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1. Introduction
1.1. Multiplicative Higgs bundles

Let k be an algebraically closed field of characteristic 0, G a reductive algebraic group
over k and X a smooth algebraic curve over k. A multiplicative G-Higgs bundle on X is
a pair (E, ) where E is a principal G-bundle over X and ¢ is a section of the adjoint
group bundle E(G) over X \ |D| the complement of a finite subset |D| C X. This is
indeed a “multiplicative” version of an (ordinary, twisted) G-Higgs bundle on X, which
is a pair (E, ) with E a principal G-bundle over X and ¢ a section of the adjoint Lie
algebra bundle E(g) twisted by some line bundle L on X. As in the ordinary case, one
wants to prescribe the singularities of ¢. In the multiplicative case, instead of fixing the
twisting line bundle L, one controls the singularity at each point x € |D| by fixing a
dominant cocharacter A\ € X, (T4, for a given choice T C B C G of maximal torus T
and Borel subgroup B.

Just like for ordinary Higgs bundles [32], one can define a Hitchin map in the multi-
plicative case, which is based on the “multiplicative version” of the Chevalley restriction
map G — T /W, for W = Ng(T')/T the Weyl group of T'. This leads to the multiplicative
Hitchin fibration. A general reference reviewing and explaining the several perspectives
around multiplicative Higgs bundles and the multiplicative Hitchin fibration is presented
by Elliot and Pestun [22].

Multiplicative Higgs bundles were originally introduced in algebraic geometry by Hur-
tubise and Markman [34], although they had made previous appearances in the physics
literature (see [22] for references). Hurtubise and Markman considered the particular case
where X is an elliptic curve and, in this case, they constructed an algebraic symplectic
form on the moduli space of simple multiplicative Higgs bundles and proved that the
multiplicative Hitchin fibration defines an algebraically completely integrable system. As
explained in Elliot—Pestun [22], these results can be generalized to the case where X is
Calabi-Yau, that is, if X is an elliptic curve, A, or G,,.

The multiplicative Hitchin fibration was also studied independently by Frenkel and
Ngb [23] in the context of geometrization of trace formulas. In particular, they suggest
the use of Vinberg’s enveloping monoid to describe the moduli stack of multiplicative
Higgs bundles and construct the multiplicative Hitchin fibration. That paper was the
starting point for a programme to study the multiplicative Hitchin fibration from the
point of view of Vinberg’s theory of reductive monoids [48]. This has been continued
in several papers by Bouthier and J. Chi [11-13,18], which study analogues of affine
Springer fibres, and in the thesis and subsequent work of G. Wang [50], dedicated to
the Fundamental Lemma of Langlands—Shelstad for the spherical Hecke algebras, in the
spirit of Ng6’s work on the Fundamental Lemma for the Lie algebras [40].

When the base field is £ = C the field of complex numbers, multiplicative G-Higgs bun-
dles on X have also been related to singular K-monopoles on the 3-manifold X2 x S*, for
K C G a maximal compact subgroup, in the works of Charbonneau-Hurtubise [16] and
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Smith [45]. The correspondence is given by constructing a multiplicative Higgs bundle as
the scattering map of a monopole. In the other direction, by “gluing” from a multiplica-
tive Higgs bundle one constructs a holomorphic bundle on the 4-manifold X" x S x S,
solves the Hermitian Yang—Mills equations on it and reduces to X2 x S! to obtain a
monopole. These equations can be solved provided the stability condition on the holo-
morphic bundle on the 4-manifold, which translates into an ad-hoc stability condition
for the multiplicative Higgs bundle. The Charbonneau—-Hurtubise—Smith correspondence
is widely extended in Mochizuki’s book [37]. The moduli space of singular monopoles
on C x S is known to be a hyperkihler manifold [17]. Using Mochizuki’s correspon-
dence, Elliot and Pestun [22] show that the holomorphic symplectic structure defined by
that hyperkahler structure coincides with the Hurtubise—-Markman algebraic symplectic
structure on the moduli space of simple multiplicative Higgs bundles on A'. Furthermore,
they study the twistor space for this hyperkdhler manifold by introducing the notion of
a q-difference connection.

1.2. Multiplicative Higgs bundles and involutions

The purpose of this paper is two-fold.

On the one hand, we introduce a generalization of multiplicative Higgs bundles from
groups to pairs (G,0) where G is a reductive group and 6 € Auty(G) is an involution
of G. A multiplicative (G, 0)-Higgs bundle on X is formed by a principal G’-bundle
E — X and a section ¢ of the associated bundle E(G/G?) over the complement of a
finite subset of X. Here, GY C G is the subgroup of fixed points of # and G/G? is the
corresponding symmetric variety. The group G? acts on G/G? by left multiplication and
thus E(G/G%) — X denotes the bundle of symmetric varieties associated to this action.

Moreover, we generalize the description of the multiplicative Hitchin map in terms
of the theory of reductive monoids, as developed in [11-13,18,23,50], to this involutive
situation. We do this by studying the theory of embeddings of symmetric varieties and
using Guay’s enveloping embedding [30], and by extending the results of Richardson [42].

On the other hand, for any such pair (G, 6), we consider the involutions of the moduli
space of (simple) multiplicative G-Higgs bundles given by

tt (B, ) = (0(E), 0(9)™)

and study their fixed points. We show that the fixed points of ¢, define an algebraic
symplectic submanifold of the moduli space of multiplicative Higgs bundles, while the
fixed points of ¢ define a Lagrangian submanifold. We are specially interested in the
involution ¢ and we show that multiplicative (G, #)-Higgs bundles appear as their fixed
points, although also other components show up.

One of the reasons why multiplicative (G, #)-Higgs bundles are important is that when
k = C they are the multiplicative object analogous to Higgs bundles for real forms of
G. We recall that if Gg is a real form of G, a (L-twisted, for L — X a line bundle)
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Gr-Higgs bundle on X is a pair (E, ¢), where F is an H-bundle on X and ¢ is a section
of F(m)® L. Here, H is the complexification of a maximal compact subgroup Hg C Ggr
and m is the complexification of the space mg appearing in the Cartan decomposition
gr = br © mg.

There is a well known correspondence between real forms and involutions of G. If one
regards a real form as the fixed points of an anti-holomorphic involution ¢ : G — G,
then one can find a commuting compact real form 7 : G — G and consider the involution
§ = o o 7. In this language, if Gg = G°, then H = GY and m is the (—1)-eigenspace in
the decomposition g = h @ m. Note that m is the tangent space of G/GY at 1 € G, so
a multiplicative (G, 8)-Higgs bundle is indeed a multiplicative analogue of a Gr-Higgs
bundle. In [29], Gr-Higgs bundles receive the name of (G, —)-Higgs bundles and are
shown to appear as fixed points of the involution (E, ) — (0(E), —0(p)).

In any case, the definition of Gr-Higgs bundles originated from the nonabelian Hodge
correspondence, through which they yield representations of the fundamental group
of X?" in Gr. A similar correspondence is not known in the multiplicative situation.
We expect to obtain some clarification of this by looking at multiplicative (G, 6)-Higgs
bundles or studying the fixed points of ¢— from the other side of the Charbonneau—
Hurtubise-Smith correspondence. This is explored in the PhD Thesis of the first author
[26], and will be the topic of a forthcoming paper.

Another reason to study the objects and involutions related to multiplicative Higgs
bundles and pairs (G, 0) is to study branes. In mirror symmetry, symplectic subvarieties of
holomorphic symplectic manifolds are the support of B-branes, while Lagrangian subva-
rieties are the support of A-branes. In the language of hyperkéhler geometry, holomorphic
B-branes are (B, B, B)-branes, while holomorphic A-branes are (B, A, A)-branes.

For the classical Hitchin fibration, S-duality is expected to give a correspondence
between B-branes in the moduli space of G-Higgs bundles and A-branes in the moduli
space of é—Higgs bundles, for G the Langlands dual group of G. More precisely, since
the Hitchin bases for G and G are canonically identified, the two moduli spaces fibre
over the same space and Fourier—-Mukai transforms on the fibres are expected to give the
construction of A-branes on one of them from B-branes on the other. In particular, it is
suggested that Higgs bundles for real forms Gy of G, that give A-branes in the moduli
space of G-Higgs bundles, should correspond to éGR-Higgs bundles, for éGR C G the
Nadler dual group of the real form Gg [39]. This conjectures arise from the work of
Kapustin and Witten [35] relating the geometric Langlands program with gauge theory,
from the results on the duality of Hitchin systems given by Donagi and Pantev [21],
and from a gauge-theoretical description of the construction of the Nadler group, given
by Gaiotto and Witten [24], and has been further studied in several works [4,8,9,14,33].
The Nadler dual group coincides with éG /Go, the dual group of the symmetric variety
G/G?, for 6 the involution of G corresponding to the real form Gg, introduced in the
context of spherical varieties [36,43]. The dual group of a spherical variety plays an
important role in the recent extension of the Langlands program (both in its classical
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and geometric flavours) to spherical varieties; this is the relative Langlands program of
Ben-Zvi, Sakellaridis and Venkatesh [6]. See Section 2.6 for more about dual groups.

In [22, Pseudo-Conjecture 3.9], Elliot and Pestun suggest the existence of a similar
correspondence between A-branes and B-branes in the moduli space of multiplicative
G-Higgs bundles, when X is Calabi-Yau and G a Langlands self-dual group. If G is
a Langlands self-dual group, we can identify a maximal torus T C G with its dual
T = Spec k[eX+(T)], as well as the lattices of characters and cocharacters X*(T') < X, (T)
and the roots and coroots ®7 <+ ®Y.. Moreover, in that case, the dual group Ga Jqo of
G/G? is naturally a subgroup of G. We thus suggest the following.

Conjecture 1.1. If X is Calabi—Yau and G is a Langlands self-dual group, for any in-
volution 6 € Aute(QG), multiplicative (G, 0)-Higgs bundles inside the moduli space of
multiplicative G-Higgs bundles define the support of an A-brane dual to the B-brane
given by multiplicative ég/Gs -Higgs bundles.

1.3. Outline of the paper

This paper consists of three different sections (apart from this introduction) and an
appendix.

Section 2 covers all the preliminary notions that we need about reductive groups
with involutions, symmetric varieties and their embeddings, and their invariant theory.
We begin by reviewing some general facts about reductive groups with involutions. We
then introduce #-split tori and 6#-split parabolic subgroups, and recall the notion of a
quasisplit involution and the Iwasawa decomposition. We then recall the construction
of the restricted root system and its associated root and weight lattices. We continue
by describing the weight lattices and the weight semigroups of symmetric varieties and
their embeddings, in the context of the theory of spherical varieties. We also recall the
construction of the dual group of a symmetric variety, as introduced by Sakellaridis and
Venkatesh [43] and state its most relevant properties for us. We then review Guay’s
classification of a certain class of symmetric embeddings, which we call “very flat” (in
analogy with very flat monoids), and his construction of the “enveloping” embedding
[30]. Guay’s enveloping embedding is an affine variety associated to a semisimple simply-
connected group with involution that generalizes Vinberg’s enveloping monoid. We also
introduce the wonderful compactification of a symmetric variety, and explain that the
Guay embedding can be obtained as the spectrum of its Cox ring. After this, we study
the invariant theory of symmetric embeddings: first we recall Richardson’s results on
the invariant theory of a symmetric variety [42], and in Proposition 2.31 we extend
them to very flat symmetric embeddings. We finish the section by describing the loop
parametrization of a symmetric variety, and extend it to the enveloping embedding in
Proposition 2.36, thus giving a generalization of [18, 2.5].

Section 3 introduces the main objects we are interested in, from several perspectives
that we compare. In the first part of the section we emulate the construction of the
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multiplicative Hitchin fibration associated to a reductive monoid, as explained in [50],
in order to construct a multiplicative Hitchin map associated to a very flat symmetric
embedding acted by a semisimple simply-connected group. In the second part of the
section we introduce the notion of a multiplicative Higgs bundle associated to a reductive
group with involution. We finish the section by relating the objects defined in the second
part (with semisimple group) with the objects defined in the first part.

Finally, in Section 4 we study a certain type of involutions in the moduli space of
simple multiplicative Higgs bundles, how the objects introduced in Section 3 appear
as their fixed points, and the relation between these involutions and the Hurtubise—
Markman symplectic form. More precisely, the section is dedicated to the study of the two
involutions ¢+ : (E, ) — (8(E),8(p)*"), of the moduli space of simple multiplicative G-
Higgs bundles, associated to an involution 6 € Auts(G). We begin by recalling Hurtubise
and Markman’s [34] description of this moduli space of simple multiplicative G-Higgs
bundles. We then show how multiplicative (G, 6)-Higgs bundles are naturally mapped
inside the fixed points of ¢— in Proposition 4.5 and give a detailed description of the
fixed points in Theorem 4.6 and Corollary 4.11. We finish the section by reviewing the
definition of the Hurtubise-Markman algebraic symplectic form in the moduli space of
simple multiplicative G-Higgs bundles when the curve X is assumed to be Calabi—Yau,
and show in Theorem 4.12 how this symplectic form behaves under the above involutions.
More precisely we show that the fixed points of ¢ define a symplectic submanifold, while
the fixed points of «_ give a Lagrangian submanifold. This is then a first result that
motivates Conjecture 1.1 stated above.

At the end of the paper, we have included an Appendix (A) to cover the basic facts
that we use about root systems, and to establish our notation.

