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ARTICLE INFO ABSTRACT

Keywords: This paper studies the computational complexity of two voting problems where the goal is deciding how a
Computational complexity given voter should vote to favour their personal stances. In the first problem, given (a) the voter stance towards
Approximability each law that will be voted by the parliament and (b) the political stance of each party towards each law (all

Polynomial reductions
NP-complete problems
Political problems
Electoral systems

party members are assumed to vote according to it), the goal is finding the parliamentary seats distribution
maximizing the number of laws that will be approved/rejected as desired by the voter. In the second problem
no parliament is involved, but a single issue with several possible answers is voted by citizens in a presidential
election with several candidates. The problem consists in deciding how a group of voters, split in different
electoral districts, all of them supporting the same candidate, should vote to make their candidate president. It
is assumed that (a) all delegates of each electoral district are assigned to the candidate winning in the district,
(b) after the election day, candidates may ask their assigned delegates to support other candidates receiving
more votes than them, and these post-electoral supporting stances are known in advance by the electorate,
and (c) the group of voters that is coordinated knows the votes that will be cast by the rest of the electorate.
For each problem, its NP-hardness as well as its inapproximability are proved. This implies that something as
essential as exercising the democratic right to vote, in such a way that the voting choice will be the best for
the voter’s political stances, is at least NP-hard. It is also shown how genetic algorithms can be used to obtain
reasonable solutions in practice despite the limitations of theoretical approximation hardness.

1. Introduction and pre-electoral voting surveys are perfect. The proposed properties

will show that, even under this particularly favourable setting without

At a first glance, voting in an election may seem to be a relatively
simple action from the voter’s perspective. Apparently, all a voter has
to do is to vote for the political party whose viewpoint aligns most with
their own. Yet it is likely that, in some election, the voter had to vote for
a party that was not the best compared to others in terms of the laws
they wanted to pass, because of the pacts that other political parties
were expected to make within them. In other words, voters have to
make some strategic analysis in order to decide what to vote, regardless
of which political option they may like best.

In this paper the (NP-)hardness of two problems involving the
individual choice of how to vote is established. In them, the difficulty
of voting will not lie in deciding which party a voter agrees more with,
but in how individuals decide what to vote to favour their goals. It
will be assumed that politicians are fully consistent with their claims

uncertainty, choosing what to vote is NP-hard.

The mathematical properties of different electoral systems have
been studied in many previous works (see e.g. [1,2]). For instance,
very detailed studies have been carried out on how to do gerryman-
dering, i.e. how to design constituencies to favour particular parties or
candidates (see e.g. [3,4]), including studies about the computational
complexity of gerrymandering (see [5-7]). In the problems under study
in this paper, the goal will be searching for the best decision for
particular voters in two fixed electoral models based on real-world
elections. These problems will be in a simple parliamentary election
model and a simple presidential election one, both designed to capture
the essence of the mechanics of typical elections in many democratic
countries.
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1.1. Problems under study

In the first problem, a parliamentary election is considered, and the
goal is to vote in such a way that the laws the resulting parliament
will pass are most aligned with the voter’s own political ideals.! In this
context, the question is whether there is a configuration of parliament
that would allow all (or the greatest number of) target laws to be
passed, given the stance (in favour, against or neutral) of each party
towards each law. That is, is there a way to assign the seats of the
parliament in such a way that some given number of the desired laws
are passed when voted by the parliament? The NP-completeness of this
problem will be shown. Moreover, another result will also show that it
is even hard to guarantee a good approximation ratio in this problem.

The second problem considers a presidential election in an electoral
system divided into constituencies with an all-or-nothing delegates
distribution, i.e. the winner in each constituency wins all the delegate
votes to choose president assigned to the constituency. It is known that
each candidate will use their gained delegates to support the candidate
most voted among all other like-minded candidates if they are not the
most voted one. Some voters supporting the same candidate are split
into different constituencies, and the objective of the problem is to
check out whether these voters can coordinate their votes so that their
preferred candidate wins the election. It will be shown that this prob-
lem is NP-complete, and that the problem of maximizing the number
of representatives of the target candidate cannot be polynomial-time
approximated at any level if P # NP.

Regarding the first problem, to the best of our knowledge the effect
of the “proxy” decision-making induced by parliamentary elections on
the computational complexity of voting has not been studied before.?
On the other hand, the second problem can be seen as a kind of
manipulation problem, which are problems where a set of voters try
to coalesce to manipulate the outcome of an election (see e.g. [8—
11]). However, it is neither a generalization nor a particularization
of any previous manipulation problem in the literature as far as we
know. Seeing the problem according to the notation in [9], the adopted
scoring rule is Plurality (i.e. a single voting point is given by each
voter to their preferred choice, and no other point is given to any
other), although the problem is quite different to the so-called Plurality
with runoff problem because there is no second voting round asking
for any additional preference information from the voters. In fact, the
introduction of constituencies in the problem proposed in this paper will
be key for its difficulty, yielding its NP-hardness.

After the computational hardness of both problems is established,
experiments are conducted where the problems are (sub-)optimally
solved. Genetic Algorithms (see e.g. [12,13]) are chosen to find rea-
sonable sub-optimal solutions for both problems under consideration.
Experimental results showing the usefulness of these algorithms are
reported.

The main contributions of this work are the following:

(a) formally introducing two specific problems involving the voter’s
strategic choice which are designed to resemble real-world elec-
tions more closely—in particular, by complicating the choice with
realistic factors such as the perturbing effects of constituencies
and alliances, and the difficulty of voting a parliament rather than
the laws themselves;

determining both the computational complexity and the approx-
imation hardness of such problems;

(b

=

1 We may also consider that we want other laws to be rejected, but for the
sake of notation simplicity we will assume that we want all of them passed.
Note that the laws we want to get rejected could just be deemed in their
negated form, so we want their negation to be passed.

2 By proxy decision-making we mean the fact that voters do not directly vote
political decisions, but they vote for representatives who vote these political decisions
according to their (previously announced) stances towards these decisions.
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(c) providing heuristic solutions for them by means of genetic algo-
rithms.

The rest of the paper is organized as follows. First, the prob-
lems are formally defined in Section 2. The NP-completeness and
the polynomial-time inapproximability of each problem are proved in
Section 3. Afterwards, in Section 4 a genetic algorithm is presented
for each problem, and experimental results are reported for several
problem instances. In Section 5 the main findings of the paper are dis-
cussed, and the final conclusions and lines of future work are presented
in Section 6. Let us point out that proving the inapproximability of
the problems also implies their NP-hardness. Nevertheless, we prefer
to show both proofs, instead of presenting only the inapproximability
proofs, to simplify the understanding of the steps followed in our
reasoning.

2. Formal definition of the problems

The problems under consideration, called PARLTAMENT and PRES-
IDENT, are formally introduced in this section. Their decision and
optimization versions are defined, and a detailed explanation of each
problem is presented.

2.1. PARLTAMENT problem

Given which political parties are in favour of, neutral, or against
some laws, the voter’s goal is forming a parliamentary seats distribution
that will pass the largest number of laws aligning with their own
political stance.

It is assumed that the voter knows in advance which parties will
vote for each of these laws. Note that, although a voter can be against
law L, we simplify the problem by replacing this law by its opposite
(not L), thereby allowing us to assume that the voter is in favour of
all laws under consideration. Hence, for the sake of simplicity, it is as-
sumed that our voter is in favour of all laws under consideration.® Also,
note that if the voter’s personal stance is neutral towards some law, then
we can simply remove it from the set of laws under consideration.

