Continuous self-imaging regime
with a double-grating mask
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We analyze the Talbot effect produced by a mask composed of two diffraction gratings. Combinations with
phase and amplitude gratings have been studied in the near-field regime. For a two-phase-gratings con-
figuration, the Talbot effect is canceled, even when using monochromatic light; that is, the intensity dis-
tribution is nearly independent of the distance from the mask to the observation plane. Therefore, the
mechanical tolerances of devices that use the Talbot effect may be improved. In addition, the spatial
frequency of the fringes is quadrupled, which improves the accuracy of devices that employ this mask.
An experimental verification for the best case two phase gratings, has also been performed, validating the
theoretical results. © 2009 Optical Society of America
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1. Introduction

Diffraction gratings are used in several important
fields of science, such as chemistry, biology, astrophy-
sics, photonics, mechanical engineering, robotics,
and machine tool [1-4]. In particular, gratings are an
important part of optical encoders for measuring the
displacement between a fixed scale and a moving
reading head [5]. The scale is a glass or steel diffrac-
tion grating and the reading head is formed by a
mask, with several diffraction gratings, photodetec-
tors, and conditioning electronics. The reading head
moves along the scale and the diffraction pattern pro-
duced by the scale and the mask provides an optical
modulation of the illumination field that is trans-
formed to an electrical signal and used to obtain
the relative or absolute displacement between them.
The correct functioning of these devices depends
strongly on the distance between scale and mask,
since the Talbot effect is present [1]. When a colli-
mated and monochromatic light beam impinges on
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a diffraction grating, self-images of the grating are
obtained only at certain distances, called Talbot
planes, [6,7]. The distance between Talbot planes
depends on the period of the grating p and the wave-
length of the illumination source 4, zp = np?/J,
where n is an integer. In a general description of
the problem, the mask should be placed at a distance
equal to an integer number of Talbot distances. When
this does not happen, the optical encoder does not
work properly since the self-images present a low
contrast or even disappear. As a consequence, the
mechanical tolerances are restricted by the Talbot
effect, which is an important handicap in optical
encoders.

Some works about cancellation or pseudo-
cancellation of the Talbot effect with polychromatic
light [8] and in double-grating systems [9] have been
published. When the Talbot effect is canceled, then
the intensity distribution is nearly independent of
the distance from the grating to the observation
plane. The Talbot effect can also be canceled when
special gratings are used [10,11]. In this work, we
propose the use of a mask composed by two conven-
tional lamellar gratings to cancel the Talbot effect.



We have theoretically analyzed masks composed of
two amplitude gratings, two phase gratings, phase—
amplitude gratings, and amplitude—phase gratings.
Pseudo-cancellation of the Talbot effect occurs for
amplitude—amplitude, amplitude—phase, and phase—
amplitude. Under certain conditions, the Talbot
effect is totally canceled for the case of a phase—phase
mask, In addition, for this phase—phase configura-
tion, the spatial frequency of the self-images is 4
times higher than that of the grating. This fact allows
improving the accuracy in devices that employ this
mask. We also have performed an analysis of the tol-
erances in the positioning of the gratings in the mask
in order to verify the reliability in the fabrication pro-
cess. Finally, an experimental corroboration for the
most favorable case, the phase—phase mask, is car-
ried out. The experimental results validate the pro-
posed double-grating mask for obtaining continuous
self-imaging.

2. Theoretical Approach

Let us consider a monochromatic plane wave with
wavelength 1 that illuminates a mask formed by
two gratings with the same period, p, and separated
by a distance z; (Fig. 1). The intensity just after the
second grating corresponds with the classical de-
scription of moiré given by Patorsky [12]:

I(x,z1) = Z a,a;,by,b;  expligx[(n —n')
', p
=)y exp i (02 =)z, (1)

where ¢ = 2z/p and a,, and b,, are the coefficients of
the Fourier series expansion of the diffraction grat-
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Fig. 1.

(Color online) General scheme of the mask.

ings, respectively. On the other hand, considering
that the observation plane is placed at a distance
z9 after the second grating, the more general expres-
sion results in [13]

I(x,z1,29) = Z a,a’b,b; exp{igx|(n-n’)
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Including a relative displacement Ax between the
gratings along the x axis and performing the follow-
ing changes of variable, N=n-n', M =m-m/,
u=n-N/2,and v =m-M/2, Eq. (2) results in

I(x,21,29) = Z au+N/2aZ_N/2bv+M/Qb:;_M/2
N.Muup

x expligx(N + M)] exp(-iMqAx) x exp <2ﬂiuN z—l)
T

X exp [m(N +M)(u +v) j—ﬂ : (3)

where z7 is the Talbot distance when the medium be-
tween the gratings is not a vacuum but is a dielectric
material with refraction index 7.

