(Az, jz9) — Ay + (dg)ag(z) !

In the same manner as in electromagnetism in vacuum, Gy = T*X may be taken as the Lie
group bundle of symmetries:

C(P)xx T*X —s C(P)
(Apay) > Ay tog (31)

A trivialization of mp x enables us to prove the following:

Lemma 7.2. Let Py = P/Gy (which is a principal H-bundle over X ), mcpy)x be the
corresponding bundle of connections and g = h ® R be the Lie algebra of G = H x U(1).
Then there exists a bundle isomorphism:

C(P)/T*X — C(FP)
[AJB]T*X — (Ao)a

On the other hand, from the jet extension of the fibered action (31l), we are only interested
in elements coming from J2(X,U(1)) C J' (J(X,U(1))), which correspond to the Lie group
subbundle:

H={jia e J(T"X): (da), =0} C J(T*X)

Let v be a linear connection on 7p«y x such that 2(7%X) C H and note that the Lie
algebra bundle of Gy = T*X is again g, = 7*X. Hence, g, = (C(P) xx T*X)/T*X ~
C(P) xx T*"X = 7gyp x(T"X). Equation ([29) is also valid for this case, so we have
H= \/2 T*X. A slight modification of the proof of Proposition [I.1] gives the following result.
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Proposition 7.2. Letw € Q'(C(P),T*X) be a generalized principal connection on wepy.c(ry)
associated to v. Then the identification of Theorem [31] reads:

JIC(P)/H — J'C(Py) xx C(Py) xx N*T*X
iz Al g — (Jz Ao, Ao(), —(Fa))

Thanks to this identification, for each section A € I'(m¢(p)x) we define the reduced
section as

A= (A, Fa) €l (7T(J(PO)XX/\2 T*X,X)

Let L: J'C(P) — R be an H-invariant Lagrangian density and consider the reduced
Lagrangian, [: J'C(Py)xx C(Py)xx \°T*X — R. Let V° be a torsion free linear connection
on T (C(P)) projectable onto a linear connection V¥ on TX. We know that it induces an
affine connection V) on 7 JIC(R),C(Py)- In addition, we assume that v is the dual connection
of VX. These connections induce an affine connection on the reduced space, as described in
Proposition B3l Let A = (Ag, F4) €T <7TC(P0)Xx/\2 T*X7X> be a section of the reduced space,

then the partial derivatives of the reduced Lagrangian ardi:

ol ol ol
5—140 el (WT*(c(pO)),X) ) m el (7TTX®V*(C(P0)),X) ) m el (77/\2 TX,X)

Let V*: I'(mp+x x) = ['(mr+xer-x,x) be the covariant derivative associated to v and denote
by div™: F(”TX@TX,X) — F(WTX,X> its divergence. Likewise, let diVOI F(”TX@V*(C(Pg)),X) —

I'(mv+(c(py)),x) be the divergence of the operator V' defined from V° in (I8). The reduced
equations are straightforwardly obtained from (7v) of Theorem [4.1] applied to this case.

Theorem 7.5. In the above conditions, let A € TI'(mop) x) be a solution of the Euler-
Lagrange equations for L. Then the reduced section A = (Ao, Fa) € I'(Te(p)xp2rex.x)
satisfies the following reduced equations:

sl . o f ol 5l .
—5A0 — div (5j1Ao) = <—5FA,LdAOQ>
YA
le <E =0

where Q € Q*(C(Py), T*X) is the reduced curvature of w.
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"Recall that (A? T*X)* = NTX = (T"X 0 T°X) /V*T°X) .
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