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1. Introduction

1.1. Multiplicative Higgs bundles

Let k be an algebraically closed field of characteristic 0, G a reductive algebraic group 
over k and X a smooth algebraic curve over k. A multiplicative G-Higgs bundle on X is 
a pair (E, ϕ) where E is a principal G-bundle over X and ϕ is a section of the adjoint 
group bundle E(G) over X \ |D| the complement of a finite subset |D| ⊂ X. This is 
indeed a “multiplicative” version of an (ordinary, twisted) G-Higgs bundle on X, which 
is a pair (E, ϕ) with E a principal G-bundle over X and ϕ a section of the adjoint Lie 
algebra bundle E(g) twisted by some line bundle L on X. As in the ordinary case, one 
wants to prescribe the singularities of ϕ. In the multiplicative case, instead of fixing the 
twisting line bundle L, one controls the singularity at each point x ∈ |D| by fixing a 
dominant cocharacter λ ∈ X∗(T )+, for a given choice T ⊂ B ⊂ G of maximal torus T
and Borel subgroup B.

Just like for ordinary Higgs bundles [32], one can define a Hitchin map in the multi-
plicative case, which is based on the “multiplicative version” of the Chevalley restriction 
map G → T/W , for W = NG(T )/T the Weyl group of T . This leads to the multiplicative 
Hitchin fibration. A general reference reviewing and explaining the several perspectives 
around multiplicative Higgs bundles and the multiplicative Hitchin fibration is presented 
by Elliot and Pestun [22].

Multiplicative Higgs bundles were originally introduced in algebraic geometry by Hur-
tubise and Markman [34], although they had made previous appearances in the physics 
literature (see [22] for references). Hurtubise and Markman considered the particular case 
where X is an elliptic curve and, in this case, they constructed an algebraic symplectic 
form on the moduli space of simple multiplicative Higgs bundles and proved that the 
multiplicative Hitchin fibration defines an algebraically completely integrable system. As 
explained in Elliot–Pestun [22], these results can be generalized to the case where X is 
Calabi–Yau, that is, if X is an elliptic curve, A1, or Gm.

The multiplicative Hitchin fibration was also studied independently by Frenkel and 
Ngô [23] in the context of geometrization of trace formulas. In particular, they suggest 
the use of Vinberg’s enveloping monoid to describe the moduli stack of multiplicative 
Higgs bundles and construct the multiplicative Hitchin fibration. That paper was the 
starting point for a programme to study the multiplicative Hitchin fibration from the 
point of view of Vinberg’s theory of reductive monoids [48]. This has been continued 
in several papers by Bouthier and J. Chi [11–13,18], which study analogues of affine 
Springer fibres, and in the thesis and subsequent work of G. Wang [50], dedicated to 
the Fundamental Lemma of Langlands–Shelstad for the spherical Hecke algebras, in the 
spirit of Ngô’s work on the Fundamental Lemma for the Lie algebras [40].

When the base field is k = C the field of complex numbers, multiplicative G-Higgs bun-
dles on X have also been related to singular K-monopoles on the 3-manifold Xan×S1, for 
K ⊂ G a maximal compact subgroup, in the works of Charbonneau–Hurtubise [16] and 
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Smith [45]. The correspondence is given by constructing a multiplicative Higgs bundle as 
the scattering map of a monopole. In the other direction, by “gluing” from a multiplica-
tive Higgs bundle one constructs a holomorphic bundle on the 4-manifold Xan×S1×S1, 
solves the Hermitian Yang–Mills equations on it and reduces to Xan × S1 to obtain a 
monopole. These equations can be solved provided the stability condition on the holo-
morphic bundle on the 4-manifold, which translates into an ad-hoc stability condition 
for the multiplicative Higgs bundle. The Charbonneau–Hurtubise–Smith correspondence 
is widely extended in Mochizuki’s book [37]. The moduli space of singular monopoles 
on C × S1 is known to be a hyperkähler manifold [17]. Using Mochizuki’s correspon-
dence, Elliot and Pestun [22] show that the holomorphic symplectic structure defined by 
that hyperkähler structure coincides with the Hurtubise–Markman algebraic symplectic 
structure on the moduli space of simple multiplicative Higgs bundles on A1. Furthermore, 
they study the twistor space for this hyperkähler manifold by introducing the notion of 
a q-difference connection.

1.2. Multiplicative Higgs bundles and involutions

The purpose of this paper is two-fold.
On the one hand, we introduce a generalization of multiplicative Higgs bundles from 

groups to pairs (G, θ) where G is a reductive group and θ ∈ Aut2(G) is an involution 
of G. A multiplicative (G, θ)-Higgs bundle on X is formed by a principal Gθ-bundle 
E → X and a section ϕ of the associated bundle E(G/Gθ) over the complement of a 
finite subset of X. Here, Gθ ⊂ G is the subgroup of fixed points of θ and G/Gθ is the 
corresponding symmetric variety. The group Gθ acts on G/Gθ by left multiplication and 
thus E(G/Gθ) → X denotes the bundle of symmetric varieties associated to this action.

Moreover, we generalize the description of the multiplicative Hitchin map in terms 
of the theory of reductive monoids, as developed in [11–13,18,23,50], to this involutive 
situation. We do this by studying the theory of embeddings of symmetric varieties and 
using Guay’s enveloping embedding [30], and by extending the results of Richardson [42].

On the other hand, for any such pair (G, θ), we consider the involutions of the moduli 
space of (simple) multiplicative G-Higgs bundles given by

ι± : (E,ϕ) �→ (θ(E), θ(ϕ)±1)

and study their fixed points. We show that the fixed points of ι+ define an algebraic 
symplectic submanifold of the moduli space of multiplicative Higgs bundles, while the 
fixed points of ι− define a Lagrangian submanifold. We are specially interested in the 
involution ι− and we show that multiplicative (G, θ)-Higgs bundles appear as their fixed 
points, although also other components show up.

One of the reasons why multiplicative (G, θ)-Higgs bundles are important is that when 
k = C they are the multiplicative object analogous to Higgs bundles for real forms of 
G. We recall that if GR is a real form of G, a (L-twisted, for L → X a line bundle) 
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GR-Higgs bundle on X is a pair (E, ϕ), where E is an H-bundle on X and ϕ is a section 
of E(m) ⊗L. Here, H is the complexification of a maximal compact subgroup HR ⊂ GR

and m is the complexification of the space mR appearing in the Cartan decomposition 
gR = hR ⊕mR.

There is a well known correspondence between real forms and involutions of G. If one 
regards a real form as the fixed points of an anti-holomorphic involution σ : G → G, 
then one can find a commuting compact real form τ : G → G and consider the involution 
θ = σ ◦ τ . In this language, if GR = Gσ, then H = Gθ and m is the (−1)-eigenspace in 
the decomposition g = h ⊕ m. Note that m is the tangent space of G/Gθ at 1 ∈ G, so 
a multiplicative (G, θ)-Higgs bundle is indeed a multiplicative analogue of a GR-Higgs 
bundle. In [29], GR-Higgs bundles receive the name of (Gθ, −)-Higgs bundles and are 
shown to appear as fixed points of the involution (E, ϕ) �→ (θ(E), −θ(ϕ)).

In any case, the definition of GR-Higgs bundles originated from the nonabelian Hodge 
correspondence, through which they yield representations of the fundamental group 
of Xan in GR. A similar correspondence is not known in the multiplicative situation. 
We expect to obtain some clarification of this by looking at multiplicative (G, θ)-Higgs 
bundles or studying the fixed points of ι− from the other side of the Charbonneau–
Hurtubise–Smith correspondence. This is explored in the PhD Thesis of the first author 
[26], and will be the topic of a forthcoming paper.

Another reason to study the objects and involutions related to multiplicative Higgs 
bundles and pairs (G, θ) is to study branes. In mirror symmetry, symplectic subvarieties of 
holomorphic symplectic manifolds are the support of B-branes, while Lagrangian subva-
rieties are the support of A-branes. In the language of hyperkähler geometry, holomorphic 
B-branes are (B, B, B)-branes, while holomorphic A-branes are (B, A, A)-branes.

For the classical Hitchin fibration, S-duality is expected to give a correspondence 
between B-branes in the moduli space of G-Higgs bundles and A-branes in the moduli 
space of Ǧ-Higgs bundles, for Ǧ the Langlands dual group of G. More precisely, since 
the Hitchin bases for G and Ǧ are canonically identified, the two moduli spaces fibre 
over the same space and Fourier–Mukai transforms on the fibres are expected to give the 
construction of A-branes on one of them from B-branes on the other. In particular, it is 
suggested that Higgs bundles for real forms GR of G, that give A-branes in the moduli 
space of G-Higgs bundles, should correspond to ǦGR

-Higgs bundles, for ǦGR
⊂ Ǧ the 

Nadler dual group of the real form GR [39]. This conjectures arise from the work of 
Kapustin and Witten [35] relating the geometric Langlands program with gauge theory, 
from the results on the duality of Hitchin systems given by Donagi and Pantev [21], 
and from a gauge-theoretical description of the construction of the Nadler group, given 
by Gaiotto and Witten [24], and has been further studied in several works [4,8,9,14,33]. 
The Nadler dual group coincides with ǦG/Gθ , the dual group of the symmetric variety 
G/Gθ, for θ the involution of G corresponding to the real form GR, introduced in the 
context of spherical varieties [36,43]. The dual group of a spherical variety plays an 
important role in the recent extension of the Langlands program (both in its classical 
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and geometric flavours) to spherical varieties; this is the relative Langlands program of 
Ben-Zvi, Sakellaridis and Venkatesh [6]. See Section 2.6 for more about dual groups.

In [22, Pseudo-Conjecture 3.9], Elliot and Pestun suggest the existence of a similar 
correspondence between A-branes and B-branes in the moduli space of multiplicative 
G-Higgs bundles, when X is Calabi–Yau and G a Langlands self-dual group. If G is 
a Langlands self-dual group, we can identify a maximal torus T ⊂ G with its dual 
Ť = Spec k[eX∗(T )], as well as the lattices of characters and cocharacters X∗(T ) ↔ X∗(T )
and the roots and coroots ΦT ↔ Φ∨

T . Moreover, in that case, the dual group ǦG/Gθ of 
G/Gθ is naturally a subgroup of G. We thus suggest the following.

Conjecture 1.1. If X is Calabi–Yau and G is a Langlands self-dual group, for any in-
volution θ ∈ Aut2(G), multiplicative (G, θ)-Higgs bundles inside the moduli space of 
multiplicative G-Higgs bundles define the support of an A-brane dual to the B-brane 
given by multiplicative ǦG/Gθ -Higgs bundles.

1.3. Outline of the paper

This paper consists of three different sections (apart from this introduction) and an 
appendix.

Section 2 covers all the preliminary notions that we need about reductive groups 
with involutions, symmetric varieties and their embeddings, and their invariant theory. 
We begin by reviewing some general facts about reductive groups with involutions. We 
then introduce θ-split tori and θ-split parabolic subgroups, and recall the notion of a 
quasisplit involution and the Iwasawa decomposition. We then recall the construction 
of the restricted root system and its associated root and weight lattices. We continue 
by describing the weight lattices and the weight semigroups of symmetric varieties and 
their embeddings, in the context of the theory of spherical varieties. We also recall the 
construction of the dual group of a symmetric variety, as introduced by Sakellaridis and 
Venkatesh [43] and state its most relevant properties for us. We then review Guay’s 
classification of a certain class of symmetric embeddings, which we call “very flat” (in 
analogy with very flat monoids), and his construction of the “enveloping” embedding 
[30]. Guay’s enveloping embedding is an affine variety associated to a semisimple simply-
connected group with involution that generalizes Vinberg’s enveloping monoid. We also 
introduce the wonderful compactification of a symmetric variety, and explain that the 
Guay embedding can be obtained as the spectrum of its Cox ring. After this, we study 
the invariant theory of symmetric embeddings: first we recall Richardson’s results on 
the invariant theory of a symmetric variety [42], and in Proposition 2.31 we extend 
them to very flat symmetric embeddings. We finish the section by describing the loop 
parametrization of a symmetric variety, and extend it to the enveloping embedding in 
Proposition 2.36, thus giving a generalization of [18, 2.5].

Section 3 introduces the main objects we are interested in, from several perspectives 
that we compare. In the first part of the section we emulate the construction of the 
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multiplicative Hitchin fibration associated to a reductive monoid, as explained in [50], 
in order to construct a multiplicative Hitchin map associated to a very flat symmetric 
embedding acted by a semisimple simply-connected group. In the second part of the 
section we introduce the notion of a multiplicative Higgs bundle associated to a reductive 
group with involution. We finish the section by relating the objects defined in the second 
part (with semisimple group) with the objects defined in the first part.

Finally, in Section 4 we study a certain type of involutions in the moduli space of 
simple multiplicative Higgs bundles, how the objects introduced in Section 3 appear 
as their fixed points, and the relation between these involutions and the Hurtubise–
Markman symplectic form. More precisely, the section is dedicated to the study of the two 
involutions ι± : (E, ϕ) �→ (θ(E), θ(ϕ)±1), of the moduli space of simple multiplicative G-
Higgs bundles, associated to an involution θ ∈ Aut2(G). We begin by recalling Hurtubise 
and Markman’s [34] description of this moduli space of simple multiplicative G-Higgs 
bundles. We then show how multiplicative (G, θ)-Higgs bundles are naturally mapped 
inside the fixed points of ι− in Proposition 4.5 and give a detailed description of the 
fixed points in Theorem 4.6 and Corollary 4.11. We finish the section by reviewing the 
definition of the Hurtubise–Markman algebraic symplectic form in the moduli space of 
simple multiplicative G-Higgs bundles when the curve X is assumed to be Calabi–Yau, 
and show in Theorem 4.12 how this symplectic form behaves under the above involutions. 
More precisely we show that the fixed points of ι+ define a symplectic submanifold, while 
the fixed points of ι− give a Lagrangian submanifold. This is then a first result that 
motivates Conjecture 1.1 stated above.

At the end of the paper, we have included an Appendix (A) to cover the basic facts 
that we use about root systems, and to establish our notation.

1.4. Some notations

We establish now some notations regarding characters and cocharacters of algebraic 
tori. Given an algebraic torus T we denote by X∗(T ) = Hom(T, Gm) its lattice of char-
acters and by X∗(T ) = Hom(Gm, T ) the lattice of cocharacters. Throughout the text 
we will use additive notation for characters and cocharacters. Thus, given an element 
t ∈ T and a character χ ∈ X∗(T ), we denote by tχ ∈ Gm the image of the corresponding 
morphism T → Gm. On the other hand, given an element z ∈ Gm and a cocharacter 
λ ∈ X∗(T ), we denote by zλ ∈ T the image of the corresponding 1-parameter subgroup 
Gm → T . We consider the vector space ET = X∗(T ) ⊗Z R, endowed with the scalar 
product (·, ·) induced by the choice of an invariant bilinear form on T (which we also 
choose to be invariant under θ and under the Weyl group WT of T ), and identify X∗(T )
and X∗(T ) as lattices inside ET and E∗

T , respectively. We can also consider the root 
system of T inside (ET , (·, ·)); this is the set ΦT ⊂ X∗(T ) of the weights of the adjoint 
representation of T in its Lie algebra t. See the Appendix A for more notations regarding 
root systems.
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2. Involutions, symmetric varieties and symmetric embeddings

2.1. Some generalities on involutions

Let G be a reductive algebraic group over k. By an involution of G we mean an order 
2 automorphism θ ∈ Aut2(G). To any such involution θ we can associate the subgroups

Gθ = {g ∈ G : θ(g) = g} ,
Gθ =

{
g ∈ G : gθ(g)−1 ∈ ZG

}
,

where ZG ⊂ G is the centre of G. The group Gθ is the group of fixed points of θ while 
Gθ can be shown to be its normalizer [20, 1.7]. We can also consider Gθ

0 = (Gθ)0 the 
neutral connected component of Gθ, and one can show that if G is of simply-connected 
type then Gθ is connected, so Gθ

0 = Gθ [46, Theorem 8.1].
An involution θ of G defines the θ-twisted conjugation action of G on itself

G×G −→ G

(g, s) �−→ g ∗θ s = gsθ(g)−1.

For each s ∈ G we denote by τθs : G → G the map τθs (g) = g ∗θ s sending G to the 
θ-twisted G-orbit τθs (G) = G ∗θ s. We also denote these θ-twisted orbits by Mθ

s = τθs (G). 
In particular, we denote τθ = τθ1 and Mθ = τθ(G). One can easily check that the isotropy 
subgroup of s ∈ G is the fixed point subgroup Gθs of the automorphism

θs = Ints ◦θ.