Assuming that the voter could cheat in the electoral process in order
to obtain the parliamentary configuration they wishes to obtain, in this
problem the goal will be deciding what would be the optimal electoral
outcome for a given voter. Ideally, any voter should easily identify
what would be the best result of an election according to their personal
interests—so that they can focus on deciding what to vote to help that
goal. However, in Section 3 it will be proven that just deciding the best
electoral outcome, i.e. the best parliamentary seats distribution, is not
easy at all in general.

In the decision version of problem, the minimum number of laws
to get passed is part of the input of the problem, and the question
is whether this number can be reached with some distribution of
parliamentary seats.

Specification:

» Number of laws we want to pass: G.

» Number of seats in parliament: s.

* Parties: {P},..., P,}.

+ Set of laws that the voter wants to get passed: L = {L,...,L,}.
For each L; with j € {1,...,n}:

3 Note that this inversion trick does not yield a fully equivalent problem
instance by itself, as the parliament must adopt some arbitrary tie-breaking
policy (for instance, if yes and noes tie then the law does not pass), and this
asymmetric treatment between yes and no matters in a perfectly tied voting.
Still, the notation simplification achieved by assuming that all laws are desired
by our voter justifies adopting that assumption.
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— A law is approved if and only if the number of votes in
favour of it is strictly greater than the number of votes
against it.

- We define tuples F;, Vi € {1,...,m}, as F; = (fi1,.... fip)
where Vi,j with i € {l,...,m} and j € {1,...,n}, f;; €
{—1,0, 1} means that party i is against, neutral (i.e. absten-
tion), or in favour of law j, respectively.

+ The solution space will be determined by the numbers of seats all
parties get, restricted to the fact that all must add up to s. Each
problem solution is a tuple S = (sy,...,s,,) where Vi with i €
{1,...,m} we have that s; € {0, ..., s} is the number of seats party
P, has got, and Y/, 5, = 5.

Sometimes we will abuse the notation and define L; also as the set
of parties in favour of law L; (i.e. P, € L; iff f;; = D).

Then, the goal of the decision version of problem PARLTAMENT is
finding out whether there exists a solution .S such that }_ ¢, > G,
where:

Lif Dy s 21
i = j=1
0 otherwise (€D)

m
Y s =sand Vk € {0,....m} 5, € {0, .. e}
k=1
In the optimization version of this problem, the aim is getting the
maximum number of laws passed instead of just reaching a given
number of them. Assuming the notation from the decision version, the
goal of the optimization problem is formally defined as follows: instead
of finding out whether there exists a solution .S fulfilling )", ¢; > G,
the solution §' maximizing Y, ¢; is looked for. Let us remark that, in
the simplest case, the best solution .S could be to award all seats to a
single party. However, in the usual case, no party’s electoral program
will perfectly match voter preferences. Therefore, more sophisticated
seat allocations will be needed to maximize the number of laws that
can be passed.

2.2. PRESIDENT problem

The political and voting characteristics of each country are different
(e.g. [1]). In the previous problem, the aim was to obtain the parlia-
ment passing as many laws of those a given voter is interested in as
possible. Next, the focus will move to elections where a single question
is asked, electors can vote for several (not just binary) possible answers,
and the goal is simply making some given answer win. For the sake of
simplicity, let us consider that the question is which president should
be elected, the possible answers are the candidates, and the goal is that
a specific candidate gets elected.

Note that, in the PARLTAMENT problem presented previously, the
goal was finding some power equilibrium indirectly yielding some
outcome afterwards, as the numbers of parliamentary seats of parties
affected which laws would be passed next. In the presidential election
problem, called PRESIDENT, the goal is just making some candidate
president, although this goal is also reached by some indirect means.
Before the election, candidates can announce whether they will support
some other candidate with the electoral power gained in the election if
that power turns out to be insufficient to become president themselves.
It will be assumed that candidates will only help candidates who
received, in the election, more electoral power than themselves, and
that this support is reciprocal, i.e. two or more like-minded candidates
forming such alliance will support, after the election, the one of them
getting more power in the election.

Votes turn into that electoral power as follows. It is supposed that the
country is divided into a set of electoral constituencies, so that the most
voted candidate in each constituency (state, province, district, etc.) gets
all the representatives from that constituency. The candidate who gets
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the most votes from all the representatives nationwide (i.e. counting
all constituencies) will be elected president. All the representatives
gained by all the candidates in each of the candidate alliances explained
before will actually vote for the allied candidate who received more
representatives in the election.

Given the political setting described before, the PRESIDENT prob-
lem consists in deciding how a subset of voters supporting exactly
the same candidate, and voting in different country constituencies,
should vote to make their common candidate president (in the decision
version) or to maximize the number of representatives voting for the
candidate (in the optimization version). It is assumed that these voters
perfectly know how the rest of the electorate will vote in all constituen-
cies, that is, they know a perfect pre-election poll telling how all voters
— but them — will vote in the election day.

How should these voters coordinate their votes to reach their com-
mon goal? If voting were a straightforward task indeed, then all of
them should just vote for their common candidate, but this is not the
optimal strategy in general. Note that, according to the pre-election
polls, winning in some constituencies could be impossible for their
common candidate, so voters in them should vote for other candidates
being in alliance with their candidate, instead of for their candidate.
Moreover, no candidate in that alliance should get, nationwide, more
constituency representatives than their own candidate, because in that
case their candidate will have to support another candidate. Hence,
some voters should vote for candidates out of that alliance to reach
their common goal. These difficulties will make the decision problem
NP-complete, and the optimization problem inapproximable at any
level, as it will be proven later.

In the formal definition of the problem, we will assume that there
is a single alliance of candidates, and that it includes the candidate
supported by the sub- set of voters to be coordinated. This partic-
ularization will not reduce generality to the hardness properties of
PRESIDENTproven later: since NP-hardness and approximability hard-
ness results trivially propagate by generalization, the hardness results
given here will trivially apply to any problem version also allowing
other alliances not involving the target candidate. Note, however, that
generalizations can yield approximability hardness also in tougher
approximability classes. This is not a possibility in this case, as it will
be proved that the problem, as it is defined (i.e. with at most one
alliance including the supported candidate), cannot be approximated
to any extent. Also, note that the inclusion in class NP does not
automatically propagate via generalization, so attention has to be paid
to it. Fortunately, since finding out the winner of each alliance takes
polynomial time (it just consist of a polynomial number of additions
and comparisons), it is easy to see that the inclusion of the problem
in NP, proved later, would not be affected by additionally allowing
alliances not including the target candidate.

Let us adopt the point of view of the subset of voters coordinating
to favour their common candidate. In the decision version of PRES-
IDENT, it has to be decided whether it is possible to coordinate our
subset of voters in such a way that our candidate is elected president.
It is assumed that being elected president requires receiving the votes of
strictly more than a half of all constituency representatives nationwide.

Specification

There are n states (i.e. constituencies).

At each state i € {1,...,n} there are p; voters of our subset of
voters.

There are m candidates.

Our candidate is the j’th, and the set of candidates M w C
{1,...,m}, with j/ € M, form an alliance, i.e. each candi-
date j € M will ask all constituency representatives won by
them to support the candidate in M;; winning more constituency
representatives.

The number of representatives the winner of each state i gets is

e;.
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* v;; is the number of votes candidate j will have in state i, without
taking into account the voters of our subset.

In the event of a tie in the number of votes within a constituency,
the representatives of the constituency will be won by the can-
didate whose name has the lowest lexicographical order. This
untie criterion will also apply to decide which candidate must
be supported by all candidates within an alliance, if several of
them receive the same number of representatives. Since the lexi-
cographical order is arbitrary, for the sake of notation simplicity
it will be assumed that candidate j’ is the one with the highest
lexicographical order, and that all their allies are in a higher
order than any of the remaining candidates. Thus, all ties will be
resolved against our candidate j’ (and next, against their allies).

