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1. Introduction

This work is devoted to spectral theorems beyond self-adjoint or normal operators. We
give conditions, the existence of a positive bidiagonal factorization, to be explained later,
such we can state a spectral Favard theorem for bounded banded semi-infinite matrices.
The study of symmetric tridiagonal operators acting in the Hilbert space £? can under
an appropriate chosen basis be reduced to an infinite Jacobi matrix enabling a deeper
understanding of this spectral theory. Here is where the theory of general orthogonal
polynomials comes into place to derive the spectral and the resolvent set for selfadjoint
operators (cf. [44]).

Multiple orthogonal polynomials are traditionally linked with the theory of Hermite—
Padé and its applications to the constructive function theory. For good introductions to
multiple orthogonal polynomials see the book by Nikishin and Sorokin [44] and the chap-
ter by Van Assche in [37, Ch. 23] and for a inspiring basic introduction see [42]. Multiple
orthogonal polynomials are a very active research area: for asymptotic of zeros see [7],
for a Gauss—Borel perspective see [2], for Christoffel perturbations see [19], for applica-
tions to random matrix theory see [16]. Mixed multiple orthogonal polynomials, and the
corresponding Riemann-Hilbert problem, have found applications in Brownian bridges,
or non-intersecting Brownian motions, that leave from p points and arrive to ¢ points
[26], and in the discussion of multicomponent Toda, cf. [1,2]. Mixed multiple orthogonal
polynomials also appear in applications to number theory. Apéry, cf. [3], proved in 1979
that ¢(3) is irrational. The proof is based on an mixed Hermite-Padé approximation to
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three functions. Also mixed multiple orthogonal polynomials and corresponding mixed
Hermite-Padé approximations have been used to show that infinitely many values of the
¢ function at odd integers are irrational, cf. [11], and that at least one of the numbers
€(5),¢(7),¢(9),¢(11) is irrational, cf. [52].

Another field of application of multiple orthogonal polynomials is the spectral anal-
ysis of high order difference operators. Spectral theorems hold beyond self-adjointness
for normal operators (the operator commutes with its adjoint). In the case of banded
Hessenberg operators, the self-adjointness or normality no more takes place.

A first attempt to tackle these problems has been made by Kalyagin in [38-40,8]. There
the author defines a class of operators related with the Hermite-Padé approximants and
connects their spectral analysis with the convergence problem for simultaneous Hermite—
Padé rational approximants of a system of resolvent functions of the operator (that
coincides with the notion of multiple orthogonality). See also [15]. The group comprising
Aptekarev, Denisov, and Yattselev has also made significant contributions. Noteworthy
among their works are those focused on self-adjoint Jacobi matrices on trees and multiple
orthogonal polynomials [4], the asymptotics of coefficients and the essential spectrum of
Jacobi matrices on trees generated by Angelescu systems [5], and lastly, their research
on the spectral theory of Jacobi matrices on trees whose coefficients are generated by
multiple orthogonality [6]. At the same time this connection leads to a new solution of
the direct and inverse spectral problems for the operators based on the Jacobi—Perron
algorithm and vector continued fractions (cf. [9,49,50]). This approach serves as a base
of a new method of the investigation on nonlinear discrete dynamical systems. As an
example, global solutions of a hierarchy of discrete KdV equations are obtained (cf.
[9,51,12-14]).

Recently, in a series of works (cf. [18,20,23]) we have analyzed the applications of
type I and II multiple orthogonal polynomials to certain Markov chains also called non
simple random walks (i.e., beyond birth and death). At the end we got a spectral Favard
theorem with an application to Markov chains described in terms of a bounded banded
(p + 2)-diagonal (with one superdiagonal and p subdiagonals) oscillatory Hessenberg
operators that admit positive bidiagonal factorizations.

The main result we achieved in [20] is that bounded banded Hessenberg matrices
that admit a positive bidiagonal factorization have a set of positive Lebesgue—Stieltjes
measures, and can be spectrally described by multiple orthogonal polynomials. This
extends to the non-normal scenario the spectral Favard theorem for Jacobi matrices (cf.
[37]). An important feature of the method applied in [20] to describe the spectrality of a
banded Hessenberg operator, is the multiple Gauss quadrature formula that we get with
the exact degrees of precision.

In this paper we consider a bounded banded operator 1" whose semi-infinite matrix
is a banded matrix with ¢ superdiagonals and p subdiagonals and such that the leading
principal submatrices are given by

TINT —
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where it is assumed that the entries in the extreme diagonals do not vanish

Tner’ﬂ 7é 0, Tn,n+q 7é 0, n € Ny. (2)

In what follows we will show that when this matrix, after a shift, admits a positive
bidiagonal factorization and, consequently, is oscillatory, we can find a spectral Favard
theorem. Now, we have mixed multiple orthogonal polynomials with respect to a matrix
of positive Lebesgue—Stieltjes measures. As an application we derive the corresponding
Gauss quadrature formula for this matrix of measures and determine their degrees of
precision.

While the extension given in this paper of the spectral Favard theorem of [20] for
banded Hessenberg matrices to arbitrary banded matrices is natural, there were several
key issues to resolve before achieving this large extension. The first one was to understand
the role of the characteristic polynomial that is no longer an orthogonal polynomial, the
second was to find the relationship of the determinants of the two families of mixed mul-
tiple orthogonal polynomials to the characteristic polynomial and its zeros, and finally
the extension of the positive bidiagonal factorization to this general situation and the
application of the oscillation properties of eigenvectors.

Within this introduction we discuss, in the first place, some preliminary material on
totally nonnegative matrices, stating (without proof) the results needed later on. Then,
we show how the well known bounded tridiagonal Jacobi matrix for which we have
the spectral Favard theorem happens to be oscillatory after an adequate shift and have
a positive bidiagonal factorization. Finally, we use the Gauss—Borel factorization of a
moment matrix to construct mixed multiple orthogonality on the step-line.

1.1. Totally nonnegative and oscillatory matrices
Totally nonnegative (TN) matrices are those with all their minors nonnegative, cf.

[30,35], and the set of nonsingular TN matrices is denoted by In'TN. Oscillatory matrices,
cf. [35], are totally nonnegative, irreducible [36] and nonsingular. Notice that the set of



A. Brangquinho et al. / Advances in Mathematics 434 (2023) 109313 5

oscillatory matrices is denoted by IITN (irreducible invertible totally nonnegative) in
[30]. An oscillatory matrix T is equivalently defined as a totally nonnegative matrix A
such that for some n we have that A" is totally positive (all minors are positive). From
Cauchy—Binet Theorem one can deduce the invariance of these sets of matrices under
the usual matrix product. Thus, following [30, Theorem 1.1.2] the product of matrices
in InTN is again InTN (a similar statement hold for TN or oscillatory matrices).

We have the important result:

Theorem 1.1 (Gantmacher—Krein Criterion). [35, Chapter 2, Theorem 10]. A totally non
negative matriz is oscillatory if and only if it is nonsingular and the elements at the first
subdiagonal and first superdiagonal are positive.

Regarding tridiagonal matrices we have the following classical result:

Theorem 1.2. [3/, Chapter XIIL,§9] and [35, Chapter 2, Theorem 11]. A tridiagonal
matriz is oscillatory if and only if,

i) The matriz entries of the first subdiagonal and first superdiagonal are positive.
ii) All leading principal minors are positive.

Gauss—Borel factorizations are intimately related with these concepts:

Theorem 1.3. [30, Theorem 2.4.1] T € InTN if and only if it admits a Gauss—Borel
factorization T = L='U~' with L,U € InTN, lower and upper triangular matrices,
respectively.

The following spectral theorems are extracted from [30], see also [35].

Theorem 1.4 (Eigenvalue). [30, Theorem 5.2.1] Given an oscillatory matriz T € RNV
the eigenvalues of T are N distinct positive numbers.

Theorem 1.5 (Interlacing of eigenvalues). [30, Theorem 5.5.2] Given an oscillatory ma-
triz T € RN*N the eigenvalues of T strictly interlace the eigenvalues of the two principal
submatrices of order (N — 1), T(1) or T(N), obtained from T by deleting the first row
and column or the last row and column.

We need to introduce the following notation. We define the total sign variation of a
totally nonzero vector (no entry of the vector u is zero) as v(u) = cardinal{i € {1,...,n—
1} : wju;y1 < 0}. For a general vector u € R™ we define v,, (u) (vpr(u)) as the minimum
(maximum) value v(y) among all totally nonzero vectors y that coincide with u in its
nonzero entries. For v, (u) = vpr(u) we write v(u) := vy, (u) = var(w).
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Theorem 1.6 (Eigenvectors). Let T € RVN*N be an oscillatory matriz, and u® (w®) )
the right (left) eigenvector corresponding to i, the k-th largest eigenvalue of A. Then

i) [30, Theorem 5.3.3] We have vy, (u®) = vpr(u®) = v(u®) = &k — 1 (v (w®) =
vy (w®) = v(w*) = k —1). Moreover, the first and last entry of u®) (w®*)) are
nonzero, and v and uN) (W and wN)) are totally nonzero; the other vectors
may have a zero entry.

ii) From Perron—Frobenius theorem we know that u™™ (w™ ) can be chosen to be entry-
wise positive, and that the other eigenvectors u(¥) (w(k)), k=2,...,n have at least
one entry sign change. In fact, u™N) (w(N)) strictly alternates the sign of its entries.

1.2. Jacobi matrices

Let us consider the tridiagonal semi-infinite real matrix

fl 7721 1 ..
J = 0 fg 72 1 5

and assume that £ > 0, k£ € N. This matrix is symmetrizable, as the positive diago-
nal matrix H = diag(Ho, Hy,...), Hy = 1, Hy,, := £ --- £y, is such that H-2JH?z is
symmetric.

If the matrix J is bounded, all the possible eigenvalues of the submatrices JV! belong
to the disk D(0,||.J||). As all the eigenvalues are real, let us consider those that are
negative, and let b be the supreme of the absolute values of all negative eigenvalues.
Notice that b < || J]].