Here, Ints stands for the automorphism of G given by conjugation by s; the elements of 
this form are the so-called inner automorphisms, that form a subgroup Int(G) ⊂ Aut(G).

From the above, we conclude that the θ-twisted orbits Mθ
s are homogeneous spaces of 

the form G/Gθs , but not necessarily symmetric varieties. In particular, note that the orbit 
Mθ is naturally identified with the symmetric variety G/Gθ. Moreover, this identification 
is a G-equivariant isomorphism, where G acts on Mθ by θ-twisted conjugation and on 
G/Gθ by left multiplication. We can ask ourselves for which s ∈ G the automorphism 
θs is an involution. A simple computation shows that θ2

s = idG if and only if sθ(s) is an 
element of the centre ZG. The set of such s is denoted by

Sθ = {s ∈ G : sθ(s) ∈ ZG} .
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For s ∈ Sθ, the θ-twisted orbit Mθ
s gets explicitly identified with Mθs as

Mθ
s = Mθss.

In particular, note that if s ∈ Mθ, then Mθss = Mθ
s = Mθ, so for s ∈ Mθ the symmetric 

varieties G/Gθ and G/Gθs can be identified. Moreover, if s = gθ(g)−1, we can identify 
θs = Intg ◦θ ◦ Int−1

g and Gθs = gGθg−1.
It makes sense then to define an equivalence relation ∼ on Aut2(G):

θ ∼ θ′ if and only if there exists α ∈ Int(G) such that θ′ = α ◦ θ ◦ α−1,

and describe the quotient set Aut2(G)/ ∼. We recall the description given in [29] in 
terms of what is called the “clique map”.

The natural projection π : Aut2(G) → Out2(G) := Aut2(G)/ Int(G) factors through 
Aut2(G)/ ∼. Indeed, this follows from the fact that

Intg ◦θ ◦ Int−1
g = Intgθ(g)−1 ◦θ.

We obtain a surjective map

cl : Aut2(G)/ ∼ −→ Out2(G),

called the clique map. The inverse image cl−1(a) of a class a ∈ Out2(G) is called the 
clique of a. It is easy to check that for any θ ∈ π−1(a) the clique cl−1(a) is in bijection 
with the orbit set Sθ/(G ×ZG), where (G ×ZG) acts on Sθ through the natural extension 
of the θ-twisted conjugation action

(G× ZG) ×G −→ G

((g, z), s) �−→ zgsθ(g)−1.

The θ-twisted conjugation action clearly preserves Sθ and also, for each z ∈ ZG, the 
subset

Sθ
z = {s ∈ G : sθ(s) = z} ⊂ Sθ.

In particular, it preserves the subset of “anti-fixed” points of θ,

Sθ = Sθ
1 =

{
s ∈ G : s = θ(s)−1} .

As explained in [29], the quotient sets Sθ/G and Sθ/(G × ZG) admit an interpretation 
in terms of nonabelian group cohomology:

Sθ/G = H1
θ (Z/2, G) and Sθ/(G× ZG) = H1

θ (Z/2, Gad),
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where Gad = G/ZG and the subscript θ indicates that Z/2 acts on G and Gad through 
θ. Moreover, Richardson [41] shows that H1

θ (Z/2, G) (and thus H1
θ (Z/2, G)) is finite.

Remark 2.1. Consider the case where k = C. For any involution θ ∈ Aut2(G) we can find 
a maximal compact real form, defined by some conjugation σc of G commuting with θ and 
consider the composition σ = σc◦θ. This σ defines a real form Gσ of G. In [2], Adams and 
Taïbi show that the nonabelian cohomology set H1

θ (Z/2, G) is isomorphic to the Galois 
cohomology H1

σ(Gal(C/R), G). In particular, for Gad one recovers Cartan’s classification 
of real forms of G. Tables with H1

θ (Z/2, G) computed for semisimple simply-connected 
groups can be found in [2, Section 10]. We also refer the reader to [29, Section 2.3] for 
more details about the correspondence between involutions and real forms.

Example 2.2 (The diagonal case). Groups with involution are in a certain sense a gen-
eralization of groups. Indeed, if G is any linear algebraic group, we can consider the 
pair (G × G, Θ), where Θ ∈ Aut2(G × G) is the involution Θ(g1, g2) = (g2, g1). Let us 
denote by Δ : G → G × G the diagonal map Δ(g) = (g, g) and by Δ̃ the antidiagonal
Δ̃(g) = (g, g−1). The fixed point subgroup (G × G)Θ is the diagonal Δ(G), which can 
be naturally identified with G, whereas the orbit MΘ is the antidiagonal Δ̃(G), which 
is again identified with G. The set of anti-fixed points SΘ is easily shown to be equal to 
MΘ. We also have

(G×G)Θ = {(zg, g) : g ∈ G} , and SΘ =
{
(zg, g−1) : g ∈ G

}
.

Therefore, the orbit sets SΘ/(G ×G) and SΘ/(Z ×G ×G) are just singletons. The real 
form of G ×G corresponding to Θ is simply the group G regarded as a real group.

Example 2.3 (G = SLn, n > 2). In this case we have Out(G) ∼= Z/2, so we distinguish 
two cases for a ∈ Out2(G), a = 1 and a = −1. For a = 1 we have

cl−1(1) = {θp,q : 0 ≤ p ≤ q ≤ n, p + q = n} ,

with θp,q(g) = Ip,qgIp,q, for

Ip,q =
(
Ip 0
0 −Iq

)
,

where Ip denotes the identity matrix of rank p. The corresponding groups of fixed points 
are

Gθp,q = S(GLp ×GLq).

Here, the S stands for taking the subset of matrices of determinant equal to 1. Consider 
now the case a = −1. The clique cl−1(−1) consists of a single element if n is odd and 
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of two elements if n = 2m is even. In both cases we have the involution θ0(g) = (gT )−1. 
The fixed points subgroup is

Gθ0 = SOn.

When n = 2m is even, we also have the involution θ1(g) = Jmθ0(g)J−1
m , where Jm is the 

symplectic matrix

Jm =
(

0 Im
−Im 0

)
.

The fixed points subgroup is

Gθ1 = Sp2m.

When k = C, we can also consider the real forms corresponding to these involutions. 
The compact real form of SLn(C) is SU(n), which sits inside SLn(C) as the fixed points 
of the conjugation σK(g) = (g†)−1, where † stands for taking transpose and complex-
conjugation. Therefore, the real forms corresponding to the involution θp,q are σp,q(g) =
Ip,q(g†)−1Ip,q, and Gσp,q = SU(p, q). Similarly, we have σ0(g) = ḡ, so Gσ0 = SLn(R), 
and, if n = 2m, σ1(g) = JmḡJ−1

m , so Gσ1 = SU∗(2m).

We refer to Table 26.3 in [47] for a complete classification of the involutions of the 
simple groups.

2.2. Split tori and split parabolics

Let G be a reductive group over k and θ ∈ Aut2(G) an involution. We say that a torus 
A ⊂ G is θ-split if θ(a) = a−1 for every a ∈ A, and we say that it is maximal θ-split if it 
is maximal among θ-split tori.

Remark 2.4. The name “θ-split” comes from the correspondence with real groups when 
k = C. Indeed, a θ-split torus is just the complexification of an R-split torus AR ⊂ Gσ, 
for σ the real form corresponding to θ.

We now state some of the results of Vust [49] on θ-split tori.

Proposition 2.5 (Vust).

(1) Non-trivial θ-split tori exist.
(2) Any maximal torus T containing a maximal θ-split torus A is θ-stable, meaning that 

θ(T ) ⊂ T .
(3) All maximal θ-split tori are pairwise conjugated by elements of Gθ.
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(4) For any maximal θ-split torus A ⊂ G, the group Gθ decomposes uniquely as Gθ =
F θGθ

0, for

F θ = A ∩Gθ =
{
a ∈ A : a2 = 1

}
.

Related to point (4) in the proposition above, we also have the following result of 
Richardson.

Lemma 2.6 ([42, Lemma 8.1.(a)]). For any maximal θ-split torus A ⊂ G, the group Gθ

decomposes uniquely as Gθ = FθG
θ
0, for

Fθ = A ∩Gθ =
{
a ∈ A : a2 ∈ ZG

}
.

A parabolic subgroup P ⊂ G is θ-split if P and θ(P ) are opposite, that is, if P ∩ θ(P )
is a Levi subgroup of both P and θ(P ). If P ⊂ G is a minimal θ-split parabolic subgroup 
one can show [49] that there exists a maximal θ-split torus A and a dominant cocharacter 
λ ∈ X∗(A)+ such that P is of the form

P = P (λ) =
{
p ∈ G : lim

t→0
tλpt−λ ∈ G

}
.

Equivalently, if one takes T ⊃ A a maximal torus, and considers ΦT the associated root 
system and g = t ⊕

⊕
α∈Φg

gα the corresponding root space decomposition, then P (λ)
is the parabolic subgroup with Lie algebra

p(λ) = t⊕
⊕

〈α,λ〉≥0

gα.

This P (λ) admits the Levi decomposition

l = t⊕
⊕

〈α,λ〉=0

gα = Lie(ZG(λ)) and p(λ)u =
⊕

〈α,λ〉>0

gα,

for ZG(λ) = ZG(
{
zλ : z ∈ C∗}) the centralizer of the uniparametric subgroup induced 

by λ. As a consequence, the Levi subgroup P ∩ θ(P ) is equal to

P ∩ θ(P ) = ZG(λ) = ZG(A).

Remark 2.7. Again, the name “θ-split” comes from the correspondence with real groups 
when k = C. Indeed, a parabolic subgroup is θ-split if and only if its corresponding real 
form is split. We can also consider parabolic subgroups such that their corresponding 
real form is quasisplit, which motivates the following.

Definition 2.8. An involution θ ∈ Aut2(G) is quasisplit if there exists a θ-split Borel 
subgroup B ⊂ G. Equivalently, θ is quasisplit if there exists a maximal θ-split torus A
such that T = ZG(A) is a maximal torus of G.



12 G. Gallego, O. García-Prada / Advances in Mathematics 451 (2024) 109789
We refer the reader to [1] for the proof of the following fact.

Lemma 2.9. Any class a ∈ Out2(G) can be represented by a quasisplit involution.

A consequence of the existence of minimal θ-split parabolics is the Iwasawa decompo-
sition (see [47] for a proof).

Lemma 2.10 (Iwasawa decomposition). Let P ⊂ G be a minimal θ-split parabolic subgroup 
and Pu its unipotent radical. Then the product Gθ

0APu is an open subset of G.

2.3. The restricted root system

Let A ⊂ G be a maximal θ-split torus and T ⊂ G a maximal θ-stable torus containing 
it. Let r denote the rank of T and l the rank of A. The number l is called the rank of 
the symmetric variety G/Gθ. Let us consider ΦT the root system of T .

The involution θ naturally induces an involution χ �→ χθ on the characters X∗(T ). 
For each χ ∈ X∗(T ) we define χ̄ = (χ − χθ)/2, which is a well defined element of ET . 
Now, the lattice formed by the elements χ̄ of this form is naturally identified with the 
group of characters X∗(A).

It is easy to check that the involution on characters of T sends roots to roots. The 
elements of the set Φθ

T of roots fixed under this involution are called the imaginary roots. 
A choice of positive roots Φ+

T ⊂ ΦT can be made in such a way that if α ∈ Φ+
T is not 

an imaginary root, then αθ is a negative root. Making this choice amounts to choosing 
a Borel subgroup B ⊂ G. Indeed, this is the Borel subgroup B with Lie algebra

b = t⊕
∑

α∈Φ+
T

gα.

The following follows easily.

Lemma 2.11. If θ is quasisplit, then Φθ
T = ∅.

We consider now the vector space Eθ = X∗(A) ⊗Z R, which is naturally a subspace of 
ET and thus inherits the scalar product (·, ·).

Definition 2.12. The set of restricted roots of θ is

Φθ =
{
ᾱ = α− αθ

2 ∈ Eθ : α ∈ ΦT \ Φθ
T

}
.

The following is well known (see, for example [42]).

Lemma 2.13. The set Φθ is a (possibly non-reduced) root system in Eθ with Weyl group 
the little Weyl group Wθ = NG(A)/ZG(A) = NGθ (A)/ZGθ (A).
0 0
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Simple roots for Φθ can be constructed from the simple roots ΔT of ΦT . Indeed, these 
roots can be split into two groups

ΔT ∩ ΦT \ Φθ
T = {α1, . . . , αm} , ΔT ∩ Φθ

T = {β1, . . . , βr−m} .

Now, one can order (see [20] for more details) the simple roots {α1, . . . , αm} in such a 
way that the ᾱi are mutually distinct for all i ≤ l and for each j > l there exists some 
i ≤ l with ᾱj = ᾱi. Thus, we obtain the set of restricted simple roots

Δθ = {ᾱ1, . . . , ᾱl} .

There is a natural inclusion of the root lattice Rθ := R(Φθ) = Z〈Φθ〉 in the group 
of characters X∗(A), and the cokernel of this inclusion is the group of characters of the 
subgroup

{a ∈ A : ᾱ(a) = 1 for all ᾱ ∈ Φθ} .

This group can be easily shown to be equal to Fθ = A ∩ Gθ, and thus, if we denote 
AGθ

= A/Fθ, we get

Rθ = X∗(AGθ
).

Dually, we get P∨
θ = P∨(Φθ) = X∗(AGθ

).
We describe now the weight lattice Pθ = P(Φθ) of Φθ. Let us denote by �1, . . . , �l the 

corresponding fundamental dominant weights (that is, we want these weights to satisfy 
〈ᾱ∨

i , �j〉 = δij for i = 1, . . . , l). When G is semisimple simply-connected, these �i can 
be determined in terms of the fundamental dominant weights of ΦT . We can partition 
these into two sets

{ω1, . . . , ωm} , {ζ1, . . . , ζr−m}

with 〈α∨
i , ωj〉 = δij , 〈β∨

i , ζj〉 = δij and all the 〈α∨
i , ζj〉 = 〈β∨

i , ωj〉 = 0.
Since a root α and its image αθ must have the same length, we can have three possible

cases: (1) αθ = −α, (2) 〈α∨, αθ〉 = 0, and (3) 〈α∨, αθ〉 = 1. Note that if there is a root 
α of type (3) then sαθ (α) = α − αθ must be a root in ΦT , and this root restricts to 
itself, which is equal to 2ᾱ. This implies that Φθ is nonreduced and that we can take the 
restricted simple roots Δθ coming just from simple roots of types (1) and (2).

Now, for any χ ∈ X∗(T ) we have

〈ᾱ∨, χ− χθ〉 =

⎧⎪⎪⎨⎪⎪⎩
〈α∨, χ〉 in case (1)
〈α∨, χ− χθ〉 in case (2)
2〈α∨, χ− χθ〉 in case (3).
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As in [20], it is easy to see that there exists some permutation σ ∈ Sm of order 2 such 
that for each i = 1, . . . , l, we have that αθ

i + ασ(i) = αθ
σ(i) + αi is a positive imaginary 

root. Moreover, we have ωθ
i = −ωσ(i). Then it is straightforward from the above that we 

get

�i =

⎧⎪⎪⎨⎪⎪⎩
2ωi if αi is of type (1)
ωi + ωσ(i) if αi is of type (2) and i �= σ(i)
ωi if αi is of type (2) and i = σ(i).

Note that if Φθ
T = ∅, then i = σ(i) if and only if αθ

i = −αi, and thus we do not have 
the third situation in the formula above.

Lemma 2.14. When G is semisimple simply connected, the weight lattice Pθ =
Z〈�1, . . . , �l〉 is equal to the group of characters X∗(AGθ) of the torus AGθ = A/F θ. 
Dually, we get R∨

θ = R∨(Φθ) = X∗(AGθ).

Proof. The lattice X∗(AGθ) can be identified with 2X∗(A) =
{
χ− χθ : χ ∈ X∗(T )

}
. It 

is clear from the above that for every χ ∈ X∗(T ) and ᾱ ∈ Φθ, the number 〈ᾱ∨, χ − χθ〉
is an integer. On the other hand, 2ωi and ωi +ωσ(i) are clearly of the form χ −χθ, while 
clearly ωi restricts to 1 on F θ = A ∩Gθ if ωθ

i = −ωi. �
To finish the section, note that

Pθ,+ := P+(Δθ) = Pθ ∩ C+
Δθ

= Pθ ∩ C+
Δ = X∗(AGθ) ∩ X∗(T )+ =: X∗(AGθ)+.

By an analogous argument, we get P∨
θ,+ = X∗(AGθ

) ∩ X∗(T )+ = X∗(AGθ
)+.