Each problem solution will be defined by a set of values x;; € N for
alli e {l1,...,n}, j € {l1,...,m} representing the number of voters in our
voter subset who will vote for candidate j in state i.

The goal of the decision version of PRESIDENT is finding out
whether some assignment of values to all variables x;; satisfies the three
constraints (3), (4), and (5) presented below. In the next expressions,
the value of each term d;; will be 1 if candidate j wins in state i and 0
otherwise, and ord(j) returns the lexicographical order of candidate ;.
That is, the definition of d;; is as follows:

1 if oy +x; @ v + Xy Yk € {1,...,m}, k # j, where
> if ord(j) < ord(k)
dij = @jk = {

> otherwise
0 otherwise

(2)

Constraint (3) states that, in each state i, the total number of votes
cast by the voters in our subset does not exceed the number p; of voters
of the subset in that state:

Y x; <ppVie(l, ..., n) 3
j=1

Constraint (4) requires that the number of constituency represen-
tatives directly won by our candidate j’ (i.e. before considering the
alliance) strictly beats the number of direct votes of any other candidate
in the alliance. Since candidate j’ is assumed to be the last one in
lexicographical order, candidate j’ is after all allied candidates in that
order, and thus, in the event of a tie, all constituency representatives
won by all candidates in the alliance will go to another candidate in the
alliance. Hence, if there is a candidate k in the alliance getting at least
as many representatives as candidate j’, then candidate ;' will be forced
to support candidate k with all their representatives—and candidate j’
will have no chance of winning the election:

n n
Y ediy > Y edy Vi€ M, 4
i=1 i=1

Finally, constraint (5) indicates that candidate j' actually wins the
election by getting strictly more than half of the total representatives,
counting both the representatives directly won and those won by all
their allies (which, by the second condition, will support candidate ;'):

n n

2*2 Z ed;; >Zei )

i=1 | jeM i=1

Note that, for each state i € {I,...,n}, there will be at most a single
J € M such that e;d;; > 0, because each state has a single winner: if
e;d;; > 0 then candidate j won that state. Also note that ;' € M.

Let us remark that the winner of all the representatives of a state is
the candidate who gets the most votes in the state, with no possibility
of local alliances within the scope of a state. Alliances apply only at the
nationwide level, and it is actually possible that the candidate who wins
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the most votes nationwide is not the one winning the most represen-
tatives, neither before nor after counting the additional representatives
received by an alliance. For instance, let us suppose some candidate
x gets all the votes in some large subset of constituencies providing
overall less than half of the representatives and, in the remaining
constituencies, x gets just one vote less than some other candidate x’
winning them all. Then x’ would be elected president, even though x
could have more votes than x’ nationwide.

Next we consider the optimization version of the problem. There are
several reasons for aiming at maximizing the number of representatives—
beyond the obviousness that they may let our candidate become
president. On the one hand, if our candidate can win, then it is relevant
to maximize the legitimacy of the government by getting as many
representative votes as possible. On the other hand, if our candidate
cannot, then it is interesting to show the strength of the eligibility in
future elections.

The definition of the optimization version is as follows:

n n
max i ) edy > Y ed;;, Vi€ My

i=1 i=1

thenzn: Z e;d;; ©)

i=1 jEMj/
otherwise 0

m
s.t. fof <p,Vie{l, .. n}
j=1

where d;; is defined as in the decision version of the problem. The
rest of the definition is also very similar. The main difference is that
now it is not required that no ally gets more representatives than our
candidate, but our candidate is just assigned O representatives in that
case, because then they will have to support some other ally. Otherwise,
our candidate will get the representatives of the states where they win
as well as those of the states where their allies win, like in the decision
version (recall that, for each state i, there is a single candidate j such
that d;; > 0).

3. Hardness of the problems

In this section it is proved that PARLIAMENT problem is NP-
complete and cannot be approximated by any ratio p’ < ﬁ It is also

proved that PRESIDENT is NP-complete and cannot be apf)roximated
by any ratio unless P = NP.

3.1. PARLIAMENT problem

Next, it will be proved the NP-completeness of this problem by
making a polynomial reduction from the well-known NP-complete
problem 3-SAT and next checking that the problem belongs to NP.

NP-Completeness of PARLIAMENT:

Given an instance of 3—-SAT (a propositional formula in 3-CNF
form), we want to produce an instance of PARLIAMENT such that
the formula of 3—SAT is satisfiable if and only if we can make a seat
distribution for the parties in PARLTAMENT such that at least G laws
are passed.

Consider an instance of 3-SAT with » disjunctive clauses F =
{F,...,F,} where F, = f; V f, V fi3, Vi € {1,...,n}, and each f;,j €
{1,2,3}, is a literal, i.e. it is either x or -x, where x is a Boolean
variable. Suppose we have m variables, called {x,,...,x,,}. Thus, each
clause F; is the disjunction of three of these variables in literal form
(i.e. negated or not).

Now, we can define our instance of PARLIAMENT based on the
instance of 3-SAT as follows.

The number of seats in the parliament equals the number of vari-
ables m used in the propositional formula, and the number of parties
is 2m. The party set is P = {p,, ..., p,,, 7 P;>--.» Py }. The set of laws L
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consists of n + m laws, and is defined as L = {L,,...,L,,C,,....C,},
where each set L; (as we said before, this is the set of parties in favour
of law L; in a notation abuse) is given by L; = {/;;,1;,.1;3}, where

e 1;; = py if f;; = x; for some k € {1,...,m}; or
e 1y = py if fi; = -x; for some k € {1,...,m}.

The sets Cy, k € {1,...,m}, are defined as C, = {p,,-p;} Vk €
{1,...,m} (that is, the parties in favour of law C, are p, and -p,). The
number of laws to pass, i.e. G, is n + m, so we need to pass all laws in
this problem instance.

We still have to set the stance of parties towards laws they are not
in favour of according to the previous requirements. If a party is not in
favour of some law, then it will abstain when that law is voted. That
is, no party will be against any law in this problem instance.

Now, we will prove that the proposition formula of 3-SAT is
satisfiable if and only if we can pass all the laws in our instance of
PARLIAMENT.

Proof of (if) part

Given a truth assignment T that maps every variable to True or False
and makes all the clauses of F true, we want to prove that there is a
distribution of seats among parties such that at least n + m laws are
passed (i.e. all laws are passed).

Let us suppose function wLaw : L — 7 returns, for each law, the
difference between the number of seats that are in favour and against
a given law, that is:

m
wLaw(i) = Y (f;; * ;) @)
j=1

Let us consider a distribution of seats where each party p,, k €
{1,...,m}, is given one seat if T(x;) = True, and each party -p,,
k € {1,...,m}, is given one seat if T(x;) = False. Note that m
seats are delivered, as required. Let us prove that all the laws in our
PARLIAMENT instance are passed with this distribution of seats.

Since truth assignment T satisfies all disjunctive clauses F;, i €
{1,...,n}, for each clause F; there exists j € {1,2,3} such that f;; = x;
for some k € {1,...,m} and T(x;) = True, or such that f;; = -x, for
some k € {1,...,m} and T(x,) = False. In the former case, party p,
supports law L; and has one seat, and in the latter, party —p, supports
law L; and has one seat. No party is against any law, so wLaw(L;) > 1.
This applies to all laws L;, so all these n laws are approved.