In Subsections 2.A-2.C, we will consider the four
possible combinations among amplitude and phase
gratings for the mask design. We will take advantage
of the fact that, for an amplitude grating, the Fourier
coefficients fulfill the relationships a,=aj=a_,,
and, for a lamellar phase grating, b,,= b_,.

To obtain a continuous self-imaging regime, we
will also consider that the phase retardation between
both levels in phase gratings corresponds to z/2, the
distance between the gratings is z;=2z7/2, and the
relative displacement between them is Ax =p/4.
The choice of these parameters is a consequence of
numerical simulations, checking all the possible va-
lues that are 0 < z; <z and 0 £ Ax < p. In addition,
the phase retardation for phase gratings is chosen in
order to obtain a total maximum delay of z consider-
ing two phase gratings, First, we will consider 0, +1
diffraction orders so that simple analytical solutions
can be obtained. The values for the Fourier coeffi-
cients are ¢y = 1/2 and a;= a_; = 1/x for the ampli-
tude grating, and by =-(1+1:)/2 and b; =b_; =
(1-1)/x for the phase grating. For amplitude grat-
ings, the analysis with orders 0,+1 is quite simple
and provides a crude estimation of their behavior,
useful enough for our purposes. On the other hand,
for the phase gratings used in this work, 90% of the
total intensity is at these three diffraction orders,
and it provides a good approximation. In addition,
in Section 3, we compare the results obtained with
this approximation to the numerical results for a
much higher number of terms.
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A. Amplitude—Phase and Phase—Amplitude Mask

When the first grating is an amplitude grating and
the second grating is a phase grating, and consider-
ing only orders 0,41, Eq. (3) results in

Isp(x,Zy) = af(bg+2b7)+2a7 (b5+b7)
—daya, cos(qx)[bZ sin(nZy)+b3 sin(37Zs)]
+ 4 sin(qx)Re(b1b}))[a2 cos(nZy)+a? cos(3nZy))
2(a?b2-a2b?) cos(2gx)
— 4Im(bb}) sin(2gx)agaq[1 - sin(4zZy)]
+4a¢a1b? cos(3qx) sin(37Zy)
+4a2Re(b1b}) sin(3gx) cos(37Z3)
—-2a2b? cos(4qx), (4)

where Zy= z,/zp. This equation depends on the dis-
tance to the observation plane z, and, in addition, it
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Fig. 2.

does not provide us much information. Nevertheless,
when we particularize to two Ronchi gratings, the in-
tensity pattern after the second grating simplifies to

Lap(.Z5) = 5 [(1 4 #)2 cos(2x)
gx)sin

2(gx) sin(37Z,y) — cos(4qx)].  (5)

In Eq. (5), the second and fourth terms do not pro-
duce contrast modulation along the z axis, but they
correspond to harmonic signals. The second term
produces constant fringes, but with double frequency.
On the other hand, the fourth term also produces
constant fringes, but with quadrupled frequency. The
first term is a constant level and the third term pro-
duces a kind of Talbot effect, since it has periodicity
along the x and z axes.

As is shown in Fig. 2(a), although the Talbot effect
is not totally cancelled, there is no contrast inversion
and a pseudo-cancellation of the Talbot effect is
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Intensity distribution produced by the double-grating mask considering only 0 and +1 orders: (a) amplitude—phase mask,

(b) phase—amplitude mask, (¢) amplitude—amplitude mask, and (d) phase—phase mask.
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achieved. Bright and dark fringes are curly, but they
are acceptable in the usual applications since these
short-range variations are normally filtered by
photodetectors.

In a similar approach, when the first grating is a
phase grating and the second is an amplitude grat-
ing, the situation is very similar to the previous case.
The intensity pattern in this case results

IPA(x7Z2) =

+ 47 cos(qx) cos(2gx) cos(3nZy) — cos(4gx)]. (6)

T

i [(1 + 7%) + 22 cos(2qx)
)

The intensity pattern produced by this mask is
shown in Fig. 2(b), and it is equivalent to that of
the amplitude—phase mask but with a shift of p/4
along the x axis in the fringe pattern.

In both cases, the frequency of the fringes is
doubled, which improves the accuracy of the devices
that use this kind of mask.