Example 2.15 (The diagonal case). In the diagonal case from Example 2.2, a maximal 
Θ-split torus is given by A =

{
(t−1, t) : t ∈ T

}
⊂ T × T , with character lattice X∗(A) =

{(−χ, χ) : χ ∈ X∗(T )}. The restricted roots are then identified with ΦT .

Example 2.16 (SLn, n > 2). Recall the classification of the involutions of SLn given in 
Example 2.3. We determine now the restricted root systems associated to each of these 
involutions. We begin by considering the inner involutions θp,q(g) = Ip,qgIp,q. Under a 
change of basis, we can write these involutions as θp,q(g) = I ′p,qgI

′
p,q, for

I ′p,q =

⎛⎝ 0 0 Ĩp
0 Iq−p 0
Ĩp 0 0

⎞⎠ ,

where Ĩp is the p × p matrix
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Ĩp =

⎛⎝0 . . . 1

0
... 0

1 . . . 0

⎞⎠ .

Now it is clear that the elements of the form

a = diag(a1, . . . , ap, 1, . . . , 1, a−1
p , . . . , a−1

1 )

form a maximal θp,q-split torus A. This torus sits inside the standard maximal torus T
of SLn, which is θ-stable. The corresponding simple roots are Δsln = {α1, . . . , αn−1}, 
with

αi = εi − εi+1,

for εi(diag(a1, . . . , an)) = ai. The imaginary roots are those of the form εi − εj , for 
p < i �= j ≤ q; thus, θp,q is quasisplit if and only if q = p or q = p + 1. The restricted 
root system is

Φθ = {±ε̄i ± ε̄j ,±2ε̄i,±ε̄i : 1 ≤ i �= j ≤ p} ,

when p �= n/2, and

Φθ = {±ε̄i ± ε̄j ,±2ε̄i : 1 ≤ i �= j ≤ p} ,

when p = n/2. Therefore, the restricted root system is nonreduced, of type BCp if 
p �= n/2, and reduced of type Cp if p = n/2.

For the outer involution θ0, the standard torus is maximal θ0-split and Φθ = ΦT . 
On the other hand, if n = 2m is even, we can choose a basis such that θ1(g) =
Im,m(gT̃ )−1Im,m, where T̃ denotes transposition with respect to the secondary diagonal. 
It is now easy to see that the elements of the form

a = diag(a1, a2, . . . , a2, a1),

with a1a2 · · · am = 1 form a maximal θ-split torus A. The restricted root system now is

Φθ = {ε̄i − ε̄j : 1 ≤ i �= j ≤ m} ,

so it has type Am−1. Table 1 summarizes this example and Example 2.3.

2.4. Symmetric pairs and symmetric varieties

Definition 2.17. Any closed subgroup H ⊂ G of a reductive group G with

Gθ
0 ⊂ H ⊂ Gθ
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Table 1
Involutions of SLn, for n > 2. Notation for real forms following Helgason [31].

Involution Gθ Real form (when k = C) Split or quasisplit? Φθ

Inner θp,q(g) = Ip,qgIp,q S(GLp × GLq) SU(p, q) Quasisplit iff
q = p or q = p + 1

BCp if p �= q
Cp if p = q

Outer θ0(g) = (gT )−1 SOn SLn(R) Split An−1

θ1(g) = Jm(gT )−1J−1
m

(only if n = 2m)
Sp2m SU∗(n) No Am−1

for some involution θ ∈ Aut2(G) is called a symmetric subgroup (associated to θ). A pair 
(G, H) where G is a reductive group and H ⊂ G is a symmetric subgroup is called a 
symmetric pair, while the corresponding algebraic homogeneous space G/H is called a 
symmetric variety.

An embedding of a symmetric variety or symmetric embedding is a normal G-variety 
Σ with a G-equivariant open embedding OΣ ↪→ Σ, where OΣ = G/H is a symmetric 
variety.

Remark 2.18. Note that the Lie algebra of any symmetric subgroup associated to θ is 
equal to gθ, the fixed points in g of the involution induced by θ.

If G is a reductive group, we can decompose it as G = G′Z0
G, for G′ the derived 

subgroup and Z0
G the connected centre of G, which is a torus. Now, any involution 

θ ∈ Aut2(G) preserves the centre and its connected components, so θ acts on G′ as 
the involution θ′ = θ|G′ ∈ Aut2(G′). Moreover, there exists a torus Z such that any 
symmetric variety G/H associated to θ is isomorphic to one associated to the involution 
(g, z) �→ (θ(g), z−1) on G′ × Z.

Thus, from now on we will assume that any symmetric variety is of the form GZ/HZ

where GZ is the reductive group GZ = G ×Z, with G a semisimple group and Z a torus, 
and that GZ/HZ is associated to the involution (g, z) �→ (θ(g), z−1) for θ ∈ Aut2(G). 
The group H = HZ ∩(G ×{1}) is a symmetric subgroup of G associated to θ. We denote 
(GZ/HZ)′ = G/H and call it the semisimple part of GZ/HZ .

2.5. Symmetric varieties as spherical varieties

Let Σ be a normal G-variety. We denote by k[Σ] its ring of regular functions and 
by k(Σ) its function field. For any subgroup H ⊂ G we denote by k[Σ]H (respectively 
k(Σ)H) the corresponding ring (resp. field) of H-invariant functions; that is, of functions 
f with

f(h · x) = f(x) for any h ∈ H and x ∈ Σ.

We denote by k[Σ](H) (respectively k(Σ)(H)) the corresponding ring (resp. field) of H-
semiinvariants of Σ; these are the functions f such that there exists a character χf ∈
X∗(H) with
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f(h · x) = hχf f(x) for any h ∈ H.

Let B ⊂ G be a Borel subgroup. The characters that arise from B-semiinvariants of 
Σ are called the weights of Σ. More precisely, we define the weight lattice and the weight 
semigroup of Σ to be, respectively

P(Σ) =
{
χ ∈ X∗(B) : ∃f ∈ k(Σ)(B), χf = χ

}
,

P+(Σ) =
{
χ ∈ X∗(B) : ∃f ∈ k[Σ](B), χf = χ

}
.

The rank of the weight lattice P(Σ) is called the rank of Σ. When Σ is affine, P(Σ) can 
be determined in terms of P+(Σ) as P(Σ) = ZP+(Σ).

A normal G-variety Σ is spherical if there exists a Borel subgroup B ⊂ G and an open 
B-orbit in Σ. Such a B-orbit is of the form Bx0, for some x0 ∈ Σ, and it is birational 
to Σ, so k(Σ)B = k(Bx0)B = k×. Moreover, if H ⊂ G is the stabilizer of x0, we have 
Bx0 ∼= B/H and thus k(Σ)(B) ∼= k(Bx0)(B) ∼= k(B/H)(B), so

P(Σ) = X∗(B/(B ∩H)).

Restricting characters to a maximal torus T ⊂ B, we conclude that P(Σ) = X∗(TΣ), 
where TΣ is the torus TΣ = T/(T ∩H). If Σ is affine, its coordinate ring is naturally a 
G-module, and as such it decomposes as a sum of irreducible representations of G

k[Σ] =
⊕

χ∈X∗(T )+

mχVχ,

for certain multiplicities mχ. This allows us to identify

P+(Σ) = {χ ∈ X∗(T )+ : mχ ≥ 1} .

Moreover, if Σ is spherical, then one can show that all the multiplicities mχ are ≤ 1, so 
k[Σ] decomposes as

k[Σ] =
⊕

χ∈P+(Σ)

Vχ.

Finally, one can also prove that the weight semigroup of an affine spherical variety Σ
can be recovered as the lattice points on the cone generated by it; that is,

P+(Σ) = Q+P+(Σ) ∩ ZP+(Σ).

It follows from the Iwasawa decomposition that for any involution θ ∈ Aut2(G) and 
any Borel subgroup B of a minimal θ-split parabolic subgroup P ⊂ G, there is an open 
G-equivariant embedding B ↪→ G/Gθ

0. This implies that all symmetric varieties and 
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their embeddings are spherical. A first consequence of this is that, if Σ is a symmetric 
embedding with OΣ = G/H a symmetric variety associated to an involution θ ∈ Aut2(G), 
then

P(Σ) = X∗(TH),

where TH = T/(T ∩H) for any θ-stable maximal torus T ⊂ G. Note that if A ⊂ G is a 
maximal θ-split torus contained in T , then we also have

TH = AH = A/(A ∩H).

In particular, we have

P(G/Gθ) = X∗(AGθ
) = Rθ.

Moreover, we have

P(G/Gθ) = X∗(AGθ )

which, if G is semisimple simply-connected, is equal to the weight lattice Pθ.
In general, one can recover the weight semigroup of a symmetric variety G/H as the 

dominant weights of the corresponding torus AH . More precisely, we have

Q+P+(G/H) = C+
Δθ

.

Therefore,

P+(G/H) = X∗(AH) ∩ C+
Δθ

= X∗(AH) ∩ C+
Δ =: X∗(AH)+.

2.6. The dual group

Sakellaridis and Venkatesh [43] describe a canonical way of associating a dual group
ǦΣ to any spherical G-variety Σ, conjecturally with a natural homomorphism ǦΣ → Ǧ

to the Langlands dual group Ǧ of G. Knop and Schalke [36] later proved that, indeed, 
ǦΣ is contained in Ǧ up to isogeny. Their construction consists of taking the weight 
lattice P(Σ) on Σ and a natural set of simple roots ΔΣ associated to Σ, in such a way 
that (P(Σ), ΔΣ, P(Σ)∨, Δ∨

Σ) is a based root datum. The dual group ǦΣ is defined as 
the reductive group with based root datum equal to (P(Σ)∨, Δ∨

Σ, P(Σ), ΔΣ). The simple 
roots ΔΣ are obtained by taking the generators of intersections of the weight lattice with 
the negative of the dual of the central valuation cone, and then applying some process 
of normalization, consisting in further intersecting the real span of each generator with 
the root lattice of G, as explained in [36,43].
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If θ ∈ Aut2(G) is an involution, there is a natural reduced root system associated to 
θ, namely

Φred
θ = {α ∈ Φθ : α/2 �∈ Φθ} ,

the reduced version of the restricted root system obtained by taking the shortest roots. 
If A is the corresponding maximal θ-split torus, the resulting based root datum is 
(X∗(A), Δred

θ , X∗(A), (Δred
θ )∨). When k = C, the group G̃θ corresponding to this based 

root datum is the complexification of a maximal R-split subalgebra g̃R ⊂ gR inside the 
Lie algebra gR of the real form of G corresponding to θ. See [28, Section 2.2] for more 
details.

In most cases ΔG/Gθ = Δred
θ , but in some cases there are normalization factors in-

volved, that change some roots by multiples of them by factors of 1/2 or 2. In specific 
cases, we can find that Δred

θ is of type Bm or Cm, whereas ΔG/Gθ is of type Cm or Bm, 
respectively. In Table 2, we recollect the different involutions of the simple Lie algebras 
with their fixed points, their associated real forms and root systems, and the Lie algebra 
of the corresponding dual groups. The reader can compare Table 2 with Table 1 in [28]
and with Table 1 in [39]. For us, the most relevant properties of the dual group ǦG/Gθ

are the following:

(1) ǦG/Gθ contains ǍGθ = Spec(k[eX∗(A
Gθ )]) as a maximal torus,

(2) the Weyl group of ǦG/Gθ is the little Weyl group Wθ,
(3) the dominant Weyl chamber of ǦG/Gθ coincides with X∗(AGθ )+.

The dual group ǦG/Gθ of the symmetric variety G/Gθ was previously discovered 
by Nadler [39] as a group ǦGR

naturally associated to the corresponding real form 
GR, obtained as the Tannaka group of a certain neutral Tannakian category of perverse 
sheaves in the real loop Grassmannian of GR, thus giving a generalization of the geometric 
Satake correspondence. More generally, by a similar procedure, Gaitsgory and Nadler 
[25] associated a reductive group ǦΣ,GN to any spherical G-variety Σ, with a natural 
inclusion ǦΣ,GN ⊂ Ǧ. The equality of ǦΣ,GN and ǦΣ remains conjectural in the general 
case of a spherical variety [6, Page 75].

2.7. Very flat symmetric embeddings and the Guay embedding

A G-variety Σ is simple if it has only one closed G-orbit. Let Σ be a simple affine 
symmetric embedding. Recall from our previous discussions that the corresponding sym-
metric variety OΣ can be written in the form OΣ = GZ/HZ , for GZ a reductive group 
GZ = G ×Z, with G semisimple and Z a torus and GZ/HZ associated to the involution 
ϑ : (g, z) �→ (θ(g), z−1) for θ ∈ Aut2(G).

Consider the natural projections pr1 : GZ → G and pr2 : GZ → Z. We can now define 
the tori
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orms following Helgason [31].

ΔG/Gθ ǧG/Gθ Notes
An−1 sln split
An−1 sln

Bp sp2p
p + q = n, p < q
QS if q = p + 1

Bn sp2n
quasisplit
Δred

θ �= ΔG/Gθ

Bp sp2p p + q = 2n, p < q
Bn sp2n split
Cn so2n+1 split
Bp sp2p p + q = n, p < q

Bn sp2n Δred
θ �= ΔG/Gθ

Dn so2n split

Cp so2p+1

p + q = 2n, p < q
QS if q = p + 2
Δred

θ �= ΔG/Gθ

B(n−1)/2 spn−1 n odd

Bn/2 spn

n even
Δred

θ �= ΔG/Gθ

E6 e6 split
F4 f4 quasisplit
C2 so5 Δred

θ �= ΔG/Gθ

A2 sl3
E7 e7 split
F4 f4
B3 sp6 Δred

θ �= ΔG/Gθ

E8 e8 split
F4 f4
F4 f4 split
A1 sl2
G2 g2 split
Table 2
Simple groups with their involutions, real forms and associated dual groups. Notation for types and real f

Type g ǧ gR (when k = C) g
θ Δθ Δred

θ

AI sln sln sln(R) son An−1 An−1
AII sl2n sl2n su

∗(2n) sp2n An−1 An−1

AIII sln sln su(p, q) s(glp ⊕ glq) BCp Bp

AIV sl2n sl2n su(n, n) s(gln ⊕ gln) Cn Cn

BI so2n+1 sp2n so(p, q + 1) sop ⊕ soq Bp Bp

BII so2n+1 sp2n so(n, n + 1) son ⊕ son+1 Bn Bn

CI sp2n so2n+1 sp2n(R) gln Cn Cn

CII sp2n so2n+1 sp(2p, 2q) sp2p ⊕ sp2q BCp Bp

sp4n so4n+1 sp(2n, 2n) sp2n ⊕ sp2n Cn Cn

DI so2n so2n so(n, n) son ⊕ son Dn Dn

DII so2n so2n so(p, q) sop ⊕ soq Bp Bp

DIII so2n so2n so
∗(2n) gln BC(n−1)/2 B(n−1)/2

so2n so2n so
∗(2n) gln Cn/2 Cn/2

EI e6 e6 e6(6) sp8 E6 E6
EII e6 e6 e6(2) sl6 ⊕ sl2 F4 F4
EIII e6 e6 e6(−14) so11 ⊕ C BC2 B2
EIV e6 e6 e6(−26) f4 A2 A2
EV e7 e7 e7(7) sl8 E7 E7
EVI e7 e7 e7(−5) so6 ⊕ sl2 F4 F4
EVII e7 e7 e7(−25) e6 ⊕ C C3 C3
EVIII e8 e8 e8(8) so16 E8 E8
EIX e8 e8 e8(−24) e7 ⊕ sl2 F4 F4
FI f4 f4 f4(4) sp6 ⊕ sl2 F4 F4
FII f4 f4 f4(−20) so9 BC1 A1
G g2 g2 g2(2) sl2 ⊕ sl2 G2 G2
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AΣ = OΣ/G = Z/pr2(HZ),

and

ZΣ = Z/(pr2(HZ) ∩ Z2), for Z2 =
{
z ∈ Z : z2 = 1

}
.

Naturally, we have a projection ZΣ → AΣ and an inclusion X∗(AΣ) → X∗(ZΣ).
Let A ⊂ G be a maximal θ-split torus and T ⊂ G a maximal torus containing it. 

Then, AZ = A × Z is a maximal ϑ-split torus of GZ and TZ a maximal ϑ-stable torus 
containing it. Recall that we have another torus associated to Σ

TΣ = TZ/(TZ ∩HZ) = AZ/(AZ ∩HZ)

such that P(Σ) = X∗(TΣ). We denoted H = HZ∩(G ×{1}). Let us put now H̃ = pr1(HZ). 
Then,

TZ ∩HZ ⊂ (T ∩ H̃) × pr2(HZ),

so we have natural projections

pr1 : TΣ → A/(A ∩ H̃) =: AH̃ and pr2 : TΣ → Z/pr2(HZ) = AΣ,

and inclusions i1 : X∗(AH̃) ↪→ X∗(TΣ) and i2 : X∗(AΣ) ↪→ X∗(TΣ). Moreover, the kernel 
of the projection pr2 : TΣ → AΣ is the torus

TΣ ∩ (G× {1}) = T/(T ∩H) = A/(A ∩H) = AH .

