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Abstract

In this paper, we analyze the unique continuation problem for the linearized Benjamin-
Bona-Mahony equation with space-dependent potential in a bounded interval with
Dirichlet boundary conditions. We prove two unique continuation results by means of
spectral analysis and the (generalized) eigenvector expansion of the solution, instead
of the usual Holmgren-type method or Carleman-type estimates. It is found that the
unique continuation property depends very strongly on the nature of the potential
and, in particular, on its zero set, and not only on its boundedness or integrability

properties.
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1 Introduction and Main Results

Let us consider the following linearized Benjamin-Bona-Mahony equation

Ut — Ut = [(x)u], + B(z)u in (0,1) x (0,7),
u(0,t) =u(l,t) =0 te (0,7), (1.1)
u(0) = ug on (0,1),

where T' > 0 is a given time, «(-) € L*°(0,1) and 3(-) € L*(0, 1) are given potentials.

As we shall see below (see Lemma 2.1 in Section 2), system (1.1) is well posed in L?(0, 1)
and H}(0,1). In particular, for any uy € L%*(0,1), (1.1) admits a unique solution u €
C([0,T]; L*(0,1)).

Let F' C (0,1) be an open, non-empty subset. We are interested in the property of unique

continuation for (1.1), that is, whether
w(a,t) =0 in F x (0,T) (1.2)

implies that u vanishes identically.

This problem is motivated by questions related to the controllability and the stabiliza-
tion of Benjamin-Bona-Mahony like equations (see Section 7). At this respect it is also
worth mentioning that if the unique continuation property above were known to hold also
for potentials depending both in space and time, one could deduce decay properties for the
solutions of the true nonlinear Benjamin-Bona-Mahony equation, with damping terms local-
ized in space in F' (we refer to [15] for a similar analysis in the context of the KdV equation).
But this is an open problem that we do not address here and the methods developed in this
paper do not seem to suffice to handle it.

There is a very extensive literature on unique continuation problems. Moreover, the
equation under consideration is 1 — D in space and therefore, one could expect the problem
above to feet in some of the existing results. But this does not seem to be the case. At this
respect, it is important to note that both x = Const. and t = Const. are characteristic lines
for the first equation in (1.1). Hence the main difficulty in our problem consists in the fact
that the Cauchy problem involved in the unique continuation one is characteristic. Therefore
we can not apply Holmgren uniqueness theorem even in the simplest case in which a(-) and
B(-) are analytic functions. Moreover, it is well-known that the solutions of characteristic
Cauchy problems may be non-unique (see for example [11]). Thus, one can not exclude a
priori the above uniqueness property to fail. On the other hand, when coefficients fail to be
analytic, the main tool to prove unique continuation properties is the so-called Carleman-type
estimates ([11], [12], [18], for instance). In Carleman-type estimates the lower order terms
(with bounded coefficients or even with unbounded coefficients under suitable integrability
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conditions) of the equation can be controlled in some weighted norms by the principal part
of the operator. However, as we shall see, for our problem, the unique continuation property
depends very strongly on the nature of the potentials «(-) and 3(-) and, in particular, on its
zero set, and not only on its boundedness or integrability properties. Therefore, in the present
situation, one can not expect to apply Carleman-type estimates. Note also that most of the
literature on Carleman inequalities is related to non-characteristic Cauchy problems, which
is not the case here. There exist also a few works concerning the uniqueness of characteristic
Cauchy problems ([1] and the references therein). For instance, the main theorem (Theorem
2) in [1] is a uniqueness result for solutions of differential equations (with smooth coefficients)
satisfying certain decay conditions at infinity and it is based on Carleman-type estimates.
Therefore, as we remarked above, it seems that it can not be applied to our problem.

First of all, we give a simple negative result showing that the unique continuation property

necessarily depends on the zero sets of the potentials «(-) and 5(-).

Example 1.1 Let o) = () = 0. Then any time-independent function v = u(x) €
Cs((0,1) \ F) satisfies (1.1) and (1.2). Therefore, the unique continuation property does
not hold for this simple case unless (0,1)\ F' = 0.

Remark 1.1 Example 1.1 shows that the unique continuation results on Benjamin-Bona-

Mahony equations in [5] (Theorems 3.1-3.4) are not correct without further assumptions.

More generally, we have the following necessary condition for unique continuation of
(1.1)—(1.2).

Theorem 1.1 Let ' C (0,1) be an open, non-empty subset, o(-) € L*(0,1) and B(-) €
L?(0,1). Suppose that the unique continuation property above holds. Then a(-) and 3(+) can

not vanish simultaneously in any open, non-empty subset of (0,1) \ F.

The proof is immediate: If o and ((-) vanish simultaneously in an open, non-empty
subset U of (0,1) \ F, then any time-independent function u = u(z) € C5°(U) solves (1.1)
and satisfies (1.2). Thus u is not necessarily identically equal to zero.

On the other hand, it was essentially proved (although not stated explicitly) in [14] for
the case a(x) = —1 and f(z) = 0 that the weak solution u € C([0,T]; H}(0,1)) for (1.1)
vanishes identically if

u,(0,1) =0, Vite (0,7). (1.3)

Of course, this provides a positive answer to our problem in the particular case a(x) = —1
and ((z) = 0.



The main idea of the proof in [14] was to use the explicit series expansion of the solu-
tion in terms of the eigenvectors of the generator of the underlying semigroup and its time
analyticity. In a first step, the analyticity in time allows to show that, when (1.3) holds,
then u,(0,t) vanishes for all time. The series development of the solution on the basis of the
eigenvectors of the generator of the underlying semigroup allows one to reduce the problem
to the unique continuation of the eigenvectors, which can be solved by ODE methods.