Theorem 1.7. For s > b, the matriz J; = J + sl is oscillatory and admits a positive
bidiagonal factorization in the form

[ 1 [ I 1 a1 [0 JS
Qg 1 0 a3 1
Js: 0 Qy 1 .

with a, > 0.
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Proof. Take s > b, then J; has the eigenvalues of its leading principal submatrices JS[N] =
JWNl 45y all positive. The corresponding characteristic polynomials are Py y1(z—s) =
det (zIn41 —Jé[,N]), so that det JIN = (=1)N*1 Py, (—5) and, as —s is a lower bound for
any possible zero of this monic polynomial, we find that (—1)N¥+! Py, 1(—s) > 0. Hence,
the leading principal minors of Js are all positive and the entries on the subdiagonal a
superdiagonal are positive. Thus, we conclude, attending to Theorem 1.2, that J is an
oscillatory matrix.

The positive bidiagonal factorization is a consequence of Theorem 1.3 applied to J

fors>b. O

The Favard spectral theorem, see [46], ensures for a Jacobi matrix J the exis-
tence of a unique probability measure d¢ such that [ P,(z)z™d¢(xz) = 0, for m €
{0,...,n — 1}, that is the characteristic polynomials are orthogonal polynomials, and
moreover [ 2" d(z) = (J")o,0. Thus, we see that the tridiagonal matrices to which the
classical spectral Favard theorem applies are equivalently described as bounded tridiago-
nal matrices that after a convenient translation admit a positive bidiagonal factorization.

1.8. Mized multiple orthogonal polynomials on the step-line

Mixed multiple orthogonal polynomials were first introduced in 1994 by Sorokin [48],
and further extended in 1997 by him and van Iseghem in [49] when studying matrix
orthogonality of vector polynomials. Ten years later, in 2004, it was rediscovered by
Daems and Kuijlaars [26] in the context of multiple non-intersecting Brownian motions,
where the name mixed multiple orthogonal was coined. It has been discussed also in
[1,2,32,33]. Some of the forementioned papers deal g x p rectangular matrix of weights of
rank 1 at each point of the support. However, the most fitted version for the discussion
in this paper is the ones in [49] and [33] in where a g X p rectangular matrix of functionals
or measures, respectively, are considered.

Let us present the mixed multiple orthogonal polynomials, on the step line, as they
appear from the LU factorizations of a matrix of moments, following the ideas presented
in [2].

Definition 1.8 (Matriz of measures). Let us consider a matrix of functions, which are

Y11 Pip
right continuous and of bounded variation in a closed interval A, ¥ = : :
Yo+ Yap

depra oo dibry
and the associated matrix of Lebesgue—Stieltjes measures d ¥ = : :
dz/’q,l ""dwqyp

Definition 1.9 (Monomial matrices). Given r € N, we consider the semi-infinite matrices
of monomials
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xl,
X[r] = Z‘QIr 5

that, denoting its columns by X[(Z]), we can write X[,) = [X[(:]) X[(T’])]

Definition 1.10 (Shift matrices). The shift matrix is given by £[,):= O:’?..O"-. b,

Lemma 1.11. Shift matrices act by left multiplication on monomial matrices according to
O Xy = 2X 0 X = 2 x ) e {1
X = 2 X (@), R X =2 X (), Je{l....rh
Lemma 1.12. If we denote by £ := £y =

we have {,; = {".

Definition 1.13 (Moment matriz). The matrix of moments is given by

dU(z) xd¥(z) 22d¥(x)----

rd¥(z) 22d¥(z) 23d¥(x)----
M ZZ/X[qJ(JS)d‘I’(z)(X[m(m))T = [ 122d9(@) Pd¥(e) +*d ().
A A . . .
[ dypy () oo dipyp(x) |wdepp () - oeeee zd () 1
dﬁ)qjl(x) .......... dd;q:p(x) xd¢;’1(x) ......... xdd;;p(x)
B :Cdz/z},l(x) ......... xdw},p(x) 2 d'¢1,1 ......... 1?2d1/{1,p($)
N wdga(x) e zd iy () 2 dpga(x)-eveeees 2% d g ()

Lemma 1.14. The moment matrices are a structured matrixz built up with q x p blocks
Mo = [ 2"t AU (x) € RP. In fact, is Hankel by blocks, i.e. My i1,m = My mi1-

This fact can be reformulated as follows:
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Proposition 1.15. The moment matriz satisfies
ligM = M(t) T (3)

Proof. It follows from

lgM :/é[q]X[q](Jf)d‘I’(Jf)(X[p](JT))T = /$X[q]($)d‘1’($)(x[p]($))T
A A

_ / Xy () d 0 () (X () T(¢)T. O
A

Now, let us assume that the moment matrix M has a Gauss—Borel factorization, i.e.
M = LU, where L is lower triangular and U upper triangular, such that none of the
diagonal entries in both triangular matrices are zero, and the respective inverse matrices
make sense. It is well known that such LU factorizations do exist whenever the leading
principal submatrices are nonsingular.

Definition 1.16 (Matriz polynomials). Let us consider the matrices

Bo
Bi=LXg= B, A= (Xp) U= [do ],

where %, (z) is a ¢ X ¢ matrix polynomial and &, (x) is a p X p matrix polynomial.
Observe that

B— [Bu)....B(q) , B(b)zLX[(;]), be{l,...,q}
AL

A= , Al = (x9N Ty, ae{l,....ph

: [p]
AP

Lemma 1.17. The semi-infinite vectors

B
B _ Bib) 7 Ale) — {Aéw Agw,.,,]’

have as entries polynomials with degrees

n+2-—>=5

deg BY) = {
q

-‘ —1, degAff) = {LH-‘ —1.

p
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For the block polynomials we have

BY ... BY : Keian
[z 1E A B@ :

ng+q—1 ng+q—1 (p) (p)

atq atq AR AP

Lemma 1.18.
i) Forr,n € N, n > r, we have
T 1 _
r
a=1

ii) For the degrees we find Y {_,(deg BY + 1) =>"_ (deg AW 4 H=n+1.

Proof. i) Let us consider n = kr 4 j, where j =0,...r — 1. For a = 1,...,j, we have
that

_ 11— ; _
[n—i—l a-‘:[kr—&-j-i- a-‘zk—&—[m-‘:k—i—l.
T r r

Fora=j5+1,...,7r, we find

[nJrla—‘ _ Fcherrla—‘ _ [(kl)r+ra+j+1w

r r r

_(le{T—arﬁw — k.

Therefore, Equation (5) follows.
ii) It follows from the previous result and (4). O

Proposition 1.19 (Biorthogonality). The following biorthogonality holds
/ B(2)d U(2)A(z) = I,
A

that entrywise can be written

Z/B“’) ), (2) AL (@) = G, m,m € No. (6)

b=1 a:l
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Proof. From the definition of the moment matrix M and the Gauss—Borel factorization
M =L7U! we get

T -
/X[q](x)d\Il(x)(X[p](x)) =L7'Uh
A
By left and right multiplication by the triangular factors L and U, respectively, we get

/ LX () AW (2)(Xp(2) U =1
A

and recalling the definition of B and A we deduce that [, B(z)d ¥(x)A(x) = I, and the
result follows immediately. O

Remark 1.20 (Matriz biorthogonality).

i) If p = q, we recover the well-known matrix biorthogonality, see [27,47,28] for matrix
orthogonality,

/95’”(3:) d¥(2)m(x) = 6 mp, n,m € Np.
A

ii) For p # ¢, this matrix orthogonality is lost. However, if we denote for r € N by

%LT] the 7 x ¢ matrix of polynomials obtained from the co x ¢ matrix B by taking

consecutive submatrices of size r X ¢, and similarly for eszf,[f ], i.e., obtained from the

p X 0o matrix A consecutive submatrices of size p x r, we get the following generalized
matrix biorthogonality

/935};’1 A (z) L (z) = 6, 1, n,m € N.
A

From biorthogonality (6) we get mixed multiple orthogonal relations as follows:

Corollary 1.21 (Mized multiple orthogonality). The following orthogonality relations
P
Z/Agl“)(x)dz/)b,a(x)xmzo, m € {0,...,degB7(lb_)1}7 be{l,...,q},
a:lA

q
Z/B,(Lb)(x)dwb,a(x)mm =0, m e {0,...,degA£La31}, a€{l,...,p},

b=1 X

are satisfied.
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Remark 1.22. For ¢ = 1 the mixed multiple orthogonality is the well known multiple
orthogonality, or p-orthogonality, with A%a ) the type I multiple orthogonal polynomials
and the B, the type IT multiple orthogonal polynomials, see [44,37].

‘We now discuss the connection of the Gauss—Borel factorization of the moment matrix
and the Cauchy transforms.

Definition 1.23. Let us consider the formal semi-infinite matrices
D
C() =2 (X (=) L7 =[G @], D)= 2 U X () = |

(7)
With €,, 9, being g x p rectangular blocks.

Remark 1.24. The previous definition is formal, as the product of matrices involves series
instead of sums, hence to have a meaning we must ensure the convergence of these series.

