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ABSTRACT

The authors of the present paper realize a quite systematic study of infinite-
dimensional Banach manifolds with corners in [8]. Here, we extend some features
of the manifolds with corners modeled on Banach spaces to manifolds with
corners modeled on convenient vector spaces, that have arisen as important, in
the last years, in Global Analysis.
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1. Introduction

The study of manifolds with corners was originally developed by J. Cerf [1] and A.
Douady [2] as a natural generalization of the concept of finite-dimensional manifold
with smooth boundary.

Stability under finite products of manifolds with corners is of a great importance and
one can consider enough by itself to justify the detailed study of this type of mani-
folds.

Another important question in this field, with pioneer contributions by the authors
in the category of manifolds with corners modeled on Banach spaces (as has been rec-
ognized by Jean Pradines in [10]), is the existence of quotient manifolds of manifolds
with smooth boundary or more general manifolds with corners (see [8]).

In [9] the authors survey the main features about the construction of manifolds with
corners modeled on Banach spaces, normed spaces, locally convex topological vector
spaces and convenient vector spaces. In this paper we present, with detailed proofs
of the principal results, the construction of manifolds with corners modeled on con-
venient vector spaces with the necessary differential calculus.
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2. Quadrants

The local models to construct the manifolds with corners are open subsets of quad-
rants of topological vector spaces. Thus in this paragraph we introduce the quadrants
in vector spaces, topological vector spaces and convenient vector spaces (Mackey com-
plete vector spaces) and we survey the main properties of them.

All the vector spaces will be real vector spaces (rvs). However, we remark that the
results established here can be extended to complex vector spaces by considering its
real restrictions and carrying out adequate adjustments of the notions considered.

Quadrants in vector spaces

Definition 2.1. Let E be a real vector space (rvs). A subset @ of E is called
quadrant of E if there exist a basis B = {u;};c; of E and a subset K of I such that

Q=L{uy: ke K} + { Z a;u; Z a;u; has positive finite support}

i€INK i€INK

(L{uy : k € K} is the vector subspace of E generated by {uy : k € K} and positive
finite support means: There exists a finite subset F' of I ~. K such that a; > 0 for all
t€Fanda;=0foralliec (I\NK)\F).

In this case, we say that the pair (B, K) is adapted to the quadrant Q.

Note that B is a subset of ) and
L{u, : ke K} n { Z a;l; Z a;u; has positive finite support} = {0}
ieINK i€INK

Note that E is a quadrant of E, (K = I), and if E is non-trivial, then {0} is not
a quadrant of F.

The following result has an easy proof by the usual techniques of Linear Algebra.

Proposition 2.2. Let Q be a quadrant of a rvs E and let (B = {u;}icr, K CI) and
(B" ={u), Ymem, N C M) be pairs adapted to Q. Then:

(i) L{ug : k € K} = L{ul, : n € N}.
(ii) card(I) = card(M),card(K) = card(N), card(I ~ K) = card(M ~ N).

(iii) There exists a bijective map o : [ N~ K — M ~ N such that u;(i) = ru; +x; for
alli € I ~ K, where z; € L{ug, : k € K} and r; is a positive real number.

(iv) If K = 0, there exists a bijective map o : I — M such that u;(i) = r;u; for all
i € I, where r; is a positive real number.

This result proves the consistence of the following definitions.

Definition 2.3. Let @ be a quadrant of a rvs E and (B = {u;}ier, K C I) a pair
adapted to Q. Then:
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(i) L{ug : k € K} is called the kernel of Q and is denoted by Q°.

(ii) card(I ~ K) is called the index of @ and is denoted by index(Q). Finally
card(K) (i.e. the dimension of Q°) is called coindez of @@ and is denoted by
coindex(Q).

Proposition 2.4. Let Q and Q' be quadrants of a rvs E such that index(Q) =
index(Q") and coindex(Q) = coindex(Q'). Then there exists a linear isomorphism
a: E — E such that o(Q) = Q" and a(Q°) = Q"°.

Proposition 2.5. Let E be a rvs. We have:

(i) If Q is a quadrant of E and (B = {u; : i € I}, K C I) is a pair adapted to Q,
then there exists a linear isomorphism

§:E — Q" x RUNK)
such that 5(Q) = Q° x (R(I\K))+, where

R(I\K) _
{x e RISE  there is F, finite subset of I ~ K with x; = 0 for alli & FI}
+
and (R(I\K)) = {;U e RUNK) . x; =0 foralli € I~ K},
and §(Q°) = Q° x {0}.
(6~ (2o, (z)ier i) = o + Xier i Tittis 20 € Q°, (2i)je; i € RUNEK),

(ii) Let Q and Q' be quadrants of E with finite indexes. Suppose that index(Q) =
index(Q’). Then coindex(Q) = coindex(Q’), (Q° and Q° have the same di-
mension).

The quadrants in a rvs E can be described by linear maps on FE.

Proposition 2.6. Let Q) be a quadrant of a rvs E. Then there exists A = {\,, : m €
M}, a linearly independent system of elements of

E*=L(E,R)={X: X is a linear map from E into R},
such that
Q=E{ ={z€E: \y(x) =0 for allm € M},
Q' =E={z € E: \y(x) =0 for allm € M} and card(M) = index(Q).

Therefore Q) is a convex set of E (i.e. for every x,y € Q and all real number t with
0<t<1, onehastr+ (1 —t)y € Q) and tQ C Q for every real number t > 0, i.e.
Q is a wedge set of E.

Proof. Let (B ={u;: i € I}, K C I) be a pair adapted to Q. For every j € I \ K,
let A; be the element of E* defined by: X\j(u,) =0 for all k € I~ {j} and \;(u;) = 1.
We take M = I ~ K and all the statements are easily proved. O
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Remark 2.7. If index(Q) = 0, (ie. K = I), then Q = Q° = E and, obviously,
Ef =E{ =E with A =0.

Proposition 2.8. Let E be a rvs and A = {\1,...,\,} a finite set of L(E,R). Then,

(1) {A1,.., Ap} s a linearly independent system of elements of L(E, R) if and only if
there exists a finite subset {x1,...,xp} of E such that \; (x;) = d;5, 4,7 =1,...,p
(6;; Kronecker’s index). In this case, E = ES @ L{x1,...,z,}.

(ii) If {1, ..., A\p} is a linearly independent system of elements of L(E,R), we have
that EY is a quadrant of E such that index (EY) = card (A) = p and (EX)O =
ER, (By (i), we have E = EQ & L{z1,....,xp}, (Ni(z;) = 8i5)).

Proposition 2.9. Let Q be a quadrant of finite index on a rvs E. Then, if A =
{Am: meM} and A = {u, : p € P} are linearly independent systems of elements
of L(E,R) such that Q = EY = Ef,, one verifies:

() Q° = B} = FY,.
(ii) card(M) = card(P) = index(Q).

(iii) There exists a bijective map o : M — P such that py(m) = rmAm, where 7y,
is a positive real number, for all m € M.

Remark 2.10. In the preceding result, the statement "index (Q) is finite” is an essen-
tial condition, as proves the example of page 986 of [9].

Proposition 2.11. Let E be a rvs.
(a). Let Q be a quadrant of E and ({u; : 1 € I}, K C I) a pair adapted to Q. Then:

(i) We know that Q° = L{uy : k € K} is an intrinsic subset of Q (2.2 and
2.3). If K =1, then Q° = E = Q and if K =0, then Q° = {0}.

(ii) For alln € N, let Q™ be the set

{x € Q: there exist zy € Q% i1,...,ip € I~ K and Giyy-- i, €ER
such that a;, > 0,...,a;, >0, andx = xo + a;, u;y + -+ + a;, u;, }-
This definition of Q™ does not depend of the pair adapted to () considered,

(2.2), and it is clear that Q™ can be empty, but if Q™ # O then Q™ # () for
all m € N with m < n.

(b). Let Q be a quadrant of E. Then:

(i) Ifindex(Q) is infinite, then {Q™ : n € NU{0}} is a partition of the quad-
rant Q.

(i) Ifindex (Q) =n, n € NU{0}, then Q™ =0 for allm > n and {Q°,Q",...,Q"}
s a partition of Q.

(c). Let Q be a quadrant of E. Then:
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(i) If index(Q) is infinite and x € Q", (n € NU{0}), we say that = has
coindex n (coindex(x) = n).

(i1) If index(Q) is finite (index(Q) = n) and x € Q™, 0 < m < n, we say that
x has coindex m and index n —m (index(x) = n —m). In this case (of

index(Q) =n), {r € Q: = has indezxn} = Q°.

(d). Let Q be a quadrant of E with finite index n. Let A = {v1,...,v,} be a linearly
independent system of elements of L(E,R) such that Q = EX, (consequently
Y= EY (2.9)). Then for x € Q we have:

coindex(x) =m if and only if card{i:v;(x) A0} =m
and index(x) = p if and only if card{i:v;(x) =0} =p.

Quadrants in Hausdorff real topological vector spaces

In Hausdorff real topological vector spaces we are only interested in quadrants with
non-empty interior.

Lemma 2.12. Let (E,T) be a Hausdorff real topological vector space (Hrtvs) (i.e. E
is a rvs, T is a Hausdorff topology in E and the addition of vectors, + : (E,T) X
(E,T)— (E,T), and the product of vectors by scalars, - : (R, T,) x (E,T) — (E,T)
are continuous maps) and Q a quadrant of E. Then:

o Ifindex(Q) is infinite, int(Q) = 0, (int(Q) is the interior of Q in the topological
space (E,T)).

e Ifindex(Q) is finite and Q° is not closed in (E,T), int(Q) = 0.

Proof. Let (B ={u;: i € I}, K C I) be a pair adapted to Q. Suppose index(Q) =
card(I ~ K) infinite. Let x be an element of @ and U an open neighborhood of z.
Then —x + U(= V) is an open set of E with 0 € V. The point = can be uniquely
expressed by x = xo + a1uj, + ... + aru;., xg € Q°, ji,....jr elements of I \ K,
ap > 0,...,ar > 0. If jo is an element of I \ K with jo & {Jj1,...,Jjr} and _%Ujo ev,
then x — %Jujo € U and z — %uju = 2o + a1y, + ... + apuj, — %ujo ¢ Q. Thus

nt(Q) = 0.

Suppose now that index(Q) is finite and Q° is not closed in (E,7). Then
I~ K = {i1,...,in}. One considers the linearly independent system of elements
of E* = L(E,R), A = {\i}ie(i,,....in}y given by A;(u;) = 055 (d;; Kronecker’s index),
i € {i1,..,in}, j € I. Then, by 2.6, Q = E{ and Q° = ji?k‘eT(/\ij). Since
Q" is not closed in (E,T), there exists j € {1,...,n} such that ker(X;;) is dense
in (E,T) (5.4, page 37, of [5]), (suppose 7 = 1). Let x be an element of @ and
V' an open neighborhood of x. Then, there exists y € ker(\;) NV and therefore
Y = Yo + agUi, + ... + ayu;, with yo € Q°. Thus, if —n—louil € V —y (a such element
always exists ), y— niouil = y9— n%“il +ast, +...+anu;, is an element of VN (ENQ)
and int(Q) = 0. O

Proposition 2.13. Let Q be a quadrant of a Hrtvs (E,T). Then the following
statements are equivalent:
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(i) int(Q) £ 0 (int(Q) is the interior of Q in the topological space (E,T)).

(i) index(Q) is finite and Q is closed in (E,T) (we remark that if index(Q) = 0,
then Q° = Q = E).