1.4. Some notations

We establish now some notations regarding characters and cocharacters of algebraic
tori. Given an algebraic torus T we denote by X*(T') = Hom(T, G,,) its lattice of char-
acters and by X.(T) = Hom(G,,,T) the lattice of cocharacters. Throughout the text
we will use additive notation for characters and cocharacters. Thus, given an element
t € T and a character x € X*(T'), we denote by tX € G,, the image of the corresponding
morphism T" — G,,. On the other hand, given an element z € G,, and a cocharacter
A € X, (T), we denote by z* € T the image of the corresponding 1-parameter subgroup
Gy, — T. We consider the vector space Er = X*(T') ®z R, endowed with the scalar
product (-,-) induced by the choice of an invariant bilinear form on T (which we also
choose to be invariant under 6 and under the Weyl group Wy of T'), and identify X*(7')
and X.(T) as lattices inside Ep and &, respectively. We can also consider the root
system of T' inside (Er, (+,+)); this is the set &7 C X*(T') of the weights of the adjoint
representation of T in its Lie algebra t. See the Appendix A for more notations regarding
root systems.
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2. Involutions, symmetric varieties and symmetric embeddings
2.1. Some generalities on involutions

Let G be a reductive algebraic group over k. By an involution of G we mean an order
2 automorphism 6 € Auty(G). To any such involution § we can associate the subgroups

G’ ={g€G:0(g9) =g},
Goy={ge€G:g0(g9)~" € Za},

where Zg C G is the centre of G. The group G? is the group of fixed points of  while
Gy can be shown to be its normalizer [20, 1.7]. We can also consider G§ = (G?)° the
neutral connected component of GY, and one can show that if G is of simply-connected
type then G is connected, so G§ = G? [46, Theorem 8.1].

An involution 6 of G defines the 0-twisted conjugation action of G on itself

GxG—G

(g,8) —> g*p s = gs0(g)~".

For each s € G we denote by 7¢ : G — G the map 7%(g) = g %9 s sending G to the
f-twisted G-orbit 7¢(G) = G *g s. We also denote these §-twisted orbits by M? = 79(Q).
In particular, we denote 7% = 7 and M? = 79(G). One can easily check that the isotropy
subgroup of s € G is the fixed point subgroup G% of the automorphism

0, = Int, of.

Here, Int, stands for the automorphism of G given by conjugation by s; the elements of
this form are the so-called inner automorphisms, that form a subgroup Int(G) C Aut(QG).

From the above, we conclude that the f-twisted orbits M? are homogeneous spaces of
the form G//G% , but not necessarily symmetric varieties. In particular, note that the orbit
M? is naturally identified with the symmetric variety G /G?. Moreover, this identification
is a G-equivariant isomorphism, where G acts on M? by #-twisted conjugation and on
G/G? by left multiplication. We can ask ourselves for which s € G the automorphism
0, is an involution. A simple computation shows that 62 = idg if and only if s6(s) is an
element of the centre Zg. The set of such s is denoted by

Se={s€G:s0(s) € Zg}.
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For s € Sy, the f-twisted orbit M? gets explicitly identified with M?% as
M = MPs.

In particular, note that if s € M?, then M%s = M? = MY, so for s € M? the symmetric
varieties G/G? and G/G% can be identified. Moreover, if s = gf(g) ™!, we can identify
0s = Inty 00 o Int;1 and G% = ¢gG% 1.

It makes sense then to define an equivalence relation ~ on Autae(G):

0 ~ @' if and only if there exists o € Int(G) such that ' = aofoa™!,

and describe the quotient set Aute(G)/ ~. We recall the description given in [29] in
terms of what is called the “clique map”.

The natural projection 7 : Auty(G) — Outy(G) = Aute(G)/ Int(G) factors through
Autz(G)/ ~. Indeed, this follows from the fact that

Intgy 06 o Int;1 = Intyg(g4y-1 0.
We obtain a surjective map
cl: Auty(G)/ ~ — Outa(G),

called the clique map. The inverse image cl™'(a) of a class a € Outy(G) is called the
clique of a. It is easy to check that for any 6 € 7 !(a) the clique c1™*(a) is in bijection
with the orbit set Sp/(G X Zg), where (G x Zg) acts on Sy through the natural extension
of the #-twisted conjugation action

(GXZG)XG—>G

((g.2),8) — zgs0(g) "

The #-twisted conjugation action clearly preserves Sy and also, for each z € Zg, the
subset

S% = {seG:s0(s) =z} CSp.
In particular, it preserves the subset of “anti-fixed” points of 6,
S?=80={seG:s=0(s)""'}.

As explained in [29], the quotient sets S?/G and Sp/(G x Zg) admit an interpretation
in terms of nonabelian group cohomology:

S%/G = H}(Z)2,G) and Sp/(G x Zg) = H(Z/2,G*),
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where G* = (/Z and the subscript ¢ indicates that Z /2 acts on G and G*? through
6. Moreover, Richardson [41] shows that Hj(Z/2,G) (and thus Hy(Z/2,@)) is finite.

Remark 2.1. Consider the case where k = C. For any involution § € Auty(G) we can find
a maximal compact real form, defined by some conjugation o, of G commuting with 6 and
consider the composition ¢ = o.00. This o defines a real form G of G. In [2], Adams and
Taibi show that the nonabelian cohomology set H}(Z/2,G) is isomorphic to the Galois
cohomology H}(Gal(C/R),G). In particular, for G*! one recovers Cartan’s classification
of real forms of G. Tables with H}(Z/2,G) computed for semisimple simply-connected
groups can be found in [2, Section 10]. We also refer the reader to [29, Section 2.3] for
more details about the correspondence between involutions and real forms.

Example 2.2 (The diagonal case). Groups with involution are in a certain sense a gen-
eralization of groups. Indeed, if G is any linear algebraic group, we can consider the
pair (G x G,0), where © € Auty(G x G) is the involution (g1, g2) = (g2,91)- Let us
denote by A : G — G x G the diagonal map A(g) = (g,9) and by A the antidiagonal
A(g) = (g,97"). The fixed point subgroup (G x G)® is the diagonal A(G), which can
be naturally identified with G, whereas the orbit M® is the antidiagonal A(G), which
is again identified with G. The set of anti-fixed points S®© is easily shown to be equal to

M®. We also have

(GxGo ={(29,9): g € G}, and Se = {(29,97") : g € G}.

Therefore, the orbit sets S€/(G x G) and Se/(Z x G x G) are just singletons. The real
form of G x G corresponding to © is simply the group G regarded as a real group.

Example 2.3 (G = SL,,,n > 2). In this case we have Out(G) = Z/2, so we distinguish
two cases for a € Outy(G), a =1 and a = —1. For a = 1 we have

cl_l(l):{ep,q:nggqgn,p—i—q:n},

with 0,.4(9) = I.q91p.4, for

where I, denotes the identity matrix of rank p. The corresponding groups of fixed points
are

G% 1 = S(GL, x GL,).

Here, the S stands for taking the subset of matrices of determinant equal to 1. Consider
now the case a = —1. The clique c1™!(—1) consists of a single element if n is odd and
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of two elements if n = 2m is even. In both cases we have the involution 6y(g) = (¢7) 1.

The fixed points subgroup is
G =80,

When n = 2m is even, we also have the involution 61 (g) = J,n00(g)J,,,}, where J,,, is the
symplectic matrix

The fixed points subgroup is
G% = Sp,,,.

When k = C, we can also consider the real forms corresponding to these involutions.
The compact real form of SL, (C) is SU(n), which sits inside SL,,(C) as the fixed points
of the conjugation o (g) = (¢7)~!, where T stands for taking transpose and complex-
conjugation. Therefore, the real forms corresponding to the involution 6, , are o, 4(9) =
I, 4(g") "', 4, and G°»« = SU(p,q). Similarly, we have 0¢(g) = g, so G’ = SL,(R),
and, if n = 2m, o1(g) = JmgJ,,}, so G = SU*(2m).

We refer to Table 26.3 in [47] for a complete classification of the involutions of the
simple groups.

2.2. Split tori and split parabolics

Let G be a reductive group over k and 6 € Auty(G) an involution. We say that a torus
A C G is 0-split if 0(a) = a~* for every a € A, and we say that it is mazimal 0-split if it
is maximal among 6-split tori.

Remark 2.4. The name “#-split” comes from the correspondence with real groups when
k = C. Indeed, a -split torus is just the complexification of an R-split torus Ag C G,
for o the real form corresponding to 6.

We now state some of the results of Vust [49] on 6-split tori.

Proposition 2.5 (Vust).

(1) Non-trivial 0-split tori exist.

(2) Any mazimal torus T containing a mazimal 0-split torus A is 0-stable, meaning that
0(T)CT.

(3) All mazimal 0-split tori are pairwise conjugated by elements of G°.
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(4) For any maximal 0-split torus A C G, the group GY decomposes uniquely as G® =
F°GY, for

FezAﬂGez{aeA:a2:1}.

Related to point (4) in the proposition above, we also have the following result of
Richardson.

Lemma 2.6 ([/2, Lemma 8.1.(a)]). For any mazimal 0-split torus A C G, the group Gy
decomposes uniquely as Gy = FQGS, for

Fy=ANGy={acA:a’€ Zg}.

A parabolic subgroup P C G is -split if P and 6(P) are opposite, that is, if PNO(P)
is a Levi subgroup of both P and 6(P). If P C G is a minimal #-split parabolic subgroup
one can show [49] that there exists a maximal 6-split torus A and a dominant cocharacter
A € X, (A)4 such that P is of the form

P=P0)) = {pe G : lim t*pt = eG}.

Equivalently, if one takes T' D A a maximal torus, and considers ®7 the associated root
system and g =t® P aed, g® the corresponding root space decomposition, then P(\)
is the parabolic subgroup with Lie algebra

PN =to P o

This P(\) admits the Levi decomposition

[=t® g® =Lie(Zo(V) and p(\)"= B o
(e, A)=0 (@, A)>0

for Za(A) = Za({z* : z € C*}) the centralizer of the uniparametric subgroup induced
by A. As a consequence, the Levi subgroup P N #(P) is equal to

Pn Q(P) = Zc;(>\) = Zg(A).

Remark 2.7. Again, the name “#-split” comes from the correspondence with real groups
when k£ = C. Indeed, a parabolic subgroup is 6-split if and only if its corresponding real
form is split. We can also consider parabolic subgroups such that their corresponding
real form is quasisplit, which motivates the following.

Definition 2.8. An involution § € Auty(G) is quasisplit if there exists a 6-split Borel
subgroup B C G. Equivalently, 6 is quasisplit if there exists a maximal #-split torus A
such that T'= Z5(A) is a maximal torus of G.
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We refer the reader to [1] for the proof of the following fact.
Lemma 2.9. Any class a € Outa(G) can be represented by a quasisplit involution.

A consequence of the existence of minimal #-split parabolics is the Twasawa decompo-
sition (see [47] for a proof).

Lemma 2.10 (Twasawa decomposition). Let P C G be a minimal 0-split parabolic subgroup
and P* its unipotent radical. Then the product G§AP" is an open subset of G.

2.3. The restricted root system

Let A C G be a maximal -split torus and 7' C G a maximal -stable torus containing
it. Let r denote the rank of T" and [ the rank of A. The number [ is called the rank of
the symmetric variety G/G?. Let us consider ®7 the root system of 7.

The involution § naturally induces an involution x + x? on the characters X*(T).
For each y € X*(T) we define ¥ = (x — x?)/2, which is a well defined element of €.
Now, the lattice formed by the elements x of this form is naturally identified with the
group of characters X*(A).

It is easy to check that the involution on characters of T' sends roots to roots. The
elements of the set <I>9T of roots fixed under this involution are called the imaginary roots.
A choice of positive roots @; C &7 can be made in such a way that if o € (I>JTr is not
an imaginary root, then of is a negative root. Making this choice amounts to choosing
a Borel subgroup B C G. Indeed, this is the Borel subgroup B with Lie algebra

b=tod Z Ja-

acd},
The following follows easily.

Lemma 2.11. If 0 is quasisplit, then ®%. = &.

We consider now the vector space €9 = X*(A4) ®z R, which is naturally a subspace of
Er and thus inherits the scalar product (-, -).

Definition 2.12. The set of restricted roots of 0 is

_ .0
@9{(}0[206 689:QG©T\(I>%}.
The following is well known (see, for example [42]).

Lemma 2.13. The set @y is a (possibly non-reduced) root system in Eg with Weyl group
the little Weyl group Wy = NG (A)/Za(A) = Ngg(A)/Zge(A).
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Simple roots for 4 can be constructed from the simple roots A of ®. Indeed, these
roots can be split into two groups

ATH(I)T\(DG :{Oél,...,()ém}, ATQ‘I’%Z{&’---”&-—WL}-

Now, one can order (see [20] for more details) the simple roots {aq,...,an} in such a
way that the a; are mutually distinct for all 4 <[ and for each j > [ there exists some
1 <1 with o; = ;. Thus, we obtain the set of restricted simple roots

Ag={a,... au}.

There is a natural inclusion of the root lattice Ry := R(®y) = Z(Py) in the group
of characters X*(A), and the cokernel of this inclusion is the group of characters of the
subgroup

{a€A:a(a)=1forall @ € Pp}.

This group can be easily shown to be equal to Fy = A N Gy, and thus, if we denote
Ag, = A/ Fy, we get

Ry = X*(Ag,).

Dually, we get Py = PY(®y) = X, (Ag,)-

We describe now the weight lattice Py = P(®y) of ®y. Let us denote by w1, ..., w; the
corresponding fundamental dominant weights (that is, we want these weights to satisfy
(@), ;) = d;; for i = 1,...,1). When G is semisimple simply-connected, these w, can
be determined in terms of the fundamental dominant weights of ®7. We can partition
these into two sets

{wla"'awm}u {Cla"'a(’l’fm}

with (o, w;) = d0i5, (BY,¢;) = d;; and all the (o), ;) = (B, w;) = 0.
Since a root « and its image a must have the same length, we can have three possible
cases: (1) o = —a, (2) (a¥,af) =0, and (3) (aV,a’) = 1. Note that if there is a root

 must be a root in ®7, and this root restricts to

a of type (3) then s o(a) = a — «
itself, which is equal to 2. This implies that @y is nonreduced and that we can take the
restricted simple roots Ay coming just from simple roots of types (1) and (2).

Now, for any x € X*(T') we have

(@Y, x) in case (1)
(@, x —x% = (¥, x —x% in case (2)
2(aV,x —x?) in case (3).
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As in [20], it is easy to see that there exists some permutation o € &,, of order 2 such

that for each ¢ = 1,...,l, we have that af + o) = ag(i) + «; is a positive imaginary
root. Moreover, we have w? = —We (7). Then it is straightforward from the above that we
get
2w; if a; is of type (1)
Wi = QWi +weqy i oy is of type (2) and i # o (i)
w; if o; is of type (2) and i = o(i).
Note that if ®% = @, then i = o(i) if and only if af = —«;, and thus we do not have

the third situation in the formula above.