Remark 1.25. We have that

o
C = - D:[D(l)....D(p)y
Ciq)

DY
where C®) = [C(()b) o ] are semi-infinite row vectors and D(®) = D'@ semi-infinite
column vectors. The block matrices are

1 1 1
ey DY Dg)
Gn=| : : : D, = ; ;
1
c ... Cﬁ%lpq D q> a1t DSZLH

Proposition 1.26 (Cauchy transforms). Let us assume that z belongs to the exterior of a
disk centered at the origin that includes all the supports suppdpq, for b € {1,...,q}
and a € {1,...,p}. Then, the matrices in (7) are the following Cauchy transforms

C(z)z/d‘l’—(“)A@), D(z):/B(a:)

zZ—X

d¥(z)

zZ—XT

Proof. We have

C(z) = z_l(X[q](z_l))TMU = z_lX[Z](z_l)/X[q} (m)d\If(m)(X[p](a:))TU.
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Now, notice that for |x| < |z| it holds that

3|&

Z—l‘

(X)) Xpyle) = % Z

so that, recalling that (X,j(z))"U = A(z), we get C(z) = [ %@A(m) Analogously,

Remark 1.27. Entrywise, we find

dpa(w : dpa()
A(a) D@ = /B(b —7har/
}:/ e A0, D) =Y [ BPE ),
and block entrywise

‘gn(z):/d\p—(x)ﬂn(a:), Qn(z)z/%’n(x)dij(m).

zZ—X

Now, let us discuss how these polynomials connect with the matrix Hermite—Padé
problem as considered in [51]. For that aim, we first introduce:

Definition 1.28 (Stieltjes—Markov functions). Let us consider the Stieltjes—Markov func-
tions given by

szb,a(z) ;:/M,

zZ—X
A

i.e., the Cauchy transforms of the measures. We also introduce two families of polynomials
of the second kind linked to the orthogonal polynomials:

BY () — BY
/ z2—x o d¥p.0(2),
b= 1A
A(a A(a)
Q(b Z/ — (CC) dwb,a(-r)-

Proposition 1.29 (Matriz Hermite—Padé).
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i) The following simultaneous approzimation holds

1
§ BY) (2 = RW(z >+O<Zna+1>= z — 00,
with

1
Ng := degAEf_)1 +1= {L + a—‘ .
p

We have Y7 _ n, =n and Y {_,(deg BY +1)=n+1.
i) Analogously, the simultaneous approximation

p
1
2 a4 cﬁ%a+0(;an)7 200,

with

1-b
mp = degBr(Lbl1 +1= {7n+ -‘ ,

q
is satisfied. We have > {_, my =n and Y- _, (deg AW 4 H=n+1.

Proof. Let us check only the first case. The other follows by similar arguments. Observe
that

> B0 )il = 3B [ 1Lelt)

b=1 b=1 A
. BV (z2) - BV (2) . 1 B (2)
_bz_:lA/ — dwb,a(xHI;A/ ———dtua(a)

+oo q
o 1
— RO+ Y S Y [ B @)t dvnao)
b:l

k=0

Using now the mixed multiple orthogonality conditions, see Corollary 1.21, we get the
result. The degrees follow from Lemma 1.18. This is exactly the matrix Hermite-Padé
problem that appears in [51]. O

Finally, we discuss the recursion relations

Proposition 1.30 (Banded recursion matriz).
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i) The following relation is fulfilled
Lf[q]L_l = U_l(f[p])TU.

ii) The semi-infinite matriz T = LljgL™" = U~ ({y,))"U is a banded matriz with p
subdiagonals, q superdiagonals, where the p-th and q-th sub and superdiagonal entries
are nonzero.

iii) The following recursion relations hold

TB =B, AT = zA.
Proof. i) From the Gauss—Borel factorization and (3) we get
gL 'U =L U () T
so that
Lig L™ =U" (¢, U

ii) The matrix LZ[Q]L’l has all its superdiagonals above the first ¢g-th superdiagonal
with zero entries, while U _1(€[p])TU has all its subdiagonals below the first p-th
subdiagonal with zero entries. Hence, T' is a general banded matrix with p + ¢+ 1
diagonals possibly with nonzero entries. The p-th and g-th sub and superdiagonal
entries are nonzero, taking into account that L is lower triangular and U an upper
triangular such that none of the diagonal entries in both triangular matrices are zero.

iii) By definition B = LX|g so that TB = Lﬁ[q]L_lLX[q] = Ll X|q = zB. Similarly,
also by definition, we have A = (X)) U so that AT = (Xp,;))TUU({,)TU =
(X[p])T(é[p])TU =zA. O

This banded recursion matrix is the object of study of this paper. It will be the
departure point in the next sections. We have considered a matrix of measures and the
associated matrix of moments and derived the mixed multiple orthogonality as well as
the banded recursion matrix. The aim in this paper is to get conditions on the banded
matrix so that we can go back this way, to retrieve the matrix of positive measures
and the mixed multiple orthogonal polynomials from the recursion matrix; i.e., to get a
spectral Favard theorem.

2. Recursion polynomials and the characteristic polynomial

We begin by introducing the recursion polynomials associated to the banded matrix
T, with truncations given in (1), as the entries of semi-infinite left and right eigenvectors:
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Definition 2.1 (Left and right recursion polynomials). Associated with the semi-infinite
banded matrix 7" we consider the semi-infinite vectors

b
B
a a a b
A® = [4® 4@ } Cae{t.ph BO=[BY| be{l...q)
that are left and right eigenvectors with eigenvalue x of T, i.e.
AT =z A@) ac{l,... p} TB®) = zB®), be{l,...,q}.

The entries of these left and right eigenvectors are polynomials in the eigenvalue x,
known as left and right recursion polynomials, respectively, determined by the initial

conditions
A(Q) =0,
AN =1, by AP =0
A7 =1
AW (1) 1 ’
1 ST 4@ _ @ :
2 =V, ) (8)
: A7y =0,
AW = o s AP =1,
? g Aéf)l - V;()317 b
with V](i) being arbitrary constants, and
B =0
1 0 )
B =1, B® _1 B =0,
(1) (1) ) .
BV =¢
1 ’ B(2) (2) :
| 2, " ©)
: B,”, =0,
B(l) — (1) ; B(Q) — 1
q—1 gqfl B(2 fq 5 q—1

with SJ@ also being arbitrary, respectively. We also define the initial condition matrices

| PP 0 I Qrevvveeneens 0
e z 1 ;
z . : o
_,,;91 ........ Vép:llll_ _5217)1 ........ g(‘l 1, 1)

Once the initial conditions are fixed, the remaining polynomials are found by:
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Proposition 2.2 (General recursion relations). The recursion polynomials are uniquely
determined by the initial conditions (8) and (9) and the recursion relations

A T g4+ A T = 24, ne{0,1,...}, ae{l,....p

A(_“(;:...:A(fl):(), (10)
Tn,n—pB;b_)p‘F"'+Tn,7l+qB7(Lb—‘,)-q :‘TBT(Lb)’ n e {0717"'}7 be {1a"'aq}7

® _ . _pb_
BY =...=B" =o.

We use the ceiling function [z] that maps z to the least integer greater than or equal
to x.

Proposition 2.3. For the degrees of the left and right recursion polynomials we find

9 _
deg A = {ul -1,

deg BY) = ’VLH“ —1.
p

q

Proof. By inspection we can check that, for j € {1,...,p} and k € Ny, it holds that

degA,({f;Lj =k, fora e {1,...,5+ 1} and degAg;)H =k—1forae {j+2...,p}
and that, for j € {1,...,q} and k € No, deg B, , = k, for b € {1,...,j + 1} and
degBY,  =k—1forb={j+2,...,q}

However, we notice that

{n—i—?—a—‘ i [kp—l—j—i—Q—a—‘ _1:k_1+[]+2_aw
p p p

but

’7j+2_a—‘_ 13 06{1,...,j+1},

D 0, ac{j+2,...,p},

and the stated result follows. For the recursion polynomials Bflb) we proceed analo-
gously. O

Definition 2.4 (Characteristic polynomials). For the semi-infinite matrix T' we consider
the polynomials Py(x) as the characteristic polynomials of the truncated matrices
TIN=1] e

S i N =0,
xX) =
Y det (zIy — TIN=1)), N e N.

Obviously, deg Py = N. For Hessenberg matrices [20] it happens that the character-
istic polynomials up to a factor coincide with the right recursion polynomials. However,
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for the banded situation this does not hold in general. Nevertheless, there is a relation
between determinants of the recursion polynomials, right or left, with the characteristic
polynomials of the banded matrix T'. Let us see this.

Definition 2.5. Let us introduce the following matrices of left and right recursion poly-

nomials
1 1 1
AD a0, BBy
AN = ) BN = ) N e N07
1
AP B B

and the following products

ay = (1PN o Ty e,

By = (_1)(q—1)NTO,q o TN_1 Ntq-1, N € N,
and o = BO =1.

Remark 2.6. These are inspired by the matrix polynomials blocks given in the Gauss—
Borel construction of mixed multiple orthogonality, see Lemma 1.17. In fact, for M € N,
AMp = .SZfM and B]wq = %M

Recall that as the entries in the extreme diagonals do not vanish (2) we have that
apn, By # 0. In terms of these objects we found the following important result:

Theorem 2.7. For N € Ny, the characteristic polynomials and determinants of left and
right recursion polynomial blocks satisfy

Py (z) = ay det Ay(x) = By det By ().

Proof. For N = 0 we have that det Ag = detv = 1. For N = 1 we get

AW A T, AP AW LAY (@ - Ty )AL
AP AW A® AR AP gy ) AP)

p—1 P

where we have used the recursion (10) in the last column of this determinant. Now we
express this last determinant as the following product of determinants



A. Brangquinho et al. / Advances in Mathematics 434 (2023) 109313 19

[ P 0lz —Too
Afll) ... 'AS_)1 (z — Tq,o)Aél) Aél) . ”Aél—)l 5
AP ... .A;le (z — Tho) AW AP .. ..A;{)l ;

= (—1)p+1({£ — T()’O).
We proceed similarly up to N =p—1,s0 for N € {2,...,p— 1}, we get that
1 1 1 1
A?v) A, Tp,0f4§> L T v AR,

Tpolp+1,1---TNyp—1,N—1 det Ay := : : : :
AP A;f’_)l Tpo AP . Tnyp1 v AP

N4+p—1
AP e AL (@ = T o) AP = TioAY — o = TyoaeAR, o —Tox s A = Tun g AR — - (2 = Tyon-0) AR,
A(,\If’) """ A,(Jp,)l (z — To.o)A[(,m - Tl.oAY') - T/\‘—l,oAfm?)q e *TU,N—lA[(,m - Tl.m—xAim -t (z - T:'\‘fl,l\'fl)A(Np)f|
1 1 — TIN-1]
A(())....A( )1 ONX(p—N) xly —T

I-n O(p—N)xN

= (~1)V N Py (x),

where, in the second equality, we have used the recursion relation (10) in the last N
columns and cancel the contributions already present in the previous columns.
For N > p, using the recursion relation similarly as above we get

TN,N—p e TN+p—1,N—1 det AN = det M,

TNy ~Ton_1
AL A(l),l
M| ~IN-paN—p - —TIN-p-1,N-1
() o || NN NN
AP . AP
TN_i,N—p---- 'z —TN_1,N-1

In order to compute this determinant we notice that
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OV —p)xp In-y
AD . A;1)1 ........ Ag\?)—1
AP L A;le ........ AP

(xIy — TNy =

C(N—p) Xp

Opx (n—

where C'is an (N —p) x p submatrix of 21y — TN =1 that is not relevant for the reasoning.