Proof. The step ” (i) = (it)” follows from the above lemma.
Step 7(ii) = (i)”. The case index(Q) = 0 is trivial (Q = E = Q°). Suppose
index(Q) =n > 1 and let ({u; : i € I}, K C I) be a pair adapted to Q. Then,
I~ K = {iy,...,i,} and by 2.6 the linearly independent system A = {\1,..., A\, } of
elements of E* = L(E,R), where Ay(u;) = 0; for all j € I and k = 1,...,n verifies
that Q = Ej{ and Q° = EX. Moreover

(673 (QOaTlQU)X<Rn77ZL) — (QO,T|Q0)X(L{ui17 ...,ui,”},T|L{ui1 uln}) i> (E7T),

(20, (715 eeesTn)) = (T, T1UL F oo + TRUp) > To + UL + oo + TR Uy,

is a linear homeomorphism, since we apply the general results: (1) Let (E,T) be
a topological vector space and F a closed vector subspace of finite codimension of
(E,T). Then every algebraic supplement G of F in E is a topological supplement
of Fin (E,T); (2) A linear subspace G of finite dimension n of a Hrtvs (E,T)
is linearly homeomorphic to (R™, T.") (therefore G is complete and closed in (E,T)).
Consequently, for all i € {1,...,n}, \; = p; o a™!, (where p; : Q° x R* — R,
pi(xo, (r1, ..., ™)) = 1;), is a continuous mapping from (E,T) into (R, 7). Thus,

AC L(E,T),(R,T,)) ={A: X is a continuous linear map of (E,T) into (R,7,)}.
Furthermore, a~1(Q) = {(xo, (11, ...,7n)) € Q°XR™ : 11 > 0,...,7,, > 0} and therefore
int(Q) = {xo + riuy, + ... + rpus, 1 19 € Q% 11 > 0,5, >0} £ 0.

0

Proposition 2.14. Let Q be a quadrant of a Hrtvs (E,T). Then the following
statements are equivalent:

(i) index(Q) is finite and Q° is closed in (E,T).
(ii) There exists a finite linearly independent system A of elements of
LU(E,T),R,Tu)) ={X: A is a continuous linear map from (E,T) in (R, T,)}
such that Q = E}. (See 2.8(ii))
Moreover if (i) is fulfilled, cardinal(A) = index(Q) and Q° = EX.

Proposition 2.15. Let Q and P be quadrants of a Hrtvs (E,T) such that Q° and
PO are closed in (E,T), and index(Q) = index(P), finite. Then, there exists a linear
homeomorphism o : E — E such that a(P) = Q and a(P°) = Q.

Proof. Tt is an easy consequence of the general result: Let (E,T) be a Hrtvs and F,
G closed vector subspaces of E with the same finite codimension. Then F and G are
linearly homeomorphic. O

260

Homenaje a J. Tarrés



J. Margalef/E. Outerelo Manifolds with Corners Modeled on Convenient Vector Spaces

Quadrants in Hausdorff locally convex real topological vector spaces

Now we consider a special class of Hausdorff topological vector spaces, namely the
class of the Hausdorff locally convex real topological vector spaces (Hlertvs) (i.e.
Hausdorff topological vector spaces such that the zero vector 0 has a basis of neigh-
borhoods consisting of open convex sets). For a detailed study of the Hicrtv spaces
the reader can consult the books [4] and [7], where one can find the omitted proofs of
some results established in the present paper.

Definition 2.16. (i) Let E be a rvs. A subset C of E is called absolutely convex if
for every x,y € C and real numbers r, s with |r| 4 |s| < 1, one has re+ sy € C.
A subset R of E is called radial if [0,1)R C R.
A subset A of E is called absorbing if | J,.,rA = E.

(ii) Let (E,T) be a rtvs. A subset B of E is called bounded if for all neighborhood
U of 0 there exists a real number 7 such that B C rU.
A radial subset V' of E is called bornivorous if it absorbs each bounded set
(i.e. for every bounded set B of E there exists a real number r > 0 such that
B cC[0,r]V).

Proposition 2.17. Let (E,T) be a Hausdorff topological real vector space. Then,
the following results are equivalent:

(i) (E,T) is a Hlertvs.

(ii) The zero vector 0 has a basis of neighborhoods consisting on closed absolutely
convex sets.

(iii) The zero vector 0 has a basis of neighborhoods consisting on open absolutely
convex sets.

(iv) The topology T is described by a family of semi-norms {p; = || - ||i};c;, (i-e. the
family of finite intersections of elements of {p{l([(), e)):i€el, e> 0} is a basis
of neighborhoods of the zero vector 0).

(v) The topology T is described by a family of continuous semi-norms {p; = || - | };c;
(i.e. the family of finite intersections of elements of {(p})~*([0,€)) : i € I, € > 0}
is a basis of neighborhoods of the zero vector 0).

(A semi-norm p in a rvs, E, is a map p : E — R such that: p(x) > 0, p(x +y) <
p(x) + p(y), p(rz) = |r|p(x), x,y € E, r € R. If B is an absolutely convex absorbing
subset of F, then pg : E — R, z — inf{r € R: z € rB}, is a semi-norm in E such
that {z : pp(z) < 1} € B C {z : pp(x) < 1} (Minkowski functional). In the proof
of the step ” (iii)==(iv)” of the above proposition consider the Minkowski functionals
pu, U open absolutely convex neighborhood of 0 (U is clearly absorbing)).

Proposition 2.18. Let (E,T) be a Hausdorff locally convex rtvs (Hlertvs) and
V(0) ={V C E : V is a bornivorous absolutely convex subset of E}.

Then:
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(i) V(0) is a 0-neighborhood basis of a (unique) Hausdorff locally convex topology
on E, denoted by Tporn and called bornologification of (E,T). This topology,
Toorn, is finer than T (T C Toorn)-

(ii) (E,T) and (E, Toorn) have the same collection of bounded sets, and (E, Tyorn)
is the finest Hausdorff locally convex topology on E with this property.

Proposition 2.19. Let (E,T) be a Hlcrtvs. Then:
(1) (E, Toorn) is a bornological Hlcrtvs (A Hlertvs (E',T") is said to be a bornological

space, if every bornivorous absolutely convex subset in (E',T") is a neighborhood
of 0in (E',T")).
(ii) (E,T) is bornological if and only if T = Toorn-

(iii) For any Hlertvs (F,T"),

£((E7 77707"n)7 (Fa TI)) =
={h: (E, Toorn) — (F,T') : his a linear continuous map} =
={f:(E, T)—= (F,T"): fis a bounded linear map}(= Ly((E,T), (F,T"))).
(iv) Let A be an absolutely convex set in (E,T). Then A is a 0-neighborhood in

(E, Toorn) if and only if A is a bornivorous subset.

(v) The continuous semi-norms on (E, Tporn) are exactly the bounded semi-norms

on (E,T).

(vi) If F is a vector subspace of (E,T) of finite codimension, then (T|r)
(%orn) ‘F-

(vil) If (E,T) is metrizable, E is bornological. In particular, if E is a Fréchet (or
normable) space, then (E,T) is bornological.

born T

(viil) The topological product of at most countably many bornological spaces is again
bornological.

Definition 2.20. Let (E,T) be a Hlertvs, G an open set of (R, 7,,) andlet¢: G — F
be a map. Then:

(i) c is called differentiable if the derivative, ¢’ (t) = lin%) M at ¢, exists for
S—r “

all t € G, (consequently ¢ is continuous).

(ii) We say that c is C? if ¢ is continuous on G. We say that c is C if ¢/ (¢) exists
for all t € G and ¢’ is continuous on G. We say that ¢ is C? if ¢’ and (¢/)’ (= ¢)
exist and ¢ is continuous. In general, we say that ¢ is C™ if ¢, ¢’, ...,c" exist
and ¢(™ is continuous.

(iii) ¢ is called smooth or C'° if all the iterated derivatives exist.

The set of CP maps of G into F will be denoted by C? (G, E), (p € {0} UN U {o0}).

The above definition also has meaning for maps defined on arbitrary intervals of
R considering lateral limits in the extreme points (if they exist) of the interval.
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Definition 2.21. Let (E,T) be a Hlertvs.

(i) We denote by C°°T, (which will be called C*°-topology), the final topology in
FE induced by the family

C*R,E)={c:R — E: cis a smooth map (curve) from R into (E,T)}.
The topological space (E,C°°T), will be also denoted by C*E.
(ii) Let X be a subset of E. Let us consider the set
C¥ ={c:R— E: cis asmooth curve in (E,T) with im(c) C X}.

The final topology in X generated by the family C§ will be called C'*°—topology
of X and the corresponding topological space will be denoted by C>°X.

This topology contains the topology (C*°T)|x, but, in general, they do not
coincide.

Note that, if X is open in (E,C*T) or X is convex and locally closed in
(E,C*°T), then the C*-topology of X is equal to (CT) |x.

Proposition 2.22. Let (E,T) be a Hlcrtvs. Then C®T s the final topology T+ in
FE induced by the family

F={c:G— E: Gopenin (R,T,) andc is a smooth map}.

Proof. Since C*°(R, E) C F, we have that 75 C C°°T.

On the other hand, if G is an open set of (R,T;,) and ¢ : G — FE is a smooth map,
one has that G = J;cy(ai, b;) where N is a countable set (finite or infinite) and
(ai,b;) N (aj,b;) =0, 4,5 € N, i # j, and for all i € N there is a bijective map
@i : (a;,b;) = R such that ¢; and goi_l are C°-maps. Thus if A € C°°T, then

M A) = o)A = [ 07 (o () ™) 7HA)
iEN iEN

is open in (R, T,) since c|(ai,bi)(<pi)_1 : R — FE is a smooth map for all i € N. Thus,
C®T CcT” O

Proposition 2.23. Let (E,T) and (F,T') be Hicrtv spaces and X : (E,T) — (F,T")
a continuous linear mapping. Then,

(1) If G is an open set of (R, T,) and ¢ : G — E is a smooth map, one has that
Ae: G — F is a smooth map and (Ac)™ = \e(™ for all n € N.

(ii) A is a continuous mapping from (E,C°°T) into (F,C°T").
Proposition 2.24. Let (E,T) be a Hlertvs.

(i) T C Toorn C C=T.

(ii) The spaces (E,T) and (E, Toorn) have the same smooth curves, (see [7]).
(ili) C°° (Tporn) = CT.
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(iv) If (E,T) is metrizable, then, T = Tporn, = C°T. In particular, this takes
place if (E,T) is a Fréchet space, and in the special case of (R™,T}), C°T" =
(T.MYborn = T (the usual topology of R™ ).

Note that (E,C°T) is not, in general, a rtvs (C®°R!, where card(I) > 2%, is not
completely regular (see [7], page 46)).

Remark 2.25. In general, the C*°-topology of a product of two Hlcrtv spaces is not
the product of the C*-topologies of the factor spaces. However, if (E,T) and (F,T")
are Hlcrtv spaces, then C°T x C®°T' C C°(T x T').

Lemma 2.26. ([7], page 41). Let (E,T) be a Hlertvs, U an open set in C*°(E x R)
and K a compact subset of (R, Ty). Then, (Up =){x € E: {x} x K C U} is open in
C*E.

Proposition 2.27. Let (E,T) be Hicrtvs and n € N. Then,
(i) The C*°-topology of E x R™ is the product topology of C°T by T.I.

(ii) The C*°-topology of Ex[0,+00)" is the product topology of C*°T and T, |j0,+c0)" »
i.e. the topology induced by the C*°-topology of E x R™ in E X [0,+00)™.

Proof. (1) See the page 42 of [7].