Lemma 2.14. When G is semisimple simply connected, the weight lattice Py =
Z(wy, ..., =) is equal to the group of characters X*(Age) of the torus Age = A/F?.
Dually, we get Ry = RY(®p) = X, (Ago).

Proof. The lattice X*(Ago) can be identified with 2X*(4) = {x —x%: x € X*(T")}. It
is clear from the above that for every y € X*(T) and & € ®g, the number (a",x — x%)
is an integer. On the other hand, 2w; and w; +we ;) are clearly of the form y — x?, while
clearly w; restricts to 1 on F? = AnNGY if wf =—w;. O

To finish the section, note that
Py =P (Ag) =PyNCL, =Py NCK = X" (Age) NXH(T)y = X*(Ago) 4
By an analogous argument, we get Py , = X, (Ag,) N Xu(T)4 = Xu(Ag,)+-

Example 2.15 (The diagonal case). In the diagonal case from Example 2.2, a maximal
O-split torus is given by A = {(¢t7*,¢) : t € T} C T x T, with character lattice X*(A) =
{(=x,X) : x € X*(T)}. The restricted roots are then identified with ®r.

Example 2.16 (SL,,n > 2). Recall the classification of the involutions of SL,, given in
Example 2.3. We determine now the restricted root systems associated to each of these
involutions. We begin by considering the inner involutions 8, 4(¢9) = I, 491, 4. Under a

change of basis, we can write these involutions as 0, ,(g) = 1, .91, ,, for

t

0 0 »
Iz,),q: 0 I 0],
I, 0 0

where fp is the p X p matrix
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0 1
=10 .. o0
1 0
Now it is clear that the elements of the form
a:diag(al,...,ap,l,...,l,azjl,...,al_l)

form a maximal 6, ;-split torus A. This torus sits inside the standard maximal torus T’
of SL,,, which is f-stable. The corresponding simple roots are Ag, = {aq,...,an_1},
with

Qf = & — Ei+1,
for e;(diag(as,...,an)) = a;. The imaginary roots are those of the form ¢; — ¢;, for
p < i # j < g; thus, 0, 4 is quasisplit if and only if ¢ = p or ¢ = p + 1. The restricted
root system is
(pe = {igzig]aiZglaigz 1 SZ#] Sp}a

when p # n/2, and
when p = n/2. Therefore, the restricted root system is nonreduced, of type BC, if
p # n/2, and reduced of type C, if p =n/2.

For the outer involution 6y, the standard torus is maximal 6y-split and 9y = Pp.
On the other hand, if n = 2m is even, we can choose a basis such that 6,(g) =

Im7m(gT~)’1Im7m, where T’ denotes transposition with respect to the secondary diagonal.
It is now easy to see that the elements of the form

a = diag(ay, az, ..., a2,a1),
with ajas - -+ a,, = 1 form a maximal 6-split torus A. The restricted root system now is
Qg ={&;,—¢;:1<i#j<m},
so it has type A,,_;. Table 1 summarizes this example and Example 2.3.
2.4. Symmetric pairs and symmetric varieties
Definition 2.17. Any closed subgroup H C G of a reductive group G with

GSc HCGy
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Table 1
Involutions of SL,,, for n > 2. Notation for real forms following Helgason [31].
Involution el Real form (when k = C) Split or quasisplit? @y
— Quasisplit iff BCp if p # g
Inner 0p,q(9) = Ip,qalp.q S(GLp x GLg)  SU(p, q) oo porgopal Cplitp =g
Outer  f0(9) = (1)1 SOn SLp (R) Split Ap_q
— Ty—1,-1
01(9) = Jm (g™ )™ " Jpy SPom SU* (n) No Am—1

(only if n = 2m)

for some involution 6 € Aute(G) is called a symmetric subgroup (associated to 6). A pair
(G, H) where G is a reductive group and H C G is a symmetric subgroup is called a
symmetric pair, while the corresponding algebraic homogeneous space G/H is called a
symmetric variety.

An embedding of a symmetric variety or symmetric embedding is a normal G-variety
Y with a G-equivariant open embedding Oy, < X, where Oy, = G/H is a symmetric
variety.

Remark 2.18. Note that the Lie algebra of any symmetric subgroup associated to 6 is
equal to g’, the fixed points in g of the involution induced by 6.

If G is a reductive group, we can decompose it as G = G'Z2, for G’ the derived
subgroup and Zg the connected centre of GG, which is a torus. Now, any involution
6 € Auto(G) preserves the centre and its connected components, so 6 acts on G’ as
the involution 6’ = 0| € Auty(G’). Moreover, there exists a torus Z such that any
symmetric variety G/H associated to 6 is isomorphic to one associated to the involution
(g,2) — (0(g9),271) on G’ x Z.

Thus, from now on we will assume that any symmetric variety is of the form Gz/Hyz
where Gz is the reductive group Gz = G X Z, with G a semisimple group and Z a torus,
and that Gz/Hy is associated to the involution (g,z) — (6(g),271!) for 0 € Auty(G).
The group H = Hz N (G x {1}) is a symmetric subgroup of G associated to §. We denote
(Gz/Hz) = G/H and call it the semisimple part of Gz /Hz.

2.5. Symmetric varieties as spherical varieties

Let ¥ be a normal G-variety. We denote by k[X] its ring of regular functions and
by k(X) its function field. For any subgroup H C G we denote by k[X]¥ (respectively
k(X)) the corresponding ring (resp. field) of H-invariant functions; that is, of functions
f with

f(h-z)= f(z) forany h € H and = € X.
We denote by k[Z]H) (respectively k(X)) the corresponding ring (resp. field) of H-

semiinvariants of X; these are the functions f such that there exists a character x; €
X*(H) with
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f(h-2)=hX f(z) for any h € H.

Let B C G be a Borel subgroup. The characters that arise from B-semiinvariants of
3 are called the weights of . More precisely, we define the weight lattice and the weight
semigroup of 3 to be, respectively

P(T) = {x € X*(B):3f € k(x)B), x; = x} ,
Py(2) = {x eX(B): 3f € k[Z)®, xy =x} .

The rank of the weight lattice P(X) is called the rank of £. When X is affine, P(X) can
be determined in terms of Py () as P(X) = ZP,(%).

A normal G-variety X is spherical if there exists a Borel subgroup B C G and an open
B-orbit in . Such a B-orbit is of the form Bzxg, for some o € 3, and it is birational
to ¥, so k(X)B = k(Bx¢)? = k*. Moreover, if H C G is the stabilizer of zy, we have
Bz = B/H and thus k(X)(P) = k(Bxg)P) = k(B/H)P), so

P(3) = X*(B/(B N H)).

Restricting characters to a maximal torus T' C B, we conclude that P(X) = X*(Ty),
where T, is the torus T, = T/(T N H). If ¥ is affine, its coordinate ring is naturally a
G-module, and as such it decomposes as a sum of irreducible representations of G

KEl= D m

XE€X*(T)+

for certain multiplicities m, . This allows us to identify
PL(X)={x e X" (T)4 :m, >1}.

Moreover, if 3 is spherical, then one can show that all the multiplicities m,, are <1, so
k[3] decomposes as

kxl= @ W

x€P1(2)

Finally, one can also prove that the weight semigroup of an affine spherical variety X
can be recovered as the lattice points on the cone generated by it; that is,

P.(3) = QP4 (2)NZPL(3).

It follows from the Iwasawa decomposition that for any involution 6 € Auts(G) and
any Borel subgroup B of a minimal #-split parabolic subgroup P C G, there is an open
G-equivariant embedding B < G/G§. This implies that all symmetric varieties and
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their embeddings are spherical. A first consequence of this is that, if ¥ is a symmetric
embedding with Os; = G/ H a symmetric variety associated to an involution § € Auty(G),
then

P(X) = X*(Th),

where Ty = T/(T N H) for any #-stable maximal torus T'C G. Note that if A C G is a
maximal -split torus contained in 7', then we also have

Ty =Ag =A/(ANH).
In particular, we have
P(G/Gy) = X*(Ag,) = Ro.
Moreover, we have
P(G/G) = X*(Aq)

which, if G is semisimple simply-connected, is equal to the weight lattice Py.
In general, one can recover the weight semigroup of a symmetric variety G/H as the
dominant weights of the corresponding torus Agy. More precisely, we have

Q+PL(G/H) = CL.
Therefore,
P.(G/H)=X*(Ag)N CXG =X*(Au)NCL = X*(An)+.
2.6. The dual group

Sakellaridis and Venkatesh [43] describe a canonical way of associating a dual group
Gs to any spherical G-variety X, conjecturally with a natural homomorphism Gs = G
to the Langlands dual group G of G. Knop and Schalke [36] later proved that, indeed,
Gy is contained in G up to isogeny. Their construction consists of taking the weight
lattice P(X) on ¥ and a natural set of simple roots Ay associated to X, in such a way
that (P(X),Ag,P(X)Y,AY) is a based root datum. The dual group Gy is defined as
the reductive group with based root datum equal to (P(X)Y, A, P(X), Ay). The simple
roots Ay are obtained by taking the generators of intersections of the weight lattice with
the negative of the dual of the central valuation cone, and then applying some process
of normalization, consisting in further intersecting the real span of each generator with
the root lattice of G, as explained in [36,43].
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If 6 € Auty(G) is an involution, there is a natural reduced root system associated to
0, namely

q)gedZ{aE(I)eia/Qg‘I)e},

the reduced version of the restricted root system obtained by taking the shortest roots.
If A is the corresponding maximal #-split torus, the resulting based root datum is
(X*(A), Ard X, (A), (AFY)Y). When k = C, the group Gy corresponding to this based
root datum is the complexification of a maximal R-split subalgebra gr C gr inside the
Lie algebra ggr of the real form of G corresponding to 6. See [28, Section 2.2] for more
details.

In most cases Ag/go = Ageci, but in some cases there are normalization factors in-
volved, that change some roots by multiples of them by factors of 1/2 or 2. In specific
cases, we can find that AL is of type B, or C,, whereas Ag)go is of type Cy, or By,
respectively. In Table 2, we recollect the different involutions of the simple Lie algebras
with their fixed points, their associated real forms and root systems, and the Lie algebra
of the corresponding dual groups. The reader can compare Table 2 with Table 1 in [28]
and with Table 1 in [39]. For us, the most relevant properties of the dual group éG /Gé
are the following:

(1) éG/GG contains Age = Spec(k[eX+(4c?)]) as a maximal torus,

(2) the Weyl group of éG/GB is the little Weyl group Wy,

3) the dominant Weyl chamber of éG qo coincides with X, (Age)+.
/ +

The dual group Gg sqe of the symmetric variety G /G? was previously discovered
by Nadler [39] as a group Gg, naturally associated to the corresponding real form
GR, obtained as the Tannaka group of a certain neutral Tannakian category of perverse
sheaves in the real loop Grassmannian of G, thus giving a generalization of the geometric
Satake correspondence. More generally, by a similar procedure, Gaitsgory and Nadler
[25] associated a reductive group CVJE’GN to any spherical G-variety X, with a natural
inclusion Cv;g,GN C G. The equality of ég,GN and G’g remains conjectural in the general
case of a spherical variety [6, Page 75].

2.7. Very flat symmetric embeddings and the Guay embedding

A G-variety ¥ is simple if it has only one closed G-orbit. Let ¥ be a simple affine
symmetric embedding. Recall from our previous discussions that the corresponding sym-
metric variety Oy can be written in the form Ox, = Gz/Hyz, for Gz a reductive group
Gz = G x Z, with G semisimple and Z a torus and Gz/Hz associated to the involution
9:(g,2) — (0(g9),z71) for 0 € Auta(G).

Consider the natural projections pry : Gz — G and pr, : Gz — Z. We can now define
the tori



Table 2
Simple groups with their involutions, real forms and associated dual groups. Notation for types and real forms following Helgason [31].

Type g g gr (when k =C) g° Ay Aled Agae a/ae Notes

Al sl sly, sl (R) 50, An_1 An_q An_1 sl split

AII slop sloy, su™(2n) 5o, A, A, A, sl
p+g=n,p<gq

AIII slp sl, su(p, q) s(gl, ® gl,) BC, B, B, Py, QSifg=p-+1
quasisplit

ATV slap, slag su(n,n) s(gl, @ gl,) Cn Cn B, SPoy, Ared 2 Agco

BI 502n41 5Po, so(p,q+ 1) 50, @ s04 B, B, B, 5Py, p+q=2n,p<gq

BII 502n41 5o, so(n,n+1) 50, D 50p41 B, B, B, 5Po, split

CI 5Po, 502541 5Py, (R) gl, Cy Cn Cy 502n41 split

CII SPoy, 502741 sp(2p, 29) SPap B 5Py BC, By Bp 5Po, p+qg=mn,p<gq

SPan 504n+1 sp(2n, 2n) 5Papn D 5Pay Cn Cn Bn SPay, Ayt # Ag/ge

DI $09, 502, so(n,n) 50, @ s0, D, D, D, 500, split
p+qg=2n,p<gq

DII 509, S09p, so(p, q) 50, B 504 B, B, Cp 502p41 QSifg=p+2
ARPY £ Ag g

DIII 502p 5025 50" (2n) gl BC(n-1)/2 Bn-1)/2 Bn-1)/2 P n odd

. n even
$02n, 502, 50" (2n) al, Cn/2 Chny2 B, /2 sp, NN

EI [ [ €6(6) 5Py Eg Eg Eg [ split

EII 1] 1) €6(2) slg P slo Fy Fy Fy fa quasisplit

EIIT e ¢ e6(—14) s011 @ C BCy B Co 505 Aged # AG/G"

EIV ¢ 6 6 (—26) fa A, A, A, sl

EV e7 er e7(7) slg E~ E; Er e7 split

EVI er er e7(—5) s06 @ sla Fy Fy Fy fa

EVII er er e7(—25) eg @ C C3 Cs Bs 5Pg Aged # AG/G"

EVIII eg eg €8(8) $016 Eg Eg Eg eg Split

EIX s s es(—24) e7 @ sl Fy Fq Fy fa

FI fa Fa Fa(a) spg @ sl Fq Fy Fy fa split

FII fa fa fa(—20) s09 BC: Ay Ay sly

G 92 g2 92(2) sl @ sl Go Go Go g2 split

014

68L601 (7308) 16T souvwayivpy up saouvapy / vpoid-vio4v5 O ‘0ba)wy *H
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As = Os/G = Z/pry(Hz),
and
Zs = Z/(pry(Hz) N Zo), for Zy = {z € Z: 2* =1} .