The approach in [14] does not apply directly in our case. Even though we assume that
the potential F(x) = 0, the generator of the semigroup associated with (1.1) is not skew-
adjoint when «(z) is not constant. Thus we can not apply Fourier series method directly to
reduce the problem to the analysis of the eigenvectors and we shall require important further
developments in order to justify the use of eigenvector expansions for the solutions of (1.1).

In view of Theorem 1.1, we need to impose conditions on the potential a and more
precisely in its zero set in order for the unique continuation property to be true. And
therefore, it is natural to analyze under what conditions on «(-) the unique continuation for
(1.1) and (1.2) holds.

For this purpose, we need to introduce some notations. For any interval (¢, d), we denote
by

W{(e,d)

the set of all weight functions on (¢, d), i.e. the set of all measurable, bounded functions which
are positive almost everywhere on (c,d). For any () € W(e,d), we denote by L*(c,d; )

the Hilbert space of the completion of C§°(c, d) with respect to the norm

Uflbo 2 [“0@)f@Pde, Ve C(ed) (1.4)

c

It is easy to see that L?(c,d) C L*(c,d; a) topologically and algebraically.

We have the following unique continuation results.

Theorem 1.2 Let 3(-) = 0 and either a(-) € W(0,1) or —a(-) € W(0,1). Let 0 <a <b<
1, T >0 and ug € L*(0,1). Suppose that the weak solution u € C([0,T]; L*(0,1)) of (1.1)
satisfies (1.2) with F' = (0,a) U (b,1). Then

u=0 in (0,1) x R. (1.5)

Note that in Theorem 1.2 it is assumed that u vanishes on a neighborhood of both
extremes x = 0, 1 of the interval (0,1) and that 5(-) = 0. If we impose more regularity
conditions on «, we have the following better result, which allows, in particular, a non-zero

potential 3.



Theorem 1.3 Let 5(-) € L>°(0,1) and o(-) € W?>>°(0,1) with mingepo 1) |oe(x)| > 0. Let 0 <
a<b<1,T>0anduy € L*0,1). Suppose that the weak solution u € C([0,T]; L*(0,1))
of (1.1) satisfies (1.2) with F' = (a,b). Then

u=0 in (0,1) x R. (1.6)
The proofs of Theorems 1.2 and 1.3 will be given in Sections 3 and 6 respectively.

Remark 1.2 Theorems 1.1-1.3 show that the unique continuation property for system (1.1)
under condition (1.2) depends very strongly in the nature of the coefficients a(-) and B(-) of
the lower order terms of the first equation in (1.1). As far as we know, such a phenomenon

was not observed and analyzed in the existing literature.

Remark 1.3 For the proof of Theorem 1.2, it would be useful to have an eigenvector expan-
sion of the solution to (1.1). However, due to the x—dependence of a(x), the eigenvectors
may not be computed explicitly. In fact, we do not know at present whether the eigenvectors
of the generator of the underlying semigroup form a Riesz basis of L*(0,1) without further
reqularity conditions on «(-). In order to overcome this difficulty, we need to introduce a
special Hilbert space H where the equation evolves by means of a semigroup generated by a
compact, skew-adjoint operator and therefore, where Fourier series may be used. We also
show that solutions of (1.1) satisfying (1.2) with F' = (0,a) U (b, 1) belong to this space H.
This allows us to use well known spectral theorems to obtain the eigenvector expansion of
solutions of (1.1) satisfying (1.2) and to reduce the problem to the unique continuation of the
eigenvectors which may be easily solved by ODE techniques. This is sufficient to complete
the proof of Theorem 1.2.

Remark 1.4 In order to prove Theorem 1.3, we will show that the generalized eigenvectors
of the generator of the underlying semigroup form a Riesz basis of H}(0,1). At first, by
means of a series of transformations, we can show that the “high frequency” eigenvectors
are quadratically close to a subsequence of some known Riesz basis in H}(0,1). In order to
conclude the proof of Theorem 1.3, the completeness of the generalized eigenvectors is also
required. But the existing results, for instance those in [7] (that have been successfully applied
in several other problems, see, for example, [3], [4], [6], [2], [16]), do not seem to apply in
our case. Section 5 is devoted to overcome this difficulty by means of a new abstract result
which is strongly inspired in the works by Guo ([8], [9]).

Remark 1.5 In Theorems 1.2 and 1.3 we impose some technical conditions on «a(-), ((-)

and F, especially we require a(-) to be of constant sign. We remark that, in the proof of

Theorem 1.2, we use in an essential way the facts that u vanishes in a neighborhood of both
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extremes © = 0 and x = 1 (see Lemma 3.1) and B(-) = 0 (see Lemma 3.2), and we need
the constant sign condition on «(-) to check that || - ||2.a defined by (1.4) (or || - ||2,—a in
the case that o(-) is negative) is a norm in C§°(0,1). On the other hand, in the proof of
Theorem 1.3, we need the constant sign condition on af(-), too (see Lemma 2.3), and we use
the fact that o) € W2>(0,1) when we analyze the asymptotic behavior of the eigenvalues
and eigenvectors of the generator of the underlying semigroup (see (4.21)). It is reasonable
to expect the (necessary) conditions on «a(-), B(-) and F in Theorem 1.1 to be also sufficient

for the unique continuation property to hold but this is by now an open problem.

2 Some Preliminaries

In order to prove Theorems 1.2-1.3, we need some preliminaries. First of all, we denote by
A the operator in L?(0,1):

{ D(A) = H(0,1) N H(0, 1), (2.1)

Au =y, Yue D(A).

The well-posedness of system (1.1) is easy to get.