Therefore, we obtain a natural projection p : X∗(TΣ) → X∗(AH). Note that since Σ is 
affine we also have a natural inclusion P+(Σ) ⊂ P+(OΣ) = X∗(TΣ)+.

Definition 2.19. The GIT quotient AΣ := Σ // G is an AΣ-toric variety, which we call 
the abelianization of Σ. The natural projection αΣ : Σ → AΣ is called the abelianization 
map of Σ.

Remark 2.20. The abelianization AΣ is simply the toric variety

AΣ = Spec

⎛⎝ ⊕
χ∈P+(AΣ)

k[eχ]

⎞⎠ ,

where P+(AΣ) is the intersection

P+(AΣ) = P+(Σ) ∩ i2(X∗(AΣ)).
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Definition 2.21. A very flat symmetric embedding is a simple affine symmetric embedding 
Σ such that the abelianization map αΣ : Σ → AΣ is dominant, flat and with integral 
fibres.

We assume for the rest of the section that G is simply-connected and fix θ ∈ Aut2(G). 
As in the previous section, we fix a maximal θ-split torus A ⊂ G. We are interested in 
classifying very flat symmetric embeddings Σ such that the semisimple part of OΣ is 
equal to G/Gθ. These have been determined by Guay [30, Proposition 7].

Theorem 2.22 (Guay). A simple affine symmetric embedding Σ with O′
Σ = G/Gθ is very 

flat if and only if there exists a homomorphism

ψ : X∗(AGθ) −→ X∗(ZΣ),

such that, for any (a, z) ∈ HZ ∩AZ ⊂ (H̃ ∩A) × pr2(HZ) and for any χ ∈ X∗(AGθ), we 
have

aχ = z−ψ(χ);

and such that the weight semigroup P+(Σ) is of the form

P+(Σ) = {(χ, ψ(χ) + η) : χ ∈ X∗(AGθ )+, η ∈ P+(AΣ)} .

Remark 2.23. When Σ is very flat any function f ∈ k[G/Gθ] with weight χ can be 
extended to a function f+ ∈ k[Σ] with weight (χ, ψ(χ)). Indeed, just define

f+(g, z) = zψ(χ)f(g).

It is clear that f+ has the desired weight. Now, since H̃ is a symmetric subgroup for θ, 
we have that any element h ∈ H̃ is of the form h = ah0 for h0 ∈ Gθ and a ∈ A ∩ H̃. 
Thus, if (h, s) ∈ HZ , we have, for any (g, z) ∈ GZ ,

f+(hg, zs) = sψ(χ)zψ(χ)f(hg) = sψ(χ)aχf+(g, z) = f+(g, z).

This allows us to describe Σ more explicitly. For each fundamental dominant weight 
�i ∈ X∗(AGθ ), consider the G-submodule k[G/Gθ]i of k[G/Gθ] formed by functions with 
weight �i, and take f1

i , . . . , f
mi
i a basis of k[G/Gθ]i as a k-vector space. On the other 

hand, let γ1, . . . , γs be generators of P+(AΣ) ⊂ X∗(Z). We can now define the map

(f+, α+) : OΣ −→
(

l⊕
i=1

Ami

)
⊕As

(g, z)HZ �−→ ((f1
i+(g, z), . . . , fmi

i+ (g, z)), (zγ1 , . . . , zγs)).
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The symmetric embedding Σ is then identified with the closure of the image of this map, 
Σ = (f+, α+)(OΣ).

Amongst all simple affine symmetric embeddings, those having a fixed point will be 
of particular interest. By a fixed point of an Σ of a symmetric variety G/H we mean a 
point 0 ∈ Σ such that g · 0 = 0 for any g ∈ G. Since by assumption Σ is simple, the set 
{0} ⊂ Σ is its unique closed orbit and thus a fixed point, if it exists, is unique. From 
Guay’s classification we can obtain necessary and sufficient conditions for the existence 
of a fixed point.

Proposition 2.24. A very flat symmetric embedding Σ with O′
Σ = G/Gθ has a fixed point 

if and only if P+(AΣ) is pointed (meaning that if χ and −χ are in P+(AΣ), then χ = 0) 
and the only element in P+(Σ) of the form (χ, ψ(χ)) for χ ∈ X∗(AGθ )+ is (0, 0).

Proof. A fixed point Σ corresponds to a maximal ideal I ⊂ k[Σ] which is fixed under 
the action of GZ . If such an ideal exists, it must be of the form

I =
⊕

(χ,ψ(χ)+η)∈P+(Σ)\{(0,0)}
k[OΣ](χ,ψ(χ)+η),

and this is only an ideal if for every (χ, ψ(χ) +η) ∈ P+(Σ) \{(0, 0)}, (0, 0) is not a highest 
weight of k[OΣ](χ,ψ(χ)+η). That is the case and (0, 0) is a highest weight of k[OΣ](χ,ψ(χ)+η)
if and only if both η and −η are contained in P+(AΣ). �

By the universal property of categorical quotients, a morphism Σ1 → Σ2 of simple 
affine symmetric embeddings induces a commutative square

Σ1 Σ2

A1 A2.

Definition 2.25. A morphism Σ1 → Σ2 of simple affine symmetric embeddings is excellent
if the induced square is Cartesian.

We denote by VF(G/Gθ) the category with very flat symmetric embeddings with 
semisimple part G/Gθ as objects and excellent morphisms as arrows. We can also consider 
the subcategory VF0(G/Gθ) formed by very flat symmetric embeddings with a fixed 
point.

Suppose that θ does not have imaginary roots (that is Φθ
T = ∅, for T ⊂ G a θ-stable 

maximal torus). For example, we can assume that θ is quasisplit. In that case, a versal 
object of VF(G/Gθ) was constructed by Guay [30]. We recall here his construction.

We begin by taking A ⊂ T ⊂ G a maximal θ-split torus of G and putting GA = G ×A

and
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HA =
{
(nh, an−1) : h ∈ Gθ, a ∈ F θ, n ∈ Fθ

}
,

where we recall that we denoted F θ = Gθ ∩A and Fθ = Gθ ∩A. The space (G/Gθ)+ :=
GA/HA is a symmetric variety associated to the involution ϑ : (g, a) �→ (θ(g), a−1) with 
semisimple part isomorphic to G/Gθ. Indeed, we have

H = HA ∩ (G× {1}) = Gθ, and H̃ = pr1(HA) = Gθ.

A maximal ϑ-split torus of GA is given by A ×A.

Definition 2.26. We define the (Guay) enveloping embedding of G/Gθ as the symmet-
ric embedding Env(G/Gθ) with OEnv(G/Gθ) = (G/Gθ)+ and determined by the weight 
semigroup

P+(Env(G/Gθ)) = {(χ,w0χ + η) : χ ∈ X∗(AGθ )+, η ∈ −Z+〈Δθ〉} ∪ {(0, 0)} ,

for Δθ = {ᾱ1, . . . , ᾱl} the simple restricted roots associated to θ.

Note that ZEnv(G/Gθ) = A/F θ = AGθ and AEnv(G/Gθ) = A/Fθ = AGθ
. Now, we can 

define

ψ : X∗(AGθ ) −→ X∗(AGθ )

χ �−→ w0χ.

An element of HA ∩ (A × A) is of the form (na1, a2n
−1) for a1, a2 ∈ F θ and n ∈ Fθ. 

Therefore,

(na1)−w0χ = n−w0χ = (n−1)w0χ = (a2n
−1)χ.

We conclude that Env(G/Gθ) is a very flat symmetric embedding. Moreover, one checks 
easily that it has a fixed point 0 ∈ Env(G/Gθ).

The main result of Guay’s paper is the following [30, Theorem 3].

Theorem 2.27 (Guay). When Φθ
T = ∅, the enveloping embedding Env(G/Gθ) is a versal 

object of the category VF(G/Gθ) and a universal object of VF0(G/Gθ). That is, for any 
very flat symmetric embedding Σ with semisimple part G/Gθ there exists an excellent 
morphism Σ → Env(G/Gθ), which is unique if Σ has a fixed point.

2.8. The wonderful compactification

The geometry of the Guay embedding can be better understood by means of the 
wonderful compactification G/Gθ of G/Gθ. A wonderful G-variety Σ is, by definition, a 
G-equivariant dense open embedding of some homogeneous space G/H such that



G. Gallego, O. García-Prada / Advances in Mathematics 451 (2024) 109789 25
(1) Σ is smooth and projective,
(2) Σ \ (G/H) is a divisor with normal crossings (i.e., its components D1, . . . , Dl are 

smooth and intersect transversally), and
(3) the closures of the G-orbits of Σ are given by the intersections Di1 ∩Di2 ∩ · · · ∩Dik , 

for 1 ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ l.

It follows from the theory of spherical varieties that, given a spherical homogeneous space 
G/H, a wonderful G-variety Σ with a G-equivariant dense open embedding G/H ↪→ Σ, 
if it exists, it is unique. When it does exist, it is called the wonderful compactification of 
G/H.

A wonderful compactification does not exist for a general symmetric variety G/H, but 
it does always exist for G/Gθ, and we denote it by G/Gθ. This is a celebrated result of 
De Concini and Procesi [20]. An important ingredient of their proof is the local structure 
theorem [20, 2.3], which implies that every element of G/Gθ is in the G-orbit of an 
element of a toric variety A, defined as

A = Spec

⎛⎝ ⊕
ᾱ∈Δθ

k[e−2ᾱ]

⎞⎠ ,

which can be identified with the l-dimensional affine space Al in such a way that the 
embedding A ↪→ A is given explicitly as a �→ (a−2ᾱ1 , . . . , a−2ᾱl).

When G is semisimple simply-connected the Guay embedding Env(G/Gθ) can be ob-
tained from the wonderful compactification G/Gθ by means of a construction introduced 
by Brion [15]. This is a procedure that can be done for any wonderful variety Σ. A very 
important property of wonderful varieties is that their Picard group is generated by a fi-
nite set D of prime divisors called its colors. That is, Pic(Σ) ∼= ZD. Now, we can consider 
the Cox ring of Σ

Cox(Σ) =
⊕

(nD)∈ZD

H0(Σ,OΣ(
∑
D∈D

nDD)).

The Brion-Cox variety of Σ is the spectrum BC(Σ) = Spec(Cox(Σ)).

Proposition 2.28 (Guay). The Brion-Cox variety BC(G/Gθ) is isomorphic to the Guay 
embedding Env(G/Gθ).

The proposition above is the content of Section 4 in [30], and the relation to Cox rings 
has been previously remarked in [3]. In particular, BC(Gad) is isomorphic to the Vinberg 
monoid Env(G), as was originally noticed by Brion [15]. A consequence of the above result 
is that there exists a dense open smooth subvariety Env0(G/Gθ) such that the GIT 
quotient Env0(G/Gθ) // AGθ is isomorphic to the wonderful compactification G/Gθ. By 
means of the construction explained in Remark 2.23, Env0(G/Gθ) can also be obtained 
as the closure of the intersection of (f+.α+)((G/Gθ)+) with (

⊕l
i=1 A

mi \ {0}) ⊕As.
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Example 2.29. Let G = SLn+1, for some n ≥ 1, and θ = θ0 the involution θ0(A) =
(AT )−1. The fixed point subgroup is Gθ = SOn+1, while

Gθ =
{
A ∈ SLn+1 : A = λ(AT )−1 for some λ ∈ k, λn+1 = 1

}
.

This group Gθ is the stabilizer of the non-degenerate quadric of Pn with equation −X0+
X1+· · ·+Xn = 0 under the natural action of SLn+1 by coordinate change. Therefore, the 
symmetric variety G/Gθ parametrizes non-degenerate quadrics in Pn. The space of all 
quadrics in Pn is the projectivization of the space of degree 2 homogeneous polynomials 
in n + 1 variables, that is P (k[X0, . . . , Xn]2) = P (Sym2(kn+1)), a projective space of 
dimension 

(
n+2

2
)
− 1. This space can be regarded as a subvariety of a bigger projective 

space through the Veronese embedding

P (Sym2(kn+1)) −→ P (Sym2 ∧2 (kn+1)) × · · · × P (Sym2 ∧n (kn+1))

Z �−→ (∧2Z, . . . ,∧nZ).

The wonderful compactification G/Gθ is isomorphic to the closure of the image of 
G/Gθ ↪→ P (Sym2(kn+1)) through this map. It can be constructed explicitly by per-
forming a series of blowing ups, as explained in [19].

For n = 1, we have that G/Gθ parametrizes pairs of points in P 1, the wonderful 
compactification G/Gθ is equal to P 2, and thus the Guay embedding is just

Env(SL2 /SO2) = Spec(
⊕
m∈Z

H0(P 2,OP2(m))) = Spec(k[X0, X1, X2]) = A3.

Of course, we recover the wonderful compactification as P 2 = (A3 \ {0})/Gm.
For n = 2, we have that G/Gθ parametrizes non-degenerate conics in P 2, and the won-

derful compactification G/Gθ is the blow up of P 5 along the Veronese surface. Clearly its 
Picard group is generated by two elements, the one coming from P 5 and the exceptional 
divisor of the blow up. We would finally obtain Env(SL3 /SO3) by computing the Cox 
ring of this variety.

2.9. The invariant theory of a symmetric embedding

Let G be a reductive group and θ ∈ Aut2(G) an involution. The action of G on G/Gθ

by left multiplication restricts to an action of Gθ. This action was widely studied by 
Richardson [42], and we state here his main result.

Theorem 2.30 ([42, Corollary 11.5]). Let A ⊂ G be a maximal θ-split torus and Wθ

the little Weyl group. The restriction homomorphism k[G/Gθ] → k[AGθ ] induces an 
isomorphism

k[G/Gθ]G
θ ∼−→ k[AGθ ]Wθ .
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We denote

CG/Gθ = (G/Gθ) // Gθ ∼= AGθ/Wθ.

Richardson’s result can be extended easily to a symmetric embedding. Indeed, suppose 
that G is semisimple, θ ∈ Aut2(G) and let Σ be a simple affine symmetric embedding 
with O′

Σ isomorphic to G/Gθ. The left action of Gθ extends to an action on Σ. Let us 
denote CΣ = Σ // Gθ.

Proposition 2.31. If Σ is very flat, there is an isomorphism

CΣ ∼= CG/Gθ × AΣ.

Proof. Since every element of P+(Σ) is of the form (χ, ψ(χ) + η) for χ ∈ X∗(AGθ )+ and 
η ∈ P+(AΣ),

k[Σ]G
θ

=
⊕

(χ,ψ(χ)+η)∈P+(Σ)

k[OΣ]G
θ

(χ,ψ(χ)+η) = k[G/Gθ]G
θ ⊗ k[AΣ],

as we wanted to show. �
It follows from the discussion in [42, Sections 13 and 14] that when G is semisimple 

simply-connected, the ring k[AGθ ]Wθ is a polynomial algebra and thus AGθ // Wθ is an 
affine space. Moreover, since k[AGθ ] = k[eX∗(A

Gθ )] and the lattice X∗(AGθ ) is generated 
by �1, . . . , �l, for the �i defined in Section 2.3, we get an isomorphism

k[G/Gθ]G
θ ∼= k[b1, . . . , bl],

where each bi is a function in k[G/Gθ] with weight �i. In general, for G semisimple not 
simply-connected, Richardson [42, Section 15] characterizes which involutions satisfy 
that k[AGθ ]Wθ is a polynomial algebra.

2.10. Loop parametrization

Let O = k[[z]] denote the ring of formal power series in a formal variable z and 
F = qf(O) = k((z)) the field of formal Laurent series. For any variety Σ, we let 
Σ(F ) = Mapsk(SpecF, Σ) be the set of formal loops and Σ(O) = Mapsk(SpecO, Σ)
the set of positive formal loops. Both these sets can be regarded as the spaces of k-
points of the functors ΣF and ΣO sending any k-algebra R to Mapsk(Spec(R ⊗k F ), Σ)
and Mapsk(Spec(R ⊗k O), Σ), respectively. These functors can be endowed with the 
structure of an ind-scheme. If G is an algebraic group, the space G(F ) is called the 
formal loop group and G(O) is the formal positive loop group. The homogeneous space 
GrG = G(F )/G(O) is known as the affine Grassmannian of G.