Observe that

O —p)xp In—p O(v—p)xp In_p
Aél) ......... AP A Ay AE&L
z z y g
(») T I L D A(i’)
AP AP N1
— (_1)p(N—p)7

where the initial conditions of recursion polynomials have been used, and we get

(—1)PNP Py (2) = (=Tp0) (—Tps11) -+ (~Tn—1,N—p—1) det M

so that

Py(z) = (-1)PDN=IT Ty 1 Tt N—p1 TN N—p - Tvp1,v—1 det Ay (z)
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and observing that (—1)P+DWN=r) — (_1)(P=DN we obtain the stated result. Finally,
the second result is proven analogously. O

3. Right and left eigenvectors

We now consider determinantal polynomials constructed in terms of determinants of

left and right recursion polynomials that happen to give left and right eigenvectors of
TN,

Definition 3.1. Let us introduce the determinantal polynomials

A AP BO. B@
AL A®) BW . B@

QnN _ N+1 ]\{'+1 7 Rn’N _ N+1 N+1 7 (11)
(1y (») (1) (@)
Nipo1 o A]\Zl7+p— Niago1 " BA?H?

the semi-infinite row and column vectors

Ro N
QN = [QO,N QI,N""} , Ry = RlzvN

and corresponding truncations

Ry N
QW = [QO,N Q1N "QN,N} ) RN =
RJ\.I,N

Proposition 3.2. The following properties for polynomials Qn N, R, N are satisfied

i) Qnyin = =QNyp-1,Nn=RBnpin == Ryiqg1n =0.
ii) anQn,n = BvRyn = Py and (1) tan1Qnipy = (1) ' ByiiRnign =
Prnyg.
i) QnT = 2QN and TRy = 2Ry
iv)

QMITIN 4 [o. .0 TN+p7NQN+p7N} = 2QW™,
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TRV 4 : = 2R, (12)
0

TN N+qRN+qN

Proof. i) As Q,~ and R, n are the determinants in (11) we see that they vanish
whenever two rows are equal, which happens precisely in the indicated cases.

ii) It follows from Theorem 2.7.

iii) It is a direct consequence of the fact that all appropriate rows/columns in the deter-
minants in (11) satisfy corresponding recurrences.

iv) It follows from the previous points i) and iii). O

Now, we are ready to give a set of left and right eigenvectors of the banded finite
matrix TIN). Let us assume that its eigenvalues /\LN}, k€ {1,...,N + 1} are simple
(which happens for example for oscillatory matrices). These eigenvalues are the zeros of

the characteristic polynomials Py1(z). We also assume that )\[IN} > )\[QN] > > )‘[Iffvjrr

Proposition 3.3. For k € {1,...,N + 1}, the vectors Q<N>}x_)\m and R<N>}
"k

left and right eigenvectors of TN, respectively.

s=AlM aTe

Proof. Properties ii) and iv) in Proposition 3.2 and an evaluation at )\ECN] leads to the
result. O

4. Christoffel-Darboux formula

We present now a generalized Christoffel-Darboux formula for the determinantal poly-
nomials and the characteristic polynomial of a banded matrix. These results are an
extension of the formulas found in [25] for the non-mixed case, see also [22]. Christoffel-
Darboux formulas, not of the type described here, for the mixed multiple orthogonality
were discussed in [26] and also in [2,10].

Proposition 4.1 (Christoffel-Darbouz type formulas).

i) For the determinantal polynomials Qn n and R, n introduced in (11) we get the
following generalized Christoffel-Darbouz formula

1 Pysi(z)Pn(y) — Pn(2)Pnt1(y)
anpBn r—y .

N
Z Qn.N(2) Ry N (y) = (13)

i) The following generalized confluent Christoffel-Darbouz relation is fulfilled

N
1
> QuvRun = ——— (P41 Py — PyPri1). (14)
n=0 O[NBN
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Proof. We use (12) to get

- QW (2) O +10----0 TN+p,NQN+p,N(l‘)] R (y)

TN N+qBN+qN(Y)
= (z = »)Q () R™M(y).
Now, recalling Qnn = aJT,lPN, QNipN = (—l)p_la]_\,ﬂ_le+1, anNy1 =
(-1)P " Tyipnan, Byn = By'Py, Rnign = (—1)q_1ﬁ§1+1PN+17 BN+l =
(—=1)97 TN N44Bn, We obtain (13). Finally, (14) appears as a limit in (13). O

5. Biorthogonality and Christoffel numbers

We now discuss, for the truncated situation, how to construct biorthogonal families
of left and right eigenvectors and introduce the Christoffel numbers in this setting.

Definition 5.1 (Christoffel numbers). The Christoffel numbers or coefficients are defined

as
ABAOE oo ALy )
u[N] ._ Aﬁap,l(ALN]) B "Ag\zf)lrpfl()‘ch])
k1T
By 1l Qu () R (0)
A O AR ) AR )
U[N] —_ Ag\}'z-p 1(>‘LN]) AS\?zi-p 1()\E€N]) U ~A551_p_1()\LN])
"2 BN Zz 0 Q1 N( )Rz N()\[N])
AR R e A%’Q)(AL )
) e A OB a2 0
k,p " )
: B S0 Qi (A )RZN(/\[ ])
Bﬁll(ALN]) ------ B (MY
[N] ._ : :
pk,l T ﬂN . : )
BZ(\?-i-q 1()‘[N]) BJ(\ZT)-)&-q—l (AECN])
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1 N 3 N N
By () BRL () - B ()
(N . _ : : :
pk72 = 51\7 : : . ’

BY,, M) BE, MBI

Phog = (=17 By , :
1 N —1 N
By () - B ()

Proposition 5.2 (Spectral properties). Assume that Pyi1 has simple zeros at the set
{)\%N]}ivjll, so that the vectors u,im = RV (/\ECN]) and IZJ,iN> = QWM ()\LN]) are right
and left eigenvectors of TN, respectively, k =1,...,N + 1. Then:

i) Biorthogonal families left and right eigenvectors {w,im ;v=+11 nd {u,iN> ka=+11’ are
(V]
W™ — QM (A W) = By RN (AN
Ny’ ; )
B Soito Qv () R ()
ii) The following expression holds
(V]
(N) O‘NQVL—LN()‘k ) (N) [NV]
W = N Ny’ Upn = BBt (AL)- (15)
PN()‘L ])PII\/Jrl()‘Ec ])
iii) In terms of the Christoffel numbers we can write
N 1 N]\ [N N\ [N
win) = A ]+ AT Oy, (16)
N Ny [N N]\ [N
upy) =B O o 4 B2 () iy (17)

iv) For the Christoffel numbers it holds that

N | PP 0
N . N
.1 ,/%1) 1 wli,1>
N -0 N
mea| _ | . wyy
[NV] : e (N)
Hiep (1) (p—T) ) Chop
_Vp—l ........ l/p—l ~1_
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-1
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1 0 0
Phr m : ufy
[N] LT (V)
Pral| _ | - Uk,2 (18)
(] ; "0 (V)
Pk.,q . .. Uk q

1 —1).

PR (el

v) The corresponding matrices % (with columns the right eigenvectors uy arranged in
the standard order) and W (with rows the left eigenvectors wy, arranged in the stan-
dard order) satisfy

AW = WU = Iy 1.

vi) In terms of the eigenvalues diagonal matriz D = diag (A[lN}, ey )\Ef,\:]_l) we have

uD"w = (T™H",  neN,.

Proof. i) As the zeros are simple we have that left and right eigenvectors are or-
thogonal, i.e., w,ﬁmufm = Ok, ZfLO Qr.N ()\LN])RTVN ()\LN]). Hence, we divide by
SN Qe AR, v (AN to get normalized left eigenvectors.

ii) It follows from the previous result and Equation (14).

iii) In Equation (11) expand the determinant in Q,,_1 y along its first row.

iv) Use (16) for the first p entries

wiy A (.)\LN o AP YT [l
wé{\g Aél,)l()\LN]) . "A;p—)l(ALN]) ML]?Q
and the initial conditions (8)
0o v [ 1 Qe 0]
AP MY AP (N .
Agl)(.ALN]) ..... AP ()\[N]) ) e
AL, () L A®) (I : G
) ) (1) (p—1.
_l/p_1 ........ Vp—l 1_

to obtain the result. For the right vectors proceed similarly.

v) It follows from the biorthogonality of the left and right eigenvectors.

vi) Notice that # D" = (T[N])n?l and use ' = W to get UD"W = (T[N])n as
desired. O
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6. Mixed multiple discrete orthogonality

We reformulate the previous discussed biorthogonality in terms of a set of discrete

measures and corresponding mixed multiple discrete orthogonality. We remind that
)\[N] > )\[N] s\
N+1*

Definition 6.1 (Step functions). Let us consider the following step functions

0, a:</\N+1,
N
i) = QI oy NIV, M <z <M keqn,. Ny

N N N N
Prptt o ON LN e 22 A

We now show that last step of these step functions is bounded. This implies in the
case of positive Christoffel coefficients that these step functions are uniformly bounded
in N. For that aim we need to introduce the matrix I, € R?*?, with (I4 )k = Ok,
Thus, if p = q we are dealing with the identity matrix, however if p # ¢ is a rectangular
matrix with a square block with the identity Irin(p,q) completed with a zero block.