Now, let us see that laws C,, k € {1,...,m}, are approved. Since
T is a truth assignment, for each Boolean variable x, it follows that
T(x;) = True or T(x;,) = False. In the former case, party p, has
one seat, and in the latter case, party —p, has one seat. We conclude
wLaw(C,) = 1, so law C; is approved. This happens for all laws C,, k €
{1,...,m}, so all of them are approved.

Then, all the n+m laws in our PARLTAMENT instance are approved.

Proof of (only if) part

We assume that all the n + m laws of our instance are passed. This
implies that the m laws of the form C, k € {1,...,m}, are approved.
The m seats are distributed among parties, and the only way to get all of
these laws passed is by delivering exactly one seat to each pair of parties
py and —p,, i.e. one of them gets one seat and the other none. From this
distribution we can construct a truth assignment 7 such that, if p, has
a seat, then T'(x,) = True, and if —p, has a seat, then T(x,) = False.

In addition, our seat distribution gets all laws L; approved. By
reasoning similarly as in the other implication, this means that all
clauses F; are satisfied with truth assignment T, and it can be concluded
that our truth assignment T satisfies the propositional formula F; v...v
F,.

We need to see that the reduction is actually performed in poly-
nomial time, which is evident since each element created for our
PARLIAMENT instance has the same size or double size as some
element in the original 3-SAT instance, and constructing the former
from the latter is trivial.

Journal of Computational Science 80 (2024) 102328

Therefore, since 3—SAT is an NP-hard problem, we obtain that the
PARLTAMENT problem is NP-hard.

We must also check that PARLTAMENT is in NP, but this is straight-
forward, since given a candidate solution, only a polynomial number of
simple arithmetic operations of addition, multiplication, and compari-
son is necessary to know whether this solution is correct and reaches
the minimum number of laws to be passed.

With this we can conclude that PARLTAMENT is an NP-complete
problem. Let us now analyse the approximability of the problem.

Given an optimization problem, the performance ratio of a given
solution for a given problem instance is max Z—;ﬁ, ';—Z 1: where sol is
the value of that solution for that instance and opt is the value of the
optimal solution for that instance. By picking the maximum of both
fractions, we make sure all performance ratios are within the same
range [1,o0) regardless of whether the problem under consideration
consists in a maximization or a minimization. This way the approxima-
bility of different problems is easier to compare regardless of their type
(note that, given the maximization nature of our optimization problem,
in our case the performance ratio will be %). Given an optimization
problem and r € R, we say that a polynomial-time approximation
algorithm provides an r-approximation to the problem if its worst
(i.e. biggest) performance ratio for any instance is lower than or equal
tor.

Next we prove an inapproximability threshold of this optimization
problem by using a known inapproximability result of the Maximum
Set Coverage problem.

Approximability of PARLTAMENT:

The Maximum Set Coverage problem consists in obtaining the largest
number of elements of a set by picking a given number of predefined
subsets of this set.

The problem instance consists of the following elements:

* S={S),....S,]} is the set of available subsets, where | J.S is the
set of all the elements.
* k € N is the number of subsets we can pick.

This optimization problem cannot be polynomial-time approxi-

mated with a ratio better than p = 1;‘ unless P = NP (see [14]),

where ¢ is Euler’s number.* Thus we cannot expect any polynomial-
time algorithm to guarantee solutions whose value is always better than
~ 63% of the optimal value.

A strict polynomial-time reduction f is presented which, given
any Maximum Set Coverage instance I, constructs an instance of the
PARLTAMENT problem f(I) as follows:

* k is the number of seats of the parliament.

+ The elements in [ J S are the laws we want to approve.

+ Each subset S;, i € {1,...,m}, is a party, and the elements of S;
are the laws that party is in favour of.

» No law has any party against it.

Terms opt and opt’ will be used to refer to the optimal solutions
of Maximum Set Coverage instance I and PARLTAMENT instance f(I),

respectively.
The reduction will prove that PARLIAMENT is impossible to ap-
proximate for any ratio p < 1% unless P = NP. The reason is that

Maximum Set Coverage has the same inapproximability threshold, and
the polynomial reduction we are constructing between both problems
is strict. This means that, by using that reduction, the performance ratio
for the original problem instance (in our case I) will always be better

4 In [14] that ratio is given as 1—% because the performance ratio is defined

as 22 there.
opt
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than or equal to the performance ratio for the instance of the target
problem (in this case f(I)). Hence, achieving a better performance ratio
in the latter problem would be contradictory.

Let T’ be any solution for instance f(I) of the PARLIAMENT. From
this solution, let us construct a solution T for instance I of Maximum
Set Coverage as follows. Let T’ = (7}, ..., 7,)) be the numbers of seats of
parties. That is t;, i € {1,...,m}, is the number of seats of party S;. Then,
we define Maximum Set Coverage solution T as the set of all subsets
S, such that 7] > 0. If less than k subsets can be picked by using this
criterion, then we fill T up to gathering k subsets by taking additional
subsets in any arbitrary order (e.g. lexicographical).

It is clear that the optimal solutions of both problem instances consist
in picking exactly the same collection of subsets or parties with at least
one seat, respectively. Since no party is against any law, giving a single
seat to a party guarantees that all laws it supports will be passed, so
there is no necessity to use more seats on a party. Note that if we give
only one seat to each party then we have equivalent problems, so that
opt = opt’.

Let T'I be the set of subindexes of the parties that had at least one
seat in PARLTAMENT solution 7", i.e. T1 = {i | ¢} > 0}.

Let p be the performance ratio of solution T for Maximum Set
Coverage instance I, and p’ be the performance ratio of solution 7’ for
PARLIAMENT instance f(I). Then,

opt

= ,a
[(Uiers S0 Y Us,erigrs S)I
’ opt

| UIGTI Szl

Clearly p < p/, so we have a strict reduction from Maximum

nd

©p

©p

Set Coverage to PARLIAMENT. This means that any inapproximability
result of the former problem directly maps to the latter, so we can
conclude that the problem PARLIAMENT is inapproximable for any
ratio p/ < 1;‘ in polynomial time unless P = NP. Note that this also

implies that this problem cannot belong to approximation class PTAS
if P # NP.

3.2. PRESIDENT problem

In order to prove the NP-hardness of the problem, a well-known
NP-complete problem will be polynomally reduced into PRESIDENT.
The positive version of SUBSET SUM consists in, given a multiset S of
integers greater than zero and an integer T greater than zero, finding
out if there exists a subset .S’ of S such that the sum of the integers
of S’ is exactly .S. Note that we can assume T > s Vs € S, since no s
being strictly greater than T will ever be part of a solution. Recall that
all numbers are positive, so removing from .S all s € S being greater
than T yields an instance having exactly the same solutions as before.

NP-Completeness of PRESIDENT:

Given an instance of SUBSET SUM consisting of:

* S={s,....,s}, where Vie {1,...,1} s; e N.
*TeNwithT >s;, Vie {1,...,1}.

A PRESIDENT instance is constructed with:

* n =1+ 3 states.

» m =3 candidates {1,2,3} respectively called A, B, and C.

« j'=C and Mj = {B,C}, so C is our candidate and B is our ally.
The other candidate, A, will be called our rival.

“Vie(l,..,l}, ¢ =s.Let § =3 _ 5. We have ey = S +T,
e, =8—-T,and ¢/ ;3 =5+1.

s Vie{l,...,1}, vy =2, v;p =2, and v;c = 0. Besides,

—Uga=L v =0,04¢=0,
= Ua=0,050p=104c=0,
- U034=0,043=0,03c=1
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s Vie{l,....,l}, pp=1and p = prp = piu3 =0.