(ii) Let 7* be the C*°-topology of E x [0,4+00)™. By 2.21(ii), we know that C°T x
7;n|E><[O,+oo)" cT

The other inclusion follows recursively from the special case E X [0, +00), for which
we can proceed as follows. Take an open neighborhood U of an arbitrary point
(z,t) € E x [0,+00) in the topology T*. Since the map c(s) = (z,s?) from R
into E x [0,+00) is a smooth curve, there exists € > 0 such that ¢(s) € U for all
s € (Vt—e,Vt+e). Then K = ¢([vt—¢e/2,V/t+¢/2]) is a compact neighborhood of ¢ in
([0, +00), Tuljo,4+00))- Then, by the above lemma (2.26), Uy ={y € E: {y} x K C U}
is open in C*E, z € Uy and Uy x K C U. Thus U is an neighborhood of (z,t) in
(E,COOT) X ([0>+OO)77;|[0,+00))7 and 7* C C®T x 7;|[0’+oo). O

Proposition 2.28. Let (E,T) be a Hlertvs and F a linear subspace of E closed in
(E,C*T) (in particular, in (E,T)). Then,

(i) A curve into F is smooth if and only if it is smooth in E, ([7], page 28).

(ii) The topology CT induces in F the topology C (T |r). If F is not closed this
result is not true in general, ([7], page 47).

Proposition 2.29. Let (E,T) be a bornological Hlcrtvs (T = Tporn). One has:

(i) If V is an absolutely convex subset of E, then V is a 0-neighborhood of (E,T)
if and only if V is a 0-neighborhood in C*°E = (E,C®T).

(ii) If U is a convex subset of E, then U is C*®-open if and only if U is open in
(E,T).
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Lemma 2.30. Let (E,T) be a Hlertvs, xg and x1 elements of E and r € R~ {0}.
Then the map

T:(E,C®T) = (E,C®T), x — xo +r(x —x1)
is a homeomorphism (171 (y) = z1 +r"*(y — x9) ).

Proposition 2.31. ([7], page 247). Let (E,T) be a Hilcrtvs and K a convex set (in
particular, a quadrant Q) of (E,T) with non-empty C*-interior, that is, intce7(K) #
(0. Then,

(i) The segment (z,y] = {z+tly—2z): 0 <t <1} Cinteor(K) for allz € K
and all element y of intoe7(K).

(ii) The C-interior of K is convex and open even in (E, Toorn); (Toorn € C°T ).
Furthermore, intcer(K) = intr,,,. (K) #0

(iii) K s closed in (E, Toorn) if and only if it is closed in (E,C°°T).

Theorem 2.32. Let (E,T) be a Hicrtvs, and let @ be a quadrant in E. Then, the
following statements are equivalent:

(i) The C*°-interior of Q is non-empty, (that is intce7Q # ().
(ii) The index of Q is finite and Q° is closed in (E, Tporn)-

(iii) There exists a finite linearly independent system A of elements of Ly(E,R) (the
space of bounded linear maps from (E,T) into R) such that Q = Ef = {z €
E: Mx) >0 forall A€ A}.

Moreover if (iii) is fulfilled, cardinal(A) = index(Q) and Q° = EX.

Proof. (i)= (ii). By 2.31(ii), int7,,,, @ = intco7Q # 0. Then, by 2.13, the index
of Q is finite and QY is closed in (E, Tporn)-

(ii)== (iii). By 2.14 there exists a linearly independent system A of elements of
L((E, Toorn), (R, 7)) such that Q@ = E{ (moreover cardinal(A) = index(Q) and
Q° = EY). Then, (iii) follows of 2.19 (iii).

(ili)= (i). Since Ly(E,R) = L((E, Toorn), (R, To)), (2.19(iii)), by 2.14 and 2.13 one
has that intpernQ # 0, and (i) follows of 2.31(ii). O

Proposition 2.33. Let (E,T) be a Hlertvs and let A be a finite linearly independent
system of elements of Ly((E,T),R) = L((E, Trorn), (R, To)) (2.19(iit)). Then:

() Q=E{f ={ze€E: XNx) >0 forall X € A} is a quadrant in E such
that index(Q) = cardinal(A). Furthermore, Q° = EY = {x € E: \x) =
0 for all X € A}. Finally, if A =0, one has that Q = Q° = E.

(ii) @ = EY and Q° = EX are closed in (E, Toorn) and therefore in (E,C°°T).

(i) intr,,, (Q) = intcerQ # 0.
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(iv) If A ={\, ..., \n} # 0 and {z1,...,x,} is a subset of E (a such subset always
exists) such that A\;(x;) = 0;5, i,j =1,...,n, one has that,

a:QxR" = E, (x0,(r1,.... n)) = o + 7101 + .o + Ty,
is a linear homeomorphism from C*Q" x (R™, T"*) into C*E = (E,C>®T).

(v) The C*>-topology on Q coincides with C*T|q, and the C*-topology of Q°
coincides with C*°T |go.

(vi) Let U be a non-void element of (CT)|q. Then intce1(U) is also non-empty.

Proof. (). If A # (), the result follows from 2.8(ii). The case A = 0 is a trivial
verification.

(ii). It follows from (i).

(iii). By the above theorem intcrp@ # 0 and by 2.31 one has that intcepQ =

T, Q-
(iv). By (ii), we have that

(Q°, Toornlqe) X (L{x1, s 0}, Toornlifar,.n}) = (B Toorn),
(o, a121 + ... + apxy) = xo + 121 + ... + Ay,
is a linear homeomorphism. Consequently, by 2.24(iv),
a: (QO,’EOM|Q0) X (R™, T.") = (E, Toorn)s (xo, (a1, ..., an)) = To + @121 + ... + anZnp,
is a linear homeomorphism and by 2.23(ii), 2.24(iii) and 2.27(i)
a1 (Q",C%(Thornlqo)) x (R™, T;") — (E,CT)

is also a linear homeomorphism. Finally, since Q" is a subspace of (E,T) of fi-
nite codimension (n), by 2.19(vi) one has that (7]qo)torn = Toorn|go and therefore
Cw(nornb“) = Coo((T|Q°>born>) = COO((TlQU) = COOT|Q°-

(v) Tt follows from (iv) and 2.27(ii).

(vi). It is a consequence of (iv). O

Corollary 2.34. Let (E,T) be a Hlcrtvs, and Q a quadrant in E with intcepQ # 0.
Then, for all non-empty C™-open set U of Q, (C*(T|q) = C>®T|g), one verifies
that intcegU = U Nintcep@ # 0.

Proof. By the above proposition, we have that
a:C®Q x R™, T*) — (E,C®T), (x0,(r1, ... n)) = 2o + 7121 + ... + Ty,
is a linear homeomorphism. Thus, if U is a non-empty C*-open set of Q, a~(U)
0
X

is a non-empty open set of C®Q" x ([0, +00)™, Ta*l10,4-00)n ), and a N U)N (Q
(0, +00)™) # (0 which proves that intcegU = U Nintcep@ # 0. O
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3. Differentiation theory in convenient vector spaces

For a detailed study of the differentiation theory of maps defined on C*°-open subsets
of convenient vector spaces the reader can consult the books [3] and [7].

Mackey-convergence

Definition 3.1. (Mackey-convergence). Let FE be a Hlertvs. We say that a net
{z4}yer in E Mackey-converges (or M-converges) to x € E, if there exists a closed
bounded absolutely convex subset B of E such that

{z,: yeT}u{z} c(B)=L(B)=|Jt B
t>0

and the net {z,}yer converges to z in the normed space Ep = ((B),pp) where
pe(y) =inf{r >0: y e r - B} for all y € (B).

Proposition 3.2. Let E be o Hlcrtvs, {x}yer a net in E and x a point of E. Then
{zy}yer Mackey-converges to x € E if and only if there exists a bounded absolutely
convex subset B' of E such that {x, : v € T} U {z} C (B’) and the net {z,} er
converges to = in the normed space Eg = ((B') ,pp/).

Remarks 3.3. (1). A net {z,}ycr in E Mackey-converges to « € E if and only if
{xy — x}yer Mackey-converges to 0 € E.

(2). If the net {x, } er in E Mackey-converges to z € E, then there exists a sequence
ntnen in I’ such that the sequence {x, }nen Mackey-converges to = € E.
y in I' such that th " Macks ges t E

(3). Let (E,T) be a Hlertvs and B a bounded absolutely convex subset of E. Since

(B)zUt~Band{x€<B):pB(x)<1}CBC{w€(B):pB(x)gl},

t>0

we have that the inclusion ip : Fp — FE is a continuous map, which is equivalent
to Tligy C Tps (Ep = ((B),pB)). Therefore, if {2} er is a net in E that
Mackey-converges to « € E, then {z},er converges to = in (E,T).

(4). Let (E,T) be a Hicrtvs. Then (E, Tporn) has the same Mackey converging se-
quences as (F,T) and Tyorr is the final topology in E with respect to the inclu-
sions ip : Ep — E for all B bounded and absolutely convex in E. Moreover,
if T is a locally convex topology on E and it has the same Mackey converging
sequences as (E,T), then T C Tyorn.

(5). Let (E,T) be a Hlertvs. Then, Tporn is the final topology in E with respect to
the inclusions ig : Eg — F, for all B closed bounded and absolutely convex in

(E,T).

Proposition 3.4. Let E be a Hlcrtvs, B a bounded absolutely convex subset of E,
{4 }yer a net in (B) and x € (B). Then the following conditions are equivalent:

(i) {xy}yer converges to x € Ep.

(i) There exists a net {1y }~yer in R which converges to 0 such that (x—x) € p-B,
forally €T.
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Proposition 3.5. Let E be a Hlcrtvs. Then:

(i) Let ¢ : R — E be a C'-curve and {t,}nen a sequence of real numbers that
converge to 0. Then, the sequence {c(tn)}nen Mackey-converge to ¢(0) € E
(use the Mean value Theorem).

(i) If c: R = E is a C*-curve in E, then the curve t — (1 (c(t) — ¢(0)) — ¢/(0))
is bounded on bounded subsets of R\ {0}. Therefore, if the sequence {t,}nen

in R~ {0} converges to 0, the sequence {%;C(O)}%N Mackey-converges to
d(0) e E.

Proposition 3.6. Let (E,T) be a Hicrtvs. Then:

(i) A subset A of E is closed in C*E = (E,C>T) if and only if for every sequence
{zn}nen in A, which Mackey-converges to x € E, the point x belongs to A.

(ii) If U is a subset of E such that U N (B) is open in Ep for all B bounded and
absolutely convez in E, then U is C*®-open in (E,T), i.e. U € C®T.

Mackey complete spaces or convenient vector spaces

Definition 3.7. (Mackey-Cauchy net). Let {z,,v € I', <} be a net in a Hlcrtvs E.
This net will be called Mackey-Cauchy net if there exist a bounded absolutely convex
subset B of E and a net {,(7,7) € I' xI', < x <} in R converging to 0 such
that o, — ., € py 4 - B, for all (y,7') e I' x T".

Let B be a bounded absolutely convex subset of a Hlertvs E and {x- }yer a net in (B).
Then {z,}cr is a Cauchy net in the normed space Ep if and only if there exists a net
{tty,45 (7,7) €T xT', < x <} in R converging to 0 such that z, —z/ € p, - B, for
all (v,7") e I' xT (i.e., {zy}er is a Mackey-Cauchy net in E). Therefore, if {y,},er
Mackey-converges to y in E, then {y,},er is a Mackey-Cauchy net.