Proposition 6.2. For a € {1,...,p} and b€ {1,...,q}, we have

N N N _ _
PN o R T L = T L Db

Proof. Let us write (18) in the alternative form

_ -4 =T
T 0eeeennn 0
(1) :
N N N N 1 :
N[l 1] ....... /'L[l,p] w§’1> ...... w§’p> Vl. . .
[N'] ) Ny (N o
HN+1,1 EN+1,p WN+1,1 UN+1,p 0
1 _T
I zﬂ >1 ........ V;(fll >'1_
[ 1 0eeeeveennnns 0] -t
(1) :

N N 1 . . N N
p[“]....pgvlll 51: SR ; ulV -l
P B IRt YR

<1) (a—1)
&0y &1

From 4% = I, we obtain
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N N N N
u§,1> . '“§VJ21,1 w§,1> ...... wﬁ,,f
: : ; C | = e
N N N N
u§,q>””u§\f—:1,q w]<v+>1)1....w]<v+>1)p
Hence,
N N N N
P[1,1] . "PEVLJ M[1,1] """" '“[147]
: : =& v (19)
[N] [N (N [N]
P1,q PNi1,q] [MN+11 BNt1,p

N] [N N N _ _
and we get M[La]P[Lb] +eeet HEVj—l,apEVJ-Lb = (§  gpr ™ - O

Notice that these functions have bounded variation and are right continuous, so it
makes sense to consider the associated Lebesgue—Stieltjes measures.

Definition 6.3 (Matriz of discrete measures). Let us introduce a ¢ X p matrix gV =

E NIRRT

: : | and the corresponding ¢xp matrix of discrete Lebesgue-Stieltjes measures
YN L]

q,1 q,p

supported at the zeros of Pn.1,

N N N
d¢£,1]""d¢£,p] N+1 pEm]

-3

dp™ . aglN| p[N]

g.1 ap k.q

dwlN] — ] o= AR (20

Remark 6.4. This matrix of discrete measures is rank 1 at each point of the support.

Theorem 6.5 (Mized multiple discrete biorthogonality). Assume that the recursion poly-

nomials Pn41 have simple zeros {)\LN]}Q[:—EI, The following biorthogonal relations hold
P q v
>3 [BY@aul @A @) = bume mme (0., V).
a=1b=1

Proof. It follows from Equations (16), (17) and % =1. O
From this biorthogonality we get the following:

Corollary 6.6 (Mized multiple discrete orthogonality). Assume that the polynomial Py 1
has simple zeros {)\ECN]},]:S;. Then, the following discrete type mized multiple orthogo-

nality form € {1,..., N} is satisfied:
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p
Z/x"dwl[i\gAg,‘:) =0, n e {0,...,degB7(,l:)_1 , be{l,...,q},
a=1
q
Z/B,(,l;)dw,[,ﬁ]x”:o, nel0,...,degA® ac{l,... ph
b=1

7. Positive bidiagonal factorization and Christoffel numbers positivity

Positive bidiagonal factorization (PBF) accommodates naturally to TN banded ma-
trices as all the subdiagonals may be constructed in terms of simpler bidiagonal matrices.

Definition 7.1 (Positive bidiagonal factorization). We say that a banded matrix 7" as in
(1) admits a PBF if

T=1Ly - L,AU,---Uy,

with A = diag(Ap, A1, ...) and bidiagonal matrices given respectively by

_1 O.' ........... T ]. Uk'o 0.' ~~~~~~~~~
e R B P I e T

and such that the positivity constraints Ly;, Uy);, A; > 0, for i € Ny, are satisfied.
Remark 7.2. Notice that L™, ... LIV AV yM  gI¥ e mTN.

Proposition 7.3. The above positive bidiagonal factorization of T induces the following
positive bidiagonal factorization for the leading principal submatriz TN

TINT — L[lN] . -~LLN]A[N]U¢£N] . -~U1[N]. (21)

Proposition 7.4. If T has a PBF then its leading principal submatrices TN! are oscilla-
tory.

Proof. As all factors are IN'TN the product matrix is InNTN. Moreover, as all parameters
in the bidiagonal factors are positive then using Gantmacher—Krein Criterion we get that
the matrix is oscillatory. O

Proposition 7.5 (Interlacing). Let us assume that T is oscillatory. Then:

i) The polynomial Pny1 interlaces Py .
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ii) For z € R, for the corresponding Wronskian we find PJIV—HPN — P Pny1 > 0. In
particular,

(PJ/V+1PN)|:,3:>\LN1 >0, (PN+1P]/V)|I:>\£¢N71] < 0.

iii) The confluent kernel is a positive function; i.e., anfBn Ziv:o Qn.N(x)Ry Nn(z) >0
for x € R.

Proof. i) Given that T [N is oscillatory the polynomial Py interlaces Py, see Theo-
rem 1.5.

ii) As the polynomials interlace its Wronskian Py Px — Py Py 1 has constant sign for
xz € R! and, as the characteristic polynomials are monic, we have that Py, PN —
PPy = 22N + O(2?N71) for |x| — oo. Hence, the Wronskian is positive and
Py (A P (AN > 0 and Py, ()\ECN_”)PN( AR )

iii) From (14) we get 22[:0 QnnRoN = aNBN (PN+1PN PJ'VPNH) and the result
follows immediately. 0O

We now explore some consequences that a positive bidiagonal factorization has. For
that aim we introduce the idea of Darboux transformation of a banded Hessenberg ma-
trix. Darboux transformations for banded Hessenberg matrices (beyond the tridiagonal
situation) were discussed in [14]. In [21] for the tetradiagonal case, and corresponding
multiple orthogonal polynomials in the step-line with two weights, the PBF factorization
is given in terms of the values of the orthogonal polynomials of type I and II at 0 and,
consequently, an spectral interpretation of the Darboux transformation is given.

Definition 7.6 (Darbouz transformations of banded matrices). Let us assume that T ad-
mits a bidiagonal factorization (not necessarily positive). For each of its truncations T
we consider a chain of new auxiliary matrices, called Darboux transformations, given by

the consecutive permutation of the unitriangular matrices in the factorization (21),

TINA1] L[ZN] .. .L[N]A[N]U[N] U[N]L[N]

TN+ = IV LINIAIN] U] L gINI IV INT
FINAE=D] = [INTAINIINT. M LN LI "‘LLIX]U

[N] Pyi1 Py (A )

1 _ [N] _ N+1 [N] s
In terms of ool = H#k (:c - ) we have Py = brmy, * with bl = O # 0 and
that, as these polynomials interlaces, all the bk have the same sign; indeed, sgn Pxn (A ) = —sgn PN()\E_H)
by interlacing and sgn WL[N] ()\EN]) = —sgn 7rH_1 ()\[Nl) by definition. Consequently, Ph“ = ZN+1 b;[x\,] , SO
T AR
2 Py )’ 2 N+1 b N 1 2
that Py, PN — Py Pny1 = PN+1<T+1) =P} Y W =S by (71' 1) and the result

follows.
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TIN+p] _ A[N]UCEN] U[N]L[N]L L[N]
and

PIN-1) U[N]L[N] LZ[)N]A[N} UIEN] o UQ[N],

7iv-2 = yNMyy ]L[lN}---LLN]A[N]UéN]---U?EN],

FINV~(a=1)] _ U[IX] oMM LN NI AN N
Fiv—al = N M INI I - LINIAI,

Lemma 7.7. Darbouz transformations are banded matrices with only its first p subdiag-
onals, main diagonal and q superdiagonals possibly different from zero. If T admits a
PBF then entries in these diagonals are positive.

Proof. It is a simple computation recalling the positivity of the nonzero entries. 0O
Lemma 7.8. Let us assume that T has a PBF. Then, for k € {1,...,p}, we find:

i) The Darboux transformations TWA+al g € {1,...,p}, TN p e {1,...,q} are
oscillatory.
ii) The characteristic polynomial of the Darbouz transformations T[N""a], ae{l,...,p},
TIN=U be{1,...,q} is Pyyi.
iii) Ifw,u are left and right eigenvectors of TN, respectively, then o = wL[lN] e LLN] 18
a left eigenvector of TWN-+al gnd 4 = UgN] e Ul[N]u is a right eigenvector of T8l

Proof. i) Each bidiagonal factor belongs to InTN. Then, the Darboux transformation
TW-F is a product of matrices in InTN and, consequently, belongs to InTN. More-
over, the entries in the first subdiagonal and first superdiagonal are sums of products
of elements coming from the entries of the positive subdiagonal or superdiagonal
of the matrices LE-N] and UJ,LN], for j = 1,...,p, and m = 1,...,q. According to
Gantmacher—Krein Criterion is an oscillatory matrix.

i) AsTIN-+al = (L[IN] e LLN])_lT[ ]L[N] .. L} its characteristic polynomial is Py 1.
Similarly, as TV~ = UIEN] e U[N]T (U[N] UI[N])*1 the corresponding charac-
teristic polynomial is again Py 1.

iii) We see that

N = AwLM LN = LN LN - LIMAINIINT. UiV ]
=T,

aa =AU oMy = gN NI IEAINIINT g M g IND g,
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=T7W4a o

In order to show the positivity of the Christoffel coefficients we require of some pre-
liminary notation.

Definition 7.9. Let us define the matrices

T(1)
A= A(l)....A(p)} ERP*P, Y.= | ' | e RI*9,
Tiq)
with
1 1
0 Lopen) o)
AL = | , AK) = —Llp ~--Lkp71 i
X Tk :
0 0
Tk = Lk|0Lk71|1"'L1|k717 ke {2a"'ap}7
and

) . [1 0....0], ) .= i [1 0----0} plt .yl

sk := UjoUr—1)1 - Urj—1, ke{2,...,q}.