28 G. Gallego, O. García-Prada / Advances in Mathematics 451 (2024) 109789
If G is a reductive group and T ⊂ G is a maximal torus, for any cocharacter λ ∈ X∗(T )
we can obtain an element zλ ∈ G(F ) as the image of the formal variable z under the 
induced morphism

λ(F ) : F× = Gm(F ) → T (F ) ⊂ G(F ).

The Cartan decomposition of the loop group states that

G(F ) = �
λ∈X∗(T )+

G(O)zλG(O).

Moreover, the closure of any of these orbits G(O)zλG(O) is equal to

G(O)zλG(O) = �
μ∈X∗(T )+,μ≤λ

G(O)zμG(O).

See [51] for references on these facts.
The results stated above for reductive groups can be easily generalized to symmetric 

varieties. We thus begin by taking an involution θ ∈ Aut2(G), a maximal θ-split torus 
A ⊂ G, a maximal torus T ⊂ G containing A, and a Borel subgroup B ⊂ G contained 
in a minimal θ-split parabolic subgroup and containing T . The following is well known.

Proposition 2.32. Given any symmetric subgroup H ⊂ G associated to θ, we can decom-
pose

(G/H)(F ) = �
λ∈X∗(AH)−

G(O)zλ.

Remark 2.33. Note that zλ is a well defined element of (G/H)(F ) since there is a natural 
inclusion AH = T/(T ∩H) ↪→ G/H.

Proof. For completion, we recall a proof given by Nadler [38]. We begin by reducing 
to the case H = Gθ. Thus, suppose that there is an element of zX∗(AGθ

)− in the orbit 
of every element of (G/Gθ)(F ). Since, by definition of a symmetric subgroup, we have 
H ⊂ Gθ, there is a natural projection G/H → G/Gθ and thus (G/H)(F ) → (G/Gθ)(F ). 
Moreover, since the inverse image of AGθ

under the projection G/H → G/Gθ is AH , 
the inverse image of zX∗(AGθ

)− is zX∗(AH)− . Since the projection is G(O)-equivariant, we 
conclude that there is an element of zX∗(AH)− in the orbit of every element of (G/H)(F ). 
Uniqueness follows from the fact that anti-dominant weights of AH are anti-dominant 
for T and from the Cartan decomposition of G(F ).

It remains to show that for every φ ∈ (G/Gθ)(F ) there exists some λ ∈ X∗(AGθ
)−

such that zλ is in the G(O)-orbit of φ. We consider now the wonderful compactification 
G/Gθ. Since G/Gθ is projective, by the valuative criterion of properness, every formal 
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loop φ ∈ (G/Gθ)(F ) extends to a formal arc φ̄ ∈ G/Gθ(O). By the local structure 
theorem, there exist some formal arcs g ∈ G(O) and ā ∈ A(O) such that

φ̄ = gā.

A cocharacter λ : Gm → A extends to a morphism A1 → A if and only if 〈λ, 2ᾱi〉 ≤ 0
for every i = 1, . . . , l, that is, if λ ∈ P∨

θ,− = X∗(AGθ
)−. Therefore, ā = azλ for some 

λ ∈ X∗(AGθ
)−. �

Remark 2.34. Let H ⊂ G be a symmetric subgroup associated to θ and f ∈ k[G/H]χ a 
function with weight χ ∈ X∗(AH)+. Recall that for any dominant weight χ, if Vχ is the 
irreducible representation with highest weight χ, we have an isomorphism V ∗

χ = V−w0χ, 
for w0 the longest element of the Weyl group, so f(gt) = t−w0χf(g) for any g ∈ G and 
t ∈ T . Therefore, if φ = gzλ ∈ G(O)zλ, we have

f(φ) = (zλ)−w0χf(g) = z−〈λ,w0χ〉f(g).

Thus, f(φ) is a Laurent series with highest pole order less or equal than 〈λ, w0χ〉.

Let us describe now the closures of the orbits G(O)zλ. Recall that we can define an 
order in X∗(AH)− by putting λ ≤ μ if and only if λ − μ ∈ −N〈Δ∨

θ 〉.

Proposition 2.35. For any λ ∈ X∗(AH)−, the closure of G(O)zλ is equal to

G(O)zλ = �
μ∈X∗(AH)−,μ≤λ

G(O)zμ.

Proof. Let f ∈ k[G/H]χ be a function with weight χ ∈ X∗(AH)+. If φ ∈ G(O)zμ is such 
that φ belongs to the closure of G(O)zλ then the highest pole order of f(φ) must be less 
or equal than 〈λ, w0χ〉, so

〈μ,w0χ〉 ≤ 〈λ,w0χ〉 =⇒ 〈λ− μ,w0χ〉 ≥ 0.

Now, since w0X∗(AH)+ = X∗(AH)−, we conclude that λ − μ ∈ −N〈Δ∨
θ 〉.

Reciprocally, we want to show that for every μ ≤ λ, G(O)zμ ∈ G(O)zλ. It suffices to 
find an element φ ∈ G(O)zμ with φ ∈ G(O)zλ. The argument is analogous to the one 
given for the affine Grassmannian (see [51]). We do it for G = SL2 and the general result 
follows by considering the canonical homomorphism SL2 → G associated to the root ᾱ
with λ − μ = ᾱ∨. Given any m ∈ N we can consider the family(

zm 0
z−m + t−1z−m+1 z−m

)
∈ SL2(O)z−m,

for t ∈ k×. One can easily check that



30 G. Gallego, O. García-Prada / Advances in Mathematics 451 (2024) 109789
(
t−1 0
0 t

)(
1 −tz2m−1

0 1

)(
zm 0

z−m + t−1z−m+1 z−m

)
=

(
−zm−1 −zm−1

tz−m + z−m+1 tz−m

)
,

which lies in the same orbit SL2(O)z−m as the original matrix. Now, the limit as t → 0
clearly has to lie in the closure SL2(O)z−m, but this limit is(

−zm−1 −zm−1

z−m+1 0

)
=

(
−z2m −z2m

1 0

)
z−m+1 ∈ SL2(O)z−(m−1)

We conclude that SL2(O)z−(m−1) ⊂ SL2(O)z−m �
Now, let G be semisimple simply-connected and θ ∈ Aut2(G) an involution. We finish 

the section by describing the loop space of the enveloping embedding Env(G/Gθ); this 
is a generalization of [18, 2.5]. We begin by noticing, as in the proof of Proposition 2.32
that if A is an A-toric variety with weight semigroup P+(A) ⊂ A, then an element 
a ∈ A(F ) extends to an element ā ∈ A(O) if and only if a ∈ A(O)zλ, for λ in the dual 
semigroup

P+(A)∨ = {λ ∈ X∗(A) : 〈λ, χ〉 ∈ N,∀χ ∈ P+(A)} .

In other words,

A(F ) ∩A(O) = �
λ∈P+(A)∨

A(O)zλ.

In particular, we get

AGθ
(F ) ∩ AEnv(G/Gθ)(O) = �

λ∈X∗(AGθ
)−

AGθ
(O)zλ,

since X∗(AGθ
)− = (−N〈Δθ〉)∨.

Consider an anti-dominant cocharacter λ ∈ X∗(AGθ
)− and define Envλ(G/Gθ) as the 

fibered product

Envλ(G/Gθ) AGθ
× Env(G/Gθ)

SpecO AEnv(G/Gθ),
z−w0λ

where the vertical map on the right is the multiplication of the abelianization map 
αEnv(G/Gθ) with the natural embedding AGθ

↪→ AEnv(G/Gθ). Replacing Env(G/Gθ) by 
the open subvariety Env0(G/Gθ) we define an open subvariety Envλ,0(G/Gθ). The above 
stratification induces
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Env(G/Gθ)(O) ∩ (G/Gθ)+(F ) = �
λ∈X∗(AGθ

)−
Envλ(G/Gθ)(O).

We also note that

Envλ,0(G/Gθ)(O) = Envλ(G/Gθ)(O) ∩ Env0(G/Gθ)(O)

Proposition 2.36. For any φ ∈ (G/Gθ)+(F ), we have φ ∈ Envλ(G/Gθ)(O) if and only 
if the image of φ in (G/Gθ)(F ) belongs to G(O)zλ. Moreover, φ ∈ Envλ,0(G/Gθ)(O) if 
and only if the image of φ in (G/Gθ)(F ) belongs to G(O)zλ.

Proof. It suffices to show it for φ = (zμ, zη) with μ, η ∈ X∗(AGθ
)−. First, note that 

by construction we must have zη = z−w0λ, so we get η = −w0λ. On the other hand, 
φ ∈ Env(G/Gθ)(O) if and only if f+(φ) ∈ O for any f ∈ k[G/Gθ]. Thus, for any 
χ ∈ X∗(AGθ)+ and for any f ∈ k[G/Gθ]χ we have

O � f+(zμ, zη) = z〈w0χ,η〉z〈χ,μ〉.

Therefore,

0 ≤ 〈w0χ, η〉 + 〈χ, μ〉 = 〈w0χ,−w0λ〉 + 〈χ, μ〉 = 〈χ, μ− λ〉.

We have this for any χ ∈ X∗(AGθ )+, so μ − λ ∈ N(Δ∨
θ ) and λ ≥ μ. Finally, φ ∈

Env0(G/Gθ)(O) if and only if f+(φ) ∈ O does not vanish, thus, if and only if 0 ≥
〈χ, μ − λ〉, so λ = μ. �
3. Multiplicative Higgs bundles for symmetric varieties

3.1. The multiplicative Hitchin map for symmetric embeddings

We begin by taking a semisimple simply-connected group G over k and an involution 
θ ∈ Aut2(G). Let Σ be a very flat symmetric embedding with O′

Σ = G/Gθ.
The left multiplication action of Gθ on G/Gθ extends to an action of Gθ on Σ. More-

over, if OΣ is a symmetric variety the form GZ/HZ for some torus Z, then the torus 
ZΣ = Z/Z2 also acts on Σ through the action of Z.

We can now consider the quotient stacks [Σ/Gθ] and [Σ/(Gθ × ZΣ)]. The quotient 
map χΣ : Σ → CΣ := Σ // Gθ induces a natural map χΣ : [Σ/Gθ] → CΣ, that we also 
denote by χΣ. We can also descend this to a map [Σ/(Gθ × ZΣ)] → [CΣ/ZΣ].

As we explained in the previous section, the abelianization map αΣ : Σ → AΣ := Σ //G
factors through Σ 

χΣ→ CΣ → AΣ. The torus ZΣ clearly acts on the abelianization AΣ, 
so composing with the natural map AΣ → Spec(k), this sequence induces a sequence of 
quotient stacks
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[Σ/(Gθ × ZΣ)] [CΣ/ZΣ] [AΣ/ZΣ] BZΣ.
χΣ

Here, BZΣ denotes the quotient stack [Spec(k)/ZΣ], which is the classifying stack of 
ZΣ-bundles.

Let X be a smooth algebraic curve over k. Let MX(Σ), BX(Σ) and AX(Σ) denote 
the stacks of maps from X to [Σ/(Gθ × ZΣ)], [CΣ/ZΣ] and [AΣ/ZΣ], respectively. We 
obtain a sequence

MX(Σ) BX(Σ) AX(Σ) BunZΣ(X).hX

If we let L → X be a ZΣ-bundle, the natural map X → BZΣ associated to L induces 
the following diagram, where all squares are Cartesian

L([Σ/Gθ]) L(CΣ) L(AΣ) X

[Σ/(Gθ × ZΣ)] [CΣ/ZΣ] [AΣ/ZΣ] BZΣ.

χL

L

χ

These L([Σ/Gθ]), L(CΣ) and L(AΣ) are naturally stacks over X and we denote by 
ML(Σ), BL(Σ) and AL(Σ) their stacks of sections. We obtain a sequence

ML(Σ) BL(Σ) AL(Σ).hL

This sequence is the fibre over L ∈ BunZΣ(X) of the sequence defined above. Fixing a 
section s in AL(Σ), over it we obtain a morphism of stacks

Ms(Σ) hs−→ Bs(Σ).

Definition 3.1. The map hs : Ms(Σ) → Bs(Σ) is the multiplicative Hitchin map over X
associated to Σ and s.

We can give a more explicit description of all the objects taking part in this definition. 
The bundle L(AΣ) is just the associated bundle over X defined by the action of ZΣ on 
the AΣ-toric variety AΣ. Since AΣ is an affine space, L(AΣ) is a vector bundle of rank 
equal to the rank of AΣ. The bundle L(CΣ) is also an associated bundle, this time to the 
action of ZΣ on CΣ and, since CΣ is also an affine space, L(CΣ) is also a vector bundle, of 
rank equal to the rank of AΣ plus the rank of G/Gθ. The stacks AL(Σ) = H0(X, L(AΣ))
and BL(Σ) = H0(X, L(CΣ)) are just the spaces of sections of these vector bundles.

More precisely, AΣ is the AΣ-toric variety with weight semigroup P+(AΣ) ⊂
X∗(AΣ) ↪→ X∗(ZΣ). If we take γ1, . . . , γs to be generators of P+(AΣ), then L(AΣ) =⊕s

i=1 Lγi
, for Lγi

the associated line bundle to the action of ZΣ on Gm defined by 
γi. On the other hand, k[CΣ] is generated by the same eγi and by some functions 
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bi ∈ k[G/Gθ] with weight �i, so, L(CΣ) = L(AΣ) ⊕
⊕l

i=1(ψ∗L)
i
. Here, ψ∗L is the 

AGθ -bundle on X obtained as the image of L through the map BZΣ → BAGθ induced 
by ψ : X∗(AGθ) → X∗(ZΣ).

Now, a morphism X → [Σ/(Gθ × ZΣ)] consists of a pair (E, ϕ), where E → X is a 
Gθ-bundle and ϕ ∈ H0(X, E(Σ)) is a section of the associated bundle E(Σ) defined by 
the action of Gθ on Σ. Such a pair is called a mutiplicative Σ-Higgs pair.

Now the sequence ML(Σ) → BL(Σ) → AL(Σ) defining the multiplicative Hitchin map 
can be explicitly described as

(E,ϕ) �−→ (b(ϕ), αΣ(ϕ)) �−→ αΣ(ϕ),

for b(ϕ) = (b1(ϕ), . . . , bl(ϕ)).

3.2. Multiplicative (G, θ)-Higgs bundles

Let G be any reductive group and θ ∈ Aut2(G) an involution. As in the previous 
section, we let X be a smooth algebraic curve over k.

For any positive integer d we denote by Xd = Xd/Sn the d-th symmetric product, 
so that elements D ∈ Xd are effective divisors of degree d on X. More generally, given a 
tuple d = (d1, . . . , dn) of positive integers, we denote Xd = Xd1 × · · · ×Xdn

and to any 
element D = (D1, . . . , Dn) ∈ Xd we can associate the divisor D = D1 + · · · + Dn.

Definition 3.2. Let D ∈ Xd. A multiplicative (G, θ)-Higgs bundle with singularities in D
is a pair (E, ϕ), where E → X is a Gθ-bundle and ϕ is a section of the associated bundle 
of symmetric varieties E(G/Gθ) defined over the complement X \ |D| of the support |D|
of the divisor D.

We denote by Md(G, θ) the moduli stack of tuples (D, E, ϕ) with D ∈ Xd and (E, ϕ)
a multiplicative (G, θ)-Higgs bundle with singularities in D.

To any tuple (D, E, ϕ) in Md(G, θ) and any point x ∈ |D| we can associate an 
invariant invx(ϕ) ∈ X∗(AGθ

)−, for A ⊂ G a maximal θ-split torus. This is constructed 
by considering the completion Ox of the local ring OX,x of X at x, which by picking a 
local parameter is isomorphic to the ring O of formal power series, and its quotient field 
Fx = qf(Ox) ∼= F . By fixing a trivialization of E around the formal disk Spec(Ox) and 
restricting ϕ to Spec(Fx) we get an element of (G/Gθ)(Fx) which is well defined up to 
the choice of the trivialization, thus, up to the action of G(Ox). That is, we obtain a well 
defined element

invx(ϕ) ∈ (G/Gθ)(Fx)/G(Ox) ∼= X∗(AGθ )−.

Globally, if D =
∑

x∈X nxx, we get a X∗(AGθ )−-valued divisor

inv(ϕ) =
∑

nx invx(ϕ)x.

x∈X
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Now, we can impose a constraint on the invariant inv(ϕ) in order to obtain a finite-
type moduli stack. We define

Md,λ(G, θ) = {(D, E, ϕ) ∈ Md(G, θ) : inv(ϕ) = λ ·D} ,

where λ = (λ1, . . . , λn) is a tuple of anti-dominant cocharacters λi ∈ X∗(AGθ )− and 
λ · D =

∑n
i=1 λiDi. For any element (D, E, ϕ) in Md,λ(G, θ), we say that the pair 

(E, ϕ) is a multiplicative (G, θ)-Higgs bundle with singularity type (D, λ). The order on 
X∗(AGθ )− induces an order on X∗(AGθ )−-valued divisors and thus we can also define 
the bigger stack

Md,λ̄(G, θ) = {(D, E, ϕ) ∈ Md(G, θ) : inv(ϕ) ≤ λ ·D} .