Naturally, we have a projection Zy, — Ay and an inclusion X*(Ayx) — X*(Zx).

Let A C G be a maximal #-split torus and T' C G a maximal torus containing it.
Then, Az = A X Z is a maximal ¥-split torus of Gz and Tz a maximal ¥-stable torus
containing it. Recall that we have another torus associated to X

T, ZTz/(TzﬂHz) ZAz/(AZ ﬂHz)

such that P(X) = X*(T%). We denoted H = HzN(Gx{1}). Let us put now H = pr,(Hy).
Then,

T, "NHy; C (TQH) X pI‘z(Hz),
so we have natural projections
pry: Tx — A/(ANH) =: Ay and pry : T — Z/pro(Hyz) = As,

and inclusions i : X*(Ap) — X*(Tx) and iy : X*(Ay) — X*(Tx). Moreover, the kernel
of the projection pr, : T, — Ay is the torus

TeN(Gx {1}) =T/(TNH)=A/(ANH) = Ap.

Therefore, we obtain a natural projection p : X*(Tx) — X*(Apy). Note that since ¥ is
affine we also have a natural inclusion P (3) C P, (Ox) = X*(Tx)+.

Definition 2.19. The GIT quotient Ay, := X / G is an Ax-toric variety, which we call
the abelianization of ¥. The natural projection ay : X — Ay is called the abelianization
map of .

Remark 2.20. The abelianization Ay is simply the toric variety

Ay = Spec @ kleX] |,

XE€P+(Ax)

where P (Ay) is the intersection

P (Ag) =P () Nia(X*(4x)).
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Definition 2.21. A very flat symmetric embedding is a simple affine symmetric embedding
Y. such that the abelianization map ay : ¥ — Ay is dominant, flat and with integral
fibres.

We assume for the rest of the section that G is simply-connected and fix 6 € Auta(G).
As in the previous section, we fix a maximal #-split torus A C G. We are interested in
classifying very flat symmetric embeddings ¥ such that the semisimple part of Oy is
equal to G/G?. These have been determined by Guay [30, Proposition 7].

Theorem 2.22 (Guay). A simple affine symmetric embedding > with O%, = G/G? is very
flat if and only if there exists a homomorphism

Y X" (Age) — X" (Zx),

such that, for any (a,z) € Hy N Az C (HNA) x pro(Hz) and for any x € X*(Ago), we
have

aX = Z—w(x);
and such that the weight semigroup P, (%) is of the form

Pr(X) ={(xv(x)+n):x € X*(Age)y,n € PL(Ag)}.

Remark 2.23. When ¥ is very flat any function f € k[G/GY] with weight x can be
extended to a function fi € k[X] with weight (x, ¥ (x)). Indeed, just define

f(g,2) = 2¥0 f(g).

It is clear that f, has the desired weight. Now, since H is a symmetric subgroup for 6,
we have that any element h € H is of the form h = ahg for hg € G? and a € AN H.
Thus, if (h,s) € Hz, we have, for any (g, z) € Gz,

Fi(hg, zs) = sV02Y00 f(hg) = s*NaX fL (g, 2) = (g, 2).

This allows us to describe ¥ more explicitly. For each fundamental dominant weight
w; € X*(Age), consider the G-submodule k[G/G?]; of k[G/G?] formed by functions with
weight o;, and take fl,..., f/™ a basis of k|[G/GY); as a k-vector space. On the other

hand, let v1,...,7s be generators of P, (Ax) C X*(Z). We can now define the map

l
(fr,a4): 0g — (@AW) DA

=1
(9.9 Hz — (F4(9,2), -, £ (9,2), (27, 279),
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The symmetric embedding ¥ is then identified with the closure of the image of this map,
= (f+,24)(Ox).

Amongst all simple affine symmetric embeddings, those having a fixed point will be
of particular interest. By a fixed point of an ¥ of a symmetric variety G/H we mean a
point 0 € X such that g -0 = 0 for any g € G. Since by assumption X is simple, the set
{0} C X is its unique closed orbit and thus a fixed point, if it exists, is unique. From
Guay’s classification we can obtain necessary and sufficient conditions for the existence
of a fixed point.

Proposition 2.24. A very flat symmetric embedding ¥ with O% = G /G? has a fized point
if and only if P4 (Ay) is pointed (meaning that if x and —x are in P (Ayx), then x =0)
and the only element in P (X) of the form (x,¥(x)) for x € X*(Age)+ is (0,0).

Proof. A fixed point ¥ corresponds to a maximal ideal I C k[X] which is fixed under
the action of GGz. If such an ideal exists, it must be of the form

I= @ ]‘5[02](><ﬂ¢)(><)+ﬁ)7
OGP 00)+mEP(2)\{(0,0)}

and this is only an ideal if for every (x, ¥ (x)+n) € P+(X)\{(0,0)}, (0,0) is not a highest
weight of k[Os](y,y(x)+n)- That is the case and (0, 0) is a highest weight of k[Ox](y v (x)+)
if and only if both n and —n are contained in P, (Ayx). O

By the universal property of categorical quotients, a morphism ¥; — X5 of simple
affine symmetric embeddings induces a commutative square

Y1 —— 3o

L

A1 —_— AQ.

Definition 2.25. A morphism ¥; — X5 of simple affine symmetric embeddings is excellent
if the induced square is Cartesian.

We denote by VF(G/G?) the category with very flat symmetric embeddings with
semisimple part G//G? as objects and excellent morphisms as arrows. We can also consider
the subcategory VJFo(G/G?Y) formed by very flat symmetric embeddings with a fixed
point.

Suppose that 6 does not have imaginary roots (that is 9. = @, for T C G a f-stable
maximal torus). For example, we can assume that 6 is quasisplit. In that case, a versal
object of VF(G/G?) was constructed by Guay [30]. We recall here his construction.

We begin by taking A C T C G a maximal #-split torus of G and putting G4 = Gx A
and
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Hy = {(nhyan™'):he G’ ,ae F¥ ne Fy},

where we recall that we denoted F? = G? N A and Fy = Gy N A. The space (G/G?), :=
G a/Ha is a symmetric variety associated to the involution ¥ : (g,a) — (6(g),a™1) with
semisimple part isomorphic to G/G?. Indeed, we have

H=Hsn(Gx{1}) =G and H =pr,(Hs) = G.
A maximal 9J-split torus of G4 is given by A x A.

Definition 2.26. We define the (Guay) enveloping embedding of G/G? as the symmet-
ric embedding Env(G/G?) with Opyy(c/ao) = (G/G)+ and determined by the weight
semigroup

Py (Env(G/G%)) = {(x,wox +n) : X € X*(Age) 4,1 € —Z4(Ag)} U{(0,0)},
for Ag = {a1,...,q;} the simple restricted roots associated to 6.

Note that Zp,y(c/ae) = A/F? = Age and Agny(c/aoy = A/Fy = Ag,. Now, we can
define

Y X*(Age) — X*(Ago)
X — woX-

An element of H4 N (A x A) is of the form (nai,asn™") for ai,a2 € F? and n € Fj.
Therefore,

(nay) WX = p WX = (pT1)WoX = (gyn )X,

We conclude that Env(G/G?) is a very flat symmetric embedding. Moreover, one checks
easily that it has a fixed point 0 € Env(G/G?).
The main result of Guay’s paper is the following [30, Theorem 3].

Theorem 2.27 (Guay). When ®. = @, the enveloping embedding Env(G/G?) is a versal
object of the category VF(G/G?) and a universal object of VFo(G/G?). That is, for any
very flat symmetric embedding ¥ with semisimple part G/G? there exists an excellent
morphism ¥ — Env(G/G?), which is unique if ¥ has a fived point.

2.8. The wonderful compactification
The geometry of the Guay embedding can be better understood by means of the

wonderful compactification G/Gy of G/Gy. A wonderful G-variety X is, by definition, a
G-equivariant dense open embedding of some homogeneous space G/H such that
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(1) X is smooth and projective,

(2) ¥\ (G/H) is a divisor with normal crossings (i.e., its components D1,...,D; are
smooth and intersect transversally), and

(3) the closures of the G-orbits of ¥ are given by the intersections D;, N D;, N---N D;,,
f0r1§i1§i2§~-~§ik§l.

It follows from the theory of spherical varieties that, given a spherical homogeneous space
G/H, a wonderful G-variety ¥ with a G-equivariant dense open embedding G/H — %,
if it exists, it is unique. When it does exist, it is called the wonderful compactification of
G/H.

A wonderful compactification does not exist for a general symmetric variety G/H, but
it does always exist for G/Gy, and we denote it by G/Gy. This is a celebrated result of
De Concini and Procesi [20]. An important ingredient of their proof is the local structure
theorem [20, 2.3], which implies that every element of m is in the G-orbit of an
element of a toric variety A, defined as

A =Spec | €P K[e?] |,

acNy

which can be identified with the I-dimensional affine space A! in such a way that the
embedding A < A is given explicitly as a — (a=2%,... a=2%).

When G is semisimple simply-connected the Guay embedding Env(G/G?) can be ob-
tained from the wonderful compactification G/Gy by means of a construction introduced
by Brion [15]. This is a procedure that can be done for any wonderful variety . A very
important property of wonderful varieties is that their Picard group is generated by a fi-
nite set D of prime divisors called its colors. That is, Pic(X) 2 Z”. Now, we can consider

the Cozx ring of &

Cox(Z)= @ HZ,05() npD)).

(np)ezZP DeD

The Brion-Cox variety of ¥ is the spectrum BC(X) = Spec(Cox(X)).

Proposition 2.28 (Guay). The Brion-Coz variety BC(G/Gy) is isomorphic to the Guay
embedding Env(G/G?).

The proposition above is the content of Section 4 in [30], and the relation to Cox rings
has been previously remarked in [3]. In particular, BC(@) is isomorphic to the Vinberg
monoid Env(G), as was originally noticed by Brion [15]. A consequence of the above result
is that there exists a dense open smooth subvariety Env’(G/G?) such that the GIT
quotient Env®(G/G?) J/ Age is isomorphic to the wonderful compactification G/Gy. By
means of the construction explained in Remark 2.23, Env"(G/G?) can also be obtained
as the closure of the intersection of (fi.ary)((G/G?) 1) with (@_, A™ \ {0}) @ A®.
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Example 2.29. Let G = SL,;1, for some n > 1, and § = 6, the involution 6y(A) =
(AT)~L. The fixed point subgroup is G¥ = SO,, 1, while

Go={AecSLyp1: A= MAT)~! for some A € k, \"T! = 1}.

This group Gy is the stabilizer of the non-degenerate quadric of P™ with equation — X+
X1+ -+ X, = 0 under the natural action of SL,, 1 by coordinate change. Therefore, the
symmetric variety G/Gy parametrizes non-degenerate quadrics in P™. The space of all
quadrics in P™ is the projectivization of the space of degree 2 homogeneous polynomials
in n + 1 variables, that is P(k[Xo,..., X,]2) = P(Sym?(k"*1)), a projective space of
")

dimension ( — 1. This space can be regarded as a subvariety of a bigger projective

space through the Veronese embedding

P(Sym? (k")) — P(Sym? A2 (k"*1)) x - -+ x P(Sym? A" (k"+1))
Z v (N2Z,...,\"2).

The wonderful compactification m is isomorphic to the closure of the image of
G/Gy — P(Sym?(k"t1)) through this map. It can be constructed explicitly by per-
forming a series of blowing ups, as explained in [19].

For n = 1, we have that /Gy parametrizes pairs of points in P!, the wonderful
compactification m is equal to P2, and thus the Guay embedding is just

Env(SLs /SO2) = Spec(@ H°(P2, Op=(m))) = Spec(k[Xo, X1, Xa]) = A3,
meZ

Of course, we recover the wonderful compactification as P2 = (A3 \ {0})/G,.
For n = 2, we have that G//G parametrizes non-degenerate conics in P2, and the won-

derful compactification G /Gy is the blow up of P% along the Veronese surface. Clearly its
Picard group is generated by two elements, the one coming from P° and the exceptional
divisor of the blow up. We would finally obtain Env(SL3 /SO3) by computing the Cox
ring of this variety.

2.9. The invariant theory of a symmetric embedding

Let G be a reductive group and 6 € Auty(G) an involution. The action of G on G/GY
by left multiplication restricts to an action of GY. This action was widely studied by
Richardson [42], and we state here his main result.

Theorem 2.30 (//2, Corollary 11.5]). Let A C G be a mazimal 0-split torus and Wy
the little Weyl group. The restriction homomorphism k[G/G?] — k[Age] induces an
isomorphism

k[G/G%" 2 k[Age)™.
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We denote
Cg o = (G/G?) | G° = Age /W.

Richardson’s result can be extended easily to a symmetric embedding. Indeed, suppose
that G is semisimple, § € Auty(G) and let X be a simple affine symmetric embedding
with O% isomorphic to G/G?. The left action of G? extends to an action on ¥. Let us
denote Cy = ¥ J/ GY.

Proposition 2.31. If ¥ is very flat, there is an isomorphism
Cy & Cg/Ge X As.

Proof. Since every element of P (¥) is of the form (x, ¥ (x) +n) for x € X*(Age)+ and
ne P-‘r(AZ)a

0 0 ]
kS = D FlOsIG oy +n = KIG/G')7 © k[As],
(Y (x)+n)EPL(T)

as we wanted to show. O

It follows from the discussion in [42, Sections 13 and 14] that when G is semisimple
simply-connected, the ring k[Age]"? is a polynomial algebra and thus Age J/ Wy is an
affine space. Moreover, since k[Age] = k[eX (4c?)] and the lattice X*(Age) is generated
by w1, ..., w, for the w; defined in Section 2.3, we get an isomorphism

k[G/G?)" = k[by,... b,

where each b; is a function in k[G/G?] with weight ;. In general, for G’ semisimple not
simply-connected, Richardson [42, Section 15] characterizes which involutions satisfy
that k[Age]"™ is a polynomial algebra.