Lemma 7.10. The matrices A and Y are positive upper and lower unitriangular matrices,
respectively.

Theorem 7.11 (Christoffel numbers positivity). Let us assume that T has a PBF and
choose the matrices of initial conditions as

v T = A4, £ =BT, (22)

for some upper and lower unitriangular nonnegative matrices A € RP*P and B € R4,
respectively. Then,

PN >0, w0, kel N+l ae{l....p}),  befl...q.

Proof. Recall that the Christoffel numbers can be expressed, in terms of the initial
condition matrices £ and v, through the formulas
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(V] (N)
Pk,1 Uk 1
N N N NY] o —T : -1 :
] = [l ] T D=t
(V] (N)
Pl.q Uk,q

that relates these Christoffel numbers with the corresponding biorthogonal families of
right and left eigenvectors. Notice that the entries of these biorthogonal right and left

: : (N) _ Qa-1.N (N) _ [N]
eigenvectors can be written as wy ' = an prepe| g and ugy = ByRy—1,n (N )s
'k

see (15). Hence, recall iii) in Proposition 7.5, the Christoffel numbers are positive if and
only if
Ro N

Byt 1,

Rq*LN

1

B [QO,N e 'Qp—l,N:| v

are positive vectors at the points z = )\LN], ke{l,...,N +1}. We will show now that
is possible to choose the initial condition matrices v, & such that this holds true.
Now, we consider left and right eigenvectors with last entry normalized to 1

© Row -
Ry, N 33_/\5\7]
RN
Qo,N Q1N 1 Ry N AN
QNN m:AEfV] QnN,N z:AEfV] ) =Mk
L i -

It is important to recall that according to Theorem 1.6 the last entry of any eigenvector
is nonzero, i.e. so that we can normalize the last entry to 1. Despite, this is not the
biorthogonal normalization is interesting for our purposes. Recall that Qn n = a&lPN,
Ry N = 5;,1 Py and that, according to Theorem 1.6, the first eigenvector entries are not

zero; i.e., ay QPOJ’VN’ N BN RP"I’VN ] # 0. As the last entry is positive the change
=g

o 9 B
sign properties described in Theorem 1.6 leads to

ay Lo S0, ay DN <0,
PN w:k[lN] PN J,—)\[2N]
o,N
N Q—’ > 0,
Py w=ALY)
Ro N Ry n
ﬂN — > Oa ﬂN - < 07
Py w:)\[lN] Px w:/\[QN]
Ron
ﬂN N > Oa
Py w:)\[3N]
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and so on, alternating the sign. Now, as T is oscillatory and the characteristic polynomial
Py interlaces Py we have that sgn Py ()\LN]) = (—=1)*71 so that

anQo,Nn (AggN]),ﬁNRo,N(ALN]) >0, ke{l,...,N+1}.

Now, we start using the Darboux transformations. Recall that 7% is an oscillatory
matrix with characteristic polynomial Py ;. Then, a left eigenvector of TIN-*1 for the

. N
eigenvalue )\E~C I can be chosen as

Qo. N , (Qo,N+L1j0Q1,N)
[ouv 1 Y aN “po " LWLy = oy ——5,——

x:AECN] :| ’

1]

and a right eigenvector of TIV-—1 for the eigenvalue /\LN} can be taken as

—5NRO’N
Py | V] (Ro,n+U1joR1,N)
k ﬂN P N
B Rin N x:)\gcl
U PN TP || = :
: i
- 1 -

Using again the sign properties of the eigenvectors associated to an oscillatory matrix

we get
1 1
LHOQO,N + Q1N LI‘OQO,N + Q1N
an P > 0, an P <0,
N m:A[lN] N mz)‘[zN]
-Qon +QuN
|0
an P > 0,
N a::)\gN]
1 1
7 Ron + Rin g-Ron+ Rin
10 0 110 0
5N P >0, 5N P <0,
N z:)\[lN] N I:)‘[2N]
7—Ron + Rin
110 ’ ’
BN iz >0,
N x:)\gN]

and so on alternating the sign. Recalling the sign of Py at the zeros of Py we get

|
_RQ,N+R1,N)’ >0, ke{l,...,N+1}.
Uijo

w:)\ECN]

an (%MQO,N + Q1,N)' , BN (

w:)\EQN]

Now we consider the matrices TV 2] both oscillatory matrices with characteristic poly-
nomial Py ;. Then, for TIV+2) a corresponding left eigenvector for the eigenvalue )\ECN]

can be chosen as
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Qo.v Qun [N] 7 [N]
[aN Pn ‘w:)\ECN] ON Py ‘ e=AN] 1:| Ly L;

|: Qo,n+(L1jo+L210)Q1,n+L1j1L2j0Q2, N
= |QN

Py

and for TIV:=2] a corresponding right eigenvector for the eigenvalue /\LN] can be taken as

Ro,n ]
BN ‘ :)\Ef\’] 3 Ro, N +(U1j0+Uzj0) B1,n+U1 1 Uz o R2, N
R ' N Py N
ﬂN 1,N T=Ap
UsUn Pn :c=)\LN] =
i
L 1 -

Hence, using the sign properties of the eigenvectors associated to an oscillatory matrix

we get

1 Lyjo+Lsjo
T QoN + 1 o Quy + Q2N

an
Py

S LijotLao
TanLag Q0N F TyiE,, Q1N + @2

an
Py

1 Uij0+Uz)o
U1\1U2\0R0’N + U11Uzjo Rl’N + RQ’N

By e

1 Ui10+Uz)0
U1\1U2\0R07N + U11Uzjo Rl’N +R2’N

By B

and so on, alternating the sign. Recalling again the sign of Py at the zeros of P41, we

get we obtain

1 Lijo+ L
an (7Q0,N 4 o T o 2‘0Q1 N+ Qo N) >0,
Lyj1Loo L1 Lo sAlN)
1 Uijo + Uszpo
I5) (7R7N+7R7N+R,N) > 0,
U11Uz)o 0 U111Uz)0 ' 2 weAlN]

for ke {l,...,N+1}.
Consequently, after repeating this process up to TW:-+®=Dl and TIV:~(a=D] we find

that
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BNY , an [QO,N = "Qp—1,N} A,

Rq—l,N

are positive vectors at the points x = )\ECN], k € {1,...,N}. Therefore, if the initial
condition matrices are chosen as indicated in (22) we get the result. 0O

8. Resolvent, second kind polynomials and Weyl functions

From here on we assume that N > max(p, q).

Definition 8.1. Given r € N, we write {e[f], . ,ey]} for the canonical basis of R” and
consider the r x (N + 1) matrix Ej,. yi1) := [Ir OTX(NH_T)] Then, we introduce the
vectors e, ¢ € RN*! with

v

€q

= Bl yoyr el ()" = (i) ¢ By nn)-

Lemma 8.2. For the matrices % and W (introduced in v) of Proposition 5.2) we find

!

(eg)w:[pﬁ]....pmm, we,=| |, ae{l,...p}, be{l,....q}
N
Mg\fil,a

Remark 8.3. In matrix form, the above Lemma 8.2 reads

(N] .. Y] L B [N]

P11 PN¥1,1 K11 H1p
: = f_lE[q,N+1]%7 = WE[;,NH]V_T-
[N] [N] (N IN]

P1,q PNi1,q Eni11 BNt1,p

Also observe that (19) follows from these relations and two facts: ¥% = Iny1 and

E[q7N+1]E[—;,N+1] = Ig,p.

For the following we need of the adjugate matrix adj A of a matrix A; i.e. of the
transpose of the matrix of cofactors (cf. [36]).

Definition 8.4 (Second kind polynomials). The second kind characteristic polynomials are
given by

Py (@) = ()T adj(eIns1 — TN)e, ae{l,...,p} be{l,....q}
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Proposition 8.5. For the second kind characteristic polynomials we find

N+

P () Z Stam @), mM@) =TT =AM,

=1 le{1,....N+1}
I#£k

Proof. It follows from adj(zIny1 — TN = adj(%(zIny1 — D)W) = % adj(zIyy1 —
DYyw. O

Proposition 8.6. The second kind characteristic polynomials are the second kind polyno-
mials of the characteristic polynomial; i.e.,

P](\?fl)(z) :/PN+1(Z)_PN+1(x)d’l/)Z[)J7\Q(ZL')

z—x
N / det(AN+1(z)i : cxlet(ANH(az)) dlbl[,ﬁ] ()
:BNH/det(BNH(z)i:2et(BN+1(a:)) d,(/)[N]( ).

Proof. We have

/ PN+1(zi - fNJrl( o) (a Nz: AN N / 2 A PN+1(22 - §N+1($),
but
/5( _ /\[N)PN-H( z) = Pnii(@) _ Pnia(2) _ngl()\gv]) _ PN+1[(;]) =M (2),
z— z— A\, z— AL

and using Proposition 8.5 we obtain the first result. For the second we use Theo-
rem 2.7. O

Remark 8.7. The second kind characteristic polynomial matrix is

1 _
Py, = € By vy adj(@lyar — TINE] v T

(V]
N+1 Pk,1

[N] : N N

= Z i N
[NV]
Pk.q

_ / Pyi1(2) = Pyya(x) AUV (),

zZ—T

is a ¢ X p matrix of polynomials whose entries are the polynomials of the second kind:
(P(l) ) — P(b a)
N+1/ba = IN41-



A. Brangquinho et al. / Advances in Mathematics 434 (2023) 109313 37

Proposition 8.8. If T' has a PBF and (22) is satisfied then deg PI(\ffl) = N.