Let us explain these numbers. Since a polynomial reduction from
SUBSET SUM is performed, our objective is that there exists a solution
for our instance of SUBSET SUM iff there exists a solution for the
previous instance of PRESIDENT. The candidates actually winning
states 1, ...,/ will denote the natural numbers taken to form a solution
in the SUBSET SUM problem, let us see how. Note that there is a single
voter of our subset of voters in each of these states i. With a single vote,
this voter can tip the balance and give all the s; representatives of the
state to our ally B (if voting for B) or to our rival A (if voting for A or
abstaining). These two choices will represent that number s, is taken
for the solution of SUBSET SUM or not, respectively.

On the contrary, the winners in states /+1, /+2, and /+3 are decided
beforehand, because the number of voters of our subset in these states is
0 and the other voters will make A, B, and C win in them, respectively.
Hence, before deciding the winner of the states 1 to /, we know that
our rival A will have S +T representatives, our ally B will have S — T,
and our candidate C will have S + 1. Therefore, the total number of
representatives in this instance of PRESIDENT is

I
Zei+e,+1 +ente=S+S+T+

i=1

%]

—T+S+1=45+1 (8)

Hence, to win the election we need 25 + 1 representatives.

Making C president implies not tying with either B or A, because
then the lexicographical order will be against C. In the problem in-
stance we have constructed, our subset of voters cannot make C win
any additional representatives beyond the S + 1 representatives C will
get from state / + 3 anyway. Thus, the only chance to make C win
consists in delivering states 1 to / between A and B in some clever
way. In fact, in order to become president, C will need that B gets
exactly S representatives. If B gets more than that, then B will at
least tie with C, so C will have to support B. On the other hand, if
B gets less than that, then B and C combined will reach at most 2.5
representatives, so the remaining at least 2.5 + 1 representatives will be
for A, and A will be elected president. In order to make B get exactly §
representatives, B will need to get exactly T representatives from the
first / states. Since the representatives of each state are won on a all-or-
nothing basis, winning exactly T representatives in these states implies
finding a combination of numbers among s, ...,s; adding exactly 7,
which solves the SUBSET SUM instance.

With this in mind, we are going to prove that there is a solution
for the SUBSET SUM instance if and only if there is a solution for our
PRESIDENT instance.

Proof of (if) part

Suppose that we have a solution for our instance of SUBSET SUM
i.e., we have a subset S’ C Ssuchthat 3| .o s=T.Let WS ={i|s; €
S’}. Since Vi € {1,...,1} we have ¢; = 5;, we infer ., s ¢; = T. Hence,
if we use the voters in our subset of voters to make B win exactly the
states in set WS and let A win all the others, then B will get exactly
(§ —T)+T = S representatives. As stated above, in this case C will be
elected president, so this is a solution for our instance of PRESIDENT.

Proof of (only if) part

Suppose that we have a solution for our instance of PRESIDENT.
Let WS ={i|1<i<IABwinsstate i} and consider S’ = {s; | i € W.S}.
By following the same reasoning as before we infer 3, .o/ s =T, so S’
is a solution for our instance of SUBSET SUM.

It is clear that this reduction can be done in polynomial time.
In particular, the amounts of voters, candidates, and states of the
resulting PRESIDENT instance are all polynomial with the size of the
original SUBSET SUM instance. Since SUBSET SUM is NP-hard [15],
we conclude that PRESTIDENT is also NP-Hard.

Besides, PRESIDENT belongs to NP, because we can find out
whether a candidate solution to the problem makes j/ win or not
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in polynomial time (only a polynomial number of comparisons, ad-
ditions, and multiplications are needed). Therefore, PRESIDENT is
NP-complete.

Let us analyse if it is possible to find good approximate solutions in
a reasonable amount of time, in particular polynomial time. As it will
be proven next, it is very unlikely.

Let us prove that for any function r : N — R, if a polynomial-
time algorithm can approximate the PRESIDENT problem with a
performance ratio of r(x), where x is the size of the problem instance,
then P = NP.

Before starting the construction, the NP-complete problem PARTI-
TION is introduced (see [16]). This problem consists in, given a mul-
tiset of positive integers .S, deciding whether we can find two subsets
S, and .S, such that S| |JS, =S, 5,5, =@, and 3, S, =Y S>.

Note that a polynomial-time r(x)-approximation algorithm for PRES-
IDENT guarantees a solution whose value is better than 0 for any
instance whose optimal solution has a value higher than 0, because
r(x) € R* is an upper bound of the worst-case (i.e. highest) value
of ;’—5’ for any instance. As we will see, we will reduce the decision
PARTITION problem to the maximization PRESIDENT problem in
such a way that, if the optimal solution for the resulting PRESIDENT
instance has a value different from 0, then any solution giving a value
different from 0 will be optimal. Hence, the solutions returned by any
r(x)-approximation algorithm for PRESIDENT will be optimal for these
PRESIDENT instances. We will also see that the optimal solutions for
these particular PRESIDENT instances will provide correct answers
to the original instances of the NP-complete PARTITION problem.
Thus, by applying the reduction and next the r(x)-approximation al-
gorithm for PRESIDENT we could solve any PARTITION instance in
polynomial time, which would imply P = NP.

Inapproximability of PRESIDENT:

Let us consider an instance of PARTITION S = {s,...,s,} with
s; 2 0,Vi € {1,...,n}. Without loss of generality we assume that 2?:1 s;
is even (otherwise the answer to PARTITION is trivial). We construct
the PRESIDENT instance as follows:

There are three candidates {1,2,3} with names A, B, and C, where
j' = C is our candidate and M # = {A, B,C}, that is, all candidates
are allies.

There are n + 1 states.

e,=s5;Vie{l,...,n},and e,,; =T +1 where T =

27:1 S
-

cva=vp=2Vie{l,...,n},and v, 4 =V, 5 =0.
vic=0Vie{l,...,n},and v, = 1.
»p=1Vie{l,...,n},and p,,; =0.

Note that, before deciding how our subset of voters will vote, our
candidate C knows that they will directly win the 7 + 1 = Zii %
representatives of state n+1 in any case, and directly winning any other
state will be impossible. On the other hand, candidates A and B do not
have any representative guaranteed beforehand. The remaining » states
have altogether 2T representatives to be delivered between A and B
depending on the choices of our subset of voters. If either A or B reach
at least T+ 1 representatives from some of these states, then candidate
C will have to ask their representatives to support that ally, and thus
C will get the votes of 0 representatives. Thus, candidate C will only
get more than 0 representative votes if the 2T representatives of states
1 to n are evenly delivered between A and B, each one receiving T
representatives. In this case, A and B will support C, and C will win
the votes of all the 3T + 1 representatives. As we see, C can get either
all representative votes or 0 representative votes, depending on whether
the original PARTITION numbers s, ...,s, can be evenly split in two
subsets or not, respectively.

Now, suppose that there exists an algorithm A that can solve
PRESIDENT in polynomial time with a ratio r(x) € R*. Let us suppose
that we run A for the PRESIDENT instance derived from the original
PARTITION instance as explained. There are two possibilities:
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(a) The algorithm returns a solution with 0 value. Let us see that this
solution is optimal.

Let us suppose that it is not, i.e. the optimal solution for this
instance of PRESIDENT actually has value s > 0. Since r(x) > ‘;—Z
in all cases and opt = s, the approximation algorithm .4 must
return a solution so/ whose value is higher than or equal to T;)
For any r(x) € R*, this implies that the algorithm cannot return
any 0-value solution. Therefore, we get a contradiction.