2.10. Loop parametrization

Let O = k[[z]] denote the ring of formal power series in a formal variable z and
F = qf(0) = k((2)) the field of formal Laurent series. For any variety ¥, we let
Y(F) = Maps,(Spec F,X) be the set of formal loops and 3(0) = Maps;(Spec O, X)
the set of positive formal loops. Both these sets can be regarded as the spaces of k-
points of the functors ¥r and ¢ sending any k-algebra R to Maps, (Spec(R ®y F'),X)
and Maps;, (Spec(R ® 0), %), respectively. These functors can be endowed with the
structure of an ind-scheme. If G is an algebraic group, the space G(F) is called the
formal loop group and G(O) is the formal positive loop group. The homogeneous space
Grg = G(F)/G(0) is known as the affine Grassmannian of G.



28 G. Gallego, O. Garcia-Prada / Advances in Mathematics 451 (2024) 109789

If G is a reductive group and T' C G is a maximal torus, for any cocharacter A € X, (T
we can obtain an element z* € G(F) as the image of the formal variable z under the
induced morphism

MF): F* =G, (F) = T(F) C G(F).
The Cartan decomposition of the loop group states that

GF)= || G)z*G(09).
AEX(T)+

Moreover, the closure of any of these orbits G(0)2*G(0) is equal to

G(0)22G(0) = L] G(0)z'G(0).

HEX,(T)4,1<A

See [51] for references on these facts.

The results stated above for reductive groups can be easily generalized to symmetric
varieties. We thus begin by taking an involution 6 € Auty(G), a maximal #-split torus
A C G, a maximal torus T C G containing A, and a Borel subgroup B C G contained
in a minimal #-split parabolic subgroup and containing 7". The following is well known.

Proposition 2.32. Given any symmetric subgroup H C G associated to 0, we can decom-
pose

GmFE) = || G

AeX,(Amg)—

Remark 2.33. Note that z* is a well defined element of (G/H)(F) since there is a natural
inclusion Ay =T/(TNH)— G/H.

Proof. For completion, we recall a proof given by Nadler [38]. We begin by reducing
to the case H = Gy. Thus, suppose that there is an element of z%+(4¢e)~ in the orbit
of every element of (G/Gy)(F). Since, by definition of a symmetric subgroup, we have
H C Gy, there is a natural projection G/H — G /Gy and thus (G/H)(F) — (G/Gg)(F).
Moreover, since the inverse image of Ag, under the projection G/H — G/Gy is Ay,
the inverse image of zX+(A¢0)~ ig 2X«(4#)~ Since the projection is G(0)-equivariant, we
conclude that there is an element of 2%+(4#)~ in the orbit of every element of (G/H)(F).
Uniqueness follows from the fact that anti-dominant weights of Ay are anti-dominant
for T and from the Cartan decomposition of G(F).

It remains to show that for every ¢ € (G/Gy)(F') there exists some A € X, (Ag,)—
such that 2* is in the G(0O)-orbit of ¢. We consider now the wonderful compactification
m. Since m is projective, by the valuative criterion of properness, every formal
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loop ¢ € (G/Gg)(F) extends to a formal arc ¢ € G/Gy(O). By the local structure
theorem, there exist some formal arcs g € G(O) and a € A(O) such that

¢ = ga.

A cocharacter \ : G,, — A extends to a morphism A! — A if and only if (\,2a;) < 0
for every 1 = 1,...,[, that is, if A € Pg’f = X.(Ag,)—. Therefore, a = az* for some

Remark 2.34. Let H C G be a symmetric subgroup associated to 6 and f € k[G/H], a
function with weight x € X*(Ag)+. Recall that for any dominant weight x, if V, is the
irreducible representation with highest weight x, we have an isomorphism Vi = V_,y,
for wg the longest element of the Weyl group, so f(gt) = t~*°X f(g) for any g € G and
t € T. Therefore, if ¢ = gz* € G(9)z, we have

F(@) = (1) "X f(g) = 2~ Dox f(g).
Thus, f(¢) is a Laurent series with highest pole order less or equal than (A, wox).

Let us describe now the closures of the orbits G(0)z*. Recall that we can define an
order in X, (Ag)_ by putting A < p if and only if A — p € —N(A}).

Proposition 2.35. For any A € X, (Ag)_, the closure of G(0)2* is equal to

G(0)z* = | ] G(0)z2*.
REX(Am)—,u<A

Proof. Let f € k[G/H], be a function with weight x € X*(Ag)+. If ¢ € G(O)z* is such

that ¢ belongs to the closure of G(0)2z* then the highest pole order of f(¢) must be less
or equal than (A, wgx), so

<M,w0X> < <)\»w0X> = <)‘ - ;U’7w0X> > 0.

Now, since woX*(Ap)+ = X*(An)—, we conclude that A — p € —N(A)).

Reciprocally, we want to show that for every u < A\, G(0)z* € G(0)z*. It suffices to
find an element ¢ € G(0)z* with ¢ € G(0)z*. The argument is analogous to the one
given for the affine Grassmannian (see [51]). We do it for G = SLy and the general result

follows by considering the canonical homomorphism SLy — G associated to the root «
with A — g = &V. Given any m € N we can consider the family

m 0 .
(Zm +§7127m+1 Zm> S SLQ(O)Z s

for t € k*. One can easily check that
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t—l 0 1 —t22m_1 om 0
0 t 0 1 2T f T lyTmAL pmm
B _mel _mel
T\t g )

which lies in the same orbit SL2(0)z~™ as the original matrix. Now, the limit as t — 0
clearly has to lie in the closure SLo(O)z~™, but this limit is

_.m—=1 _ _m-1 _2m  _ . 2m
(z—zmﬂ % ) N ( 1 0 )ZmH € SLy(0)z~ "1

We conclude that SLy(0)z~ ("1 C SLy(0)z—™ O

Now, let G be semisimple simply-connected and 6 € Auts(G) an involution. We finish
the section by describing the loop space of the enveloping embedding Env(G/G?); this
is a generalization of [18, 2.5]. We begin by noticing, as in the proof of Proposition 2.32
that if A is an A-toric variety with weight semigroup P, (A) C A, then an element
a € A(F) extends to an element @ € A(O) if and only if a € A(0)2*, for A in the dual
semigroup

PL(A)Y = {A € X*(4) : (A, x) € N, ¥y € P1(A)}.

In other words,

A(F)NA(O) = A(0) 2
)\GP+(A)\/
In particular, we get
Ac,(F) N Apncran(0) = ||  Ac,(0)2%,
AEX*(Agy)—

since X*(Ag,)— = (—N{Ag))".
Consider an anti-dominant cocharacter A € X,(Ag,)_ and define Env*(G/G?) as the
fibered product

Env?(G/G?) —— Ag, x Env(G/GY)

| |

Spec(‘) i) AEnv(G/Ge)u

where the vertical map on the right is the multiplication of the abelianization map
QEny(G/Go) With the natural embedding Ag, <+ Agnv(g/qe)- Replacing Env(G/G?) by
the open subvariety Env®(G/G?) we define an open subvariety Env*°(G/G?). The above
stratification induces
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Env(G/G")(0)N(G/G)(F)= || Eaw(G/G%)(0).

AEX*(Ag,)—
We also note that
EnvM(G/G?)(0) = EnvM(G/G9)(0) N Env®(G/G?)(0)
Proposition 2.36. For any ¢ € (G/G?)(F), we have ¢ € Env*(G/G?)(O) if and only

if the image of ¢ in (G/Gg)(F) belongs to G(O)z>. Moreover, ¢ € Env™*(G/G?)(0) if
and only if the image of ¢ in (G/Gy)(F) belongs to G(0)2*.

Proof. Tt suffices to show it for ¢ = (z#,2") with u,n € X.(Ag,)-. First, note that
by construction we must have 27 = z~%°* so we get 7 = —wpA. On the other hand,
¢ € Env(G/GY)(0) if and only if fi(¢) € O for any f € k[G/GY]. Thus, for any
X € X*(Ago)+ and for any f € k[G/G?], we have

0> f+(z/‘“,z77) = Z<w0X"’7>Z<X7M>.

Therefore,

0 < (wox, m) + (X, ) = (woX, —woA) + (X, 1) = (X, it — A).

We have this for any x € X*(Age)+, so p— A € N(AY) and A > p. Finally, ¢ €
Env®(G/G?)(0) if and only if fi(¢) € O does not vanish, thus, if and only if 0 >

Xpu—A)ysoA=p. O
3. Multiplicative Higgs bundles for symmetric varieties
3.1. The multiplicative Hitchin map for symmetric embeddings

We begin by taking a semisimple simply-connected group G over k and an involution
6 € Auty(G). Let ¥ be a very flat symmetric embedding with O%, = G/G?.

The left multiplication action of G? on G//G? extends to an action of G on ¥. More-
over, if Oy, is a symmetric variety the form Gz/Hyz for some torus Z, then the torus
Zs, = 7/ Z5 also acts on ¥ through the action of Z.

We can now consider the quotient stacks [©/G?] and [2/(G? x Zx)]. The quotient
map xz : ¥ — Cx := ¥ / GY induces a natural map yx : [£/G?] — Cx, that we also
denote by xs. We can also descend this to a map [Z/(GY x Zx)] = [Cs/Zs].

As we explained in the previous section, the abelianization map oy : ¥ — Ay : =X /G
factors through X ¥ Cy — Agyx. The torus Zx; clearly acts on the abelianization Ay,
so composing with the natural map Ay, — Spec(k), this sequence induces a sequence of
quotient stacks
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[2/(G? x Zs)] =2 [Cy/Zs] —— [Asn/Zs] —— BZs.

Here, BZx, denotes the quotient stack [Spec(k)/Zx], which is the classifying stack of
Zx-bundles.

Let X be a smooth algebraic curve over k. Let Mx(X), Bx(X) and Ax(X) denote
the stacks of maps from X to [XZ/(GY x Zx)|, [Cx/Zs] and [Ax/Zs], respectively. We
obtain a sequence

My (D) 25 By(8) —— Ax(E) — Bung,, (X).

If we let L — X be a Zsy-bundle, the natural map X — BZy, associated to L induces
the following diagram, where all squares are Cartesian

L(2/G%) —*— L(Cy) —— L(Ay) —— X

i | L)

[2/(G? x Zs)] —=— [Cx/Zs] — [Axn/Zs] — BZs.

These L([2/G’]), L(Cx) and L(Ay) are naturally stacks over X and we denote by
ML (%), BL(X) and Ar(X) their stacks of sections. We obtain a sequence

ML (D) 2 BL(S) —— AL(R).

This sequence is the fibre over L € Bung, (X) of the sequence defined above. Fixing a
section s in Af(X), over it we obtain a morphism of stacks

Definition 3.1. The map hy : Ms(X) — B(X) is the multiplicative Hitchin map over X
associated to X and s.

We can give a more explicit description of all the objects taking part in this definition.
The bundle L(Agy) is just the associated bundle over X defined by the action of Zs; on
the Ax-toric variety Ayx. Since Ay is an affine space, L(Ay) is a vector bundle of rank
equal to the rank of Ay,. The bundle L(Cy) is also an associated bundle, this time to the
action of Zyx; on Cy, and, since Cy; is also an affine space, L(Cy) is also a vector bundle, of
rank equal to the rank of Ay, plus the rank of G/G?. The stacks Ar(X) = H°(X, L(Ax))
and Br () = H°(X, L(Cx)) are just the spaces of sections of these vector bundles.

More precisely, Ay is the Ag-toric variety with weight semigroup P, (Ay) C
X*(Ag) — X*(Zx). If we take v1,...,7s to be generators of Py (Ayg), then L(Ayg) =
@;_, L, for L, the associated line bundle to the action of Zs; on G,, defined by
vi- On the other hand, k[Cg] is generated by the same €7 and by some functions
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b; € k[G/GY) with weight @;, so, L(Cx) = L(Ax) & @'_,(¥*L)w,. Here, ¢¥*L is the
Age-bundle on X obtained as the image of L through the map BZy — BAge induced
by ¢ : X*(Age) = X*(Zx).

Now, a morphism X — [2/(G? x Zs)] consists of a pair (E, ), where E — X is a
G?-bundle and ¢ € H°(X, E(X)) is a section of the associated bundle E(X) defined by
the action of GY on ¥. Such a pair is called a mutiplicative X-Higgs pair.

Now the sequence M (X) — BL(3) — AL(X) defining the multiplicative Hitchin map
can be explicitly described as

(E,0) — (b(p), ax(p)) — ax(y),
for b(p) = (b1(), -, bi(p))-

3.2. Multiplicative (G, 0)-Higgs bundles

Let G be any reductive group and 6 € Auty(G) an involution. As in the previous
section, we let X be a smooth algebraic curve over k.

For any positive integer d we denote by Xq = X¢/&,, the d-th symmetric product,
so that elements D € X are effective divisors of degree d on X. More generally, given a
tuple d = (dy, .. .,d,) of positive integers, we denote Xgq = X4, X --- X X4, and to any
element D = (Dy,...,D,) € X4 we can associate the divisor D = Dy + -+ + D,,.

Definition 3.2. Let D € Xg4. A multiplicative (G, 0)-Higgs bundle with singularities in D
is a pair (E, ¢), where E — X is a G?-bundle and ¢ is a section of the associated bundle
of symmetric varieties E(G/G?) defined over the complement X \ |D| of the support |D|
of the divisor D.

We denote by Mg(G, 6) the moduli stack of tuples (D, E, ¢) with D € Xg and (E, ¢)
a multiplicative (G, §)-Higgs bundle with singularities in D.