Proposition 3.8. Let {x,},er be a Mackey-Cauchy net in o Hicrtvs (E,T) and
x € E. Then, {xy}yer converges to x in (E,T) if and only if {x} er Mackey
converges to x € E.

Definition 3.9. (Mackey complete space). The Hlcrtvs (E,T) is called Mackey
complete (or convenient) if every Mackey-Cauchy net in E converges in (E, 7).

Theorem 3.10. ([7]). Let E be a Hicrtvs. The following conditions are equivalent:
(i) E is Mackey-complete.

(i) Every Mackey-Cauchy net in E, Mackey converges in E.

(#i1) Fvery Mackey-Cauchy sequence in E converges in E.

(iv) Every Mackey-Cauchy sequence in E, Mackey converges in E.

(v) For all absolutely convex bounded subset B of E, the normed space Ep is complete.
(vi) For every absolutely convex closed bounded subset B of E, the normed space Ep
is complete, i.e. Eg is a Banach space.

(vit) For every bounded subset B of E there exists an absolutely convex closed bounded
subset B' of E such that B C B" and Ep: is complete.

(viti) For every bounded subset B of E there exists an absolutely convex bounded
subset B' of E such that B C B' and Ep. is complete.

(iz) Any Lipschitz curve in E is locally Riemann integrable.

(x) For any ¢; € C®(R, E) there is ca € C*°(R, E) such that ¢, = ¢;.
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(z1) E is closed in the C*-topology of any Hlcrtvs E‘, where E is a topological vector
subspace of E (Recall that the C*°-topology on E is the final topology with respect to
all smooth curves ¢: R — E).

(zii) If ¢ : R = E is a curve such that Ac : R — R is smooth for all A € L(E,R),
then c is smooth.

(ziii) Any continuous linear mapping from a normed space F into E has a continuous
extension to the completion of the normed space F.

Recall that ¢ : [a,b] — E is Riemann integrable (by definition) if the net of
Riemann sums converges in E. Moreover if ¢ is continuous and F is sequentially
complete (hence convenient), then ¢ is Riemann integrable (in fact, the net of Riemann
sums is a Cauchy net that has a subnet that is a sequence, and on the other hand an
agglomeration point of a Cauchy net is a point of convergence of this net).

Proposition 3.11. Let (E,7T) be a Hlertvs. Then we have:

(1) If E is complete (every Cauchy net in E converges in E), then E is sequentially
complete (every Cauchy sequence in E converges in E).

(ii) If E is sequentially complete, then E is Mackey complete.

(iii) If E is metrizable, then: the statements "E is complete”, "E is sequentially
complete”, and "E is Mackey complete”, are equivalent.

(iv) (E,T) is Mackey complete if and only if (E, Toorn) is Mackey complete (use the
preceding theorem and 3.3(4).

Proposition 3.12. Let E, F' be Hlcrtv spaces, and let | : E — F be a linear map.
Then | is bounded (it maps bounded sets to bounded sets) if and only if it maps smooth
curves in E to smooth curves in F.

Smooth maps on C'*°-open sets of Hlertv spaces

Definition 3.13. ([7], page 30). Let E, F be Hlertv spaces, U a C°-open subset of
E and f: U — F amap. Then f is called smooth if it maps smooth curves in U to
smooth curves in F.

Note that in this case f : C*°U — C*°F is a continuous map, (since U is C*°-open,
we have that C>U is a subspace of C*E, (2.21(ii))).

Remark 3.14. f U = E =R, then f : R — F is smooth (with the preceding definition)
if and only if f is a smooth curve.

Proposition 3.15. ([7], page 28). Let (E,T) be a Hlcrtvs. Then, the set of smooth
curves C®°(R, E) is a Hlertvs with the pointwise vector operations ((c1 + ¢2)(x) =
() + ca(x), (re)(x) = r(c(z)), z € R) and the topology of uniform convergence on
compact sets of each derivative separately. This space is Mackey complete if and only
if (E,T) is Mackey complete.

Proposition 3.16. ([7]) Let E, F be Hlcrtv spaces and U a C*-open subset of E.
Then,
(C®(U,F)=){f:U— F: fisasmooth map}
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is a Hlertvs with pointwise linear structure ((f + g)(x) = f(x) + g(z), (rf)(z) =
r(f(x)), z € U) and the inicial topology with respect all mappings, (3.15),

¢ C®(U,F) = C*R,F), fr fe, c:R—U smooth curve.

Theorem 3.17. ([7], page 30). Let (E1,T1), (E2,72), (F,T') be Hlertv spaces,
Ui a C*-open subset of (E1,T1) and Us a C*®-open subset of (E2,72). Then, a
mapping f : Uy x Uy — F is smooth if and only if the canonical associated mapping
ViU — C®(Uy, F), x1 v+ f(x1,-), exists and is smooth.

Corollary 3.18. ([7], page 81). Let (E,T), (E,T"), (G,T") be Hlcrtv spaces and
U a C*-open subset of (E,T). Then, the following canonical mappings are smooth:

(i) ev: C®(U, F) xU — F, (f,z) = f(x)
(ii) ins : E — C®(F,E X F), x — (y — (z,¥)).
(ili) o: C®°(U,F) x C*(F,G) — C>=(U,G), (f,g) — gf.

Corollary 3.19. (Boman theorem, [7] page 31) Let f : A — F be a map, where
A is an open set of R™ and F is a Hlertvs. Then f is smooth (with the preceding
definition) if and only if f is an usual C*°-map, i.e. there exist all partial derivatives
of any order of f and all of them are continuous maps. In this case df : AXR"™ — F,
(x,v) = dyf(x), is smooth and therefore d.f(x) : R™ — F is smooth for all x € A.

Theorem 3.20. ([7], page 33)
Let (E,T) and (F,T") be Hicrtvs. Then:

(1) Lo((E,T),(F,T") = LU(E, Toorn), (F,T")) is a closed linear subspace of the
Hlertvs C*°(E, F) and therefore is a Hlertvs. Furthermore, if W is a C*°-open
subset of a Hlertvs G, then a mapping f : U — Ly(E, F) is smooth if and only

if composite map U EN Ly(E,F) < C>(E, F) is smooth.

(ii) If (E,T) is a convenient vector space, one has that Ly(E, F') is a bornological
space and the bornology on this space Ly(E, F) consists of all pointwise bounded
sets. So a mapping into Ly(E, F) is smooth if and only if all composites with
evaluations at points in E are smooth. Finally, L,(E, F) is a convenient vector
space.

Proposition 3.21. Let (E,T) be a convenient vector space, (F,T') a Hlertv space,
U a C*-open subset of E, (U is open in C°FE = (E,C®T)), and let f : U — F be
a smooth map. Then:

(i) For allz € U and allv € E there exists %E%M(: d, f(x)).

(ii) Forallz e U, d.f(z)(=df(x)): E— F, v~ d,f(x), is a linear map.
(iii) The map d.f(-)(=df) : U x E — F, (x,v) — dy f(x), is smooth.

(iv) For all x € U the linear map df (z) : E — F is a smooth map (< bounded
map, (3.12)) and df (x) is a continuous linear map of (E, Tyorn) into (F,T").
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Proof. (i). The map ¢: R — E, t — x + tv, is a smooth curve. Then there exists
€ > 0 such that c(t) € U for all t € (—¢,¢). Let 0 : R = (—¢,¢) be a smooth curve
such that o(t) =t for all t € (=5, 5). Then co : R — U — E is a smooth curve and
fco : R — F'is a smooth curve. Consequently

t—0 t

(ii). Let « be a element of U, let v be an element of E and let r be a real number
with  # 0. Then:

drof (x) = lim ¢ = lim t -
=r lim fla+sv) - f(z) =rd, f(z)
s—0 S v

(s = rt). If r =0, then do.,f(z) = 0 = 0d,f(x). Thus, df(z) : E — F is a
homogeneous map.

Let = be an element of U and let u, v be elements of E. The map h: R? — E, (t,s)
T +tu+ sv, is smooth, (3.19), and therefore is a continuous map of C*°R? = (R?,T72),
(2.24(iv)), in C*®°E. Thus, h=*(U) is an open set in (R? T?2) that contains (0,0).
Therefore, there exists § > 0 such that x +tu+sv € U for all (¢, s) € (—6,0) X (=46, 9).
Hence, we have the smooth map g = f(h|(—ss5)x(-s,6)) @ (=6,0) x (=4,0) — F,
(t,s) = f(z + tu + sv). Then, by the Boman’s theorem (3.19), g is continuously
differentiable and Dg(0,0)(1,1) =1- D1g(0,0) + 1 - D2g(0,0), i.e.

96,0 = g(0,0) _ . flr+tutv) — f@)

t t—0 t
g(7,0) — g(0,0) 9(0,0) — g(0,0)

Dg(0,0)(1,1) = lim

A R L B (G L) (AT S )

T—0 T o—0 o

Thus, df(x) : E — F is a linear map for all x € U.

(iii). The map df : U x E — F, (z,v) — d, f(z), is smooth. In fact:

First, we remark that U x E is open C®(E X E) since by 2.25, C®T x C®T C
C>(T x T). Thus it has meaning the smoothness of df on U x E.

Let ¢ : R — U x E be a smooth curve. Since p; : U x E — U, (z,v) — =z,
and po : U x E — E, (z,v) — v, are smooth maps, we have the smooth curves
c¢1 =pic:R = U and ¢3 = pac: R — FE such that ¢ = (¢1,¢2) : R —> U x E.

We consider the smooth map « : R? AUuxpeS E, where §(t,s) = (c1(t), sca(t)),
(t,s) € R?, and therefore a(t,s) = c1(t) + sca(t) (the map + : U x E — E is smooth
and therefore is a continuous map of C*°(U x E) into C*E).

Then, o~ 1(U) is open in C*R? = (R2,T2) and o~} (U) D R x {0}. Thus for every
r > 0 there exists 6, > 0 such that a=1(U) D (=7,7) x (—6,,6,). Therefore for all
r > 0, the map h: (—r,7) x (=0,,0,) = F, defined by h(t,s) = f(c1(t) + sca(t)) is
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smooth and

Oa2h(t,0) = ll_% flei(t) + SCQ(St)) — flei(t))

=de,1)f(c1(t)) =
((df)e)(t) for all ¢ e (—r,r).

This proves that (df)c is a smooth curve and df : U x E — F is smooth.

(iv). As a consequence of (iii), for all z € U, df(z) : E — F is smooth since
df (x) = (df )iz, where iy(v) = (z,v), v € E, and this map is smooth. Therefore, for
allz € U, df(z) : E — F is a bounded linear map and df (x) : (E, Toorn) — (F,T") is
a linear continuous map (see, 2.19(iii)). O

Proposition 3.22. (chain rule) Let E, F', G be Hlcrtv spaces, U a C*-open subset
in B,V a C®-open subset in F, f: U — F a map with f({U) CV and g:V — G
a map. Suppose that f, g are smooth maps. Then gf : U — G is a smooth map and
d(gf)(z,v) = dg(f(z),df (z,v)), for all (x,v) € U x E. Consequently d(gf)(x,-) =
dg(f(x),")df(x,) : E — G for allx € U. (See page 33 of [7]).

Smooth maps on quadrants of convenient vector spaces

Definition 3.23. Let E, F be convenient vector spaces (i.e., Mackey complete
spaces), @ a quadrant of E with intceg(Q) # 0, U a C°-open subset of @ and
f:U — F amap. We say that f is smooth if for all smooth curve ¢ : R — U, fc:
R — F is a smooth curve (recall that if U # (), then intceg(U) = U Nintc~p@ # 0,
(2.34)), (if @ = E this definition is the given in 3.13).

