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Energetic Stability Criterion for a Nonlinear Spinorial Model

A. Alvarez
Depahtamento de Fzsica Teohica, Facultad de Cienczas Fzsicas, Univehsidad Complutense, Madhid 3, Spain

M. Soler
Division de Fusion, Junta de Enehgza pfuckah, Madhid 3, Spain

(Received 5 October 1982)

The time evolution of expanded and contracted solitary waves of the Dirac field with
scalar self-interaction is exhibited. It is shown that the Positivity of the second variation
of the energy functional is not a necessary condition for the stability of these waves as
has been recently suggested.

PACS numbers: 11.10.Lm, 03.70.+k, 11.10.r

In the last few years, interest in particlelike
solutions of Poincard'-invariant nonlinear equa-
tions has increased considerably. ' One natural
condition to require is the dynamical stability
of these solutions. From a physical point of
view, their possible relation with elementary
objects in particle physics suggests itself. How-

ever, the fact that the only well-known stable
solutions correspond to boson models is perhaps
the reason for the limited interest in these mod-
els within this physical context. In fact, no
stable elementary bosons other than the photon
exist in nature. Interest in stable spinor solu-
tions would seem in this sense more justified.

Recently, several authors' have studied the
stability of spinor solitary waves against charge-
preserving perturbations and have concluded
that these waves are unstable. These studies
are based on the assumption that if the spinor
solitary waves are not a minimum of the energy
functional for a fixed value of the charge, then
these waves are unstable. We do not know of
any rigorous mathematical proof of this state-
ment for the spinorial case. ' The assumption
arises from a naive generalization to field theory
of a well-known theorem of classical mechanics.
However, there is a fundamental difference from
familar classical mechanics of discrete systems:
The spinor Lagrangian is not quadratic in the
velocities.

In this Letter we shall show that computer ex-
periments are in contradiction with the mentioned
studies for a typical spinorial model in (1+1)-
and (1+3)-dimensional cases. The evolution of a
Gaussian distribution to solitary waves was
shown to take place in the (1+ 3)-dimensional
case by use of expl. icit Lax-Wendroff simul. ation
methods, ' which allowed, however, in practice
very l.imited rel. iable evolution times. Implicit

difference schemes not only confirm those re-
sults but make it possible to follow accurately
for long times the consequences of charge-pre-
serving perturbations. ' The field equation of the
model. is

i y~a „(—m(+ 2X(( ()(= 0,
where X is a positive real arbitrary parameter.
Hereafter, we work in dimensionl. ess units or,
equivalently, we take m =1 and X = —', . The cal-
cul.ation accuracy was monitored against the con-
servation of charge and energy. The relative
error of these quantities was less than 0.0031,
so that the total. charge and energy was conserved
up to four decimals.

(a) (j + lj-dimensional case.—Our notation will
beg ~" =(1,-1), y'=v„andy'=iv, . This model
can be considered the massive one-component
Gross-Neveu model. ' The solitary waves of Eq.
(1) have the form

(, (x, t)=cp, (x,A)e 'A'= . e 'A',a(x

where' (x) and B(x) are known analytic functions. '
The interaction dynamics of these waves was
analyzed by Alvarez and Carreras. '

Let us consider the following A'-parameter
charge-preserving family:

P(x,A, A' ) =y, (x,A' )[Q, (A)/Q, (A')] ', (2)

where Q, (A) stands for the solitary-wave charge
at frequency A. It is known' that, for A& 2 ~',
the functional energy has a maximum at A'=A.
In our numerical study no manifestation of in-
stability has been found. As an exampl. e, we
have followed the temporal evolution of the ini-
tial data (2) with A= 0.5 and

~

A' -A
~
(1; the f inal.

states are solitary waves. From Fig. 1, where
we plot@'= J dx p~(x, t) and 8'=J dx ps(x, t)
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FIG. 5. The contracted {n = 1.1) solitary wave A
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+ 0.01.
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