To any tuple (D, E,¢) in Mg(G,0) and any point x € |D| we can associate an
invariant inv,(¢) € X, (Ag,)—, for A C G a maximal #-split torus. This is constructed
by considering the completion O, of the local ring Ox , of X at x, which by picking a
local parameter is isomorphic to the ring O of formal power series, and its quotient field
F, = of(0,) & F. By fixing a trivialization of E around the formal disk Spec(O,) and
restricting ¢ to Spec(F,) we get an element of (G/GY)(F,) which is well defined up to
the choice of the trivialization, thus, up to the action of G(O,). That is, we obtain a well
defined element

inv, () € (G/G°)(F:)/G(0,) = Xu(Ago) -

Globally, it D =3 n,x, we get a X, (Ago)_-valued divisor

rzeX

inv(p) = Z ng inv, ().

zeX
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Now, we can impose a constraint on the invariant inv(y) in order to obtain a finite-
type moduli stack. We define

Max(G,0) ={(D, E,¢) € Ma(G,0) : inv(p) = A- D},

where A = (Aq,..., ;) is a tuple of anti-dominant cocharacters \; € X,(Age)- and
A-D = Y>" A\D;. For any element (D, E,¢) in Mg x(G,0), we say that the pair
(E, ) is a multiplicative (G, 8)-Higgs bundle with singularity type (D, X). The order on
X«(Age)— induces an order on X,(Age)_-valued divisors and thus we can also define
the bigger stack

My (G, 0) ={(D,E,p) € Ma(G,0) : inv(p) < X- D}.

Suppose now that we are in the situation in which k[G/ GH]GQ is a polynomial algebra
and thus it is generated by some functions by, ..., with weights wn,...,w; respec-
tively, for ws,...,w; the fundamental dominant weights of the restricted root system
®g. Consider now the bundle By » (G, 8) — X g whose fibre over D is the space of sections

l

Bax(G,0)p = @HO(X, Ox ((w;, wo - D))).

Definition 3.3. The multiplicative Hitchin map for (G, 0)-Higgs bundles is the morphism
hd’)\ : Md)‘(G,H) — Bd,)\(G, 9)
(D, E, 90> — (b1<90)7 [ bl(@))'

We can also consider the simpler case where the d; are equal to 1 and thus we have
that D = & = (z1,...,%,). We define

Mz (G, 0) := Mz (G, 0)s = {(E, p) € M3(G,0) : inv(p) = Xz},
where T = (1,...,1), and the bigger stack
M, 5 (G, 0) :=M; 5(G,0)x = {(E,p) € M3(G,0) :inv(p) < A-x}.

When k[G/G?) is polynomial, we can also consider the Hitchin base

l
Baa(G,0) = B; (G, 0)z = @D H(X, 6x ((mi, wo - @),

i=1
and the Hitchin map
hw’)\ : ME’A(G, 9) — 3;,;’)‘((;', 9)
(E,¢) — (b1(), - -, b))
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3.3. Relating the two pictures

In this section we see how, for G semisimple, the multiplicative Hitchin map for (G, 6)-
Higgs bundles as defined in Section 3.2 can be recovered from the multiplicative Hitchin
map as defined in Section 3.1.

The simply-connected case

Let us suppose that G is simply-connected. Let A = (A1,...,\,) be a tuple of anti-
dominant cocharacters \; € X, (Ago)—. The natural projection Age — Ag, induces a
projection X, (Age)— — X.(Ag,)— and thus A defines a multiplicative map

A:G? — Ag,

>\71/

(21,...,zn)»—>zf‘1...zn

which extends to a map A : A" — Ag, /a0, since P, (Env(G/G?))Y = X, (Ag,)—. We
can now define a very flat symmetric embedding ¥* with semisimple part Ogx =G/ GY
through the Cartesian diagram

¥* —— Env(G/G?)

J/aEnv(G/Ge)
—'LU())\

A" —5 AEnv(G/Ge)'

Since for any symmetric embedding the tori Ax; and Zx differ by a finite subgroup, by
construction we get Zyax = GJ;, and Agx = A", so Bung_, (X) = Pic(X)" and, for any
tuple of line bundles L = (Ly,...,L,), the fibre of Ax(X*) — Bung_, (X) over L is
ArL(ZN) = @1, H°(X, L;). Replacing Env(G/G?) by Env’(G/G?) we obtain an open
dense subvariety ¥*% ¢ ¥, and we can also consider the open substack My (E*0) of
Mx (¥*) of maps from X to [SM0/(GY x Zyx)).

Consider now d = (dy,...,d,) a tuple of positive integers and an element D =
(D1,...,D,) € Xq. To each D; we can associate the line bundle Ox (D;) which, since
D; is effective (all its coefficients are positive), has a canonical non-vanishing section
s; € H°(X, L;). Let us denote Ox (D) = @), Ox(D;) and s = (s1,...,5y).

Theorem 3.4. The map

Xd —>.Ax(2>‘)
D +— (0x (D), s)

induces the following diagram, where all squares are Cartesian,
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My 2(G,0) —— My5(G,0) 225 Byr(G,0) —— X4

| | l |

My (EM0) 5 My (ZA) —X 5 By (Z2) —— Ax(ZH).

Proof. From the above discussions it is clear that for any D € Xy we can identify
Boy (p)(X) with the space of sections of the bundle

l l
Ox (D) & @ (0x (D) xwpr Gm)w, = Ox (D) & EP Ox (@i, woX - D)).

i=1 i=1

It is now clear that the rightmost square is Cartesian.
Take any point © € |D| and take A, the coefficient of the divisor A- D corresponding
to x. This )\, is an antidominant cocharacter that can be written as

Az =my - >‘a
where m, = (m1y,...,My,) is a vector with components m;, for D; = Zx Mz x. Now,
by mapping z +— z™= = (z™= ... z™n=) we obtain a morphism m : O — A™ and the

following diagram, with all squares Cartesian

Env?s (G/G?) —— ¥* —— Env(G/GY)

J{ J J/aEnv(G/Ge)

Spec O o An 220 Agnv(G/ao)-

Now, if we restrict an element (E,¢) € Mx(X*) to Spec(F,) we obtain an element
of (G/G?)((F,) which must lie in Env*(G/G?). Therefore, by Proposition 2.36, the
image of @|gpec(r,) belongs to G(O,)z*s and thus inv,(¢) < X;. Moreover, if we
change Env(G/G%) by Env’(G/GY) in the diagram above, the element ¢|spec(r,) lies
in Env**%(G/G?) and therefore its image belongs to G(6,)z**, so inv,(p) = A\p. O

The non simply-connected case

Suppose now that G is a semisimple group and consider 7 : G — G the simply-
connected cover. This map is a central isogeny and thus its kernel is a subgroup of the
centre m(G) C Zg, the fundamental group of G. Moreover, it is a well known result
of Steinberg [46, Theorem 9.16] that any involution § € Aute(G) lifts to an involution
6 c Autg(é') making the following diagram commute

. 0 lﬂ
—— G.

(BN

—

Q
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The following is also well-known.
Lemma 3.5. W(éé) =GY.
Proof. The inclusion 7(G?) C GY is clear. Indeed, for any g € G, we have

6(n(9)) = n(b(9)) = 7(9),

SO W(éé) C G and the inclusion follows since 7 is continuous and G? is connected.
For the other inclusion, take k € G§ and g € G with 7(g) = k. Now,

Thus, gé(g)_1 € m(G) C Zg,s0 g € Gé. Recall now the decomposition G, = Féé'é,
which implies that there exists some f € Fj and some gg € G? such that g = fgo. Let
ko = m(go) € GY. Clearly, 7(f) € F?, so we obtain a decomposition

k = m(f)ko,

with k, kg € Gg and 7(f) € FY. This implies that m(f) = 1, and thus k = ko = 7(go),
and k € 7(GY). O

It follows from the lemma above that we can define an action of G§ on G/ GO from the
left multiplication action of Go. Indeed, for any k € G we just have to take any h € GO
with 7(h) = k and define k - (9G%) = hgGY. This is well defined since, if A’ is such that
7(h') = k, then h/ = zh for some z € G’ N Zg and thus h'gG? = hgGP.

For the following, we need to introduce a new object.

Definition 3.6. A multiplicative (G, 6)o-Higgs bundle is a pair (E, ), where E — X is a
GY-bundle and ¢ is a section of the associated bundle of symmetric varieties E(G/G?)
defined over X’ the complement of a finite subset of X.

The exact sequence 1 — m(G) — G — G — 1, induces a fibration I' < (A}'/CAT“Lj —
G/GY, for some finite group T'. For any G§-bundle, we can consider the bundles E(G/G?)
and E (G / éé), associated to the actions of G§ and we obtain a exact sequence of sets
with a distinguished element (where H stands for sets of sections)

H(X',E(G/GY)) — HY(X' E(G/G%) —— H(X'T).

It follows that to any multiplicative (G,#)o-Higgs bundle (E, ) we can associate the
invariant 6(¢) € H'(X’,T). Now, the section ¢ comes from a section of E(G/G?) if and
only if §(¢) = 1. Moreover, the map 7 : GO - G{ induces a map Bungs — Bungs. We
conclude the following.
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Proposition 3.7. Any multiplicative (G, 0)o-Higgs bundle with §(¢) =1 is induced from a
multiplicative (G, 0)-Higgs bundle from the maps Bungy — Bunge and GG - GG,

The next step consists on relating multiplicative (G, )o-Higgs bundles with multi-
plicative (G, 6)-Higgs bundles. We start by considering a (G, 6)-Higgs bundle (E, ¢).
The decomposition G? = F?GY allows us to define an isomorphism G? = F? x G, and
this induces a factorization of the G’-bundle E — X as

E

N

Y = E/GY

—

X.
Here, Y — X is a Galois étale cover with Galois group equal to F?, while E — Y has the
structure of a principal Gf-bundle. Moreover, the deck transformation ¥ — Y induced
by an element a € F? lifts to a map @ : £ — E and thus defines a right F'?-action on the
GY-bundle E — Y, which clearly gives an Int-twisted F?-equivariant structure on it. By
this we mean that, for any e € E, a € F? and g € GY, we have

a(e)-g=ale-aga™).

A similar argument allows us to see the bundle E(G/G?) — X as a F%-equivariant
bundle on Y, and there is a bijective correspondence between sections of E(G/G?) — X
and F%-equivariant sections of F(G/G?) — Y. We refer the reader to [5] for more details
on these correspondences. We have proved the following.

Proposition 3.8. Any multiplicative (G, 0)-Higgs bundle is induced from a multiplicative
(G, 0)o-Higgs bundle on a certain F-Galois cover Y — X.

4. Multiplicative Higgs bundles, involutions and fixed points
4.1. Multiplicative Higgs bundles and moduli spaces

Let G be a reductive group and X a smooth algebraic curve over k. Let d =
(d1,...,dy) be a tuple of positive integers.

Definition 4.1. Let D € Xg4. A multiplicative G-Higgs bundle with singularities in D is
a pair (E,p), where F — X is a G-bundle and ¢ is a section of the adjoint bundle of
groups F(G) defined over the complement X \ |D| of the support |D| of the divisor D.

We denote by M4(G) the moduli stack of tuples (D, E, ¢) with D € X4 and (E, ¢)
a multiplicative G-Higgs bundle with singularities in D.
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An invariant for multiplicative G-Higgs bundles can be defined in the same way as
in Section 3.2. We simply restrict ¢ to Spec F, for any point z € |D| and obtain a
well defined orbit G(0)2*G(0) for A € X,(T)y, and T C G a maximal torus. We put
inv,(p) = A. Thus, we can also define, for any tuple A = (A1,...,A,) of dominant
cocharacters \; € X*(T)4, the finite-type moduli stack

Md)\(G) = {(D, E, <p) S Md(G) : inv(<p) =A- D}7
and the bigger stack
Mg x(G) ={(D, E, ) € Mq4(G) : inv(p) < X- D}.

It is clear that multiplicative G-Higgs bundles are a particular case of the pairs intro-
duced in Definition 3.2, for the group G x G endowed with the involution ©(g1, g2) =
(g92,91) (see Example 2.2 for more details). This picture can also be related to the picture
of Section 3.1 by using Vinberg’s enveloping monoid [48]; this has been studied in the
works of Bouthier and J. Chi [11-13,18] and in the thesis of G. Wang [50].

For any involution 6 € Auts(G), there is a natural map

Md(G,H) — Md(G)
(D7E7<)0> — <D7Eg,<,0c;),

sending a multiplicative (G, §)-Higgs bundle (E, ¢) to the multiplicative G-Higgs bundle
(Eg, ¢pa), where

EG:EXGGG

is the natural extension of the structure group of E from G to G and, regarding ¢ as a
GY-equivariant map f : E|x\p| = M?Y, the section g is determined by the map

fG : EG|X\|D| — G
[e.g] — gf(e)g™ .
Here, we are identifying the symmetric variety G//G? with the subvariety M? = 7%(G)
so that for any g € GY, the image gf(e)g~! stays in M?. Moreover, recall that for any
involution 6 € Aute(G) we have a natural inclusion X, (Age) C Xi(T), for A C G a

maximal #-split torus and 7" a maximal torus containing it. Now, the map Mg4(G, 0) —
Ma(G) restricts to a map

Md,A(Gy 0) — deﬂ)\(G).

Indeed, we have the following lemma.
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Lemma 4.2. For any multiplicative (G, 0)-Higgs bundle (E, ) and any singular point x
of it, we have inv,(pg) = wo inv, ().

Proof. The decomposition (G/G?)(F) = Lixex. (46,)
terms of MY as

G(0)z* can be reformulated in

MYUF)y= || G(O)x 2™
AeX, (AGQ)_

Now, the inclusion M? C G induces an inclusion M?(F) Cc G(F) and it is clear that
each orbit G(0O) x4 2* is mapped inside the orbit G(0)z*G(0) = G(0)z*G(0). O

Note that a section ¢ of the adjoint bundle E(G) is simply an automorphism ¢ : £ —
E. A morphism of multiplicative G-Higgs bundles (E1,¢1) — (F2,p2) is then a map
FEy — FE5 such that the following square commutes

Erlx\ipj — Ez2|x\|p|

|e |2

Erlx\p| — Ealx\|p)-

We say that a multiplicative G-Higgs bundle (F, ) is simple if its only automorphisms
are those given by multiplying by elements of the centre Zg C G.