Lemma 2.1 Let o) € L*>(0,1) and 3(-) € L*(0,1) (resp. «(-) € L*(0,1) and B(-) €
LY(0,1)). For any ug € L*(0,1) (resp. ug € H(0,1)), there exists a unique solution of (1.1)
in the class u € C([0,T], L*(0,1)) (resp. u € C([0,T], H3(0,1))).

Proof. We consider only the case ug € L?(0,1) (the case ug € Hg(0,1) can be treated
similarly). Existence and uniqueness may be proved easily by standard methods on the basis

of the following energy estimate. Denote by

él
2

the energy of solutions of (1.1). It suffices to prove that for any given T' > 0

E(1) [|U|i2(0,1) + |U|§{71(0,1)] (2.2)

E(t) < CE(0), Ytelo,T] (2.3)

for some constant C' > 0.
For this purpose, we multiply both sides of the first equation in (1.1) by (—A)~'u and
integrate it on (0,1). Using integration by parts and Sobelev embedding theorem, we get

easily

GEW®) = [illauw), + Bul[(=A)Mulde = [y{(=A)"?[(au), + Sul}[(=A) " uldz
< |(=A) 2 [(aw)s + Bull 2o [(=A) 2l 200 (2.4)
S C’|u|L2(0,1)|(—A)*1/2u|L2(0,1) S CE(t)
6



Now, (2.3) follows from (2.4) and Gronwall’s inequality immediately. O

In order to prove Theorem 1.2, let us re-write (1.1) equivalently as

(2.5)

uy = Au, t>0,
u(0) = o,

where A : L%*(0,1;a) — L?*(0,1; ) is a bounded linear operator given by (recall that 5(-) =
and for simplicity we consider only «(-) € W(0,1))

Af =(I=A)'0(af), V[ eL0,La). (2.6)
We need the following explicit expression for A.
Lemma 2.2 Let a-) € W(0,1). Then for any f € L*(0,1; ), it holds

Afle) = gz o (477 + e al) f(s)ds

(2.7)
-3 Iy ( S €s_x)a(s)f(s)ds, Vae(,1).
Proof. 1t is easy to check that for any f € C§°(0,1) it holds
(1= A f(a) = sy o (770 = e 1) f(s)ds .
2f0 ( T— s_ s5— x)f(S)dS
Therefore, for f € C§°(0,1), integrating by parts we have
-1 _ ef—e” " 1-s s—1
(T =M)70uf) (@) = 5= fy (¢ o) f(s)ds (29)

-3 6’”( re —|—es_”3)f(s)ds.
Hence by the density of C5°(0,1) in L?(0,1; «), we get the desired result immediately. m|

As before, in order to prove Theorem 1.3, we re-write (1.1) equivalently as

=A t>0
Uy Au, >0, (210)
u(0) = up,
where A : H(0,1) — HL(0,1) is a bounded linear operator given by
Av = (I = A)7(0u(av) + Bv), Vv € Hy(0,1). (2.11)

Remark 2.1 Recall that we assume ug € L*(0,1) in Theorem 1.3. However, from the proof
of Theorem 1.3 (see Section 6), one sees that it suffices to consider the case ug € Hy(0,1).

Therefore, we will consider the operator A in H}(0,1) in what follows.
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We need the following simple result.

Lemma 2.3 Let a(-) € H'(0,1) and 3(-) € L*(0,1). Then the operator A defined by (2.11)

is compact in H*(0,1), its adjoint operator A* is given by
Aw = (I—A)_l[—awquﬁw}, Yw e Hy(0,1). (2.12)
Furthermore, if mingepo ) |a(z)| > 0, then 0 & o,(A*), the set of eigenvalues of A*.

Proof. The compactness of A is obvious. Let us derive (2.12). For any v,w € HZ(0,1),

we have

)r20,1) + ((jv)x,wx)
)L2(0,1) - (("Iwm’ w>L2(0,1) (2 13)
— ((Cw)x + fv, w) 12(0.1) = (U, —QWy + ﬂw)Lz(o,l) .

= (0,(I = A7 ~ aw, + fu))

(Av, w)Hg(o,l) L2(0,1)

o
S
g £

H}(0,1)"
Thus, we get (2.12).

Now, let us show that 0 ¢ o,(A*). If 0 € 0, (A*), then we can find a n € H}(0,1), n # 0,
such that A*n = 0. Thus, by (2.12), we see that

n(0) =n(1) = 0. (2.14)

By mingep ) |a(x)| > 0, from (2.14) we conclude that n = 0. Therefore we arrive at a

{—omx—i—ﬁn:O, 0<z<l,

contradiction. This completes the proof of Lemma 2.3. O
Also, we have the following result.

Lemma 2.4 Let o-) € L*(0,1) and 3(-) € L'(0,1). Assume that ug € H}(0,1). Then the
solution u of (2.10) (or equivalently (1.1)) has the regularity

u € C¥(R; Hy(0,1)), (2.15)

where C*(IR; HY(0,1)) stands for the class of analytic functions defined in R with values in
H(0,1).

Proof. 1t is easy to check that under the assumptions in Lemma 2.4, the operator A
defined by (2.11) is a bounded linear operator in Hj(0,1). Thus, by means of the semigroup

theory (see for example [10]), one gets Lemma 2.4 immediately. O

Note that our goal is to reduce the unique continuation of (1.1)-(1.2) in Theorems 1.2
and 1.3 to the same problem for the eigenvectors of A or A. Thus, we need the following

simple result.



Lemma 2.5 Let £(-) € L*>(0,1) and n(-) € L*(0,1). Suppose u € L*(0,1) satisfies

{ U — Uyy = [(x)u], +n(z)u in (0,1), (2.16)

Then u=0 in (0,1).