Proof. The choice (22) ensures that the entries of the vectors e and eg are positive. The
PBF of T also ensures that all the Christoffel numbers are positive. Then, the definition
of the second kind polynomials through the adjugate matrix leads to the degree N of
these polynomials. 0O

The moments of the pg discrete measures d1/’z[;]\;] are linked to the components of the
powers of TN

Proposition 8.9 (Discrete moments). For the discrete moments we have

N+

/  dy(z) Z AN (I

k=

:(eg)T(T[N])neZ, ac{l,...,p}, be{l,...,q}.

Proof. We have that (eg)T(T[N])neZ = (eg)T%D"WeZ so that

[NV]
lu’l a
n v N N n
(eg)T(T[N]) €a = [P[, ! pEVJ]rl b D : )
[V]
p’N-{-l,a

and the result follows. O

Remark 8.10. In matrix form we can write
/:13” dWN(2) = € By vy (TN B,y v

Definition 8.11 (Resolvent). The resolvent matrix R (z) of the leading principal sub-
matrix TV is

~1 adj (2l — TV
N det(zINJrl — T[N]) ’

RN(z) = (zInt1 — T[N])
Lemma 8.12. We have
RWN(2) = %(2Iy 1 — D)W (23)
Proof. It follows immediately from the spectral decomposition of the matrix TN, O
Definition 8.13 (Weyl’s functions). The Weyl functions are

Sy = (e5) TR e, ae{l,...,p} be{l,....q}
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Proposition 8.14. The Weyl functions can be expressed as follows

(b,a)
S[N](z) _ PN+1 (2)
ba Prni1(2)

N+1 [N] [N]

d [N]x
:Z”kb‘;m—/ %’a(), ac{l,....pt,  be{l,....q)
k

_ z—
k=1 %

Proof. The first equalities follow from adjugate expressions. The second expressions can
be deduced from (23). Indeed, recalling Lemma 8.2 we get that the Weyl functions are

[V]
lh ,a N+1 p[ ]M[N}
N — . k,b Fk,
Sl[),a](z) = [P[lj,\zf;] e "P%Vil,b] (z2Int1— D)7 : = Z [Na]
[N] =1 %~ A
HN+1,a
sﬂ] sy\g
Remark 8.15. For the ¢ x p matrix of Weyl functions SV = =
SN gl
§*1E[q)N+1]R[ZN]E[;N+1]V’l, we can write
(1) PLNE
+
PN+1 z) — z— /\k (V] kL hp z—w
k.q

Proposition 8.16. If T' has a PBF and (22) is satisfied then PJ(\?fl) is interlaced by Pn41.

Proof. Notice that if T' has a PBF all the singularities of the Weyl functions are simple
poles with positive residues. Consequently, each of the second kind polynomials P](V +1) is

interlaced by the characteristic polynomial Pyi1. O

We now connect these constructions with the polynomials used in discussion of the
Hermite-Padé problem in Proposition 1.29. Let us remind that { [N+1] ey %lel]} the

canonical basis of RN 1L,

Proposition 8.17 (Vectorial polynomials of the second type). For n € {1,...,N + 1} we
find

A ()

PV ;
/ di(x) : - f_lE[q,NH]R[N] (2)67[11\%1]7
zZ—XT .
AP (z)
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zZ—X

d OVl (x) T _
/ [Bfllzl(m) ceen Bflq)l(x)] — = eLLN'H} R[N](z)E[;C’NH]V T

and entrywise

P d [N] x

> / L0 4, (@) = (ef) RN 2)el ),
z—x

q d (V] T
> [ 0 Tt e g

AL () peal v
dwNl(z) e NZ—? : Ii,n>
zZ—x o 5 )\[N]
A(P) (z) =1 p k
-1 k,q
and (18) implies
(1) (N)
d WiVl (z) Anf-l(x) N1 | e wy)
prme e
@] T el
N
u1<c,1>
5 1 (N) (N) ] JIN+1]
1
=£ E[q,NJrl]Z N] [wk,l ""wk,NJrl} €n ,
k=1 : z— A
o)
k,N+1

and the result follows. Now, proceeding similarly and using (17) and (18) we obtain the
second relation. 0O

9. Spectral Favard theorem

As the submatrices TN are oscillatory, we know that Pyi(z) strictly interlaces
Py (z) so that the positive sequence {A[lN]}?Vozl is a strictly increasing sequence and
{)\K,Vj_l}%zl is a strictly decreasing sequence. As well, for bounded operators, || T < 00,
we have ||TIV)|| ., < ||Tls < co. Therefore, there exists the limits ¢ := limy o0 )‘KIVL >
0 and 7 = limy_,c0 )\[IN] < ||T)|oo- Following [24,37] we call A := [(,n] C [0, ||T]|] the
true interval of orthogonality, that is the smallest interval containing all zeros of the

characteristic polynomials P,, i.e. the eigenvalues of the leading principal submatrices
of T.
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Theorem 9.1 (Favard spectral representation). Let us assume that

i) The banded matriz T is bounded and there exist s > 0 such that T + sI has a PBF.

. (1) (p)y @ (1) (@) : :

ii) The sequences {An ooy Ap }n:0’ {Bn ,...,Bn }n:O of recursion polynomials are
determined by the initial condition matrices v and &, respectively, such that v~ =
AA, €1 = BY, and A € RP*P 4s a nonnegative upper unitriangular matrices and
B € R 4s a nonnegative lower unitriangular matriz.

Then, there exists pq non decreasing positive functions Pyq, a € {1,...,p} and b €
{1,...,q} and corresponding positive Lebesgue—Stieltjes measures d iy, with compact
support A such that the following biorthogonality holds

q

p
3 / BP () d iy a(2) A (@) = 6ky, Kyl € No.
A

a=1b=1

Proof. The shift in the matrix T — T + sl only shifts by s the eigenvalues of the
truncations TV, so that they are positive, and the dependent variable of the recursion
polynomials, but do not alter the interlacing properties of the polynomials and the pos-
itivity of the corresponding Christoffel numbers. From Theorem 7.11 we know that the
sequences {w([l]’\;]};o:o, ac{l,...,p},be {1,...,q} given in Definition 6.1 are positive.
Moreover, Proposition 6.2 implies that they are uniformly bounded and nondecreasing.
Consequently, following Helly’s results, see [24, §II] there exist subsequences that con-
verge when N — oo to positive nondecreasing functions ) , with support on A and
that the discrete biorthogonal relations lead to the stated biorthogonal properties. O

Corollary 9.2 (Mized multiple orthogonal relations). In the conditions of Theorem 9.1,
the mixed multiple orthogonal relations are fulfilled

P
Z/x”dwb@(aj)A%)(x):O, nE{O,...,degB,(,lz)_l}7 be{l,....q},
a:lA

Z/Bﬁs)(x)dwb,a(m)w" =0, n € {0,...,degA£s)71}, a€{l,...,p}.
b=1 3%

Definition 9.3. Let us consider the semi-infinite matrix

1 0 vvvnnnnnnnn 0 | 0-eeevvnns
'.}’é'.".
0 .'?).@@ : <
E[’r‘] = . . % )
0
i [ P SO N T A ¢ P |
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and the infinite vectors

T -7 T
ug = B el uf = () ¢ By
Proposition 9.4 (Spectral representation of moments and Stieltjes—Markov functions). In
the conditions of Theorem 9.1 and in terms of the spectral functions ¥y 4, a € {1,...,p},
be{l,...,q} we find the following relations between entries of powers or the resolvent of
the banded matriz and moments or the Cauchy transform of the measures, respectively:

W= [ ), T - = [Ty ),

zZ—X
A A

Proof. Propositions 8.9 and 8.14 and Helly’s second theorem lead to the spectral repre-
sentation for the moments and Stieltjes—Markov functions qﬂbya(z) of . O

Vi,
Remark 9.5. In terms of ¥ = | * | we have
Yo+t Yap

BT BT = /x"d\IJ(x), ' Bl -T) "By T =
A

D\
n | &=
s
8|

Proposition 9.6 (Normal convergence of Weyl functions). Given the conditions of Theo-
rem 9.1, the Weyl functions in Proposition 8.1/ converge uniformly in compact subsets
of C \ A to the Stieltjes—Markov functions, i.e.,

[N] PJ(\;)fl)(Z) 0
o (2) = o5 ——= P a(2), a€{l,...,p}, be{l,...,q}.
’ PNJrl(Z) N—oo

Proof. Notice the uniform boundedness in N in compact subsets of C \ A of the Weyl
functions Sl[,{\;] for each pair a,b. Then, Vitali convergence theorem see [45, Theorem
6.2.8] leads to the result. O

Remark 9.7. Despite the positivity of Christoffel numbers described in Theorem 7.11 we
only have the bound proved in Proposition 6.2. Therefore, we know that the functions
1/15\;] given in Definition 6.1 that are right continuous, of bounded variation, increasing
and positive are also uniformly bounded. Therefore, Helly’s theorem can be applied to
the large N limit.

However, this is not applicable to each family of Christoffel numbers separately. That
is,
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(V]

0, T < ANy

o= N N AN <e <M ke {1, N,
P[11,\(];] +ot p[lilvil,ba x = )\[1N}7
0, x<)\5<,\11,

@LN] = u[ljﬁ+'~-+ugcjﬂ, Aﬁﬁ]lgx</\£jv], ke{l,...,N},
i T2 AT

are right continuous, of bounded variation, increasing and positive. But, in principle,
they might be not bounded and therefore Helly’s result may not be applicable.

Thus, to get measures from these functions we need to ensure the existence of bounds
as follows p[lj’\;] + -+ pgi,vllyb < Ry and u[lj\;] + -+ ,ugf,vll’a < M,. For such situation,
the large limit will lead to the existence of spectral measures dp,, a € 1,...,p and
dgy, b e {l,...,q}. If these measures are absolutely continuous w.r.t. the measure d y,
with Radon—Nikodym derivatives the weights w, and @y, respectively, we could write
dp, = wedp and d@, = Wpdpu. A natural conjecture, that we have not yet proven,
is that in this situation d )y, = wewp d p. This rank one simplification is assumed in a
large number of papers dealing with mixed multiple orthogonality.