Suppose now that we are in the situation in which k[G/Gθ]Gθ is a polynomial algebra 
and thus it is generated by some functions b1, . . . , bl with weights �1, . . . , �l respec-
tively, for �1, . . . , �l the fundamental dominant weights of the restricted root system 
Φθ. Consider now the bundle Bd,λ(G, θ) → Xd whose fibre over D is the space of sections

Bd,λ(G, θ)D =
l⊕

i=1
H0(X,OX(〈�i, w0λ ·D〉)).

Definition 3.3. The multiplicative Hitchin map for (G, θ)-Higgs bundles is the morphism

hd,λ : Md,λ(G, θ) −→ Bd,λ(G, θ)

(D, E, ϕ) �−→ (b1(ϕ), . . . , bl(ϕ)).

We can also consider the simpler case where the di are equal to 1 and thus we have 
that D = x = (x1, . . . , xn). We define

Mx,λ(G, θ) := M�1,λ(G, θ)x =
{
(E,ϕ) ∈ M�1(G, θ) : inv(ϕ) = λ · x

}
,

where �1 = (1, . . . , 1), and the bigger stack

Mx,λ̄(G, θ) := M�1,λ̄(G, θ)x =
{
(E,ϕ) ∈ M�1(G, θ) : inv(ϕ) ≤ λ · x

}
.

When k[G/Gθ] is polynomial, we can also consider the Hitchin base

Bx,λ(G, θ) = B�1,λ(G, θ)x =
l⊕

i=1
H0(X,OX(〈�i, w0λ · x〉)),

and the Hitchin map

hx,λ : Mx,λ(G, θ) −→ Bx,λ(G, θ)

(E,ϕ) �−→ (b1(ϕ), . . . , bl(ϕ)).
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3.3. Relating the two pictures

In this section we see how, for G semisimple, the multiplicative Hitchin map for (G, θ)-
Higgs bundles as defined in Section 3.2 can be recovered from the multiplicative Hitchin 
map as defined in Section 3.1.

The simply-connected case
Let us suppose that G is simply-connected. Let λ = (λ1, . . . , λn) be a tuple of anti-

dominant cocharacters λi ∈ X∗(AGθ )−. The natural projection AGθ → AGθ
induces a 

projection X∗(AGθ )− → X∗(AGθ
)− and thus λ defines a multiplicative map

λ : Gn
m −→ AGθ

(z1, . . . , zn) �−→ zλ1
1 . . . zλn

n

which extends to a map λ : An → AEnv(G/Gθ), since P+(Env(G/Gθ))∨ = X∗(AGθ
)−. We 

can now define a very flat symmetric embedding Σλ with semisimple part O′
Σλ = G/Gθ

through the Cartesian diagram

Σλ Env(G/Gθ)

An AEnv(G/Gθ).

αEnv(G/Gθ)

−w0λ

Since for any symmetric embedding the tori AΣ and ZΣ differ by a finite subgroup, by 
construction we get ZΣλ = Gn

m and AΣλ = An, so BunZΣλ
(X) = Pic(X)n and, for any 

tuple of line bundles L = (L1, . . . , Ln), the fibre of AX(Σλ) → BunZΣλ
(X) over L is 

AL(Σλ) =
⊕n

i=1 H
0(X, Li). Replacing Env(G/Gθ) by Env0(G/Gθ) we obtain an open 

dense subvariety Σλ,0 ⊂ Σλ, and we can also consider the open substack MX(Σλ,0) of 
MX(Σλ) of maps from X to [Σλ,0/(Gθ × ZΣ)].

Consider now d = (d1, . . . , dn) a tuple of positive integers and an element D =
(D1, . . . , Dn) ∈ Xd. To each Di we can associate the line bundle OX(Di) which, since 
Di is effective (all its coefficients are positive), has a canonical non-vanishing section 
si ∈ H0(X, Li). Let us denote OX(D) =

⊕n
i=1OX(Di) and s = (s1, . . . , sn).

Theorem 3.4. The map

Xd −→ AX(Σλ)

D �−→ (OX(D), s)

induces the following diagram, where all squares are Cartesian,
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Md,λ̄(G, θ) Md,λ̄(G, θ) Bd,λ(G, θ) Xd

MX(Σλ,0) MX(Σλ) BX(Σλ) AX(Σλ).

hd,λ

hX

Proof. From the above discussions it is clear that for any D ∈ Xd we can identify 
BOX(D)(Σ) with the space of sections of the bundle

OX(D) ⊕
l⊕

i=1
(OX(D) ×w0λ Gm)
i

= OX(D) ⊕
l⊕

i=1
OX(〈�i, w0λ ·D〉).

It is now clear that the rightmost square is Cartesian.
Take any point x ∈ |D| and take λx the coefficient of the divisor λ ·D corresponding 

to x. This λx is an antidominant cocharacter that can be written as

λx = mx · λ,

where mx = (m1x, . . . , mnx) is a vector with components mix for Di =
∑

x mixx. Now, 
by mapping z �→ zmx = (zm1x , . . . , zmnx) we obtain a morphism m : O → An and the 
following diagram, with all squares Cartesian

Envλx(G/Gθ) Σλ Env(G/Gθ)

SpecO An AEnv(G/Gθ).

αEnv(G/Gθ)

m −w0λ

Now, if we restrict an element (E, ϕ) ∈ MX(Σλ) to Spec(Fx) we obtain an element 
of (G/Gθ)+(Fx) which must lie in Envλx(G/Gθ). Therefore, by Proposition 2.36, the 
image of ϕ|Spec(Fx) belongs to G(Ox)zλx and thus invx(ϕ) ≤ λx. Moreover, if we 
change Env(G/Gθ) by Env0(G/Gθ) in the diagram above, the element ϕ|Spec(Fx) lies 
in Envλx,0(G/Gθ) and therefore its image belongs to G(Ox)zλx , so invx(ϕ) = λx. �
The non simply-connected case

Suppose now that G is a semisimple group and consider π : Ĝ → G the simply-
connected cover. This map is a central isogeny and thus its kernel is a subgroup of the 
centre π1(G) ⊂ ZĜ, the fundamental group of G. Moreover, it is a well known result 
of Steinberg [46, Theorem 9.16] that any involution θ ∈ Aut2(G) lifts to an involution 
θ̂ ∈ Aut2(Ĝ) making the following diagram commute

Ĝ Ĝ

G G.

θ̂

π π

θ
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The following is also well-known.

Lemma 3.5. π(Ĝθ̂) = Gθ
0.

Proof. The inclusion π(Ĝθ̂) ⊂ Gθ
0 is clear. Indeed, for any g ∈ Ĝθ̂, we have

θ(π(g)) = π(θ̂(g)) = π(g),

so π(Ĝθ̂) ⊂ Gθ and the inclusion follows since π is continuous and Ĝθ̂ is connected.
For the other inclusion, take k ∈ Gθ

0 and g ∈ Ĝ with π(g) = k. Now,

π(gθ̂(g)−1) = kθ(k)−1 = 1.

Thus, gθ̂(g)−1 ∈ π1(G) ⊂ ZĜ, so g ∈ Ĝθ̂. Recall now the decomposition Gθ̂ = Fθ̂Ĝ
θ̂, 

which implies that there exists some f ∈ Fθ̂ and some g0 ∈ Ĝθ̂ such that g = fg0. Let 
k0 = π(g0) ∈ Gθ

0. Clearly, π(f) ∈ F θ, so we obtain a decomposition

k = π(f)k0,

with k, k0 ∈ Gθ
0 and π(f) ∈ F θ. This implies that π(f) = 1, and thus k = k0 = π(g0), 

and k ∈ π(Ĝθ̂). �
It follows from the lemma above that we can define an action of Gθ

0 on Ĝ/Ĝθ̂ from the 
left multiplication action of Ĝθ̂. Indeed, for any k ∈ Gθ

0 we just have to take any h ∈ Ĝθ̂

with π(h) = k and define k · (gGθ) = hgGθ. This is well defined since, if h′ is such that 
π(h′) = k, then h′ = zh for some z ∈ Gθ ∩ ZG and thus h′gGθ = hgGθ.

For the following, we need to introduce a new object.

Definition 3.6. A multiplicative (G, θ)0-Higgs bundle is a pair (E, ϕ), where E → X is a 
Gθ

0-bundle and ϕ is a section of the associated bundle of symmetric varieties E(G/Gθ)
defined over X ′ the complement of a finite subset of X.

The exact sequence 1 → π1(G) → Ĝ → G → 1, induces a fibration Γ ↪→ Ĝ/Ĝθ̂ �
G/Gθ, for some finite group Γ. For any Gθ

0-bundle, we can consider the bundles E(G/Gθ)
and E(Ĝ/Ĝθ̂), associated to the actions of Gθ

0 and we obtain a exact sequence of sets 
with a distinguished element (where H0 stands for sets of sections)

H0(X ′, E(Ĝ/Ĝθ̂)) H0(X ′, E(G/Gθ)) H1(X ′,Γ).δ

It follows that to any multiplicative (G, θ)0-Higgs bundle (E, ϕ) we can associate the 
invariant δ(ϕ) ∈ H1(X ′, Γ). Now, the section ϕ comes from a section of E(Ĝ/Ĝθ̂) if and 
only if δ(ϕ) = 1. Moreover, the map π : Ĝθ̂ → Gθ

0 induces a map BunĜθ̂ → BunGθ
0
. We 

conclude the following.
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Proposition 3.7. Any multiplicative (G, θ)0-Higgs bundle with δ(ϕ) = 1 is induced from a 
multiplicative (Ĝ, θ̂)-Higgs bundle from the maps BunĜθ̂ → BunGθ

0
and Ĝ/Ĝθ̂ → G/Gθ.

The next step consists on relating multiplicative (G, θ)0-Higgs bundles with multi-
plicative (G, θ)-Higgs bundles. We start by considering a (G, θ)-Higgs bundle (E, ϕ). 
The decomposition Gθ = F θGθ

0 allows us to define an isomorphism Gθ ∼= F θ
�Gθ

0, and 
this induces a factorization of the Gθ-bundle E → X as

E

Y = E/Gθ
0

X.

Here, Y → X is a Galois étale cover with Galois group equal to F θ, while E → Y has the 
structure of a principal Gθ

0-bundle. Moreover, the deck transformation Y → Y induced 
by an element a ∈ F θ lifts to a map ã : E → E and thus defines a right F θ-action on the 
Gθ

0-bundle E → Y , which clearly gives an Int-twisted F θ-equivariant structure on it. By 
this we mean that, for any e ∈ E, a ∈ F θ and g ∈ Gθ

0, we have

ã(e) · g = ã(e · aga−1).

A similar argument allows us to see the bundle E(G/Gθ) → X as a F θ-equivariant 
bundle on Y , and there is a bijective correspondence between sections of E(G/Gθ) → X

and F θ-equivariant sections of E(G/Gθ) → Y . We refer the reader to [5] for more details 
on these correspondences. We have proved the following.

Proposition 3.8. Any multiplicative (G, θ)-Higgs bundle is induced from a multiplicative 
(G, θ)0-Higgs bundle on a certain F θ-Galois cover Y → X.

4. Multiplicative Higgs bundles, involutions and fixed points

4.1. Multiplicative Higgs bundles and moduli spaces

Let G be a reductive group and X a smooth algebraic curve over k. Let d =
(d1, . . . , dn) be a tuple of positive integers.

Definition 4.1. Let D ∈ Xd. A multiplicative G-Higgs bundle with singularities in D is 
a pair (E, ϕ), where E → X is a G-bundle and ϕ is a section of the adjoint bundle of 
groups E(G) defined over the complement X \ |D| of the support |D| of the divisor D.

We denote by Md(G) the moduli stack of tuples (D, E, ϕ) with D ∈ Xd and (E, ϕ)
a multiplicative G-Higgs bundle with singularities in D.
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An invariant for multiplicative G-Higgs bundles can be defined in the same way as 
in Section 3.2. We simply restrict ϕ to SpecFx for any point x ∈ |D| and obtain a 
well defined orbit G(O)zλG(O) for λ ∈ X∗(T )+, and T ⊂ G a maximal torus. We put 
invx(ϕ) = λ. Thus, we can also define, for any tuple λ = (λ1, . . . , λn) of dominant 
cocharacters λi ∈ X∗(T )+, the finite-type moduli stack

Md,λ(G) = {(D, E, ϕ) ∈ Md(G) : inv(ϕ) = λ ·D} ,

and the bigger stack

Md,λ̄(G) = {(D, E, ϕ) ∈ Md(G) : inv(ϕ) ≤ λ ·D} .

It is clear that multiplicative G-Higgs bundles are a particular case of the pairs intro-
duced in Definition 3.2, for the group G × G endowed with the involution Θ(g1, g2) =
(g2, g1) (see Example 2.2 for more details). This picture can also be related to the picture 
of Section 3.1 by using Vinberg’s enveloping monoid [48]; this has been studied in the 
works of Bouthier and J. Chi [11–13,18] and in the thesis of G. Wang [50].

For any involution θ ∈ Aut2(G), there is a natural map

Md(G, θ) −→ Md(G)

(D, E, ϕ) �−→ (D, EG, ϕG),

sending a multiplicative (G, θ)-Higgs bundle (E, ϕ) to the multiplicative G-Higgs bundle 
(EG, ϕG), where

EG = E ×Gθ G

is the natural extension of the structure group of E from Gθ to G and, regarding ϕ as a 
Gθ-equivariant map f : E|X\|D| → Mθ, the section ϕG is determined by the map

fG : EG|X\|D| −→ G

[e, g] �−→ gf(e)g−1.

Here, we are identifying the symmetric variety G/Gθ with the subvariety Mθ = τθ(G)
so that for any g ∈ Gθ, the image gf(e)g−1 stays in Mθ. Moreover, recall that for any 
involution θ ∈ Aut2(G) we have a natural inclusion X∗(AGθ ) ⊂ X∗(T ), for A ⊂ G a 
maximal θ-split torus and T a maximal torus containing it. Now, the map Md(G, θ) →
Md(G) restricts to a map

Md,λ(G, θ) −→ Md,w0λ(G).

Indeed, we have the following lemma.
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Lemma 4.2. For any multiplicative (G, θ)-Higgs bundle (E, ϕ) and any singular point x
of it, we have invx(ϕG) = w0 invx(ϕ).

Proof. The decomposition (G/Gθ)(F ) = �λ∈X∗(AGθ
)− G(O)zλ can be reformulated in 

terms of Mθ as

Mθ(F ) = �
λ∈X∗(AGθ

)−
G(O) ∗θ zλ.

Now, the inclusion Mθ ⊂ G induces an inclusion Mθ(F ) ⊂ G(F ) and it is clear that 
each orbit G(O) ∗θ zλ is mapped inside the orbit G(O)zλG(O) = G(O)zw0λG(O). �

Note that a section ϕ of the adjoint bundle E(G) is simply an automorphism ϕ : E →
E. A morphism of multiplicative G-Higgs bundles (E1, ϕ1) → (E2, ϕ2) is then a map 
E1 → E2 such that the following square commutes

E1|X\|D| E2|X\|D|

E1|X\|D| E2|X\|D|.

ϕ1 ϕ2

We say that a multiplicative G-Higgs bundle (E, ϕ) is simple if its only automorphisms 
are those given by multiplying by elements of the centre ZG ⊂ G.

A moduli space for simple multiplicative G-Higgs bundles can be considered after an 
argument by Hurtubise and Markman [34] that we explain now. Let ρ : G ↪→ GL(V ) be 
a faithful representation of G and, for T ⊂ G a maximal torus, let

P(V ) = {χ ∈ X∗(T ) : ∃v ∈ V \ {0} such that ρ(t)v = tχv,∀t ∈ T}

be its weight lattice. For any cocharacter λ ∈ X∗(T ) we define the number

dρ(λ) = min {〈wλ, χ〉 : w ∈ WT , χ ∈ P(V )} ,

for WT the Weyl group of T . Now, if λ ∈ X∗(T )+, for any φ ∈ G(F ) that lies in the orbit 
G(O)zλG(O), the highest pole order in the coefficients of the matrix ρ(φ) ∈ EndV ⊗ F

is dρ(λ). Thus, if we write λ ·D =
∑

x∈X λxx, for λ = (λ1, . . . , λn) a tuple of dominant 
cocharacters and D ∈ Xd, we can consider the divisor

(λ ·D)ρ = −
∑
x∈X

d(λx)x,

and for any multiplicative G-Higgs bundle (E, ϕ) with singularity type (D, λ), the rep-
resentation ρ induces a section
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ρ(ϕ) ∈ H0(X \ |D|,EndE(V ) ⊗OX((λ ·D)ρ)).