Proof: We set N
v =1uv(x) /0 u(s)ds. (2.17)

By (2.16), it is easy to see that v satisfies

{ Uge = —E(2)vz + f5 n(s)vx(s)ds + v in (0,1), (2.18)

v(0) = v,(0) = 0.
By the first equation in (2.18), it is easy to see that

(02 +0%) =20, (Vg + V) = 20,[E(2)v, + [ N(5)va(5)ds + 20]
< Clu2 402 + ool (S n2(s)ds) " (i v2(s)ds) ] (2.19)
< C(vi + 02+ [y UQ(S)dS).

T

Integrating (2.19) from 0 to z, and noting the second equation in (2.18), we get

V() + 03 (x) < C /0 e2) + () + /0 "2 (s)ds|dt < /O 02 (s) + 0%(s)lds. (2.20)

Therefore by means of Gronwall’s inequality, we have v = 0 in (0,1), which implies the

desired result immediately. O

3 Proof of Theorem 1.2

As we mentioned in Remark 1.3, in order to prove Theorem 1.2, we need to introduce a
special Hilbert space H where the equation evolves by means of a semigroup generated by a
compact, skew-adjoint operator. For this purpose, we need some properties of the solutions
of (1.1) and (1.2) with F' = (0,a) U (b,1). Fix any «(-) € W(0, 1), and set

Bo(z) = €', Yo(x) = e,
Ba(z) = [} Ba1(8)(e"° + e57%)a(s)ds, (3.1)
V(@) = [ Yuo1(8)(€7° + %) a(s)ds,

where n = 1,2, ---. We have the following result.



Lemma 3.1 Suppose that assumptions in Theorem 1.2 hold. Then

/gn 5t)ds—/lfyn(s)a(s)u(s,t)dSZO, Vite(0,T), (3.2)

wheren =0,1,2,---.

Proof. We divide the proof into two steps.
Step 1. First of all, let us prove that (3.2) holds for n = 0. Recalling that (1.1) is
equivalent to (2.5), by Lemma 2.2, we get

u(x,t) = 26(6_2 - Jo ( - s—i—es’l)a(s)u(s,t)ds

T2 5 Jo (e ( T=s 4 es—ac)a(s)u(s,t)ds, YV (z,t) € (0,1) x (0, 7). (3.3)

By (3.3), it is easy to see that u; € C([0,T); H}(0,1)). However, by (1.2) (recall F' =
(0,a) U (b,1)), we have

w(z,t) =0, (x,t) € (0,a) x (0,T) (3.4)
and

/0 (e e )als)uls, s =0, (x,t) € (0,a) % (0,T) (3.5)

Combining (3.3)—(3.5), it is easy to see that

/01( T 1) (s)u(s,t)ds =0,  Vtel0,T]. (3.6)

Therefore, we arrive at

w(z,t) = —; /Ux (ex_s + es_x)oz(s)u(s,t)ds, V (z,t) € (0,1) x (0,7). (3.7)

By (3.7), we get

; Ox (ex_s - es_x)a(s)u(s, t)ds (3.8)

for (x,t) € (0,1) x (0,7) almost everywhere. However, using (1.2) (recall F' = (0,a)U (b, 1))

again, we see that

Uy (2, 1) = —a(z)u(x, t) —

U (2, 1) =0V (x,t) € (b, 1) x (0,T). (3.9)
Combining (3.8)—(3.9), we have

1
/ (61_5 - es_1>a(s)u(s,t)ds =0, Vitel0,T]. (3.10)
0
By (3.6) and (3.10), we see that

/O1 e Sa(s)u(s, t)ds = /01 e*ta(s)u(s, t)ds = 0, VteloT]. (3.11)
10



Now, (3.2) for n = 0 follows from (3.11) and (3.1) immediately.
Step 2. Let us prove (3.2) in the general case. Note that, by Step 1, we have

/0 Cdo(s)a(s)uls, t)ds =0, Vi€ (0,T). (3.12)

Differentiating (3.12) with respect to ¢ and noting (3.7), we get

/01 Bo(s)a(s) (/08 (ea:—s + @s—w)a(x)u(x, t)dx) ds =0, Vite(0,T). (3.13)

Exchanging the order of integration in (3.13), we arrive at

/01 (/: ﬁo(S)(egH + €Sx)04(8)d5) a(x)u(z, t)de =0,  Vite (0,T). (3.14)

Now, by (3.14) and (3.1), we get
/ @)al@)u( dr =0, Yie(0,T). (3.15)

Similarly, one gets
1
/ y(@)a(@)u(z, )de =0,  Vte (0,T). (3.16)
0

Therefore we have proved (3.2) for n = 1. Repeating the above procedure, one gets (3.2)
forn=23,---. O

The Hilbert space H we need is as follows

HE{f € L20,1;0); [ Bu(s)a(s)f(s)ds = [Lrn(s)als)f(s)ds =0

(3.17)
forn=0,1,2---},

where (3, and =, are as in (3.1).
It is easy to see that H is a closed subspace in L?(0,1;a). Therefore H is an Hilbert
space with the topology inherited from L?(0, 1; ), i.e. the norm in H is that in L?(0,1; ).

Remark 3.1 Note that Lemma 3.1 reduces the unique continuation problem to the case
where the initial datum ug belongs to H. Thus, if we were able to show that H = {0}, then
Theorem 1.2 would hold immediately.