A moduli space for simple multiplicative G-Higgs bundles can be considered after an
argument by Hurtubise and Markman [34] that we explain now. Let p : G < GL(V) be
a faithful representation of G and, for T' C G a maximal torus, let

P(V)={x e X"(T):3v e V\{0} such that p(t)v = tXv,Vt € T}
be its weight lattice. For any cocharacter A € X, (T') we define the number
dp(AN) = min {{wA, x) : w e Wr,x € P(V)},

for Wp the Weyl group of T'. Now, if A € X, (T')+, for any ¢ € G(F') that lies in the orbit
G(0)2*G(0), the highest pole order in the coefficients of the matrix p(¢) € EndV @ F
is d,()). Thus, if we write A- D =3 ¢ Apw, for A= (A1,...,\,) a tuple of dominant
cocharacters and D € Xg4, we can consider the divisor

(A~ D)p = Z d(Xz),

zeX

and for any multiplicative G-Higgs bundle (F, ¢) with singularity type (D, ), the rep-
resentation p induces a section
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p(e) € H'(X \ [D],End E(V) ® Ox ((X - D),)).

Indeed, if A > p, then d,(X) < d,(p), so (A- D), > (n-D),.

A pair (E, ), where E is a G-bundle on X and ¢ is a section of End F(V)® L for some
representation p : G — GL(V) and for L a line bundle, is called an L-twisted p-Higgs
bundle. We denote the moduli stack of these pairs by HiggsL)p(G). What we have just
proved is that p induces a well-defined inclusion

My x(G)p — Higgse, (x.D),),0(G)-

The stability conditions and good moduli space theory for L-twisted p-Higgs bundles are
well known (the reader may refer to [27] or [44] for general treatments of the topic). The
existence of moduli spaces of simple L-twisted p-Higgs bundles guarantees the existence
of good moduli spaces of simple pairs Mg x(G) and My 5 (G) for Mg, A (G) and M, 5 (G),
at least as algebraic spaces. For more details, see Remark 2.5 in [34]. Finally, for any
involution € € Auty(G) we can consider the space Mg x (G, 6) defined as the intersection
of Mg woa(G) with the image of the map Mg x(G,0) — Mg woa(G). Analogously, we
can define M 5(G, ).

For most discussions in this section, we will be interested in fixing the divisor D, and
thus we denote the fibre Mp »(G) = Mg (G, 8)p, and similarly for Mp (G, 6).

4.2. Involutions on the moduli space

Let 6 € Aute(G) be an involution. To any multiplicative G-Higgs bundle (E, ¢) over
X we can associate other two multiplicative G-Higgs bundles obtained from (FE, ) and
the action of the involution 8. These are the pairs

(B, 0) = (0(E),0()*).

Here, 6(E) stands for the associated principal bundle E X¢ G or, equivalently, it has the
same total space as E but it is equipped with the G-action e -9 g = e - 6(g). The section
0() is obtained as the composition of ¢ with the natural map

E(G) — 0(E)(G)

e, 9] — [e, 6(g)]-
Equivalently, if we regard ¢ as an automorphism ¢ : F|x, — FE|x/, then 6(y) is set
theoretically the same map as ¢, but now regarded as an automorphism of §(E)|x,. We

can give one last interpretation of 6(p) by noting that the associated G-equivariant maps
fo fop) + Elx» — G are related by

Jo) =00 fp.
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Let T C G be a f-stable maximal torus and B C G a Borel subgroup contained
in a minimal 6-split parabolic and containing 7. Given any dominant cocharacter
A € X, (T)4, the associated cocharacter () is not dominant in general, but there is a
dominant cocharacter in its orbit under the action of the Weyl group Wr. We denote
this element by 6(\)4. The map A — 0(\) 1 defines an involution on X, (7")4. One checks
immediately that, if = is a singular point of (E, ), then

inv, (0(E), 0(0)%) = (£6(inv, (B, 9)))+-

Therefore, if A = (A\1,...,A,) is a tuple of dominant coweights \; € X, (T') with
0(A;)+ = £\, then for any D € X4, we have the following involutions on the moduli
space of simple pairs

Lg: : MD’)‘(G) — MD,)‘(G)
(B, o] — [0(E), ()],

where (4 is well defined if (\;)+ = A; and (% if (—0(\;))+ = A;. We will denote these
two involutions together by writing ¢, for ¢ = +1.

Moreover, note that the actions of the inner automorphisms on the moduli space is
trivial since, if @ = Int, is an inner automorphism of G, then the map e + e - g~! gives
an isomorphism between any principal G-bundle E and F X, G, commuting with any
. Therefore, the above involutions are well defined at the level of the outer class a of 6

in Outa(@). That is, given any element a € Outa(G), we can define

Lg : MD),\(G) — MD)\(G)
[E, o] — [0(E), 0(0)°],

for any representative 6 of the class a.

Remark 4.3. Note that it follows from the Cartan decomposition of the formal loop group
G(F) that if § and 6’ are two involutions representing the same element in Outy(G), then

BN+ = 0'(\)+.

te of fixed points under these in-

We are interested in studying the spaces Mp x(G)
volutions. For this it will be useful for us to think about an isomorphism between the
G-bundles F and 0(E), for 0 € Aute(G), as a 0-twisted automorphism. By this we mean

an automorphism ¢ : E — FE of the total space E, such that

Y(e-g) =(e)-0(g).

Therefore, a multiplicative G-Higgs bundle (E, ) will be a fixed point of the involution

a
€

the class a € Outa(G), such that the following diagram commutes

12 if and only if there exists a 6-twisted automorphism ¢ : E — FE, for any element 6 of
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E|X’ L} E|X/

le le

E|X/ L} E|X’

Equivalently, if we define fy, : E — G as ¢(e) = e - fy(e), then (E, ) € Mp a(G)* if
and only if, for any e € E, we have

Fu(e)0(fo(e)) fu(e)™h = fule).
4.3. Fized dominant cocharacters

Before describing the fixed points of the involution ¢? , it is important that we give a
good description of the involution at the level of dominant cocharacters

Xi(T)y — Xu(T)4
A= (=0(N))+,

for T' a f-stable maximal torus.

As we mentioned above, in general —0(\) is not a dominant cocharacter, and that
is why we need to take (—6(X\))4 the dominant cocharacter in its Weyl group orbit.
However, there is an exception to this, which is when there are no imaginary roots.

Indeed, the dominant Weyl chamber in X, (T); ®z Q is spanned by a basis of fun-
damental coweights {u1,...,u,}, which is the dual basis of the set of simple roots
Ar = {ai,...,a,}. Since 6 is an involution, we have (x? 0(\)) = (x,\) for any
X € X*(T) and any A € X,(T). Therefore, {6(p1),...,0(pr)} is the dual basis of
{af,...,al}. Recall now that there is an involution o on the set of simple roots which
are not imaginary such that af + Qg () 18 an imaginary root. Thus, if there are no imag-
inary roots, we conclude that of = —y(;) and O(;) = —io(;)- Summing up, we have
the following.

Lemma 4.4. If ®%. = @, then for any dominant cocharacter A € X.(T), the cocharacter
—0(\) is also dominant, and thus (—0(\)); = —0(N).

Recall from Lemma 2.9 that for any involution § € Auty(G) there exists an inner
automorphism wuy € Int(G) such that the involution 6, := ug o  is quasisplit. Therefore,
if we let T, be a maximal 6 -stable torus, the involution A — (—0,()\))+ is just the
involution A +— —6,()\). The fixed points of this involution are simply the dominant
cocharacters X, (A4q)+, where A, is the maximal §-split torus formed by the anti-fixed
points of 0, in Tj,.

The fixed points of the involution A — —@(A) in X, (7') are the cocharacters X, (A)
of the maximal #-split torus A of anti-fixed points of 6 in 7. Any two maximal tori
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are conjugate and thus there is a canonical bijection X, (T); — X.(T,)+. It follows
from the above that under this bijection the dominant cocharacters X, (A); are mapped
inside X, (A44)+, but in general not every element of X, (4,)+ comes from an element of
X« (A)4. In fact, the image of X, (A); under this map is the set

X (A ={r e Xu(Ag)+ 1 ug(A) = A}.

Given an element a € Outye(G), a quasisplit representative 6, of a and a dominant
cocharacter A € X, (Ay)+, we can consider the set

ay = {0 representative of a : ug(A) = A}.

That is, the elements of ay are the involutions 6 for which A is in the image of the
cocharacters of a maximal #-split torus. This set clearly descends to the clique cl_l(a)
and we can define

™M a)y = {[0] € 7 (a) s up(N) = A} .
4.4. The fized points

We move on now to describe the fixed points of the involutions ¢2, for a € Outy(G).
A first result is clear.

Proposition 4.5. Let 0 € Auty(G) be a representative of a, T C G a mazximal 0-stable
torus and B C G a Borel subgroup contained in a minimal 8-split parabolic and containing
T. Let X be a tuple of dominant cocharacters of T.

(1) If the \; € X.(T%), the subspace MDA(GQ) C Mp a(G), defined as the intersection
of Mp A(G) with the image of the moduli stack of multiplicative G?-bundles of type
(D, A\) under extension of the structure group, is contained in the fized point subspace
Mp A (G)%.

(2) Any extension (Eg,pg) of a pair (E,¢) where E is a G?-bundle and ¢ is a section
of E|x\|p|(5%), for the conjugation action of G° on S%, is a fized point of t*. In
particular, if A = (—0(X\)) 4, Mp.a(G,0) C Mp A(G)**.

Proof. Notice first that if Fg = E x e G is the extension of a G? bundle E, then the map
Y Eq — Eg defined as ¢(e) = e for e € E and ¢(e-g) = e-6(g) is clearly a well-defined
f-twisted automorphism of E¢. Now, if for every e € E we have §(f,(e)) = f,(e)?, then

foale-9)" =97 fole) g = g70(fo(e))g
1

=g '0(9)0(f(e-9))0(9) g
= fule-9)0(fole-9))fple-g)~"
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And thus (Eg, pg) is a fixed point of (2. O

The main step towards the description of the fixed points is provided by the following
theorem.

Theorem 4.6. If (E, y) is a simple multiplicative G-Higgs bundle with (E, ) = 12(E, ¢),
then:

(1) There exists a unique [0] € cl™(a) such that there is a reduction of structure group
of E to a G%-bundle Ey C E.

(2) If we consider the corresponding G-equivariant map f, : E|x+ — G, then f,|ge
takes values into G® if e =1, and S? if e = —1.

More precisely, when ¢ = —1, f,|g, takes values in a single orbit M? c S9, for some
s € 8% unique up to O-twisted conjugation.

Remark 4.7. The statement (1) of the above theorem regarding the reduction of the
structure group of E was proven in [29, Proposition 3.9].

Proof. Let 0y € Auto(G) be any representative of the class a. By hypothesis, there exists
some 6y-twisted automorphism v : E — E making the following diagram commute

E|X/ L} E|X’

le le

E|X/ L} E|X’

Here, X’ = X \ |D| denotes the complement of the singularity divisor of ¢. Now, inde-
pendently of the value of €, we have that the following diagram commutes

w2
E|X/ e E|X’

L

E|X/ L fC|X/7
and ¥2(e- g) = ¥ (¥(e) - 0p(g)) = ¥2(e) - g, so ¥? is an automorphism of (E, ). Since by

assumption (F, ) is simple, there exists some z € Zg such that ¢2(e) = e - z for every
e € E. Therefore,

ez =1*(e) =1(e- fy(e)) =v(e) - bo(fy(e) = e [fu(e)bo(fu(e))]-

We conclude that f,, maps E into Sp,.
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Note that fy is G-equivariant for the p-twisted conjugation action. Therefore, it
descends to a morphism X = E/G — Sy,/(G x Zg) = cI”'(a). Now, since cl™'(a) is
finite and X is irreducible, this maps X to a single element [0] = cl™*(a). Let us take
r € Sy, a representative of the class corresponding to [f]. In other words, we take r such
that 6 = Int,. of.

Let us consider the subset Fy = le(r) C E. If e € Ey, then another element e - g in
the same fibre of E belongs to Ejy if and only if

r=fple-g) =g " o, fule) =g 'rbo(g).

Thus, e - g € Ey if and only if g = Int, ofy(g) = 6(g). That is, if g € G?. Therefore, Ey
defines a principal G?-bundle to which E reduces. This proves (1).

As we explained above, if ¥ determines the isomorphism between (E,¢) and
(60(E),00(¢)¢), then for every e € E we must have

fo(@)o(fo(e) fu(e) ™" = fole)®.

Thus, if e € Ey = le(r), we have

0(fe(e)) = rbo(fo(e))r™" = fu(e)fo(fo(e) fule) ™" = fu(e),

proving (2).

Suppose now that ¢ = —1. In that case we have a map f,|g, : Eo|x — 5. Since this
map is GY-equivariant, we can quotient by G and obtain a map from X’ = Ey|x//G? to
the quotient of S? by the conjugation action of G. We can further quotient S? by the
f-twisted conjugation action and obtain a well defined map X’ — S?/G. Again, since X’
is irreducible and S?/G is finite, we conclude that fo maps Ey|xs to a single §-twisted
orbit M?, for some element s € SY. O

Remark 4.8. Notice that if there exists some e € E such that f,(e) is semisimple or
unipotent, then @ can be chosen so that f,|x, takes values in the symmetric variety M?.
Indeed, in that case we can choose 7 to be r = fy(e), so that e € Ey, for § = Int, ofy. We
know from the above that s = f,(e) € S and that f,, maps Fp|x- to the f-twisted orbit
M?. However, if s is semisimple or unipotent, we have by Richardson [42, Lemmas 6.1-
6.3] that in fact s € MY and thus M? = M?.

When 6 and ¢’ = Int, OHOIntg_1 are two involutions of G related by the equivalence re-
lation ~, we have MD,)\(GG) = MD)‘(GG/) and Mp A(G,0) = Mp (G, 0). Therefore,
the above theorem allows us to decompose MD,A(G)& in the components MD’A(GG),
for @ the elements of the clique cl™*(a). That is, we get
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The situation for € = —1 is a little bit more involved, as we explain now.