Indeed, if λ ≥ μ, then dρ(λ) ≤ dρ(μ), so (λ ·D)ρ ≥ (μ ·D)ρ.
A pair (E, ϕ), where E is a G-bundle on X and ϕ is a section of EndE(V ) ⊗L for some 

representation ρ : G → GL(V ) and for L a line bundle, is called an L-twisted ρ-Higgs 
bundle. We denote the moduli stack of these pairs by HiggsL,ρ(G). What we have just 
proved is that ρ induces a well-defined inclusion

Md,λ̄(G)D −→ HiggsOX((λ·D)ρ),ρ(G).

The stability conditions and good moduli space theory for L-twisted ρ-Higgs bundles are 
well known (the reader may refer to [27] or [44] for general treatments of the topic). The 
existence of moduli spaces of simple L-twisted ρ-Higgs bundles guarantees the existence 
of good moduli spaces of simple pairs Md,λ(G) and Md,λ̄(G) for Md,λ(G) and Md,λ̄(G), 
at least as algebraic spaces. For more details, see Remark 2.5 in [34]. Finally, for any 
involution θ ∈ Aut2(G) we can consider the space Md,λ(G, θ) defined as the intersection 
of Md,w0λ(G) with the image of the map Md,λ(G, θ) → Md,w0λ(G). Analogously, we 
can define Md,λ̄(G, θ).

For most discussions in this section, we will be interested in fixing the divisor D, and 
thus we denote the fibre MD,λ(G) = Md,λ(G, θ)D, and similarly for MD,λ(G, θ).

4.2. Involutions on the moduli space

Let θ ∈ Aut2(G) be an involution. To any multiplicative G-Higgs bundle (E, ϕ) over 
X we can associate other two multiplicative G-Higgs bundles obtained from (E, ϕ) and 
the action of the involution θ. These are the pairs

ιθ±(E,ϕ) = (θ(E), θ(ϕ)±1).

Here, θ(E) stands for the associated principal bundle E×θ G or, equivalently, it has the 
same total space as E but it is equipped with the G-action e ·θ g = e · θ(g). The section 
θ(ϕ) is obtained as the composition of ϕ with the natural map

E(G) −→ θ(E)(G)

[e, g] �−→ [e, θ(g)].

Equivalently, if we regard ϕ as an automorphism ϕ : E|X′ → E|X′ , then θ(ϕ) is set 
theoretically the same map as ϕ, but now regarded as an automorphism of θ(E)|X′ . We 
can give one last interpretation of θ(ϕ) by noting that the associated G-equivariant maps 
fϕ, fθ(ϕ) : E|X′ → G are related by

fθ(ϕ) = θ ◦ fϕ.
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Let T ⊂ G be a θ-stable maximal torus and B ⊂ G a Borel subgroup contained 
in a minimal θ-split parabolic and containing T . Given any dominant cocharacter 
λ ∈ X∗(T )+, the associated cocharacter θ(λ) is not dominant in general, but there is a 
dominant cocharacter in its orbit under the action of the Weyl group WT . We denote 
this element by θ(λ)+. The map λ �→ θ(λ)+ defines an involution on X∗(T )+. One checks 
immediately that, if x is a singular point of (E, ϕ), then

invx(θ(E), θ(ϕ)±) = (±θ(invx(E,ϕ)))+.

Therefore, if λ = (λ1, . . . , λn) is a tuple of dominant coweights λi ∈ X∗(T ) with 
θ(λi)+ = ±λi, then for any D ∈ Xd, we have the following involutions on the moduli 
space of simple pairs

ιθ± : MD,λ(G) −→ MD,λ(G)

[E,ϕ] �−→ [θ(E), θ(ϕ)±1],

where ιθ+ is well defined if θ(λi)+ = λi and ιθ− if (−θ(λi))+ = λi. We will denote these 
two involutions together by writing ιθε, for ε = ±1.

Moreover, note that the actions of the inner automorphisms on the moduli space is 
trivial since, if α = Intg is an inner automorphism of G, then the map e �→ e · g−1 gives 
an isomorphism between any principal G-bundle E and E ×α G, commuting with any 
ϕ. Therefore, the above involutions are well defined at the level of the outer class a of θ
in Out2(G). That is, given any element a ∈ Out2(G), we can define

ιaε : MD,λ(G) −→ MD,λ(G)

[E,ϕ] �−→ [θ(E), θ(ϕ)ε],

for any representative θ of the class a.

Remark 4.3. Note that it follows from the Cartan decomposition of the formal loop group 
G(F ) that if θ and θ′ are two involutions representing the same element in Out2(G), then 
θ(λ)+ = θ′(λ)+.

We are interested in studying the spaces MD,λ(G)ιaε of fixed points under these in-
volutions. For this it will be useful for us to think about an isomorphism between the 
G-bundles E and θ(E), for θ ∈ Aut2(G), as a θ-twisted automorphism. By this we mean 
an automorphism ψ : E → E of the total space E, such that

ψ(e · g) = ψ(e) · θ(g).

Therefore, a multiplicative G-Higgs bundle (E, ϕ) will be a fixed point of the involution 
ιaε if and only if there exists a θ-twisted automorphism ψ : E → E, for any element θ of 
the class a ∈ Out2(G), such that the following diagram commutes
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E|X′ E|X′

E|X′ E|X′ .

ψ

ϕ ϕε

ψ

Equivalently, if we define fψ : E → G as ψ(e) = e · fψ(e), then (E, ϕ) ∈ MD,λ(G)ιaε if 
and only if, for any e ∈ E, we have

fψ(e)θ(fϕ(e))fψ(e)−1 = fϕ(e)ε.

4.3. Fixed dominant cocharacters

Before describing the fixed points of the involution ιθ−, it is important that we give a 
good description of the involution at the level of dominant cocharacters

X∗(T )+ −→ X∗(T )+
λ �−→ (−θ(λ))+,

for T a θ-stable maximal torus.
As we mentioned above, in general −θ(λ) is not a dominant cocharacter, and that 

is why we need to take (−θ(λ))+ the dominant cocharacter in its Weyl group orbit. 
However, there is an exception to this, which is when there are no imaginary roots.

Indeed, the dominant Weyl chamber in X∗(T )+ ⊗Z Q is spanned by a basis of fun-
damental coweights {μ1, . . . , μr}, which is the dual basis of the set of simple roots 
ΔT = {α1, . . . , αr}. Since θ is an involution, we have 〈χθ, θ(λ)〉 = 〈χ, λ〉 for any 
χ ∈ X∗(T ) and any λ ∈ X∗(T ). Therefore, {θ(μ1), . . . , θ(μr)} is the dual basis of {
αθ

1, . . . , α
θ
r

}
. Recall now that there is an involution σ on the set of simple roots which 

are not imaginary such that αθ
i +ασ(i) is an imaginary root. Thus, if there are no imag-

inary roots, we conclude that αθ
i = −ασ(i) and θ(μi) = −μσ(i). Summing up, we have 

the following.

Lemma 4.4. If Φθ
T = ∅, then for any dominant cocharacter λ ∈ X∗(T )+, the cocharacter 

−θ(λ) is also dominant, and thus (−θ(λ))+ = −θ(λ).

Recall from Lemma 2.9 that for any involution θ ∈ Aut2(G) there exists an inner 
automorphism uθ ∈ Int(G) such that the involution θq := uθ ◦ θ is quasisplit. Therefore, 
if we let Tq be a maximal θq-stable torus, the involution λ �→ (−θq(λ))+ is just the 
involution λ �→ −θq(λ). The fixed points of this involution are simply the dominant 
cocharacters X∗(Aq)+, where Aq is the maximal θ-split torus formed by the anti-fixed 
points of θq in Tq.

The fixed points of the involution λ �→ −θ(λ) in X∗(T ) are the cocharacters X∗(A)
of the maximal θ-split torus A of anti-fixed points of θ in T . Any two maximal tori 
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are conjugate and thus there is a canonical bijection X∗(T )+ → X∗(Tq)+. It follows 
from the above that under this bijection the dominant cocharacters X∗(A)+ are mapped 
inside X∗(Aq)+, but in general not every element of X∗(Aq)+ comes from an element of 
X∗(A)+. In fact, the image of X∗(A)+ under this map is the set

X∗(Aq)uθ
+ = {λ ∈ X∗(Aq)+ : uθ(λ) = λ} .

Given an element a ∈ Out2(G), a quasisplit representative θq of a and a dominant 
cocharacter λ ∈ X∗(Aq)+, we can consider the set

aλ = {θ representative of a : uθ(λ) = λ} .

That is, the elements of aλ are the involutions θ for which λ is in the image of the 
cocharacters of a maximal θ-split torus. This set clearly descends to the clique cl−1(a)
and we can define

cl−1(a)λ =
{
[θ] ∈ cl−1(a) : uθ(λ) = λ

}
.

4.4. The fixed points

We move on now to describe the fixed points of the involutions ιaε, for a ∈ Out2(G). 
A first result is clear.

Proposition 4.5. Let θ ∈ Aut2(G) be a representative of a, T ⊂ G a maximal θ-stable 
torus and B ⊂ G a Borel subgroup contained in a minimal θ-split parabolic and containing 
T . Let λ be a tuple of dominant cocharacters of T .

(1) If the λi ∈ X∗(T θ), the subspace M̃D,λ(Gθ) ⊂ MD,λ(G), defined as the intersection 
of MD,λ(G) with the image of the moduli stack of multiplicative Gθ-bundles of type 
(D, λ) under extension of the structure group, is contained in the fixed point subspace 
MD,λ(G)ι

a
+ .

(2) Any extension (EG, ϕG) of a pair (E, ϕ) where E is a Gθ-bundle and ϕ is a section 
of E|X\|D|(Sθ), for the conjugation action of Gθ on Sθ, is a fixed point of ιa−. In 
particular, if λ = (−θ(λ))+, MD,λ(G, θ) ⊂ MD,λ(G)ι

a
− .

Proof. Notice first that if EG = E×GθG is the extension of a Gθ bundle E, then the map 
ψ : EG → EG defined as ψ(e) = e for e ∈ E and ψ(e ·g) = e ·θ(g) is clearly a well-defined 
θ-twisted automorphism of EG. Now, if for every e ∈ E we have θ(fϕ(e)) = fϕ(e)ε, then

fϕG
(e · g)ε = g−1fϕ(e)εg = g−1θ(fϕ(e))g

= g−1θ(g)θ(fϕ(e · g))θ(g)−1g

= fψ(e · g)θ(fϕ(e · g))fψ(e · g)−1.
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And thus (EG, ϕG) is a fixed point of ιaε . �
The main step towards the description of the fixed points is provided by the following 

theorem.

Theorem 4.6. If (E, ϕ) is a simple multiplicative G-Higgs bundle with (E, ϕ) ∼= ιaε(E, ϕ), 
then:

(1) There exists a unique [θ] ∈ cl−1(a) such that there is a reduction of structure group 
of E to a Gθ-bundle Eθ ⊂ E.

(2) If we consider the corresponding G-equivariant map fϕ : E|X′ → G, then fϕ|Eθ

takes values into Gθ if ε = 1, and Sθ if ε = −1.

More precisely, when ε = −1, fϕ|Eθ
takes values in a single orbit Mθ

s ⊂ Sθ, for some 
s ∈ Sθ unique up to θ-twisted conjugation.

Remark 4.7. The statement (1) of the above theorem regarding the reduction of the 
structure group of E was proven in [29, Proposition 3.9].

Proof. Let θ0 ∈ Aut2(G) be any representative of the class a. By hypothesis, there exists 
some θ0-twisted automorphism ψ : E → E making the following diagram commute

E|X′ E|X′

E|X′ E|X′ .

ψ

ϕ ϕε

ψ

Here, X ′ = X \ |D| denotes the complement of the singularity divisor of ϕ. Now, inde-
pendently of the value of ε, we have that the following diagram commutes

E|X′ E|X′

E|X′ E|X′ ,

ψ2

ϕ ϕ

ψ2

and ψ2(e · g) = ψ(ψ(e) · θ0(g)) = ψ2(e) · g, so ψ2 is an automorphism of (E, ϕ). Since by 
assumption (E, ϕ) is simple, there exists some z ∈ ZG such that ψ2(e) = e · z for every 
e ∈ E. Therefore,

e · z = ψ2(e) = ψ(e · fψ(e)) = ψ(e) · θ0(fψ(e)) = e · [fψ(e)θ0(fψ(e))].

We conclude that fψ maps E into Sθ0 .
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Note that fψ is G-equivariant for the θ0-twisted conjugation action. Therefore, it 
descends to a morphism X = E/G → Sθ0/(G × ZG) ∼= cl−1(a). Now, since cl−1(a) is 
finite and X is irreducible, this maps X to a single element [θ] ∼= cl−1(a). Let us take 
r ∈ Sθ0 a representative of the class corresponding to [θ]. In other words, we take r such 
that θ = Intr ◦θ0.

Let us consider the subset Eθ = f−1
ψ (r) ⊂ E. If e ∈ Eθ, then another element e · g in 

the same fibre of E belongs to Eθ if and only if

r = fψ(e · g) = g−1 ∗θ0 fψ(e) = g−1rθ0(g).

Thus, e · g ∈ Eθ if and only if g = Intr ◦θ0(g) = θ(g). That is, if g ∈ Gθ. Therefore, Eθ

defines a principal Gθ-bundle to which E reduces. This proves (1).
As we explained above, if ψ determines the isomorphism between (E, ϕ) and 

(θ0(E), θ0(ϕ)ε), then for every e ∈ E we must have

fψ(e)θ0(fϕ(e))fψ(e)−1 = fϕ(e)ε.

Thus, if e ∈ Eθ = f−1
ψ (r), we have

θ(fϕ(e)) = rθ0(fϕ(e))r−1 = fψ(e)θ0(fϕ(e))fψ(e)−1 = fϕ(e)ε,

proving (2).
Suppose now that ε = −1. In that case we have a map fϕ|Eθ

: Eθ|X′ → Sθ. Since this 
map is Gθ-equivariant, we can quotient by Gθ and obtain a map from X ′ = Eθ|X′/Gθ to 
the quotient of Sθ by the conjugation action of Gθ. We can further quotient Sθ by the 
θ-twisted conjugation action and obtain a well defined map X ′ → Sθ/G. Again, since X ′

is irreducible and Sθ/G is finite, we conclude that fϕ maps Eθ|X′ to a single θ-twisted 
orbit Mθ

s , for some element s ∈ Sθ. �
Remark 4.8. Notice that if there exists some e ∈ E such that fϕ(e) is semisimple or 
unipotent, then θ can be chosen so that fϕ|Eθ

takes values in the symmetric variety Mθ. 
Indeed, in that case we can choose r to be r = fψ(e), so that e ∈ Eθ, for θ = Intr ◦θ0. We 
know from the above that s = fϕ(e) ∈ Sθ and that fϕ maps Eθ|X′ to the θ-twisted orbit 
Mθ

s . However, if s is semisimple or unipotent, we have by Richardson [42, Lemmas 6.1-
6.3] that in fact s ∈ Mθ and thus Mθ

s = Mθ.

When θ and θ′ = Intg ◦θ◦Int−1
g are two involutions of G related by the equivalence re-

lation ∼, we have M̃D,λ(Gθ) = M̃D,λ(Gθ′) and MD,λ(G, θ) = MD,λ(G, θ′). Therefore, 
the above theorem allows us to decompose MD,λ(G)ι

a
+ in the components M̃D,λ(Gθ), 

for θ the elements of the clique cl−1(a). That is, we get

MD,λ(G)ι
+
a =

⋃
−1

M̃D,λ(Gθ).

[θ]∈cl (a)
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The situation for ε = −1 is a little bit more involved, as we explain now.

Definition 4.9. Let (G, θ, s) be a triple consisting of a reductive group G, an involution 
θ ∈ Aut2(G) and an element s ∈ Sθ. A multiplicative (G, θ, s)-Higgs pair (E, ϕ) on X is 
a pair consisting of a principal Gθ-bundle E → X, and a section ϕ of the bundle E(Mθ

s )
associated to the conjugation action of G on Mθ

s , and defined over the complement X ′

of a finite subset of X.