When a(x) = ag # 0, where oy is a constant, we can show directly that H = {0}. In
fact, for any f(-) € H, taking n =0 in (3.17) and noting (3.1), we get

/01 e f(s)ds = /01 e* "1 f(s)ds = 0. (3.18)

On the other hand, by (3.1), it is easy to check that

ea:—l _ 361—:1:)

Bi(x) = —ap (xel_”” + 5

11
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Therefore, by taking n =1 in (3.17) and noting (3.18)-(5.19), we get

1
/ se’ ™ f(s)ds = 0. (3.20)
0
Similarly
1
/ se* 1 f(s)ds = 0. (3.21)
0
Repeating this procedure, one gets
1 1
/ s"e' " f(s)ds = / s"e* 1 f(s)ds = 0, (3.22)
0 0

where n = 2,3,-+-. Now, by (5.18), (3.20)-(3.22), and noting that {1,s,8% -+, s",---} form
a basis of L?(0,1), it is easy to conclude that f(-) = 0.
In the general case, it is not clear whether H = {0} for any a(-) € W(0,1). The problem
may be reformulated as follows:
Problem (P): Does the set {5o(-), -, Bn(-), -+, 7(), (), -} form
a basis of L?[0,1]7
Problem (P) is of independent interest.
In what follows we will avoid to prove H = {0} although we conjecture that this does
hold. Instead we assume that dimH > 0. Analyzing the structure of operator A (defined by
(2.6)) in H we shall see that if an element of H is such that (1.2) (with F' = (0,a) U (b, 1))

holds, necessarily it is identically zero and this is sufficient to prove Theorem 1.2.
The following lemma will play a fundamental role in the sequel.

Lemma 3.2 Let o) € W(0,1) and A and H be defined by (2.6) and (3.17) respectively.

Then A is a compact, skew-adjoint operator in H.

Proof. We divide the proof into three steps.
Step 1. Let us prove that

Af €H, vV feH. (3.23)
By Lemma 2.2 when f € H, we have
Af(x) = —% Om (e’”—s + es_$>a(s)f(s)ds, Ve (0,1). (3.24)
Therefore, for any n =0,1,2,--, by (3.24), (3.1) and the definition of H, we get
i Bu(s)a(s)Af(s)ds
= —3 [5 Ba(s)a(s) (fos (e”s + es_f”)a(x)f(x)d:c)

ds
= —% 01 (fxl Bn(s) (efhs + 687x)a(8)d5) () f(z)de (3.25)

= —% fo1 Bry1(w)a(z) f(z)dr = 0.
12



Similarly
1
/0 Tn($)a(s)Af(s)ds = 0. (3.26)
Combining (3.25)—-(3.26), we see that Af € H.

Step 2. Let us show that A is a compact operator in H. For this purpose, assume G is
a bounded subset in H. By (3.24), it is easy to see that

AG 2 {Af; fe G (3.27)

is a bounded subset in H}(0,1). From this and noting that L*(0,1) C L*(0,1; «) topologi-
cally, one concludes that AG is a compact set in L*(0, 1; «), which gives the compactness of
A in H immediately.

Step 3. Let us show that A is a skew-adjoint operator in H. For this purpose, take any
two elements f, g € H. By the definition of H, we have

/01 e a(s)g(s)ds = /01 e‘a(s)g(s)ds =0, (3.28)
which implies
/Ox e=*(s)a(s)g(s)ds = — /: e a(s)g(s)ds, Ve (01). (3.29)
Thus, by (3.24) and (3.29), we have
(Af. g =1 L ale) (Ji (e + e W (s)ds) g(w)da
{ 01 e‘sa(s)f(s)( x)g(z dx)ds
f(s)( INCe g(z dm)ds}
= [ 1 e *a(s)f(s) ( o eta(r (x)da:)ds (3.30)
+Jye a(s)f s)(f )da:‘)ds}
= 2f0 (@)f () (J5 ( . s+ es x)a<s>g<s>ds) de
—(f, Ag)n,  VfgeH
which gives the desired result immediately. O

Now, similar to Lemma 2.4, one has the following result.

Lemma 3.3 Assume that uy € H. The solution u of (2.5) (or equivalently (1.1)) has the
reqularity
ue CY(RyH), (3.31)

where C¥(R;H) stands for the class of analytic functions defined in R with values in H.
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Now we can prove Theorem 1.2.

Proof of Theorem 1.2. Let u be a solution of (1.1) satisfying (1.2) with £ = (0,a)U (b, 1).
By Lemma 3.1, we get

/ B (s u(s,t)ds = /1 Tn(s)a(s)u(s,t)ds = 0, Vte (0,7), (3.32)

where n = 0,1,2,---. On the other hand, by Lemma 2.1, the weak solution of (1.1) satisfies
ue C([0,T]; L*(0,1)). Taking ¢ = 0 in (3.32), we see that

/ Ba(s)a(s)uo(s)ds — /1fyn(s)oz(s)u0(s)ds:(), Vite(0,7), (3.33)

wheren = 0, 1,2, - - -. Therefore, by the definition of H (see (3.17)) and noting that L?*(0,1) C
L?(0,1; a), we conclude that
o € M. (3.34)

Now, by Lemma 3.2, we know that A : H — H is a compact, skew-adjoint operator.
Therefore, 1A : 'H — H is a compact, self-adjoint operator. Applying the classical theorem
on the spectral decomposition of compact self-adjoint operators (cf., for example, Theorem
4.2 of Chapter VI in [17]) to iA in H, one can find a sequence of eigenvalues {\,} of A,

An € iR with A, tending to zero as n — oo. For each A\, (n =1,2,---), one can choose the

corresponding eigenvectors el - efn such that
el eul e 61 e”" (335)
1> » “1 ) “mo yEn .

form an orthonormal basis of H. Recall a = a(-) € W(0,1). Therefore it is easy to see that
An # 0, n=12---. (3.36)

Indeed, if A = 0 were an eigenvalue, there would exist e € H}(0,1), e # 0, such that
(I — A)"Y(@e), = 0. Thus (ae), = 0, which implies ae = Const. Since e € Hy(0,1) and
e # 0, this implies that either Const = 0 or « is unbounded. The second possibility has to
be excluded since o € W(0,1). Thus ce = 0 in (0, 1). But then, since a € W(0, 1), we have
e =0 ae. in (0,1), which is in contradiction with the fact that e # 0.