10. Mixed multiple Gaussian quadrature and degrees of precision

Gaussian quadrature formulas are an important tool in the theory of orthogonal
polynomials and its applications to approximation theory, see for example [24,37]. Tts
extension to non-mixed multiple orthogonal polynomials was discussed in [17,31,25,20],
degrees of precision were presented in [20]. Now, we give its extension to the mixed
multiple orthogonal situation. Notice that for p = ¢ we are dealing with standard ma-
trix orthogonal polynomials and such quadrature formulas have been discussed for this
situation, see the excellent review [28] and references therein cited.

Let us assume that T has a PBF, and that the conditions of Theorem 9.1 hold, and
introduce:

Definition 10.1. The degrees of precision or orders dy, o(N), a € {1,...,p}, b e {1,...,q},
are the largest natural numbers such that
a?

W) T = ()T (T "e?,  0<n<dpa(N), ae{l,....p}, be{l,....q}

Proposition 10.2. In terms of the recursion polynomial degrees, see Proposition 2.3, the
degrees of precision are

a N+2— N+2-b
dp.o(N) = degAgv) +degBJ(\l,’) +1= { i a-‘ + { + -‘ -1,
p

q
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aef{l,...,p}, bed{l,...,q}.

v
a?’

Proof. The vectors eg, ug, eV, and u are nonnegative, with the first ¢ or p entries being
positive numbers, and the remaining entries being zero, respectively. In the computation
of (ug)TT”uz, our focus is on determining whether (T");;, where j € {0,...,b—1} and
i €40,...,a — 1}, involves nonzero factors Ty ; with k > N or [ > N.
We observe that (7™);; can be expressed as sums of products of the form
Tj,ilTil,z'Q LT

in—2,In—1

Tin—hiv

where each factor is a positive entry from the banded matrix 7. Our objective is to
analyze those products that might lead to the appearance of undesired nonzero factors
Ty, with £ > N or [ > N at an earlier stage.

When considering a specific row k, the entry T} 114 is the last nonzero entry as we
move to the right. Similarly, T, —, (for k£ > p) is the last positive entry as we move to the
left. These “optimal ascending jumps” of ¢ units provide the fastest upward movement in
a column, while the “optimal descending jumps” of p units offer the quickest downward
movement.

Examining products of s + 1 factors involving optimal ascending jumps, designed to
go from b — 1 to N + 1 as rapidly as possible, we have:

T j+qTj+q,5+2qT5+2q,5+30 T+ (s—1)q,j+sq L j+sa,N+1-

Here, s is a nonnegative integer ensuring that j + (s + 1)¢ > N + 1 for the first time,
which can be expressed as:
N+4+1—j
> N+1l=J7
q

1.

N+1—j

Hence, s = 1.

q
Moving downward to the ¢ position using optimal descending jumps involves a product
of r factors:

IN+1,N+1-pIN+1-p N+1-2pTN+1-2p N+1-3p " TNf1-(r—1)p,i-

N+1—4
The condition N + 1 — rp < i dictates r = [¥—‘ .

p
Combining these insights, the product:

Tjj+qTi+ai+2qL5+2q,5+3¢ " Ljt(s—1)q.j+sqLitsq, N+1

X TNy, N+1—pTN+1-p N+1-2p " INF1—(r=2)p, N4+ 1—(r—1)p L N4+ 1—(r=1)p,i
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illustrates the quickest path to reach an element T} ; where k > N or | > N. This
product involves r + s + 1 factors.

Thus, to avoid such scenarios, we must consider, for the entry (1), ;, a power of at
most n <r+s+1,ie.,

N41—j NA41—i
h— s — [MW‘H[yw
q

p
Finally, we will determine the smallest value among these powers for j € {0,...,b—1}
and ¢ € {0,...,a — 1}. This will give us the expression for the n-th power as follows:
[N+2b—‘ ’7N+20,—‘
n=|——_+ | —— | — 1,
q p

which leads us to the desired result. O

Theorem 10.3 (Mized multiple Gaussian quadrature formulas). The following Gauss
quadrature formulas hold

N+

/1’ dwba Z /j‘ka [N]) )

A k=
0<n<dpq(N), a€cd{l,...,p}, be{l,...,q}.

(24)

Here the degrees of precision dp, are optimal (for any power largest than n a positive
remainder appears, an eractness is lost).

Proof. On the one hand, from Proposition 9.4 we have that (eg)TT"eZ =

Ja 2" d9pq(z). On the other hand, from Proposition 8.9, we know that (eg)T (T[N])neg
N+1 p[N] [N](

N\
=2 k=1 PibHiq )\E€ ]) . Hence, as we have

(eg)TT"eZ: (eE)T(T[N])neZ, 0<n<dyo(N), a€{l,....p}), be{l,...,q},

we get (24). Notice that for n > d, o(N) a positive remainder will appear and exactness
will be lost. Indeed, observe that 7™ is oscillatory and that e = AAe, and eg = YBe,
are positive vectors, so all the objects involved imply positive contributions. O

Remark 10.4. In terms of the number of nodes or interpolation points N'= N + 1, the
zeros of the characteristic polynomial Py, or, equivalently the eigenvalues of TN we
have that in the non multiple case for which a = b = p = ¢ = 1 the degree of precision
is 2\ — 1 and we recover the well known Gauss quadrature formula, see for example
[24,37]. For the non mixed multiple situation we recover the result we got and discussed
in [20, Theorem 7], that is, degrees of precision d, = N — 1 + deg Aﬁ\'}) 1
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Remark 10.5. Notice that for the standard orthogonality, i.e. p = ¢ = 1, the nodes are
the zeros of an orthogonal polynomial of certain degree. This also happens for the non
mixed multiple situation as the characteristic polynomials and one of the families of
recursion polynomials, say B,,, coincide. However, for mixed multiple orthogonality the
nodes are the zeros of the characteristic polynomial of the corresponding truncation,
which is not an orthogonal polynomial. Consequently, the nodes are not, in general, the
zeros of the left or right recursion polynomials, that are the ones satisfying the mixed
multiple orthogonal relations.

Remark 10.6. A quadrature is said to be interpolatory if there is a polynomial that
interpolates the function for which a weighted integral is supposed to be approximated
by a quadrature. In the non mixing multiple orthogonal quadrature the interpolation
polynomial is Py = By for all the measures d¢,, a € {1,...,p}. Now, for the mixed

multiple orthogonality for each b € {1,...,q}, we use the interpolation polynomials
Bj(\l;) for the measures dp 4, a € {1,...,p}, so that in order to have an interpolatory

quadrature we need the degrees of precision to be at least deg Bg\l;) — 1, which in fact is
the case.

Remark 10.7. For the case p = g, i.e. when we are dealing with the usual matrix orthog-
onality, as we are working with p x p blocks we take N’ = Mp, with M € N, the degree
of precision given in Proposition 10.2 must be the smaller degree of precision in p X p
block, i.e.

d(N):2degB](\’,’)+1:2[ww_1:2{M—‘_1
p p

=2(M-1)42-1=2M - 1.
This is the optimal degree of precision according to Durédn and Polo [29].
11. Conclusions and outlook

In this paper, we introduce an extension of the spectral Favard theorem, which estab-
lishes the presence of positive measures for bounded Jacobi matrices. This extension is
formulated to encompass situations featuring a band structure with p subdiagonals and
q superdiagonals.

The foundation for this extension arose from our observation that shifting a Jacobi
matrix yields an oscillatory matrix, which can be factorized into a positive bidiagonal
configuration. Our pivotal discovery lies in the fact that this positive bidiagonal factor-
ization, indicative of the matrix’s oscillatory nature, allows for a spectral interpretation.
Consequently, we effectively validate the existence of mixed multiple orthogonal polyno-
mials tailored to bounded banded matrices that adhere to this specific pattern.
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An additional outcome of our work is the derivation of a multiple Gauss quadra-
ture approach, incorporating explicit degrees of precision, for scenarios involving mixed
multiple orthogonality.

Looking ahead, our first objective is to extend the Karlin—-MacGregor spectral interpre-
tation of birth and death Markov chains [41] to encompass multiple potential transitions,
spanning up to p backwards and ¢ forwards. We have already accomplished this exten-
sion within the Hessenberg framework, as demonstrated in [20]. In that context, either
q = 1 and p can be arbitrary or p = 1 and ¢ can be arbitrary.

An intriguing avenue for exploration involves the functional analysis interpretation of
our findings. In the tridiagonal Jacobi scenario, the Favard spectral theorem serves as a
crucial element in establishing the spectral theorem for bounded self-adjoint operators
A [46, Sections 5.2 and 5.3]. Central to this proof is the role of cyclic vectors ¢, which
facilitate the construction of ¥,, = A™p and vectors ¢,, using the Gram—Schmidt method.
In this basis, A takes on the form of a Jacobi matrix, thus allowing the classical spectral
Favard theorem to be applied. As a result, the spectral theorem for A becomes readily
demonstrable [46, Theorem 5.3.1]. Moreover, in [43, Section 2] (where the Jacobi matrix
is denoted as & and the cyclic vector for & is eq), it is shown that if @, represents the
corresponding orthonormal polynomials, then e, = Q,(&)eo, thereby implying 5, =
(ex, e1) = (Qr(L)eo, Qu(Z)eo) = [ Qr(2)Qu(z) dpe.

The question that arises is whether a similar construction exists for the banded op-
erators T discussed in this paper. Preliminary observations suggest that, rather than a
cyclic vector, we might expect cyclic subspaces, which could potentially encompass both
left and right cyclic subspaces. Understanding the construction delineated in [43] and
the formula e, = @, (Z)ep within the framework of banded scenarios is of paramount
importance. We hold the belief that the spectral outcomes presented in Proposition 9.4
and Remark 9.5 hold significance within this particular context.
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