Remark 4.10. Note that this is a new kind of object, different from the others defined 
in this paper. Indeed these are not multiplicative (G, θ)-Higgs bundles since the bundle 
E is a Gθ-bundle but the variety Mθ

s , although it is a symmetric variety, is equal to 
Mθ

s = Mθss ∼= G/Gθs , so its stabilizer is not equal to Gθ.

To a multiplicative (G, θ, s)-Higgs pair we can associate an invariant inv(ϕ), which is 
a divisor with values in the quotient Mθ

s (F )/G(O). Now, since Mθ
s = Mθss, this quotient 

can in fact be identified with the semigroup X∗(AGθs )−, and the invariant inv(ϕ) is a 
X∗(AGθs )−-valued divisor. Here, A is a maximal θs-split torus.

We denote by Md,λ(G, θ, s)D the moduli stack of multiplicative (G, θ, s)-Higgs pairs 
with singularity type (D, λ), for D ∈ Xd, where λ is a tuple of anti-dominant cochar-
acters in X∗(AGθs )−. As in the case of multiplicative (G, θ)-Higgs bundles, there is a 
natural map

Md,λ(G, θ, s)D −→ Md,w0λ(G)D.

We denote by MD,λ(G, θ, s) ⊂ MD,w0λ(G) the intersection of the image of this map 
with MD,w0λ(G).

In this language, we can write the consequences of the results of this section as follows.

Corollary 4.11. Let θq be the quasisplit involution representing the class a ∈ Out2(G)
and let λ be a tuple of anti-dominant cocharacters λi ∈ X∗(AGθq )+, for A a maximal 
θq-split torus. Then,

MD,w0λ(G)ι
−
a =

⋃
[θ]∈cl−1(a)

⋃
[s]∈(Sθ/G)λ

MD,λ(G, θ, s).

Here, (Sθ/G)λ denotes the set

(Sθ/G)λ =
{
[s] ∈ Sθ/G : uθs(λ) = λ

}
,

where θs = Ints ◦θ and uθs is the inner automorphism such that θq = uθs ◦ θs.

Proof. Indeed, note that λ can only be a valid invariant for a multiplicative (G, θ, s)-
Higgs pair if and only if the λi are in the image of X∗(As

Gθs ), for As a maximal θs-split 
torus, thus, if and only if θs ∈ aλi

for every i = 1, . . . , n. �
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4.5. Fixed points, submanifolds and the symplectic structure

In this section we consider the particular case where X is a Calabi–Yau curve, that is, 
the canonical line bundle of X is the trivial line bundle KX = OX . A Calabi–Yau curve 
must be either A1, Gm, or an elliptic curve.

Hurtubise and Markman [34] showed that, assuming that X is a Calabi–Yau curve, 
the moduli space MD,λ(G) admits an algebraic symplectic structure Ω.

Theorem 4.12. For any a ∈ Out2(G),

(ιεa)∗Ω = εΩ.

Therefore, MD,λ(G)ι+a is an algebraic symplectic submanifold, while MD,λ(G)ι−a is an 
algebraic Lagrangian submanifold of MD,λ(G).

We recall first some details about the deformation theory of multiplicative Higgs 
bundles and the construction of the Hurtubise–Markman symplectic structure Ω on 
MD,λ(G). We start by describing the tangent bundle of MD,λ(G). Using standard ar-
guments in deformation theory (see, for example, [7]), Hurtubise and Markman showed 
that the Zariski tangent space of MD,λ(G) at a point [E, ϕ] is equal to H1(C[E,ϕ]) the 
first hypercohomology space of the deformation complex

C[E,ϕ] : E(g) ad(E,ϕ).adϕ

Here, ad(E, ϕ) is a vector bundle on X defined by the following short exact sequence

0 {(a, b) : a + Adϕ(b) = 0} E(g) ⊕E(g) ad(E,ϕ) 0,

where, if we regard b ∈ E(g) and ϕ ∈ E(G), as maps fb : E → g, fϕ : E → G, by Adϕ(b)
we mean the map sending any e ∈ E to Adfϕ(e)(fb(e)). The map adϕ is defined as

adϕ = Lϕ −Rϕ,

where Lϕ and Rϕ are given by the following diagram

E(g)

E(g) ⊕ E(g) ad(E,ϕ)

E(g).

i1
Lϕ

i2
Rϕ
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Remark 4.13. In terms of a faithful representation ρ : G ↪→ GL(V ), the maps Lϕ and 
Rϕ correspond precisely to left and right multiplication by ρ(ϕ), and the deformation 
complex becomes

adρ(ϕ) : EndE(Vρ) −→ EndE(Vρ) ⊗OX((λ ·D)ρ)

ψ �−→ [ρ(ϕ), ψ].

This is precisely the deformation complex for OX((λ ·D)ρ)-twisted Higgs bundles.

We now have to give a explicit description for the tangent space H1(C[E,ϕ]). We do 
this by taking an acyclic resolution of the complex C[E,ϕ] and computing cohomology 
of the total complex. For example, we can take the Čech resolution associated to an 
acyclic étale cover of X, that we denote by {Ui}i. We can now compute H1(C[E,ϕ]) as 
the quotient Z/B, where Z consists of pairs (s, t), with s = (sij)i,j , t = (ti)i, for the 
sij ∈ Γ(Ui ∩ Uj , E(g)), and ti ∈ Γ(Ui, ad(E, ϕ)), satisfying the equations{

sij + sjk = sij ,

ti − tj = adϕ(sij);

and B is the set of pairs (s, t) of the form s = (ri − rj)i,j and t = (adϕ(ri))i, for some 
r = (ri)i, with ri ∈ Γ(Ui, E(g)). Now one obtains a deformation of the pair (E, ϕ) from 
a pair (s, t) by considering the pair (E, ϕ)(s,t) over X × Spec(k[δ]), for k[δ] = k[t]/(t2), 
determined by {

gs = g(1 + δs),
φt = φ(1 + δt).

Here, g = (gij)i,j are the transition functions of E and φ = (φi)i is determined by 
restricting ϕ to the Ui.

With this explicit description of the tangent space we can finally compute the differ-
ential of the involution ιεa. Indeed, (ιεa)∗(s, t) is such that

ιεa(gs,φt) = (θ(g)(ι
ε
a)∗(s), (θ(φ)ε)(ι

ε
a)∗(t)).

Now,

ιεa(gs,φt) = (θ(g)(1 + δθ(s)), θ(φ)ε(1 + δθ(t))ε) = (θ(g)θ(s), (θ(φ)ε)εθ(t)),

where, for the last equality, we have used that, in k[δ],

(1 + aδ)ε = 1 + εaδ.

We conclude that
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(ιεa)∗(s, t) = (θ(s), εθ(t)).

Consider now the dual complex of the deformation complex

C∗
[E,ϕ] : ad(E,ϕ)∗ E(g∗).

ad∗
ϕ

Grothendieck–Serre duality gives a perfect pairing

H1(C[E,ϕ]) ×H1(C∗
[E,ϕ] ⊗KX) −→ H1(X,KX) ∼= k.

However, since we assumed that KX = OX , we get a perfect pairing between H1(C[E,ϕ])
and H1(C∗

[E,ϕ]), so we can identify the cotangent space of the moduli space at [E, ϕ]
with H1(C∗

[E,ϕ]).
An invariant bilinear form on g gives a natural isomorphism between g and its dual 

g∗. Under this isomorphism, the complex C∗
[E,ϕ] can be identified with

C∗
[E,ϕ] : ad(E,ϕ−1) E(g).−adϕ

We can then describe the cotangent space H1(C∗
[E,ϕ]) as the quotient Z∗/B∗, where 

Z∗ consists of pairs (σ, τ ), with σ = (σij)i,j , τ = (τi)i, σij ∈ Γ(Ui ∩ Uj , ad(E, ϕ−1)), 
τi ∈ Γ(Ui, E(g)), satisfying

{
σij + σjk = σij ,

τi − τj = −adϕ(σij);

and B∗ is the set of pairs (σ, τ ) of the form σ = (ηi − ηj)i,j and τ = (−adϕ(ηi))i, 
for some η = (ηi)i, with ηi ∈ Γ(Ui, ad(E, ϕ−1)). One can now check that, under this 
description, the Grothendieck–Serre duality pairing is given explicitly by

Φ : H1(C[E,ϕ]) ×H1(C∗
[E,ϕ] ⊗KX) −→ H1(X,KX) ∼= k

([s, t], [σ, τ ]) �−→ Φ((s, t), (σ, τ )) = 〈s, τ 〉 − 〈σ, t〉,

where 〈−, −〉 denotes the duality pairing.
Finally, note that we can define a morphism of complexes Ψ : C[E,ϕ] → C∗

[E,ϕ], as in 
the following diagram

C[E,ϕ] : E(g) ad(E,ϕ)

C∗
[E,ϕ] : ad(E,ϕ−1) E(g).

Ψ

adϕ

−Lϕ−1 Lϕ−1

−adϕ
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The adjoint of this morphism is given by

C[E,ϕ] : E(g) ad(E,ϕ)

C∗
[E,ϕ] : ad(E,ϕ−1) E(g).

Ψ†

adϕ

−Rϕ−1 Rϕ−1

−adϕ

Now, these two maps are homotopic, since the following diagram commutes

E(g) ad(E,ϕ)

ad(E,ϕ−1) E(g),

adϕ

−adϕ−1 adϕ−1
h

−adϕ

for h = Lϕ−1 ◦ Rϕ−1 . Therefore, Ψ and Ψ† define the same map in hypercohomology. 
Moreover, this map is an isomorphism. We can now define the Hurtubise–Markman 
symplectic form as

Ω : H1(C[E,ϕ]) ×H1(C[E,ϕ]) −→ k

(v,w) �−→ Φ(v,Ψ(w)).

This is obviously non-degenerate and it is clearly a 2-form since

Ω((s, t), (s′, t′)) = 〈s,Ψ(t′)〉 − 〈Ψ(s′), t〉 = 〈Ψ†(s), t′〉 − 〈s′,Ψ†(t)〉

= 〈Ψ(s), t′〉 − 〈s′,Ψ(t)〉 = −Ω((s′, t′), (s, t)).

Hurtubise and Markman [34, §5] show that it is closed.
We now have all the ingredients for the proof of Theorem 4.12.

Proof of Theorem 4.12.

(ιεa)∗Ω((s, t), (s′, t′)) = Ω((θ(s), εθ(t)), (θ(s′), εθ(t′)))

= 〈θ(s), εΨθ(θ(t′))〉 − 〈Ψθ(θ(s′)), εθ(t)〉

= 〈θ(s), εθ(Ψ(t′))〉 − 〈θ(Ψ(s′)), εθ(t)〉

= ε[〈s,Ψ(t′)〉 − 〈Ψ(s′), t〉]

= εΩ((s, t), (s′, t′)),

since the bilinear form can be taken to be invariant under automorphisms of g. �
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Appendix A. Root systems

We recall the basics of root systems.
Let (E, (·, ·)) be a finite-dimensional Euclidean vector space. Recall that a (crystallo-

graphic) root system in E is a finite subset Φ ⊂ E, whose elements are called roots, such 
that:

(1) The roots span E.
(2) For any two roots α, β, the vector sα(β) = β − 2 (α,β)

(α,α)α is in Φ.
(3) For any two roots α, β, the number 2 (α,β)

(α,α) is an integer.

We say that a root system is reduced if the only scalar multiples of a root α that belong 
to Φ are α and −α. In any case, note that even if Φ is nonreduced, the only multiples of 
a root α that can belong to Φ are ±α, ±1

2α or ±2α, since

2(α, λα)
(α, α) = 2λ and 2 (α, λα)

(λα, λα) = 2/λ

must be integers.
Given a root system Φ, one can fix a subset Φ+ of positive roots which is closed under 

the sum and such that for each α ∈ Φ either α or −α belong to Φ+ (but not both). 
When Φ is reduced, the indecomposable elements of Φ+ form the set of simple roots
Δ, and every root α ∈ Φ can be written as a linear combination of elements in Δ with 
integer coefficients. Fixing a set of simple roots Δ is equivalent to fixing the positive 
roots Φ+. This choice is unique up to the action of the Weyl group of Φ, which is the 
finite group W generated by the reflections sα. This group naturally acts on E, and its 
fundamental domains are the Weyl chambers, which are the connected components of 
the complement of the union of the hyperplanes perpendicular to each root α ∈ Φ. Given 
a choice of simple roots Δ, the corresponding dominant Weyl chamber is the one defined 
as

C+
Δ = {v ∈ E : (v, α) ≥ 0,∀α ∈ Δ} .

One can also consider the anti-dominant Weyl chamber

C−
Δ = {v ∈ E : (v, α) ≤ 0,∀α ∈ Δ} ,

which is related to C+
Δ by the longest element of W , which is the element w0 of maximal 

length as a word in the sα, for α ∈ Δ.
To any root system Φ in (E, (·, ·)), one can associate its dual root system

Φ∨ = {α∨ ∈ E∗ : α ∈ Φ} ,
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where α∨ is the coroot of α, defined as

〈v, α∨〉 = 2 (v, α)
(α, α)

for any v ∈ E. Here, 〈·, ·〉 denotes the duality pairing of E and E∗. From the definition of a 
root system, it is clear that this duality pairing restricts to a pairing 〈·, ·〉 : Φ ×Φ∨ → Z. 
When Φ is reduced, the simple coroots Δ∨, which are the duals of the simple roots, give 
the simple roots for the root system Φ∨.

The root and weight lattices of a root system Φ are, respectively

R(Φ) = Z〈Φ〉 ⊂ E

P(Φ) = {v ∈ E : 〈v, α∨〉 ∈ Z,∀α ∈ Φ} .

We can also consider the coroot and coweight lattices, respectively,

R∨(Φ) = R(Φ∨) = Z〈Φ∨〉 ⊂ E∗

P∨(Φ) = P(Φ∨) = {v ∈ E∗ : 〈α, v〉 ∈ Z,∀α ∈ Φ} .

Note that the pairing 〈·, ·〉 defines a perfect pairing between the root lattice and the 
coweight lattice, and between the weight lattice and the coroot lattice.

The elements of the intersection P+(Δ) = P(Φ) ∩C+
Δ are called the dominant weights

of Φ. This intersection is a semigroup spanned by some elements ω1, . . . , ωn called the 
fundamental dominant weights. That is, we have

P+(Δ) = N〈ω1, . . . , ωn〉,

P(Φ) = Z〈ω1, . . . , ωn〉.

Dually, and assuming that Δ∨ defines a set of simple coroots, we can consider the 
intersection

P∨
+(Δ) = P∨(Φ) ∩ C+

Δ∨ = {λ ∈ P∨(Φ) : 〈λ, α〉 ≥ 0,∀α ∈ Δ} .

This is the set of dominant coweights of Φ. Again, this set is a semigroup spanned by 
some elements λ1, . . . , λn called the fundamental dominant coweights, and

P∨
+(Δ) = N〈λ1, . . . , λn〉,

P(Φ) = Z〈λ1, . . . , λn〉.

A choice of the simple roots Δ also determines an order on E, and thus also on P(Φ)
and R(Φ), given by
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v ≥ v′ if and only if v − v′ ∈ N〈Δ〉.

Note that, if Φ is a nonreduced root system, and α is a root with 2α ∈ Φ then 
(2α)∨ = α∨/2. Thus, when Φ is nonreduced, in order for the above definitions to work 
properly, we need to define the simple roots as the union of the indecomposable elements 
with their positive multiples that belong to Φ. Given that definition, the dual simple 
roots Δ∨ will be simple roots for Φ∨ and we will be able to define Weyl chambers and 
fundamental and dominant weights and coweights just like in the reduced case. Note 
that this change in the definition does not change the Weyl group, since the reflection 
associated to α is the same that the one associated to 2α.

Finally, in this paper we consider the multiplicative invariants of a root system. By 
this we mean the ring k[eP(Φ)]W of W -invariants of the group algebra of the weight 
lattice k[eP(Φ)]. We write eP(Φ) in order to regard the weight lattice as a multiplicative 
abelian group, rather than an additive one. Now, given any element a ∈ k[eP(Φ)], which 
is of the form

a =
∑

ω∈P(Φ)

aωe
ω,

we define the weights of a to be those ω such that aω �= 0. The maximal elements among 
these weights are called the highest weights of a. The main result here is the following.

Proposition A.1 ([10, VI.3.4 Theorem 1]). Let Φ be a reduced root system, with Δ ⊂ Φ a 
choice of simple roots. Let ω1, . . . , ωn be the corresponding fundamental dominant weights 
of Φ and, for each i, let ai ∈ k[eP(Φ)]W be a W -invariant element with unique highest 
weight ωi. Then, there is an isomorphism

k[eP(Φ)]W ∼= k[a1, . . . , an].
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