By (3.34), we can assume that the initial datum wug of (1.1) is decomposed as

o0 HUn

=> > alel in H, (3.37)
n=1j=1
where a/ are constants. Then it follows that the corresponding solution u of (1.1) can be

expressed as

Hn

u(z,t) = i (Z ajel())e  (x,1) € (0,1) x R (3.38)

n=1 :

14



However, by Lemma 3.3, we see that u € C¥(R;H). Therefore, by (1.2) (recall F' =
(0,a) U (b,1)), we obtain that

u(z,t) =0 in (0,a) x R, (3.39)
ie. .
3 (Zaﬂ e (x))ert =0, (x,t) € (0,a) x R. (3.40)
m=1
Note that
A 1 if r=
lim / emte st dt = 1 e , Vr,selR. (3.41)
T 400 2T 0 ifr#s
Hence, by (3.40)—(3.41), for each n € IN, we have
1 oo
J ] _ = 7)\,11‘/ N Amt —
Zae x _TE+002T Z(Zae ) dt =0, Ve (0,a). (3.42)

Note that A, # 0. Taking into account that
Z alel (x

satisfies (I — A)~!(ae), = A\ e together with e(0) = e(1) = 0, by (3.42) and Lemma 2.5, we

conclude that .

Z alel (z) =0, Ve (0,1). (3.43)

Therefore
al =0, G=1, fy, n=1,2,---. (3.44)

n

Combining (3.37) and (3.44), we see that ug = 0. Consequently v = 0. Thus the proof of
Theorem 1.2 is completed. O

4 Asymptotic analysis of the eigenvalues and eigenvec-

tors of operator A

As we mentioned in the introduction, the method of proof of Theorem 1.2 we have developed
in the previous section does not apply when 3(-) # 0 or F' # (0,a) U (b, 1). In order to prove
Theorem 1.3 we need to justify developing the solutions wu(-) of (1.1) in the series of the
generalized eigenvectors of the operator A defined by (2.11). For this purpose, the first step
is to get a sharp asymptotic description of the “high frequency” eigenvalues and eigenvectors
of A. This is the object of this section.
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Without loss of generality, we suppose

i > 0. 41
gﬁ%@ (4.1)

The case mingejp1) ( — a(x)) > 0 can be considered similarly. Also, we recall that a(-) €

W22(0,1) and G(-) € L*=(0,1).

Denote
A [l
ap = / a(s)ds. (4.2)
0
We need the following variable transformation
1 T
2 — [ a(s)ds, €01l (4.3)
Qg JO

Then by (4.1), we see that & € [0,1] and & — x is a one-to-one and onto map. Denote

u(@,t) = ulz, 1),
(2) = afa), ",
B(E) = B(x),
w(z,t) = u(z,t)
Then, by (1.1), we see that u satisfies
Uy — ;’—gﬂtm - da%iﬂti = z_jﬂf + (% + B)ﬁ in (0,1) x (0,7),
w(0,t) =u(l,t) =0 te (0,7), (4.5)
W(#,0) = dio(7) in (0,1).

In what follows, we denote Z, @, &, 3 and simply by z, u, a, 3 and ug respectively.
Thus, (4.5) reads

Bty — Upgg — Stugy = aglty + 2y in (0,1) x (0,7),
w(0,t) =u(l,t) =0 t € (0,7), (4.6)
u(x,0) = ug(x) in (0,1).

By means of the above variable transformation, we can define a linear operator F :
H3(0, 1) — H}(0,1) by
1 = .
FN@ =1 (o [ alsds) (= f@@). ¥ f e H0.1). (4.7)

Qo

Then F~': H}(0,1) — H}(0,1) is given by

(F 7)) = f(@ (), ¥ fe€H0,1) (4.8)

It is easy to check the following simple result, which will play an important role in the
sequel.
16



Lemma 4.1 Let o) € L*(0,1) with mingejoqj|a(x)| > 0. Then both F and F~' are
bounded linear operators from H}(0,1) to Hy(0,1). Furthermore, if a(-) € W1*°(0,1), then
both F and F~' are bounded linear operators from H*(0,1) to H*(0,1).

We claim that for any ¢ € L?(0, 1), the following equation
B =t — S =0 in (0,1),
(0) =v(1) =0
admits one and only one solution ¢» € Hj(0,1) N H?*(0,1), and that the mapping ¢ €
L?*(0,1) — ¢ € H}(0,1) N H*(0,1) is continuous. To see this, we note that solving (4.9) is
equivalent to solving
Fp— (FW)e=F 1%¢)  in(0,1),
0
F1(0) = F (1) =

(4.9)

(4.10)

which has, indeed, a unique solution F~'¢ € Hj(0,1) N H*(0,1). Therefore, the operator
2 -1
(% — Opw — %@) is well-defined in L?(0,1) and it has the continuity property claimed

above.
Now, we define an operator B : Hj(0,1) — H}(0,1) by

apaa, + alf

Bf:(“—g—a —%a)’l(af + 00, Y€ Hy(0,1) (4.11)
OéQ xx o T 0Jx Oé2 ) 0 ) . .

Then (4.6) can be re-written equivalently as

(4.12)

u; = Bu, t >0,
u(0) = up.