B. Amplitude—Amplitude Mask

Now, we consider that both gratings are amplitude
gratings. We can apply the following relationships
to the Fourier coefficients of both gratings: a,=
a;=a_, and b,= b= b_,. Thus, taking into account
the same diffraction orders as in the previous cases,
the intensity results in

1
Iap(x,Zy) = gy {(2 + 472 +7*) — 2 cos(4gx)

+ 4z sin(2qx)[2 cos(qx + 3nZs)
- nsin(4nZy)|+47° sin(qx — 2Z3)}.  (7)

The intensity distribution after the second grating
is shown in Fig. 2(c). The Talbot effect almost dis-
appears, but the fringes are not perpendicular to
the grating.

C. Phase-Phase Mask

Finally, let us consider a mask formed by two
phase lamellar gratings. Then, the Fourier coeffi-
cients of the gratings present the following proper-
ties: a,=a_, and b,=b_,. As a consequence, the
intensity simplifies to

Inp(,Z) = 22 1 cos(dqn)] = g sin(2qx).  (8)
In this case, the dependence of the intensity pattern
in terms of Z, disappears. That is, the Talbot effect is
canceled. In addition, the frequency of the fringes
quadruples, which allows an increase in the accuracy
of the devices that use this configuration. Also, this
equation is completely independent of z;, which is
quite interesting for the manufacturability of the
proposed double-grating mask. In Fig. 2(d), the in-
tensity distribution is shown for the case of consider-
ing only orders 0 and +1. In Section 3, a more
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Fig. 3. Intensity distribution produced by the phase—phase mask
when -11,...,11 orders have been considered. The period of the
gratings is p = 20 um. A slight dependence with the distance be-
tween the mask and the observation plane is observed, but contin-
uous self-imaging is still obtained.

detailed analysis of this phase—phase configuration
for the mask is performed.

3. Detailed Analysis of Phase—Phase Mask

The result obtained in Eq. (8) only considers the dif-
fraction orders 0 and +1 because the equations are
simpler and it gives us an approximation of the in-
tensity distribution since most of the total intensity
is directed to these three diffraction orders. Never-
theless, all diffraction orders involved should be con-
sidered. In Fig. 3, the intensity distribution of Eq. (3)
of the fringes is shown when -11,-9,...,9, 11 orders
are considered. This means that nearly 100% of the
total intensity is considered. We see that the pre-
sented structure is still valid for a continuous self-
imaging regime.

An error that can be produced in the system is the
relative displacement of the gratings along the z axis.
This error is not important because Eq. (8) does not
depend on the distance z; between the gratings.
Then, small mistakes in the z; location do not affect
the diffraction pattern. When an error in the location
21 is produced, the intensity distribution according to
Eq. (3) is very similar to the ideal situation given
in Fig. 3.

4. Experimental Results

As is shown in Section 3, the phase—phase mask is
the best configuration to obtain continuous self-
imaging. Now, we will analyze the experimental
behavior of this mask. The setup is shown in Fig. 4.
We used a collimated laser diode (Monocrom, A =
650 nm) as and illumination source and, as a photo-
detector, a CMOS camera (ueye, Imaging Develop-
ment Systems; pixel size 6um x 6um) with a
microscope objective. We manufactured two phase
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Fig. 4. (Color online) Scheme of the experimental setup.
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Fig. 5. (a) Experimental intensity distribution of the fringes in

terms of the distance z between the mask and the observation
plane. (b) Experimental contrast along the z axis.
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gratings with a period of p = 20 yum and a phase re-
tardation of 7 /2 between the levels. For this, we used
chrome-on-glass gratings and we applied to them
glass etching with fluorhidric acid and, later, chrome
etching. The height of the manufactured gratings is
around 320nm (measured with a confocal micro-
scope), which is quite close to the theoretical
phase shift.

The gratings are placed initially one in front of the
other at a certain distance. The experimental method
consists of separating the camera from the mask
along the z axis and acquiring images of the fringes.
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Fig. 6. (a) Experimental contrast of the fringes for the double-

grating mask with the phase-phase configuration in terms of
the relative displacement Ax between gratings for different values
of the distance between the mask and the observation plane.
(b) Maximum and minimum experimental contrast for the differ-
ent relative displacement Ax between gratings.