We infer that the actual optimal solution for this PRESIDENT
instance has 0 value, so the solution returned by the algorithm
is optimal. Therefore, there does not exist a distribution of states
between A and B that gives each one T representatives (otherwise,
with this distribution C would get more direct representatives
than each of them and both would have to support C, thus letting
C achieve 3T + 1 > 0 representative votes at the end). By the
construction of the PRESIDENT instance from the PARTITION
instance, we conclude that .S cannot be divided into two subsets
that add up to the same value, so the answer to the original
PARTITION instance is ‘no’.

(b) The algorithm returns a solution whose value is higher than 0.
Note that there is no solution for the PRESIDENT instance under
consideration whose value is higher than 0 and lower than s =
3T + 1: the only solution giving more than 0 value is obtained
when A and B tie at T representatives each (otherwise one of
them would at least tie with C, and C would have to support A or
B by the untie convention, thus getting 0 representative votes).
Hence, the solution returned by algorithm .4 must have value
sol = 3T + 1. In this solution, let terms x;; € N denote the number
of voters in our subset of voters who vote for candidate j in state
i. Then, a positive solution for the original PARTITION can be
constructed by choosing S| and S, as follows: S| = {s; | x;5 = 1}
and S, = {s; | x;c = 1}. Since candidate C cannot be supported by
A and B unless both of them tie, we infer 3 .5 v=T = ¥ c5, U,
so this is a solution for original PARTITION instance, and the
answer to this instance is ‘yes.’

We conclude that, if algorithm A exists, then PARTITION can be
decided in polynomial time: we transform the PARTITION instance
into a PRESIDENT instance as defined by the polynomial reduction,
next we run A, and finally we return ‘yes’ iff the solution returned by A
for the PRESIDENT instance has more than 0 value. Since PARTITION
is NP-complete, this polynomial-time solution of PARTITION would
imply P = NP. That is, if P # NP then .4 cannot exist.

4. Experimental results

Once it has been proven that the problems are inapproximable
up to some level in the general case, a genetic algorithm will be
provided to obtain reasonable solutions in reasonable execution times.
Notice that, according to the considerations given in [17], the ap-
proximation hardness of a given NP-hard problem should affect the
design decision of what algorithm is used to approximately solve it.
For instance, depending on that approximability, it would be suitable
to use a specific-purpose greedy algorithm with some performance ratio
guarantee, a metaheuristic without that guarantee but performing well
on average, etc. Accordingly, we choose Genetic Algorithms to find
reasonable sub-optimal solutions for both problems under considera-
tion. Indeed, stochastic local search metaheuristics (e.g. [18-21]), and
Genetic Algorithms in particular, have proven their usefulness to deal
with many problems with bad approximability (see e.g. [22-26]).

A genetic algorithm is a solution search method often applied to
optimization problems (see [27,28]). These algorithms emulate the
evolution of species through the survival of the fittest. A population
of problem solutions codified in some way (e.g. vectors of bits or
natural numbers) evolves through the algorithm execution. A fitness
function, determining how good each solution is, is used to select
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the fittest of them and discard the rest, which are replaced by new
solutions. In order to make new solutions similar to previous ones,
each new solution is created by mixing two existing solutions similarly
as crossover works in nature. In addition each piece (gene) of each
solution has some probability of receiving a new random, non-inherited
value. Note that this mutation step is performed at each iteration of the
genetic algorithm, with the aim of being able to extend the exploration
of the search space.

4.1. PARLIAMENT problem

The algorithm works as follows:

1. Each solution in the initial population is created as follows.
Initially, O seats are assigned to all parties, next a random party
is chosen and given 30 seats, and this process is repeated until
there are no seats left (if there are less than 30 seats remaining,
all the remaining seats are assigned to the chosen party).

2. Each solution (chromosome) will denote the distribution of seats
of all parties, provided that the sum of the seats for each party
is equal to the total number of seats. Each gene is a natural
number denoting the number of seats assigned to some party.
When new solutions are created from two other solutions, for
each party the number of seats in the new solution is the average
of the number of seats in the parent solutions rounded down
to the nearest integer. Since the seats of our solution must add
up to 350 in our running example, and some seats will be lost
by making these integer divisions, some seats remain after this
procedure. The remaining seats are assigned randomly. For each
new solution to be created in subsequent algorithm steps, ini-
tially two solutions are randomly selected from the population.
The probability of picking each solution is proportional to its
fitness (i.e. the roulette selection method is adopted). Then, the
new solution is created by crossover as stated above. Each gene
of the new solution can mutate according to 4 different mutation
methods (explained below). After some previous experiments,
the probability of each gene to mutate was set to 10% as it was
observed to provide the best results.

3. When the maximum number of iterations is reached, the al-
gorithm stops and returns the solution with the highest fitness
value.

Four different types of mutation are used:

mutl: Selecting two parties from the solution and exchanging the
number of seats they hold.

mut2: Selecting a party which will absorb all the seats of another
party.

mut3: Selecting a party that will absorb at most 17 seats from 4
randomly selected parties.®

mut4: Selecting one of the three mutations mentioned above at
random with the same probability.

In order to assess the usefulness of the approach in the search
for solutions of the PARLTAMENT optimization problem, a real case
study will be faced. In particular, the Spanish parliament and the laws
that were debated in it during the parliamentary term between 2019
and 2023 will be considered, taking into account the actual stances
defended by the political parties of said parliament for each law. The
data have been obtained from [29].

Several problem instances have been created, all of them concerning
the same 27 propositions of Law and Bills voted in the Congress of

5 This mutation enables a wide exploration of the solution space. The idea
is that a party sometimes takes 5% of the total seats in the parliament from
other parties.
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Table 1

Results obtained in the PARLTIAMENT problem in four instances with different sets of
laws to be passed. For each mutation type it is shown the minimum, maximum and
average number of laws passed. Mutations mut3 and mut4 obtain the best results.

Instance 1: 7 laws

Mutation Min Max Mean Variance
mutl 4 4 4 0
mut2 4 6 4.03 0.04
mut3 6 7 6.99 0.01
mut4 7 7 7 0
Instance 2: 11 laws
Mutation Min Max Mean Variance
mutl 6 8 7.12 0.20
mut2 7 9 7.80 0.33
mut3 8 10 9.66 0.23
mut4 9 10 9.01 0.01
Instance 3: 18 laws
Mutation Min Max Mean Variance
mutl 13 14 13.64 0.23
mut2 14 15 14.63 0.23
mut3 15 16 15.44 0.25
mut4 14 15 14.99 0.01
Instance 4: 27 laws
Mutation Min Max Mean Variance
mutl 19 21 20.41 0.69
mut2 21 23 21.96 0.26
mut3 21 25 22.95 0.17
mut4 22 24 23.11 0.18

Deputies of Spain, a parliament with 350 seats where the main 8
political parties were PSOE, PP, VOX, UP, ERC, Cs, PNV, and EH Bildu
in the term stated before. These bills were made by different political
parties. Since all votings are registered, for each proposition the stance
held by each of the parties towards each proposition is known.

From this common setting, different problem instances are con-
sidered, each one differing in the subset of propositions wanted to
be approved by the parliament. For each instance, the corresponding
subset includes propositions of different parties, so that there are not
trivial solutions where a single party could defend and approve all the
required laws on its own. In fact, we also include an instance where all
27 laws are wanted to be approved.

Since 350 seats have to be distributed among 8 different political
parties, exhaustively analysing all the (35?;?’1) possible combinations
is unfeasible. Let us remark that this combinatorial number is approx-
imately 1.38¢14, so the size of problem instances justifies the use of
genetic algorithms to heuristically solve them.