Let p be an eigenvalue of B and y € H}(0,1) be the corresponding eigenvector. It is easy
to show that

w# 0. (4.13)
Put |
\ = ; (4.14)

Then, we see that A and y satisfy

A % ’ a@  apad’+alp
Yy = (a +a0)\)y + (a‘; —a )\)y, 0<z <, (4.15)
y(0) =y(1) =0,
where we denote ' = 0/0z.
We need the following transformation:
y=e’z, (4.16)
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where ¢ = ¢(z) will be given below. It is easy to check that z satisfies

= (2 o+ 20) 4 [8 B (o 0o - ()], 0<a<l
2(0) =z(1) = 0.

(4.17)
Let us take 1
6= 9(a) = —5(na+anz). 1)
Then we get
_ (z“ —g\+h)z,  O0<z<l, (4.19)
( = Z ) — 07
where "+ 2a203
A Qoo ag
4 apad + 2a50 4.20
g 20[2 ( )
and 2 " ’)?
2 4ag + 200" — (a)* (4.21)

4o
It is obvious that 2 € HJ(0,1). Conversely, if A €€, 0 # z € H}(0,1) satisfies (4.19),
then it is easy to check that A and y given by (4.16) satisfy (4.15).

We need the following rough estimate on the eigenvalues of (4.19).

Theorem 4.1 Let 3(-) € L*>(0,1) and o(-) € W2°°(0,1) with min,ep 1) |o(x)| > 0. Then
the set of eigenvalues of (4.19) is symmetric about the real axis and is contained in the set
A1 U Ay, where

AME{NER; |\ <6}, and (422
Ay 2 {Ne@; ImA #0,|Re \| < 6, '

with

2(|9|L<>o(0,1) + \/|9|2Loo(o T Cl%|h|L°<>(0,1))

2/ g~
5 & @ and 5,2 2le=on (4.23)
o ap

Proof. Multiplying both sides of the first equation in (4.19) by z, integrating it on (0, 1),

using integration by parts, we get

a? 1 1 1 1
ZO/ |z\2d:v)\2—/ g]z\zd:v)\+/ h|z]2dx+/ |2/|2dz = 0. (4.24)
0 0 0 0

Case 1: Im A = 0. In this case, we have

% Ja 1212d2zA? — [y glz|?daX + [y h|z|*dx

] (4.25)
> (222 = |glren Al = |kl o 122z

18



Note that if [A\| > d;, we have
ag 2
2 gl Al = Al 2 0. (4.26)
Combining (4.24)—(4.26), we arrive at
z=0, (4.27)
which contradicts the fact that z is an eigenvector. Therefore, we conclude that || < ¢;.
Case 2: Im A # 0. In this case, from (4.24), we see that

_ 2 fol glzPdx
ag Jy |2|*dzx’
Thus it is obvious that |[Re A| < 6. O

Let us solve the (nonlinear) eigenvalue problem (4.19). For this purpose, we use the

Re A (4.28)

so-called “shooting method”. Fix A €€, we consider the following Cauchy problem:

{ w//:(‘l_g)\2_g)\+h)w, x>0, (4.29)

w(0,)) =0, w(0,\) = 1.

Clearly the zeros of A — w(1, \) are the eigenvalues of problem (4.19). In addition, it can
be checked that the algebraic multiplicity of an eigenvalue is the order to which w(1,\)
vanishes.

The “main part” of (4.29) (when A is large) is the following equation:

Vi — (Z(Q))\Q
v =, x>0, (4.30)
v(0,A) =0, v/(0,\)=1.

It is easy to check that the unique solution of (4.30) reads

2 A
v(z,\) = o sinh a02 L

(4.31)

Therefore, using the variation of constants formula, similar to Theorem 3.1 in [2], we have

the following asymptotic estimates.

Theorem 4.2 Let 3(-) € L*(0,1) and a(-) € W**(0,1) with mingepq|a(z)] > 0. Then
there is a constant C; = Ci(a, 3) > 0 such that for the solution of (4.29), the following

estimates

2 1 =
|w(ac7 A) — —sinh ((102)\17 - — gds) (4.32)

ag ap Jo

< L
AR
and

4

<o (4.33)

hold uniformly for x € [0,1], [\| > 1 and |Re A| < 01, where 0y is the constant in (4.23).
19
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Let us denote

1 1
by 2 —— g(s)ds. (4.34)

Qg JO

We choose 200
N, & [“0 ) +1, (4.35)

T

where C] is the constant in Theorem 4.2. Put

Iyé{Aeﬁi%x+@qnmﬂ:2cMmmh In| > No. (4.36)

We need the following estimate, which is a simple consequence of Lemma 5.2 in [3].

Lemma 4.2 For any A € ', with |n| > Ny, it holds

2
— sinh(@)\ +bo)| > ¢

1
— 4.

where C is the constant in Theorem 4.2.
Now, we can estimate the location of the eigenvalues of (4.19).

Theorem 4.3 Let 3(-) € L>(0,1) and o(-) € W>°°(0,1) with mingep 1) |o(x)| > 0. Then
there is an integer Ny, depending only on o and 3, such that (4.19) has one simple eigenvalue

in I, for each |n| > Nj.

Proof. By the definition of T',, in (4.36), it is easy to see that one can find N; > Nj such
that

T, C {\€Q; [ReM| <6y, [\ =1}, V| > N,. (4.38)

Thus, by Theorem 4.2 and Lemma 4.2, we see that the following estimate

2
< |l— sinh(%)\ + bo) (4.39)

90N+ 1) =
0

2
'U,)(l,)\) — ajoi)\Slnh(E

< b
AP

holds for any |n| > N;. Hence, by (4.39) and Rouchés Theorem, we conclude that w(1,\)
possesses the same number of zeros in IT',,. O
Let us return to the asymptotic estimate on the eigenvalues and the corresponding eigen-

vectors of B.