Proposition 3.24. Let f : U — V be a smooth map, where U is a C*°-open set
of a quadrant Q of a convenient vector space E with intcesp@ # 0, and V is a
C-open set of a quadrant Q' of a convenient vector space F with intc~rQ' # 0,
and let g : V. — G a smooth map with values in a convenient vector space G. Then
gf : U — G is a smooth map.

Proof. Let ¢ : R — U be a smooth curve. Since f : U — V is a smooth map, we
have that fc: R — V is a smooth curve. Thus, since g : V' — G is a smooth map,
g(fe) = (gf)c: U — G is a smooth curve. O

The result 3.12 can be drafted as follows:

Proposition 3.25. Let (E,T) and (F,T"’) convenient vector spaces, and let \ : E —
F be a linear mapping. Then, X is smooth if and only if A is bounded (or bornological)
(= X: (E, Toorn) = (F,T") is a continuous map).

Proposition 3.26. Let (E,T), (F,T') be convenient vector spaces, Q a quadrant of
E with intceg(Q) # 0, U a C®-open subset of Q and f : U — F a smooth map.
Then, f is continuous of C°U = (U, C*T|y) into C*°F = (F,C>T"). Therefore, f
is a continuos map of C°U into (F,T"), (by 2.24(i), T' C T, C C>®T').

born

Proof. Let A be an open set of C°°F. For every smooth curve ¢: R — U, since f is a
smooth map, fc: R — F is a smooth curve, and therefore (fc)~1(A) = ¢~ H((f~1)(A))
is open in (R, T,). This proves that f~1(A) is open in the C*°-topology of U. O
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Theorem 3.27. (Derivative of smooth maps on quadrants)

Let (E,T), (F,T') be convenient vector spaces, Q a quadrant of E with intc-pg(Q) #
0, U a C>®-open subset of Q and f : U — F a smooth map (preceding definition).
Then the map (p=)f|intcoe n(w) : itcop(U) — F is smooth (3.13) and the map, x €
intceg(U) — d.p(x) = dp(z) € {\: E — F|\ is linear and bounded} = Ly(E,F),
extends to a unique smooth map (preceding definition) df : U — Ly(E, F), and df (z)
is linear and continuous from (E, Tporn) into (E,T") for all x € U, (2.19(i). Note
that the map, (z,v) € intceeg(U)x E — dyp(x) € F, is smooth (8.21(iii)). Moreover,
forallx € intceg(U), dp(x) : E — F is smooth 3.13 and continuous from (E, Tporn)
into (F,T"), (3.21(w)).

Proof. By 2.34, intcegU = U Nintoswg@ is a non-empty C'°°-open set of F.

Since a smooth curve ¢ : R — intc~gU can be considered as a smooth curve with
values in U, it is obvious that f|inieee & @ intcopgU — F is a smooth mapping. Thus
only the extension property should be shown.

Let us first try to find a candidate to the value of d,f(x) for x € U and v € E
with ¢ + v € intcep@ = inty,,, Q (2.33(iii)). By convexity the smooth curve
Cew : t > o+ t2 takes for 0 < [t| < 1 values in intcepQ C Q (see 2.31, (z + t?v =
(1 =tz + t?(x + v)))) and ¢;,(0) = 2 € U C Q. By the continuity of ¢, :
(=1,1), Tul(=1,1)) = (Q,C>(Tlq)), (C=(Tlq) = (C>T)|q is the final topology
in @ induced by the family of all smooth curves 7 : R — @), there exists € such
that 0 < ¢ < 1 and ¢, : (—,6) = U, t — x + t?v, is a smooth curve, and
consequently fcy, : (—e,6) — F is a smooth curve. In the special case where
x € intceogU = U Nintceog@ we have that ¢, ,((—¢,€)) C intc~gU and by the
chain rule (3.21 and 3.22)

(pezw) (t) = dcgm(t)p(cz’v(t)) = 2td,p(x + t?v), for all t € (—¢,¢),

2td, t?v) — 0
(pea)(0) = lim 2deP(@+£70)
t—0 t

= 2d,p(x), (3.21(i4i)).
Thus we define d, f(z) = (1/2)(fcg,)"(0) for x € U and v € intcogQ — .

Note that for x € U, v € intceegU —x and 0 < § < 1 we have ds, f(z) = dd, f(x),
since g 50(t) =  + t20v = cz,v(t\/g) and we can apply twice the chain rule to the
composition of the smooth curves fc, , and a: (—¢,e) = (—¢,¢), t = t/5.

Next let us show that
dof(-): (Uy=){z €U :x+v € intceopQ} — F

is smooth, (U, = {z € U : x € intcxpgQ — v} = U N (intcxp@Q — v) is C*°-open in
U, (2.30), and therefore C*°-open in @), so let s — z(s) be a smooth curve in U,,.
Then, v € intcepgQ — z(0), 2(s) + v € intcepgQ for all s, 2(0) € U, and thus the
map (s,t) — Cu),0(t) = (s) + 20 = (1 — t?)a(s) + t*(x(s) + v) € Q is smooth from
some neighborhood of (0,0) into U, C U (cy(s),0 : R? = E, (s,t) — x(s) + t?v, is
a smooth map). Hence, (s,t) = f(cy(s)0(t)) is smooth, (3.24), and also its second
derivative s — (fcg(s),0)"(0) = 2d, f(x(s)). Thus, d, f(-) : U, — F is a smooth map.
In particular, let zp € U and vy € E such that vy € intcep@ — xo and z(s) =
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2o + s2vg (2(s) +vo = 20 + (1 + s*)vg € intc~pQ for sufficiently small s, since
Zo + vg € intoeop@). Then

2y f(50) = (Fr00)""(0) = 10 (pesay 1,)"(0) = lim 20, pla(s))

with x(s) € intcep@ for 0 < |s| < e. Obviously this shows that the given definition
of dy, f(xp) is the only possible smooth extension of dy,p(:) to {0} U intcegU.
Now let v € E arbitrary. Choose a vg € intc~gQ—xg. Since the set intce pQ—1x9—v9
is a C'°-open convex neighborhood of 0, hence absorbing (see 2.31 and 2.29), there
exists some € > 0 such that vg + ev € intcog@Q — zg. For all x € intc~gU one has

4up() = 2deup() = 1 (duyseoplw) = duypla)).

By what we have proven above, the right side extends smoothly to {z¢} U int.epgU.
The same is true for the left side. i.e. we define d,, f(x¢) = lims_,0 d, f(z(s)) for some
smooth curve z : (—¢,e) — U with z(s) € intcepU, z(0) = z, for 0 < |s] < e.
Then df (x) is linear as pointwise limit of df (z(s)) € Ly(E, F) and is bounded by the
Banach-Steinhaus theorem ((E, Tporrn) is a bornological convenient vector space and
Lb((Ev T)? (Fv T/)) = 'C((Ev ,ﬁmrn)v (Fa T/)))

This proves at the same time, that the definition does not depend on the smooth
curve z, since for v € xg + intc~gQ it is the unique extension.

In order to show that df : U — Ly(E, F) is smooth it is, by 3.20, enough to show that
the map

RE5U L LB, F)F, s dyf(a(s))

is smooth for all v € F and all smooth curves z : R — U. For v € intc~pg@ this
was shown above (in this case, if z : R — U is a smooth curve, then x(t) € U, for all
t € R and z is a smooth curve in U, (2.33(v)). For general v € E, this follows since
dyf(x(s)) is a linear combination of d,, f(z(s)) for two vy € intce Q. O

Lemma 3.28. (Chain rule for curves) Let Q be a quadrant of a convenient vector
space (E,T) with intc=pQ # 0, U a non-empty C*-open set of Q, (F,T') a con-
venient vector space and f : U — F a map such that flinigez,u = p is a smooth
mapping and there exists df : U — Ly(E,F) an extension of d(f|intcer,U) = dp
which is continuous for the C*°-topology of U. Then, if ¢ : R — U is a smooth curve,
(fo)'(t) = der sy f(c(t)) for all t € R.

Proof. We choose y € intcoopglU = U Nintcepg@ C @ and for all s € (—1,1) let
cs(t) = c(t) + s*(y — c(t)) € Q, (2.31). Since, a : R x (=1,1) = Q, (¢,5) — cs(t), is a
smooth map, one has that a=!(U) is open in (R, T,) x ((—1, 1), Tul(=1,1)) and further
a~Y(U) D R x {0}. Thus, there exists ¢ with 0 < & < 1 and such that c,(t) € U for all
s € (—¢g,¢e) and all t € [—1,1], and by 2.31 ¢,(t) € intcogU for all s € (—e,e) \ {0}
and t € [—1,1]. Furthermore, ¢y = ¢, (s,t) = cs(t) is smooth and ¢, (t) = (1—s%)c/(t).
Then, by 3.10(ix), 3.22 and 3.29, for all s € (—¢,¢) \ {0},

ples(t)) —
t

c 1 1
A [ ey e = (1) [ dogmyplenteryar

Now consider the specific case where ¢(t) = © + tv with «,2 + v € U. Then, there
exists 6 > 0 such that  +tv € U for all t € (—4,0), and since f is continuous along
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(t,8) = cs(t) = x+tv+52(y — x —tv), the left side of the above equation converges to
(f(c(t))—f(c(0)))/t for s — 0 and since d, f(-) is continuous along (¢, 7, s) — c5(t7) we
have that d. (¢7)p(cs(t7)) converges to d, f(c(t7)) uniformly with respect to 0 <7 < 1
for s — 0. Thus, the right side of the above equation converges to fol dy f(c(tT))dr.
Hence, we have for ¢t — 0

HADZIEO) — [V pta s tropar = [ du(600) = doo f6(0),

Now let ¢ : R — U be an arbitrary curve. Then, (s,t) — ¢(0) + s(c(t) — ¢(0)) is
smooth and has values in U for 0 < s < . By the above consideration we have for
x = ¢(0) and v = (¢(t) — ¢(0))/t that

c(t)) — f(c(0 !

A =T~ [ s (600) + 7(cl0) = )
0 t

which converges to d. (g f(c(0)) for t — 0, since df is continuous along smooth curves

in U and thus df(¢(0) + 7(¢(t) — ¢(0))) — df(c¢(0)) uniformly on the bounded set

{(c(t) — ¢(0))/t : t near 0}.

Thus fc is differentiable with derivative (fc)'(t) = do (s f(c(t)). O

Proposition 3.29. (Chain rule) Let E, F', G convenient vector spaces, Q a quadrant
of E with with intceg(Q) # 0, U a C*-open subset of Q, P a quadrant of F with
intceep(P) # 0 and V a C*®-open subset of P. One has:

If f : U = F is a smooth map and g : V — G is a smooth map with f(U) CV, then
g9f : U — G is a smooth map and d(gf)(x) = dg(f(x))df (x), for all z € U.

Proof. Let x be an element of intceoplU and v € E. We consider the smooth curve
ct) =x+tvin U (t € (—¢,+¢€)). Then, e(t) = (fe)(t) = f(z + tv) is a smooth
curve in V. By the above lemma (3.28), (ge)'(t) = de(+)g(e(t)) and in particular
4, (1)) = (96)(0) = duo)9(el0) = da, piryg( (). Thus for all @ € inton sU,
d(gf)(x) = dg(f(x))df (z)-

On the other hand by 3.27, 3.20 and 3.18, the map

U— Ly(E,F)xV = Ly(E,F) X Ly(F,G) — C*(E,F) x C*(F,G) —» C*(E,G),
x> (df (z), f(x)) = (df (2),dg(f(x))) = (df (x),dg(f(x))) = dg(f(z))df (z),
is smooth, which proves by 3.27 that d(gf)(z) = dg(f(z))df (x) for all z € U. O

Proposition 3.30. Let E, F, convenient vector spaces, @ a quadrant of E with
intcoop(Q) # 0 and U a C*-open subset of Q. One has:

(i) (Restriction to open sets). If f: U — F is a smooth map and W is a C*-open
subset of U, (C*U is a topological subspace of C*E), then flw : W — F is a
smooth map (of course W is a C*-open subset of Q) and d(f|w)(z) = df (x)
forallz e W.