To collect and evaluate experimental results, each genetic algorithm
is run 1000 times, and in each run, 500 iterations and an initial
population of 20 different seat arrangements.® Table 1 and Fig. 1
summarize the results obtained for each problem instance, comparing
the usefulness of the four different mutations. As it can be seen, mut3
wins in almost all the instances. This is mainly due to the fact that
voting groups are usually formed for some large subsets of laws, and
in particular it happens a lot that there are two antagonistic groups
of parties voting the opposite for many laws. There are always one or
two parties that may differ, but not much more. Genetic algorithms
that focus on exploiting good solutions (as opposed to exploring more

® Preliminary tests with fewer iterations indicated that the results could be
very poor, while higher numbers did not significantly improve the results for
the extra time needed for execution.
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Instance 1: 7 laws 2: 11 laws

— . Mean  mE Max

mut1 mut2 mut3 muta mut 1 mut2 mut3 muta

Instance 3: 18 laws Instance 4: 27 laws

Fig. 1. Results obtained in the PARLIAMENT problem. Graphical view of the data
shown in Table 1.

diverse solutions) find it difficult to find better solutions from some
iteration on, because some sub-optimal solutions easily found with little
effort are difficult to improve with local changes. For example, if we
gave almost all the seats to one of the two typical antagonistic groups,
then we could get a decent number of laws passed, but getting out
of these solutions is complicated, as improving them requires several
iterations of (locally worsening) seats modifications. On the other hand,
by using the third type of mutation (which involves more parties in
a single modification), the exploration of very different solutions is
greatly encouraged. Actually, as can be seen, by using mut3 better
solutions are reached for instance 1, where all 7 laws are passed in
all algorithm executions despite the fact very poor results are reached
with mutl and mut2. It is also interesting to mention that mut4 beats
mut3 in the last instance (the one where getting all laws and bills is
wanted, i.e. the hardest one). Being able to use also mutl and mut2
enlarges the repertory of available seats modifications, which in turn
increases the set of possible sequences of consecutive modifications
where all steps are locally beneficial. Note that some of these additional
sequences could yield some good complex seats modifications that could
be very difficult to form otherwise. We think this increased tendency
to exploration is critical to successfully handle instance 4.

We conclude that we can find decent solutions to the PARLTAMENT
problem in an efficient way by using genetic algorithms performing
some exploration of the solution space.

4.2. PRESIDENT problem

In order to study the practical resolution of the PRESIDENT opti-
mization problem, sub-optimal solutions are found by using a genetic
algorithm. Initially it might seem unproductive to apply genetic algo-
rithms to this problem, given the large size of the solution space and
the big number of null solutions, that is, those where our candidate
gets zero representatives because an ally gets more representatives.
However, we can proceed as follows:

« If our candidate j’ can win some state by being voted by all our
voters in that state, then we directly assume j’ wins. Note that a
victory of j’ in the state is always at least as good as a victory
of any other candidate, no matter if it is ally or not: in either
case, giving the state to j’ can only help to make j’ the most
voted candidate in their alliance, as well as to make j’ beat any
non-ally candidate. Since voters in a state are useful only in that
state, there is no reason for strategic voting in this case, and the
straightforward choice of voting j’ in that state is optimal.
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+ Although we can send our voters in some state to vote for several
different candidates, only the winner in the state matters. Hence,
instead of choosing one by one how each of our voters in that state
must vote, we can just choose the candidate our voters will make
win—from the subset of candidates who can actually win the
state with our voters. Therefore, the solution space to be explored
by the genetic algorithm is the set of all tuples where the first
component is any candidate who can win the first state with our
votes, the second component is any feasible winner of the second
state, and so on for all states.”

Hence, each solution in the genetic algorithm is just a tuple defining
the winners at all states. States where our candidate can win do not
need to be represented by any component in the tuple and can be
fully ignored by the algorithm, as they can be directly assigned to
our candidate in any solution. The crossover operation of the genetic
algorithm works as follows: given two solutions, the winner of each
state in the child solution is defined by picking the winner of the same
state from one of the two solutions picked at random. The mutation
operation changes the winner of a state by any other possible winner
at that state. The algorithm works as follows:

1. In the initialization, solutions are constructed where our candi-
date j’ is made winner in all states where it is possible. These
genes cannot be improved, so they are fixed to improve the
behaviour of the algorithm. However, in each solution in the
initial population, for all states where our candidate j’ cannot
win, any of the possible state winners is randomly assigned.

2. In each iteration, pairs of solutions are picked at random in
such a way that the solutions are distributed proportionally with
respect to the fitness function, so better solutions are more likely
to get selected, and new solutions are generated from each pair
by crossing them as stated above.

3. In each of these new solutions, the winner of each state has a
probability to mutate as stated above.

4. If the iteration limit is reached then the fittest solution is re-
turned, else we get back to step 2.

Problem instances were randomly generated for different combina-
tions of numbers of candidates, numbers of allied candidates supporting
our candidate j’, and numbers of states. For each instance, the number
of a priori votes received by candidate ;' (i.e. from voters not in
our subset of voters) randomly varies between 10 and 25 in each
state, and for the rest of candidates, this number is randomly chosen
between 10 and 30 in each state. Finally, the number of voters whose
vote can be chosen in the solutions to help their common preferred
candidate is chosen at random between 0 and 10 for each state. Also,
the number of candidates, allies and states were decided beforehand
(i.e. not randomly), as they represent the size of the problem under
consideration.

In all cases, the algorithm was run with a population of 20 solutions
and for 500 iterations. Experiments showed this number lets achieve
way better results than smaller ones, though bigger ones do not make
solutions significantly better. For each instance, the algorithm is run
1000 times, and the maximum value, the minimum (without counting
null solutions), the number of null solutions, the mean, and the variance
are collected. In addition, we compare the results with the total number
of representatives in all states.

7 Moreover, if we only want to maximize the number of representatives
that will support our candidate regardless of the support received by the
remaining candidates (which is indeed the definition of the optimization
version of PRESIDENT), then all the candidates not being in alliance with
our candidate can be deemed as a single candidate, because the distribution
of representatives among them is irrelevant for that goal.
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Table 2

Results of the PRESIDENT problem considering four instances with different numbers
of candidates, allies, and states. For each of them, it can be seen the result obtained with
different mutation ratios after repeating experiments 1000 times for each configuration
of parameters. Lower mutation ratios obtain better results.

Instance 1: 588 total repres.; 20 candidates; 7 allies; 40 states

Mut% Min Max #Null Mean Variance

1 531 531 0 531 0

2 531 531 0 531 0

5 531 531 0 531 0

10 521 531 0 530.83 1.67

15 504 531 0 524.46 39.34

Instance 2: 649 total repres.; 30 candidates; 5 allies; 45 states

Mut% Min Max #Null Mean Variance

1 487 527 0 521.73 65.63

2 499 527 0 525.73 18.52

5 501 527 0 524.25 26.55

10 445 517 0 482.72 137.94

15 410 488 0 445.08 163.40
Instance 3: 1045 total repres.; 25 candidates; 10 allies; 70 states

Mut% Min Max #Null Mean Variance

1 908 908 0 908 0

2 908 908 0 908 0

5 908 908 0 9208 0

10 853 908 0 886.37 100.35

15 811 898 0 851.06 171.93
Instance 4: 1514 total repres.; 20 candidates; 5 allies; 100 states

Mut% Min Max #Null Mean Variance

1 1220 1250 0 1247.10 31.33

2 1211 1250 0 1242.00 61.02

5 1125 1226 0 1175.31 244.81

10 1028 1143 0 1083.56 357.65

15 974 1097 0 1023.21 421.42

1: 7 laws 2: 11 laws

—n o vean W Max

mut 1 mut 2 mut3

'S
N
N
v
H
@

3: 18 laws

1099 15

mut3

mut 1 mut2 mut 4 mut 1 mut 2 mut3 muta

Fig. 2. Results obtained in the PRESIDENT problem. Graphical view of the data shown
in Table 2.