We have placed the gratings at a relative distance
Ax = p/4. The experimental results for the Talbot
effect cancellation position are shown in Fig. 5(a),
which are in agreement with the theoretical predic-
tion. The contrast for the Talbot effect cancellation
position for different values of z, is shown in Fig. 5(b).
In addition, the contrast of the fringes with respect to
the relative position Ax between the gratings is
shown in Fig. 6(a). At this location, the contrast is
quite independent of z{; this also happens for varia-
tions of Ax = +1 ym, which allows us manufacturing
this device more conveniently.

This tolerance can be observed more clearly in
Fig. 6(b), where the maximum and minimum con-
trasts have been plotted in terms of Ax. The theoret-
ical results predict contrast equal to 1 for this
configuration (phase—phase mask) considering only
0 and +1 diffraction orders, but it is not experimen-
tally obtained, probably because all diffraction or-
ders influence the experimental results.

5. Conclusions

In this work, we have shown that a continuous self-
imaging regime can be produced using a mask
formed by two diffraction gratings. The most success-
ful scheme uses two phase gratings with certain con-
ditions about their phase retardation and their
relative position. Then, fringes that depend only
slightly on the distance between the mask and the
observation plane are formed. In addition, we have
experimentally demonstrated the validity of the pro-
posed technique. We have also shown that the toler-
ance in the positioning between the gratings is great
enough to allow for simple fabrication of the double-
grating mask. This kind of mask can be used in op-
tical encoders to improve mechanical tolerances of
the devices. In addition, with this mask the fringes
quadruple. Therefore, the performance of the sys-
tems that use this mask can be improved.

This work has been supported by project CCGO8-
UCM/DPI-3952 of Direcciéon General de Universi-
dades e Investigacion de la Consejeria de Educacién
de la Comunidad de Madrid y Universidad Complu-

tense de Madrid and Consorcios Estratégicos
Nacionales de Investigaciéon Tecnologia project “Tec-
nologias avanzadas para los equipos y procesos de
fabricacién de 2015. e-eficiente, e-colégica, e-maqui-
na (eEe)” of the Ministerio de Industria, Turismo y
Comercio.

References

1. E. Keren and O. Kafri, “Diffraction effects in moiré deflec-
tometry,” J. Opt. Soc. Am. A 2 (2), 111-120 (1985).

2. A. W. Lohmann and D. E. Silva, “An interferometer based on
the Talbot effect,” Opt. Commun. 2, 413-415 (1971).

3. B. F. Oreb and R. G. Dorsch “Profilometry by phase-shifted
Talbot images,” Appl. Opt. 33, 79557962 (1994).

4. S. Wei, S. Wu, L. Kao, and F. P. Chiang “Measurement of wafer
surface using shadow moire technique with Talbot effect,” J.
Electron. Packag. 120 166-170 (1998).

5. G. Schirripa Spagnolo, D. Ambrosini, and D. Paoletti, “Displa-
cement measurement using the Talbot effect with a Ronchi
grating,” J. Opt. A Pure Appl. Opt. 4, S376-S380 (2002).

6. W. H. F. Talbot, “Facts relating to optical science,” Philos. Mag.
9, 401-407 (1836).

7. K. Patorski, “The self-imaging phenomenon and its applica-
tions,” in Progress in Optics, E. Wolf, ed. (North-Holland,
1989), Vol. 27, pp. 1-108.

8. N. Guérineau, B. Harchaoui, and J. Primot, “Talbot experi-
ment re-examined: demonstration of an achromatic and con-
tinuous self-imaging regime,” Opt. Commun. 180, 199-203
(2000).

9. L. M.Sanchez-Brea, J. Saez-Landete, J. Alonso, and E. Berna-
beu “Invariant grating pseudo-imaging using polychromatic
light and finite extension source,” Appl. Opt. 47, 1470-1477
(2008).

10. L. M. Sanchez-Brea, J. Alonso, and E. Bernabeu “Quasicontin-
uous pseudoimages for sinusoidal grating imaging using an
extended light source,” Opt. Commun. 236 53-58 (2004).

11. G. Vincent, R. Haidar, S. Collin, N. Guérineau, J. Primot,
E. Cambril, and J. L. Pelouard “Realization of sinusoidal
transmittance with subwavelength metallic structures,” J.
Opt. Soc. Am. B 25, 834-840 (2008).

12. K. Patorsky, Handbook of the Moiré Fringe Technique
(Elsevier, 1993).

13. D. Crespo, J. Alonso, and E. Bernabeu, “Generalized grating
imaging using an extended monochromatic light source,” J.
Opt. Soc. Am. A 17, 1231-1240 (2000).

20 October 2009 / Vol. 48, No. 30 / APPLIED OPTICS 5727