(ii) (Restriction to vector subspaces). Let f : U — F be a smooth map, H a closed
linear subspace of E (then a convenient vector space), Qu a quadrant of H with
intcoog(Qu) # 0. Suppose that U N H is a C™-open subset of Q. Then
flong : UNH — F is a smooth map and d(flunm)(x) = df (z)|m, for all
zeUNH.
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(iii) (Open covering property). If f : U — F is a map and {V;|j € J} be a C*°-open
covering of U, then f : U — F is smooth if and only if f|y, : V; — F is smooth
forall j € J.

Proof. (). flw is a smooth map since every smooth curve in W is a smooth curve in
U. On the other hand, flw = fj where j: W < U is the inclusion map. Obviously,
Jj is a smooth map and d,j(x) = v for all z € W and v € E, and therefore by the
chain rule, (3.29), df (z) = d(f|w)(x) for all x € W.

(i1). fluvnm : UNH — F is a smooth map since every smooth curve in U N H can be
considered as a smooth curve in U. Furthermore, f|yng = fi, where i : UNH — U
is the inclusion map which is smooth and d,i(z) = v for all z € UN H and v € H.
Thus by the chain rule, (3.29), df («)|g = d(f|luvnm)(z), for all z € UN H.

(iii). If f: U — F is a smooth map, then for all j € J, f|v, : V; — F is a smooth
map by (i). Conversely, suppose that f|y, : V; — F is a smooth map for all j € J
and let ¢ : R — U be a smooth curve. Then for all j € J, A; = ¢~ *(V;) is an open
set in (R,T,) and f(c|a;) is a smooth map. Thus, since J;.; 4; = R, we have that
fcis a smooth curve and f: U — F' is a smooth map. O

The above results give the essential tools (together with the theorem of invariance
of the boundary) to construct manifolds with corners modeled on convenient vector
spaces.

Proposition 3.31. Let (E,T) and (F,T') be convenient vector spaces, Q a quadrant
of (E,T) with intceeg@Q # 0, U a C*-open subset of Q and let f : U — F be a map.
Then f:U — F is a smooth map if and only if A\f : U — R is a smooth map for all
A€ L((F T ), R, Tw)) (3.23), (in particular F may be Fréchet or Banach).

» Tborn

Definition 3.32. Let (E,T) and (F,T’) be convenient vector spaces, @ a quadrant
of (E,T) with intcepQ # 0, U a C*-open subset of Q, P a quadrant of (F,T")
with intcepP # 0, V a C*-open subset of P, and let f : U — V be a map. We
say that f: U — V is a smooth diffeomorphism if f : U — V is a bijective map and
f, f~! are smooth maps (3.23). Note that in this case f~! : V — U is also a smooth
diffeomorphism and one says that U and V are sth-diffeomorphic.

Proposition 3.33. (i) The composition of a finite number of smooth diffeomor-
phisms is again a smooth diffeomorphism, and the identity map is a smooth
diffeomorphism.

(ii) Let f:U — V be a smooth diffeomorphism. Then by 3.27, we have the smooth
maps df : U — Ly(E, F) and d(f~1) : V — Ly(F, E) and we know that df (z) €
LB, Tyon), (F,T)) and d(f)(f(2)) € L((F, T}py), (E.T)) for all z € U.
By 3.29, df (x) is an isomorphism and (df (z))~ = d(f~)(f(x)) for allz € U.
Finally df (x) is a linear homeomorphism from (E, Tyorn) onto (F, T, for all
zeU.

O’I”TL)

Invariance of the boundary for smooth diffeomorphisms

Lemma 3.34. Let (E,T), (F,T') be convenient vector spaces, U a C*-open subset
of E, A\ : ' = R a bounded linear mapping with A 20, x € U and f : U — F;f =
{v € F :Av) >0} a smooth map such that f(z) € F{ = {v € F : \(v) = 0}. Then
df (z)(E) C FY, (3.27).
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Proof. Let T, .. the bornologification of F. Then, A : (F,7,,.,.) — R is continuous.
Let {|| |li}icr be a collection of semi-norms on (F, 7, ) that describes the locally
convex topology of (F, T, ..), (2.17(iv)). By 2.24(ii), f : U — (F,T,,,,) is smooth.
Since A : (F,T},,,) — R is continuous and A(0) = 0, there exists a neighborhood V°
of 0 in (F,7,,,) such that A(V?) C [-1,1].

Then, there exist § > 0 and 4y, ..., 4, € I such that
A P o
(B, “(0)cV
j=1

and therefore for all z € F with ||z|;; < ¢ for all j € {1,...,n}, |A(2)] < 1. Thus for
all w € F' with [|w||;; <1 forall j =1,...,n, one has that ||dw||;, = d|lwl;; < J for all
j=1,..,nand [A(0w)| = 6|\(w)| < 1, which implies [A(w)| < 1/4.

Let € > 0 and u € E. Since, by 3.21(i),

4o f (o) — 1y T 1) = (@)

t—0 t

(in(F7 7;’07"” ) )

and for all j € {1,...,n}, B! I (dyf(z)) is a neighborhood of d, f(z) in (F, Trorn),
there exists n; > 0 such that for all ¢ € (—n;,+n;) with ¢t # 0, z + tu € V° and

[z +tu) - f(z)

”duf(x) - n

i, <& (G €{1,...,n}).
Let ) be the positive real number min{#ny, ...,m,}. Thus, for all t € (—n,n) with ¢t # 0

o)~ L2016

For all t € (—n,+n) with t # 0, let

[z +tu) - f(z)
t

i, <e, forall je{l,..n}

Ut
and v; = —.
€

= dyf(z) -
Then [|v¢l;; <1 for all j € {1,...,n}, and
etv, = tdy () — fx + tu) + f(x) or fz+tu) — f(x) = t(duf(z) — cvp).
Since f(z) € FY, —f(z) € F? and f(z + tu) — f(z) € Fy. Thus,
Af (@ +tu) — f(2)) = At(duf(2) — evr)) = t(A(duf(2)) — eA(vr)) = 0.

Then one follows that:

(151 If 0 < t1 < 7, then A(duf(x)) = eX(vy,) = —€ - (1/9).

(24) If —p <ty < 0, then A(d, f(2)) < eX(vy,) < - (1/6).

Since ¢ is arbitrary, A(d, f(x)) = 0 and d,, f(z) € FY. O

Theorem 3.35. (Invariance of the boundary). Let (E,T), (F,T') be convenient
vector spaces, Q a quadrant of E with intcepQ # 0 (by 2.32, index(Q) is finite and
Q° is closed in (E, Tyorn)), P a quadrant of F with intcespP # O (by 2.32, index(P)
is finite and P° is closed in (F,T},,,)), U a C>®-open set of Q, V a C>-open set of
P andlet f: U — V be a smooth diffeomorphism (3.52). Then we have:
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(i) index(z) = index(f(x)) for allz € U, (2.11).

(ii) {x € Ulindex(z) = 1} # 0 if and only if {y € Vl]index(y) = 1} # 0. (Note that
intcepQ = intr,,,,Q # 0 and intc<p P = inty; P #0, (2.32 and 2.33(iii)).

(i) IfU # 0, intceg(U) # 0 and intc=p (V) # 0.
({z € Ulindex(z) > k}) = {y € Vl]index(y) > k}, for all 0 < k < index(Q).

)
(iv)
(v) f({z € Ulindex(x) = k}) = {y € Vl]index(y) = k}, for all 0 < k < index(Q).
)
)

(vi) flintceg(U)) =intcep(V).

S R

(Vi) flintgoe () * intoep(U) = intcep (V) is a smooth diffeomorphism (3.32) and

d(flintco pw)) (@) = df (z) for all x € intoop(U).

Proof. By 2.32 and 2.33 there exist a linear independent system of elements of Ly (E, R),
A = {X1,..., \n}, and a linearly independent system of elements of Ly(F,R), M =
{M, ;M }, such that Q = EY and P = Fy;.

(i). If z € U, k = index(z) and k' = index(f(z)), then, exactly k elements of A,
Ay Aiy, vanish at  and exactly k" elements of M, n;,,..., n;,,, vanish at f(x). We
consider J = {iy,...,ix}, E; = ﬂjeJEgj and Ay = {\|g, : i € I~ J}. Then, A is
a linearly independent system of elements of Ly(E;,R) and H = (EJ)A}» =EfnE;.
Hence, by 2.33(v), U N H is an C*-open set of H and intceop, (U N H) is a C-
open set of E; which contains the point . We denote by V* the C'*°-open set
intcep,(U N H). On the other hand, since E; is C®-closed, f|y« : V¥ — V C Fy;

is a smooth map and (f|y=)(z) € ﬂf/:l F) . Hence by the above lemma (3.34)
d(flv=) (. )(Es) € oy Fpp and

k/
codim(df (x, )(Ej) = codim(Ej;) = k > codim(m F) ) =¥
=1 J

Similarly, using f~!, we obtain k&’ > k and hence k = k'.
(ii), (iv) and (v) follow from (i), and (iii) follows from (i) and 2.34. Finally, (vi) and
(vii) are consequence from (i) and 3.30. O

Proposition 3.36. Let E be a convenient vector space and Q, Q' quadrants in E
with non-empty C*-interior. Then Q, Q' are smooth diffeomorphic (3.32) if and
only if index(Q) = index(Q’), (2.3(ii)).

Proof. If index(Q) = index(Q’), by 2.32 and 2.15 there exists a linear homeomor-
phism « : (E, Tyorn) — (E,Thorn) such that a(Q) = Q' and «(Q°) = Q"°. By 3.25,
alg : @ — Q' is a smooth diffeomorphism (3.32). For the converse, apply 3.35(3).

O

On constructing smooth manifolds with corners modeled over convenient vector
spaces, the C*°-open subsets of quadrants, with non-empty C°°-interior will be the
local models.
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4. Manifolds with corners modeled on convenient real vector
spaces

Let X be a non-empty set. We say that (U, ¢, (F,@)) is a chart on X if: U is a subset
of X, E is a convenient vector space (i.e. a Hlertvs which is Mackey complete (3.9)),
Q is a quadrant on F with intce7Q # () (where, T is the topology of E), ¢ : U — Q
is an injective map, and ¢(U) is a C*°-open subset of ) (note that the C*°-topology
of @ (2.33(v)) is C*°T|g). In this case, U will be called the domain, ¢ the morphism
and E (or Q) the model of the chart.

Recall that (2.32 and 2.33) index(Q) is finite, Q° is closed in (E, Tyory) and intr,, Q
is non-empty. Consequently if index(Q) = n € N, by 2.32(iii), there exists a linearly
independent system A = {\1,...,\,} of elements of Ly(E,R) such that Q = E},
(hence Q° = E¥, Q and Q° are closed in (E, Thorn), and intcer(Q) = intr,,, (Q),
(2.33(iii))).