Table 2 and Fig. 2 summarize the results for different instances
with these mutation percentages: 1%, 2% 5%, 10%, and 15%. From
these experiments it can be seen that the lower the percentage of
mutation, the better the results. This is due to the fact that finding
good solutions for this problem is easier by relying on the exploitation
of good solutions, instead of on the exploration as it was done in the
PARLTAMENT problem. In the last three instances, it can be observed
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that the lowest value observed for the 5% mutation rate is better than
the highest value for 10% and 15%. In fact, for all instances and all
mutation rates, solutions are found that are, at least, close to 2/3 of
the total number of representatives, despite the fact that there may be
many candidates, and that our candidate has a lot of difficulty to win
in any state.

Note that these instances are large enough to make the use of
branch-and-pruning algorithms to find the optimal solution unfeasible.
In fact, there are |[M|" different solutions in the search space, being n
the number of constituencies and |M | the size of the alliance of the
candidate. According to the experimental data, the proposed algorithm
generally returns very good solutions that are close to getting all the
representatives in the states, and never obtains null solutions.

All in all, it can be concluded that using a genetic algorithm for
the PRESIDENT problem is justified, because the results obtained are
good, even for large inputs.

5. Discussion

In Section 3 it was found that the problems PARLIAMENT and
PRESIDENT are NP-complete and their optimization versions are in-
approximable to a certain extent. These intractability results show that
choosing what to vote to favour one’s interests is a hard problem,
and we think this undermines the capability of democratic voting
processes to convert the will of the people into political decisions being
consistent with that will in a predictable, transparent, and efficient
way. Since it is intractable for voters to just decide what to vote —
even when they have a totally clear view of what they actually want
in political terms and there is no uncertainty regarding polls and the
future behaviour of politicians —, this intractability brings confusion
to the process of capturing the actual people’s will, making elections
obscure and esoteric to some extent. The computational complexity
field has been applied before to different social sciences to point out
the inefficiency of processes wrongly assumed to be efficient (e.g.
the efficiency of markets, in [30]) or to prove the intractability of
usual tasks (e.g. the intractability of finding the optimum product mix,
in [25]). The intractability results provided in this paper indicate that
complexity results can also show the inefficiency of decision making in
voting.

Finding optimal solutions for these problems in practice is highly
unlikely. For the real case study of the PARLTAMENT problem con-
sidered before in Section 4, a brute force exact algorithm would need
to explore 1.38el14 different solutions to find the optimal one. Notice
that, in the general case, we need to consider (g:'n'gl) different config-
urations, being s the number of seats and m the number of political
parties.® Thus, the number of different solutions could be much larger
in other cases. For instance, in the European Parliament, where there
are 18 main parties and there are 705 seats, the number of solutions
increases to (7051;1?71) = (71272). Let us remark that this combinatorial
number equals approximately 2.58¢34, which is clearly unfeasible to be
solved using any strategy based on brute force.

Regarding the search space of the PRESIDENT problem, the size
depends on the number of allies and the number of states. In this case,
the number of different solutions would be k", being k the number of
allies and » the number of states. Thus, for any high enough value for n,
it is completely unfeasible to use brute force strategies. For example, for
a problem instance with 50 states (like in USA) where the size of groups
of allies is 2, the number of different solutions would be 2°°, which
is unfeasible to handle by exhaustive solution exploration. However,
genetic algorithms are good candidates to deal with these situations. In

8 This is known as the stars and bar problem, and is often use to solve many
simple counting problems. One of those problems consist in counting how
many different integer configurations solve the equation x; + x, + - + x,, = s,
the solution to this problem is (**"') different integer configurations [31].

m—1
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fact, it has been shown that they run fast enough and that they obtain
reasonable solutions. Thus, these algorithms can be recommended to
deal with these problems.

Let us remark that, in the PARLTAMENT problem, it could be argued
that directly distributing the number of seats to form an optimal distri-
bution is impossible for anyone in a democratic parliament. However,
given that political polls exist, and that some people may influence the
votes of others, it is interesting for them knowing which party should
be voted according to the political polls to favour the formation of a
parliament which would actually be good for their interests. Moreover,
this also illustrates that even the most basic question we could ask to a
voter in a parliamentary election, which is what outcome would they
prefer, entails high complexity. Thus, deciding what to vote in real
parliamentary elections is at least that hard.

An interesting aspect to take into account when solving both prob-
lems using genetic algorithms is how to deal with the balance between
exploration and exploitation during the search for solutions. In any
non-trivial problem faced by an evolutionary algorithm, too much
exploitation of the most promising areas can lead to abandoning under-
explored areas. On the other hand, too much exploration often slows
down the process of finding good solutions, leading to searches that are
too similar to random search. The balance point between both extremes
is difficult to find, depending largely on the type of problem under
consideration. In our case, we have seen that for the first problem it
is advisable to encourage exploration a little more, while in the second
case it is necessary to encourage the exploitation of promising solutions
a little more. This fact is evident when analysing different mutation
strategies: in the first problem, mutation strategies that allow wider
explorations obtain better results; in the second case, more conservative
strategies obtain better results.

Finally, we would like to point out that the initial claim of the paper,
stating that voting is more difficult than simply choosing the party or
candidate whose positions best align with those of the voter, is actually
reflected in the results of our experiments. Indeed, in all instances of
the PARLTAMENT problem we observe that the best configuration of
the parliament does not consist in allocating all seats to the party that
most closely aligns with the voter’s ideas. For example, in the first
instance only 4 laws are passed if that “most similar” party gains all
seats, but 7 laws are passed by using some alternative solution (which
both mut3 and mut4 are able to consistently find). The situation is
analogous in the PRESIDENT case, where our experiments show that
voting just for the target candidate is not the best choice. For example,
in the first instance the target candidate can only obtain 108 seats in
case all the supporters vote for that candidate. However, 531 represen-
tatives can be obtained by asking them to vote for other candidates in
some constituencies—in particular, by asking them to vote for certain
allies in some constituencies (so that they get representatives who
will support the target candidate) and for some non-allies in other
constituencies (so that no ally outnumbers the voter’s desired candidate
overall).

6. Conclusions and future work

Voting may look simple at a first glance. However, after various
problems that may arise when voting were analysed, it was observed
that it is quite the opposite. Something as simple as deciding which
party people should vote for is an NP-complete problem. Despite the
completeness of the analysed problems and their inapproximability, it
was shown that decent solutions can be found within a reasonable time
by using genetic algorithms and properly pruning the solution space.
Although obviously people are not expected to run genetic algorithms
before going to vote, it is relevant to know that cleverly voting can
dramatically affect the outcome of an election. This fact might be
interesting for election strategists, and at the same time undermines
the capability of elections to transparently capture the will of people,
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as election outcomes might be very vulnerable to technically-designed
political campaigns.

As future work, we are interested in applying other heuristic algo-
rithms to these problems, as well as in studying how these problems
are solved in different political configurations. We also wish to study
other related problems in the domain of politics, such as measuring the
power of a party in terms of the number of majorities it can be part of,
and finding mutually beneficial pacts between parties in terms of which
laws can be passed.
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