Definition 4.9. Let (G, 6, s) be a triple consisting of a reductive group G, an involution
6 € Auty(G) and an element s € S%. A multiplicative (G, 0, s)-Higgs pair (E,p) on X is
a pair consisting of a principal G?-bundle E — X, and a section ¢ of the bundle E(M?)
associated to the conjugation action of G on M? and defined over the complement X’
of a finite subset of X.

Remark 4.10. Note that this is a new kind of object, different from the others defined
in this paper. Indeed these are not multiplicative (G, #)-Higgs bundles since the bundle
E is a G%-bundle but the variety M?, although it is a symmetric variety, is equal to

MY = MY%s = G/G%, so its stabilizer is not equal to GY.

To a multiplicative (G, 0, s)-Higgs pair we can associate an invariant inv(y), which is
a divisor with values in the quotient M?(F)/G(0). Now, since M? = MY s, this quotient
can in fact be identified with the semigroup X.(Ags.)—, and the invariant inv(y) is a
X (Age,)—-valued divisor. Here, A is a maximal -split torus.

We denote by Mg (G, 0, s)p the moduli stack of multiplicative (G, 6, s)-Higgs pairs
with singularity type (D, ), for D € Xg4, where X is a tuple of anti-dominant cochar-
acters in X, (Age,)—. As in the case of multiplicative (G,#)-Higgs bundles, there is a
natural map

Md,A(Ga 97 S)D — Md,’wo)\(G)D'

We denote by Mp a(G,6,s) C Mp w,,a(G) the intersection of the image of this map
with MD,wO,\ (G)
In this language, we can write the consequences of the results of this section as follows.

Corollary 4.11. Let 6, be the quasisplit involution representing the class a € Outa(G)
and let X be a tuple of anti-dominant cocharacters \; € X, (Ageq )+, for A a mazimal
04-split torus. Then,

MD7w0)\(G)L; = U U MD,)\(G,H,S).
[0]ecl~(a) [s]E(S?/G)A

Here, (S%/G)x denotes the set
(S/G)x = {[s] € S?/G 1 ug,(X) = A},
where 0, = Int, 00 and ug, is the inner automorphism such that 8, = ug, o 0;.

Proof. Indeed, note that A can only be a valid invariant for a multiplicative (G, ¥, s)-
Higgs pair if and only if the ); are in the image of X, (AZ,,), for A® a maximal 6,-split
torus, thus, if and only if 05 € ay, forevery i =1,...,n. O
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4.5. Fized points, submanifolds and the symplectic structure

In this section we consider the particular case where X is a Calabi—-Yau curve, that is,
the canonical line bundle of X is the trivial line bundle Kx = Ox. A Calabi—Yau curve
must be either A!, G,,, or an elliptic curve.

Hurtubise and Markman [34] showed that, assuming that X is a Calabi-Yau curve,
the moduli space Mp (G) admits an algebraic symplectic structure .

Theorem 4.12. For any a € Outa(G),

Therefore, MD’)‘(G)LI is an algebraic symplectic submanifold, while Mp x(G)'= is an

algebraic Lagrangian submanifold of Mp x(G).

We recall first some details about the deformation theory of multiplicative Higgs
bundles and the construction of the Hurtubise-Markman symplectic structure €2 on
Mp A (G). We start by describing the tangent bundle of Mp x(G). Using standard ar-
guments in deformation theory (see, for example, [7]), Hurtubise and Markman showed

that the Zariski tangent space of Mp x(G) at a point [E,¢] is equal to H'(Cg ) the
first hypercohomology space of the deformation complex

ad,
Cley E(g) — ad(E, ¢).
Here, ad(E, ¢) is a vector bundle on X defined by the following short exact sequence
0 —— {(a,b) : a+ Ad,(b) =0} —— E(g) ® E(g) —— ad(E,p) — 0,

where, if we regard b € E(g) and ¢ € E(G), asmaps f, : E — g, f, : E — G, by Ad,(b)
we mean the map sending any e € E to Ady,_e)(fis(e)). The map ad, is defined as

ad, = L, — R,

where L, and R, are given by the following diagram
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Remark 4.13. In terms of a faithful representation p : G < GL(V'), the maps L, and
R, correspond precisely to left and right multiplication by p(¢), and the deformation
complex becomes

ad,(y) : End E(V,) — End E(V,) ® Ox((A - D),)
¥ — [p(p), ¥

This is precisely the deformation complex for Ox ((A - D),)-twisted Higgs bundles.

We now have to give a explicit description for the tangent space HI(C[ B,]). We do
this by taking an acyclic resolution of the complex C|g ) and computing cohomology
of the total complex. For example, we can take the Cech resolution associated to an
acyclic étale cover of X, that we denote by {U;},. We can now compute Hl(C[E’w]) as
the quotient Z/B, where Z consists of pairs (s,t), with s = (s;5):j, t = (t;)s, for the
si; € T(U; NU;, E(g)), and t; € T'(U;, ad(E, ¢)), satisfying the equations

Sij + Sk = Sij,
ti —t; = ady(sij);

and B is the set of pairs (s,t) of the form s = (r; —7;);; and t = (ady(r;));, for some
r = (r;);, with r; € T'(U;, E(g)). Now one obtains a deformation of the pair (E, ¢) from
a pair (s,t) by considering the pair (E,¢) s+ over X x Spec(k[d]), for k[6] = k[t]/(%),
determined by

g° =g(1+ds),
ot = (1 + 6t).

Here, g = (gi;)i,; are the transition functions of E and ¢ = (¢;); is determined by
restricting ¢ to the U;.

With this explicit description of the tangent space we can finally compute the differ-
ential of the involution ¢5. Indeed, (¢).(s,t) is such that

t5(g°, ¢") = (0(g)"+ 1, (0(¢)") )+ 1)),
Now,
1a(g% 8%) = (0(g)(1 + 60(5)),0(d)° (1 + 50(2))°) = (6(9)", (0(¢))**™),
where, for the last equality, we have used that, in k[6],
(14 ad)® =1+ ead.

We conclude that
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(1a)«(s,t) = (0(s),e0(t)).
Consider now the dual complex of the deformation complex

*
adLP

Cl ad(E,¢)* —5 B(g").

w0l
Grothendieck—Serre duality gives a perfect pairing

H' (Clp,p)) x H' (Clg ;) @ Kx) — H' (X, Kx) 2 k.
However, since we assumed that Kx = Ox, we get a perfect pairing between HI(C[ B.])
and Hl(C[*EW]), so we can identify the cotangent space of the moduli space at [E, ¢]
with Hl(C’[*b’(p]).

An invariant bilinear form on g gives a natural isomorphism between g and its dual
g*. Under this isomorphism, the complex C[*E, o) Can be identified with

—ad
Clog ad(E,p~1) —2 E(g).
We can then describe the cotangent space HI(C[*E @]) as the quotient Z*/B*, where
Z* consists of pairs (o, 7), with o = (04;)i, T = (1), 0i; € T(U; NUj,ad(E, 1)),
7 € I(U;, E(g)), satisfying

{Uij + Ok = i,

i = 7 = —ady(0ij);

and B* is the set of pairs (o, T) of the form o = (7, — n;);; and T = (—ad,(1:))s,
for some n = (n;);, with 7; € T'(U;,ad(E, p~1)). One can now check that, under this
description, the Grothendieck—Serre duality pairing is given explicitly by

@ H' (Cp,y)) x H' (Cl g © Kx) — H' (X, Kx) =k
([s;t],[o, 7]) —> @((s,%), (0, 7)) = (s,7) — (0, 1),

where (—, —) denotes the duality pairing.
Finally, note that we can define a morphism of complexes ¥ : Cig ) — CFE o 88 in
the following diagram

ad,
Cleg) ¢ E(g) ——— ad(FE, p)

o [T

—ad,,
Cly ad(E, o7 ') — E(g).
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The adjoint of this morphism is given by

C[E,Lp] : E(g) — ad(Ev(p)
l‘lﬁ l*wal J{R¢_1
—ad,
Cleg ad(E,p~1) —= E(g).

Now, these two maps are homotopic, since the following diagram commutes
ad,
E(g) —— ad(E, ¢)

ad(E,¢™!) — E(g),
for h = L,-1 o R,-1. Therefore, ¥ and Ut define the same map in hypercohomology.

Moreover, this map is an isomorphism. We can now define the Hurtubise—Markman
symplectic form as

Q: Hl(C[E#F]) X Hl(C[E#,]) — k
(v,w) — (v, ¥(w)).

This is obviously non-degenerate and it is clearly a 2-form since

Q((s,t), (s, 1)) = (s, W(t)) — <‘I'( ),t) = (Ui(s),t') — (s', UT(8))
—Q((s', 1), (s, 1)).

|
—~
S
—~
V2]
~—
~
~
~
/\
/-\
S~
~ o~
~
||

Hurtubise and Markman [34, §5] show that it is closed.
We now have all the ingredients for the proof of Theorem 4.12.

Proof of Theorem 4.12.

(12)"Q((s, 1), (8", 1)) = Q((6(s), €6(2)),
0(s),=0’(0(t)
0(s),e0(2(t))
= ¢e[(s, U(t)) — (U(s"),
= EQ((S,t), (8 it ))7

(6(s"),0(t')))

)) = (¥9(0(s")),0(2))
) = (0(¥(s")),e0(¢))
t)]

=
=

since the bilinear form can be taken to be invariant under automorphisms of g. O
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Appendix A. Root systems

We recall the basics of root systems.

Let (€, (-,-)) be a finite-dimensional Euclidean vector space. Recall that a (crystallo-
graphic) root system in & is a finite subset ® C &, whose elements are called roots, such
that:

(1) The roots span €.

(2) For any two roots «, 3, the vector s, (8) = 5 — 228 o is in ®.

(a,0)
(3) For any two roots «, 3, the number 2%35; is an integer.

We say that a root system is reduced if the only scalar multiples of a root a that belong
to @ are o and —a. In any case, note that even if ® is nonreduced, the only multiples of
a root o that can belong to ® are +a, :l:%a or +2q, since

_ (o, A\av)
(o, ) =24 and Q(Aa,)\a)

—2/)

must be integers.

Given a root system ®, one can fix a subset ®T of positive Toots which is closed under
the sum and such that for each o € ® either a or —«a belong to ®* (but not both).
When @ is reduced, the indecomposable elements of ®* form the set of simple roots
A, and every root o € ® can be written as a linear combination of elements in A with
integer coefficients. Fixing a set of simple roots A is equivalent to fixing the positive
roots ®*. This choice is unique up to the action of the Weyl group of ®, which is the
finite group W generated by the reflections s,. This group naturally acts on €, and its
fundamental domains are the Weyl chambers, which are the connected components of
the complement of the union of the hyperplanes perpendicular to each root a € ®. Given
a choice of simple roots A, the corresponding dominant Weyl chamber is the one defined
as

CLl={ve&:(v,a)>0,Va € A}.
One can also consider the anti-dominant Weyl chamber

Cy={veé:(v,a) <0,Vaec A},
which is related to C’Z by the longest element of W, which is the element wqy of maximal
length as a word in the s,, for a € A.

To any root system ® in (&, (+,+)), one can associate its dual root system

PV ={a" €& :aed},
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where o is the coroot of «, defined as

(v,a¥) =2

for any v € €. Here, (-, ) denotes the duality pairing of & and £*. From the definition of a
root system, it is clear that this duality pairing restricts to a pairing (-,-) : ® x @V — Z.
When @ is reduced, the simple coroots AV, which are the duals of the simple roots, give
the simple roots for the root system ®V.

The root and weight lattices of a root system ® are, respectively

R(®) =Z(®) C &
P(®)={veé:(v,a")eZVac d}.

We can also consider the coroot and coweight lattices, respectively,

RY(D) = R(®Y) = Z(dY) C &*
PY(®)=P(®Y) = {v e & : (a,v) € Z,Va € D} .

Note that the pairing (-,-) defines a perfect pairing between the root lattice and the
coweight lattice, and between the weight lattice and the coroot lattice.

The elements of the intersection P4 (A) = P(®)NCY are called the dominant weights
of ®. This intersection is a semigroup spanned by some elements w,...,w, called the
Sfundamental dominant weights. That is, we have

Pi(A) = N{(wi, ..., wn),
P(®) = Z{w1,...,wn).

Dually, and assuming that AV defines a set of simple coroots, we can consider the
intersection

PY(A)=PY(@)NCL, ={AePY(®): (\,a) > 0,Va € A}.

This is the set of dominant coweights of ®. Again, this set is a semigroup spanned by
some elements A1, ..., A, called the fundamental dominant coweights, and

PY(A) =Ny, .., An),
P(®) = Z(\1,..., An).

A choice of the simple roots A also determines an order on €, and thus also on P(®)
and R(®), given by
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v > if and only if v —v" € N(A).

Note that, if ® is a nonreduced root system, and « is a root with 2a € ® then
(2a)V = aV/2. Thus, when @ is nonreduced, in order for the above definitions to work
properly, we need to define the simple roots as the union of the indecomposable elements
with their positive multiples that belong to ®. Given that definition, the dual simple
roots AV will be simple roots for ®" and we will be able to define Weyl chambers and
fundamental and dominant weights and coweights just like in the reduced case. Note
that this change in the definition does not change the Weyl group, since the reflection
associated to «a is the same that the one associated to 2a.

Finally, in this paper we consider the multiplicative invariants of a root system. By
this we mean the ring k[e”(®]W of W-invariants of the group algebra of the weight
lattice k[eP(®)]. We write eP(®) in order to regard the weight lattice as a multiplicative
abelian group, rather than an additive one. Now, given any element a € k[e"(®)], which
is of the form

a= E age”,

weP(P)

we define the weights of a to be those w such that a,, # 0. The maximal elements among
these weights are called the highest weights of a. The main result here is the following.

Proposition A.1 (/10, VI.3.4 Theorem 1]). Let ® be a reduced root system, with A C ® a
choice of simple roots. Let w1, . ..,w, be the corresponding fundamental dominant weights
of ® and, for each i, let a; € k[eP®W be a W -invariant element with unique highest
weight w;. Then, there is an isomorphism

k[P @V = klay, ... ay)].
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