Let (U, p, (E,Q)), (U, ¢, (E',Q")) be charts on X. We say that they are smooth-
compatible (sth-compatible) if: (U NU’) and ¢’ (U N U’) are C*°-open subsets of
Q and Q’, respectively, and ¢'¢~ ! : (U NU") — " (UNU"), o't : o (UNU") —
©(UNU’) are smooth maps (3.23) (and hence inverse homeomorphisms for the C'*°-
topology, (3.26)). In this case we shall write (U, ¢, (E,Q)) ~ (U, ¢, (E',Q’)).

A collection A of charts on X is called a smooth-atlas on X (sth-atlas) if the
domains of the charts of A cover X and any two of them are sth-compatible.

Two sth-atlases A, A’ on X are called smooth-equivalent (sth-equivalent) if AUA’
is a sth-atlas on X. In this case we shall write A ~ A’.

Proposition 4.1. Let X be a non-empty set. Then the preceding relation binary ~
18 an equivalence relation over the sth-atlases on X.

Proof. Reflexive and symmetric properties are obvious.

~ is transitive: Let A, B and D be sth-atlases on X such that A ~ B and B ~ D. It
should be proven that A ~ D, which is equivalent to prove that A|JD is a sth-atlas
on X.

It is clear that the elements of A|J D are charts on X and its domains cover X. Thus,
it remains to prove that every element (U, ¢, (E,Q)) of A is smooth compatible with
every element (U’, ¢’ (E',Q’)) of D . We have that

o(UNU") = U pUNU'NU") = | pe" " (UNU' NU")
(C//:)(U“,Lﬂ”,(E”,Q//))EB C”eB
_ U (pwu—l(@//(U N U//) N (p”(U’ N UH)),
(U//7¢//7(E//7QII))68
Unu' = U (UnU'nU", (UNU'NU" =WUNU"YN U NU"))),

(U”,L,O”,(E”,Q”))EB

is C*°-open in the quadrant @, since (U, ¢, (E,Q)) ~ (U",¢",(E",Q")) (A ~ B),
(U/’ <p/7 (‘EV7 Ql)) ~ (U//7 SD//, (‘EV/7 Q//)) (B ~ D) a‘:[1d Lp(p//—l . (p”(UﬁU”) — (p(UmU//)
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is a C°°-homeomorphism. Analogously ¢’ (U NU’) is C*°-open in the quadrant Q.

Since
7o 1m—1

¢ Hownunun = (""" 0 lpwnvrnun
is a smooth map (by the chain rule (3.29) and the restriction of a smooth map to an
C*>-open set (3.30(i))), we have that ¢'¢~! : (U NU’) = ¢'(UNU’) is a smooth
map by the open covering property of the smooth maps (3.30(iii)). Analogously,
'L (UNU") = o(UNU') is a smooth map. O

Definition 4.2. If A is a sth-atlas on X, the equivalence class [A] is called sth-
structure on X and the pair (X, [A]) is called sth-manifold with corners (or sth-
manifold).

If (X,[A]) is a sth-manifold with corners, we shall say that B is an atlas of (X, [A])
if B € [A], and we shall say that a chart (U, ¢, (E,Q)) of X is a chart of (X, [A]) if
there exists B € [A] such that (U, ¢, (E,Q)) € B.

Remark 4.3. For all Hicrtvs (E,T) we have: C*°(Tporn) = CT (2.24(iii)), (E, Toorn)
is a bornological Hlcrtvs (2.19(1)), and: (E,T) is convenient if and only if (E, Toorn)
is convenient (3.11(iv)). Moreover, if (E,T) is a convenient vector space, then the
identity map, 1g : (E,T) = (E, Toorn), is a smooth diffeomorphism by 2.24(ii). In
this way, we can consider that the sth-manifolds are modeled on bornological conve-
nient vector spaces (see 2.19).

Remarks 4.4. (i) Two charts of a sth-manifold with corners are smooth compatible.

(ii) Let (X,[A]) be a sth-manifold with corners and (U, ¢, (E,Q)) a chart on X.
Then (U, ¢, (E,Q)) is a chart of (X, [A]) if and only if there exists an atlas B of
(X, [A]) such that (U, p, (E,Q)) is smooth compatible with all chart of B.

(iii) Let A, B be smooth atlas on X. Then, A, B are smooth equivalent if and only
if for all x € X there exists (U, ¢, (E,Q)) and (U, ¢, (E’, Q")) charts of A and
B, respectively, such that € U N U’ and these charts are smooth compatible.

(iv) Let (X,[A]) be a sth-manifold with corners and « € X. If (U, ¢, (F,Q)) and
(U, ¢',(E', Q")) are charts of (X, [A]) with x € U NU’, by chain rule (3.29),
E and E’ are linearly C*°-diffeomorphic and dim(FE) is called dimension of
(X, [A]) at « and denoted dim,X.

(v) If in the above definition of a sth-manifold with corners the charts are modeled
only on Fréchet (Banach) spaces, we have the concept of Fréchet (Banach)
manifold with corners (see [8]).

(vi) The topological manifolds with border modeled on convenient vector spaces can
be defined analogously as we defined the sth-manifolds.

(vii) Let X be a set and A, the collection of all smooth atlases on X. We have the
equivalence relation ~ on A,, and the ordering relation < on A, defined by:
A < Bif and only if A C B.
Then, if A € Aw, A is a maximal element if and only if A =J{B: B € [A]}.
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(viii) Let (X, [A]) be a sth-manifold with corners. Then:
(1). U{B: Be[A]} ~ A
(2). U{B: B e [A]} is a maximal element.

The smooth manifolds with corners are endowed with a natural topology induced
by the differentiable structure.

Proposition 4.5. Let (X,[A]) be is a sth-manifold with corners. Then, the set
By ={U C X : U is a domain of a chart of (X,[A])} is a basis of a topology T}
on X (called the natural topology induced by [A]).

Proof. (1). UUGB[A] U = X, since the domains of all charts that belong to the atlas
A is a covering of X.

(2). For all Uy, Us € By and all 2 € Uy NUs there is Us € By such that x € Us C
U1 ﬂUz. In fact: If (Ul, ©1, (El, Ql)) and (UQ, Y2, (Eg, Qg)) are chart of (X, [AD, then
(Ul N0z, 901|U10U27 (El; Ql)) and (Ul NUs, ¢2|U1QU23 (E27 QQ)) are charts of (X7 [A])
Thus, U3:U1QU2€B[A]. O

Remark 4.6. If (U, ¢, (E,Q)) is a chart of the sth-manifold (X, [A]) and V is an open
set of (X, T(4)), then (UNV, plunv, (E,Q)) is a chart of (X, [A]).

Proposition 4.7. Let (X,[A]) be a sth-manifold with corners and (U, p,(E,Q)) a
chart of this manifold. Then, ¢ : (U, Ta) — (p(U), T>®p(U)), where T¥¢(U) is the
C>-topology induced in p(U) by the C*®-topology of Q (therefore by the C*°-topology
of E, (2.33(v)), is a homeomorphism.

Proof. (1). ¢ : U — (U) is a bijective map.

(2). Let (U',¢',(E',Q’")) be a chart of (X, [A]). Then, (U NU’) is C*-open in Q
and therefore is an element of T>°¢(U), and ¢ is an open map.

(3). Let A be an element of T>°¢(U). Then, (¢~ (A), ¢|,-1(a), (E,Q)) is a chart of
(X,[A]). Thus ¢~ '(A) € By C Ti4 and ¢ is a continuous map. O

The next proposition gives us a criterion to know when a topology on a sth-
manifold with corners is the associated topology of the manifold.

Proposition 4.8. Let (X, [A]) be a sth-manifold with corners and T a topology on
X. Then the following statements are equivalent:

(i) Ta=T.

(ii) There is a sth-atlas {(Uj, ¢;j,(E;,Q;)) : j € J} of (X,[A]) such that U; € T
and @; = (U, Tlu;) — (¢i(U;), T>¢;(U;)) is a homeomorphism, for every
jeld.

Proof. The result follows from the above proposition (4.7) and the general statement:
If two topologies on a set agree on every element of a common open covering, then
they must be equal. O

Definition 4.9. Let (X, [A]) be a sth-manifold and ¢ : R — X a map. We say that
c is a sth-curve on (X, [A]) if:

(i) c: (R, T,) — (X,T[4) is a continuous map.
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(ii) For all chart (U, ¢, (E,Q)) of (X, [A]) such that U N¢(R) # @, the map

. _ e, i
ip(c 1)) + ¢ HU) DU L o(U) 5 Q

is a C°° map (2.20), (by (i), ¢~ }(U) is a non-empty open set of (R, T,)).

Proposition 4.10. Let (X, [A]) be a sth-manifold with corners. Then, Tj) is the
final topology T % in X respect to the family {¢:R = X]|c is a sth-curve on (X, [A])}.

Proof. Since every sth-curve on (X, [A]) is a continuous map of (R, 7,,) into (X, 7)),
we have the inclusion 74 C 7'[310]

On the other hand, if (U, ¢, (FE,Q)) is a chart of (X, [A]), then ¢ maps sth-curves
in U into sht-curves in ¢(U) and conversely. Thus, ¢ : C*U — C®p(U) is a
homeomorphism and C*U = (U, 7 3jlv) = (U, Tia|v). Then by 4.8, 750 = T4 O

Moreover, the topology of a sth-manifold verifies the T} axiom (the C*°-topology
of a Hlertvs is Hausdorfl), and finally a sth-manifold fulfils the first axiom of count-
ability if and only if it is a Fréchet manifold (see the proof of 4.19 in [7]).

Boundary of a sth-manifold with corners

Theorem 4.11. Let (X, [A]) be a sth-manifold with corners and x € X. Then, if
(U, 0, (E,Q)) and (U, ¢, (E',Q")) are charts of (X,[A]) with x € UNU’, we have
that indexg(p(z)) = indexq (¢’ (2)).

Proof. Since ¢'p™t 1 o(UNU') = ¢'(UNU') is a sth-difeomorphism, the result
follows from the theorem 3.35(i). O

Definition 4.12. Let (X, [A]) be a sth-manifold with corners. Then:

(i) Let = be a point of X. The index of ¢(z) in Q, where (U, ¢, (E, Q)) is a chart of
(X, [A]) with = € U, will be called index of z and will be denoted by index(x)
(see the above theorem).

(ii) For all k € NU{0}, the set {x € X|index(x) > k}(= 0*X) is called k-boundary
of (X,[A]) and the set 9' X (= 9X) the boundary of (X, [A]), (°X = X).

(iii) For all & € NU {0}, the set {z € X|index(z) = k} is denoted by By X, (note
that 0¥ X = Urrsk B X). The set BoX = {z € X : index(z) =0} = X \ 0X
will be called the interior of X and denoted by Int(X).

Proposition 4.13. Let (X, [A]) be a sth-manifold with corners and x € X. Then,
there is a chart (U, ¢, (E,Q)) of (X,[A]) such that x € U and o(x) = 0, and hence
index(x) = index(Q). Such a chart will be called centered at the point x.

Proof. Let (U', ¢, (E', Q")) be a chart of (X, [A]) such that € U’. By 2.32(iii) there
is a linearly independent system A’ = {\|,...; A} } of elements of Ly(E’,R) such that
Q = EF. It X (¢ (2)) = 0,....X, (¢ (z)) = 0, take the chart Uty (E',Q")) of
(X, [A]), where tyr () (y) =y — ¢'(x), y € Q" (see 2.30).

If M(¢'(2))) = O,...,)\;T(go’(m)) =0and X, (¢(x))) > 0,..,.N,(¢'(z)) > 0, take a

T4
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C>-open set W of ¢'(U’) such that ¢'(z) € W and W N E;\O =0, i=r+1,..,n
(E;\Q is closed in (E’,T,,.,) and therefore is closed in C*E’), and take the chart

born

(@1 W)t () (¢ -1 0w, (B, Q). .
Proposition 4.14. Let (X, [A]) be a sth-manifold with corners and k € N. Then:
(i) O"X is a closed set of (X, Tja))-
(ii) Int(X) is a dense open set of (X, Tj4))-

Proof. Tt is an easy consequence of the above proposition and 2.11(d). O

Proposition 4.15. Let (X, [A]) be a sth-manifold and k € NU {0}. Then, there
exists a unique smooth differentiable structure on BpX such that for all x € BpX
and all chart (U,p,(E,Q)) with x € U and p(x) = 0 (4.13), the triplet (U N
BeX, 0lunp,x,Q%) is a chart of that structure. Furthermore, OB X = () and the
topology of this manifold By X is the topology induced by T} 4.

Proof. If x € B X and (U, ¢, (E,Q)) is chart of (X, [A]) such that z € U and ¢(x) =
0, we have (U N BrX) = ¢(U) N Q°. From this equality and since that Q° is
closed in (F, Tporn) (and therefore in C*°E) it is easy to deduce the assertions in the
statement. O

Corollary 4.16. Let (X, [A]) be a sth-manifold. Then we have:

(i) There is a unique smooth differentiable structure on Int(X) such that for all
x € Int(X) and all chart (U, ¢, (E,Q)) of (X,[A]) with x € U and ¢(x) = 0
(hence Q@ = Q° = E), the triplet (U,p, E) is a chart of Int(X). Moreover
Int(X) has no boundary (O(Int(X)) = 0) and its topology is the topology induced
by 7—[.,4]-

(ii) If 02X = 0, there is a unique smooth differentiable structure on OX such that
for all x € 0X an all chart (U, ¢, (E,Q)) of (X,[A]) with x € U and ¢(z) =0
(hence Q = E?_)\} it happens that (U N 5‘X,g0|Un3X,E({)>\}) is a chart of 0X.

Furthermore 0(0X) = 0 and its topology is the topology induced by T 4).

Ezamples 4.17. (i) Let (E,T) be a convenient vector space, and let @ be a quad-
rant of (E,T) with intcep@ # 0. Then Ag = {(Q, Idg, (E,Q))} is a smooth
atlas on Q. Thus (@, [Ag]) is a sth-manifold with corners, called the usual dif-
ferentiable structure of Q. If U is an C'*°-open subset of @, then (U, i, (E,Q))
(i the inclusion map of U into Q) is a chart of (Q,[Ag]). One has that
Bi((Q, [Agr))) = {z € Q : indexq(x) = k} and Tja,) = C=(Tlq) = C*Tlo-
Particularly, if Q = E, then (¥, [Ag]) is a sth-manifold without boundary.

(ii) Let (X,[A]) be a sth-manifold and let G' be an open set of (X,7[4)). Then
Ac ={U,p,(E,Q)): (U,p,(E,Q)) is a chart of (X, [A]), U C G} is a smooth
atlas on G and (G, [Ag]) is a sth-manifold, called open submanifold of (X, [A]).
One has By ((G,[Ag])) = GN BrX and Tia, = Tala-
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If the quadrants are omitted, the sth-manifolds that we obtain, in fact they were
already defined in [7], p. 264, will be called smooth manifold without boundary (or
corners).

Differentiable maps

The differential calculus of smooth maps defined on open sets of quadrants of conve-
nient vector spaces and with values into Hausdorff locally convex vector spaces admits
the following generalization to manifolds.

Definition 4.18. Let (X, [A]) be a sth-manifold with corners, let (F,7’) be a con-
venient vector space and let f : X — F be a map. We say that f is a smooth map,
if for every & € X there exists a chart ¢ = (U, ¢, (E,Q)) of (X, [A]) such that x € U
and fo~!:o(U) — F is a smooth map.

Remarks 4.19. (1) If (X, [A]) is a sth-manifold with corners, (F,7’) is a convenient
vector space and f : X — F'is a smooth map, then f : (X, T4) = C°F = (F,C>®T’)
is a continuous map.

(2) Also, it is easy to prove, from the basic properties established in 3.30 and the
chain rule (3.29), that: If f: (X,[A]) — F is a smooth map and (V, ¢, (E1,Q1)) is a
chart of (X, [A]), then f¢=1: (V) — F is a smooth map.

(3) Finally if f : U — F is a map, where U is an C*-open set of a quadrant @ of a
convenient vector space E, with intcep@ # 0, and F is a convenient vector space,
then the notion of smooth map given via 3.23 coincide with the notion of smooth map
define above (4.18), considering U as an open sth-manifold with corners of @ with
the usual differentiable structure (4.17)(i).

The smooth maps between sth-manifolds are defined as usually by localization.

Definition 4.20. Let (X, [A]), (X', [A’]) be smooth manifolds with corners and f :
X — X’ a map. We say that f is a smooth map, if for every 2’ € X’ there exists a
chart (U', ¢, (E',Q")) of (X',[A]) with 2’ € U’, f~1(U’) open in (X, Tp4)) and

, - oot / :
3¢ Slyrwn) - f7HO) =T U S G0 5 Qf
smooth map according to 4.18 (f~1(U’) is an open submanifold of (X, [A])).

Proposition 4.21. Let (X,[A]), (X’',[A’]) be smooth manifolds with corners and
f:X = X' a map. Then,

(i) The map f is smooth if and only if for every x € X there exists a chart
(U, 0, (E,Q)) of (X,[A]) with x € U and there exists a chart (U, ¢, (E’, Q"))
such that f(U) C U’ and the map @' fo=1 : p(U) — '(U’) is a smooth map.

(i) If f : (X,[A]) = (X', [A]) is a smooth map, one has that f : (X, Tj4) —
(X', Tian) is a continuous map.

Also, it is easy to prove, from the basic properties established in 3.30 and the chain
rule (3.29), that if f: (X, Tp4)) — (X', TLan) is a smooth map, (Uy, ¢1, (£1,Q1)) is a
chart of (X, [A]) and (U1, ¢}, (B, Q%)) is a chart of (X', [A']) such that f(Uy) C Uy,
then @) fo1 ' 1 01(U1) — ¢ (U]) is a smooth map.
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Proposition 4.22. (i) If (X,[A]) is a smooth manifold, then the identity map
Idy : (X,[A]) = (X, [A]) is smooth.

(ii) The finite composition of smooth maps is a smooth map.

(iii) Let (X, [A]) be a smooth manifold with corners and U an open set of (X, T4))-
Then the inclusion map j : (U, [Au]) = (X, [A]), (4.17(ii)), is a smooth map.

(iv) If f: (X, [A]) = (X', [A']) is a smooth map and U is an open set of (X, T 4)),
then flu : (U, [Au]) = (X', [A]), (4.17(ii)), is a smooth map.

(v) If (X,[A]) and (X',[A']) are smooth manifolds with corners, f: X — X' is a
mapping and U is an open covering of the topological space (X, Tj4)) such that
flo : (U, [Av])) = (X', [AY), (4.17(i1)), is a smooth map for all U € U, then
f(X,[A]) = (X', [A]) is a smooth map.

(vi) If (X, [A]) is a smooth manifold and ¢ : R — X is a smooth curve on (X, [A]),
(4.9), then c: (R, [Agr]) — (X, [A]) is a smooth map (4.20).

Definition 4.23. Let (X, [A]), (X', [A’]) be smooth manifolds with corners and let
f:X — X’ be amap. Then f is called a smooth diffeomorphism if f is a bijective
map and f, f~! are smooth maps.

Note that every smooth diffeomorphism is an homeomorphism. Moreover the com-
position of smooth diffeomorphisms is a smooth diffeomorphism. On the other hand,
if [A] and [A] are smooth structures with corners over a set X, it follows that Idx is
a smooth diffeomorphism from (X, [A]) onto (X, [A’]) if and only if [A] = [A'].

In order to prove that the smooth diffeomorphisms preserve the index of points
and hence the boundary, we need the following lemma whose proof is not difficult.

Lemma 4.24. Let (X, [A]) be a smooth manifold with corners, U an open set of
(X, Tia)), F a convenient vector space, Q a quadrant of F with intcepQ # 0 and
v : U = F a map such that o(U) is a C®-open set of Q. Then the following
statements are equivalent:

(i) (U, e, (F,Q)) is a chart of (X,[A]).
(i) ¢ : (U, [Av]) = (o(U),[(AF)p@))) is a smooth diffemorphism, (4.17).

The following result is of a great importance to the theory of sth-manifolds with
corners.

Theorem 4.25. Let (X, [A]), (X',[A]) be smooth manifolds with corners and let
f (X, [A]) = (X', [A]) be a smooth diffeomorphism. Then, we have that:

(i) index(z) = index(f(x)) for all x € X.
(i) f(OF(X)) =0"X' and f(B(X)) = Bx(X') for all k € NU {0}.
)

(iii) flp.(x) : Be(X) — Bp(X'), k € NU {0}, is a smooth diffeomorphism, where
Bi(X) and Bi(X') are the manifolds described in 4.15. In particular, if 9°X =
0, f is smooth diffeomorphism of 0X = B1(X) onto 0X' = By (X').
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Proof. (). For x € X, let (U,p,(E,Q)) be a chart of (X,[A]) with x € U and
¢o(z) = 0. Then by 4.24, (f(U),of 1, (E,Q)) is a chart of (X’,[A’]) such that
f(x) € f(U) and pf~1(f(x)) = 0. Hence, index(z) = index(f(z)) = card(A).

(ii). It follows from (i).

(iii). Let € Bi(X) and consider a chart (U, ¢, (E,Q)) of (X, [A]) such that x € U
and @(x) = 0. Then (U N Bx(X), pluns,x, Q") is a chart of By(X). Since f is a
smooth diffeomorphism, (f(U),v = ¢f ™1, (E,Q)) is a chart of (X', [A']), f(z) € f(U)
and o f 71 (f(x)) = 0. Hence (f(U)NBrX', | fw)np,x7» Q") is a chart of By X'. Then,
it is clear that f(UNB,X) = f(U)NBx X' and the map ¥ f(p|unp,.x) ! : o(U)NQ° —
©(U)NQ" is the identity map. Therefore f|p, x and (f|p,x) "' are smooth maps. [

Proposition 4.26. Let (X, [A]), (X',[A']) be smooth manifolds with corners and
f:X — X" amap. Then, f:(X,[A]) = (X',[A]) is a smooth map if and only if f
maps sth-curves in (X, [A]) to sth-curves in (X', [A']).

Proof. If f : (X,[A]) = (X', [A’]) is a smooth map, then by 4.22(ii) fc: (R, [Ag]) —
(X', [A]) is a smooth curve for each smooth curve ¢ : (R, [Ar]) — (X, [A]).

Conversely, by the above proposition 4.21(ii), f : (X, Tp4) — (X', T[a) is a con-
tinuous map. Then, for all z € X there exist (U, ¢, (E,Q)) and (U', ¢, (E', Q"))
charts of (X, [A]) and (X', [A']), respectively, such that z € U and f(U) C U'.
Then, by the hypothesis and the lemma 4.24 ¢’ fp~! is a smooth map and by 4.21(i)
fi(X,[A]) = (X', [A]) is a smooth map. O

The reader can study, for sth-manifolds with corners, the general properties (when
they have meaning) established by the authors in [8] for C"-manifolds with corners
modeled on Banach spaces.
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