Theorem 4.4 Let 3(-) € L*(0,1) and a(-) € W*(0,1) with mingep 1 |a(z)] > 0. Then
for any |n| > Ny, where Ny is the integer given by Theorem 4.3, the eigenvalue p, of B is
algebraically simple and has the following asymptotic expansion:
ao
2(~bo + inm)
20
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the corresponding eigenvector y, of B satisfies

box—inmx
eb

1 T
(x) = — ginh (inrz — box — — / 2 4.41
Yn(2) P sin (zmrx box o Jo gds) +O0(n™7) (4.41)

and e

/ 62b0$+% fo gds
o) =
Proof. By Theorem 4.3 and (4.36), we see that the eigenvalue of (4.19) has the following

asymptotic expansion:

e=2nTr 4 O(|n|_1). (4.42)

2
Ay = a—(—bo +inm) + O(jn| ™). (4.43)
0

Thus, by Theorem 4.2, we conclude that the corresponding eigenvectors of (4.19) satisfy

22, Aay) = aofﬂ sinh (ao’\%x — a—lo Iy gds) + O(|JAsn] ™)
= s Sinh ( + inmr — box — o [§ gds) +0(n™?) (4.44)
= ——sinh ( + inmx — box — % Iy gds) +0(n™?)
and
(2, M) = cosh (“53220 — L [ gds) + O(|Asn| ™) (4.45)
= cosh (iz’mrx — box — % I gds) + O(|n|™1). '
Denote
Yin() = @A) 2 (2 i), (4.46)

where ¢ is the function given by (4.18). Then, it is easy to see that every AL} is a eigenvalue
of B, and y+,(# 0) is a corresponding eigenvector. Also, by (4.43)—(4.46) and (4.18), we get
the asymptotic expansions (4.41)—(4.42) immediately. m|

Now, let us denote

1 )
Up(2) = ——— e SR VIF T iy () n==x1, £2,---. (4.47)

V14 n2n?
Then by Proposition 2.3 in [14], we know that the family {U”}m:l forms an orthonormal
basis of H(0,1). Thus {sgn (n)U,}5 -, forms an orthonormal basis of H;(0, 1), too. Further,
we denote
(z) 2ot ag Jo 9% gon (n)
Uy () = e
Va V1+n?n?

We recall that a Riesz basis of a Hilbert space H is obtained from an orthonormal basis by

—iSgN (n)V1+n?m3z

sin(nmz), n==+l1, £2,---. (4.48)

means of a bounded invertible operator transformation in H. Therefore, noting that wu, is
obtained from sgn (n)U,, by simple multiplication by a C' function
62b0x+% foz gds

Ja

which is independent of n, we see that

(> 0 for any = € [0, 1])
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Lemma 4.3 The family {u,}5_, forms a Riesz basis of H(0,1).
We have the following crucial result.

Theorem 4.5 Let 3(-) € L*(0,1) and a(-) € W**(0,1) with minge|a(z)] > 0. Then
the eigenvectors y, (In| > N1) of B, where Ny is the integer given by Theorem 4.3, satisfy

[e.o]

S lyn— u”ﬁié(O,l) < 00. (4.49)
\n|:N1+1

Proof. By (4.41)—(4.42) and (4.48), we get

[e.9] o0

Z |Yn — Unﬁ{(}(o,n = Z (’yn - un|2L2(0,1) + |y, — UH%Q(OJ))
In|=N1+1 |n|=N1+1
1 .
<o( Y L+ Y% / |7 e SER (VIR sin () (4.50)
In|=N L n? In|=N1+1

nmw o~ 1581 (n)VI+n?r2a

—sgn (n) ———
gn ( )\/1+n27r2

cos(nmx) ‘de) :

However
Z / ‘ —iSgN (n)V14n2nZz e~ inTT dl’ < 00 (451)
[n|=N1+1
and
0 nmw 2
1 —sgn(n)————| < oo. 4.52
R e N 2
Thus, by
e 2T — _jem T gin(nwx) + e~ cos(nm),

and noting (4.51) and (4.52), we see that

Z / ‘ —2zn7r33 —ngn (n)V14n27n2z

[n|=N1+1

sin(nmx)

nw =S80 (n) V1472

e (")ﬁ
_ Z / zSgIl Vitn2rlz 6—in7r:r:> Sin(mrx)

[n|=N1+1

cos(nmz) ‘zdx

‘ nmw (4.53)
+e "1 — sgn (n) ———) cos(nmx
(1= sen (n) =) cos(nm2)
nm —inwT —i n)vV1+n2n2g 2
+sgn (n)ﬁ(e — e B (MVIF )cos(mm:)’ dz

o 1
<C / ‘e—ngH (n)V14+n2n2z e—inme 2
0

dx + '1 —sgn (n)\/%ﬁ
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Thus, combining (4.50) and (4.53), we obtain (4.49). O
Now, it is easy to deduce the following result, which is the main result of this section.

Theorem 4.6 Let 3(-) € L>(0,1) and o(-) € W>°°(0,1) with mingep 1) |o(x)| > 0. Then
for any |n| > Ny, where Ny is as in Theorem 4.8, u, is a simple eigenvalue of A with

eigenvector F 1y, which satisfies

Yo F Yy, — f_lunﬁ{é(m) < o0. (4.54)
[n|=N1+1
Note that, by Lemma 4.3, we see that {F‘lun}ﬁf‘:l forms a Riesz basis of H{(0,1), too.
Thus Theorem 4.6 tells us that the “high frequency” eigenvectors of A are quadratically
close to a subsequence of the Riesz basis {F _1un}|°§|:1 in H}(0,1). We will show in the next
section that we can choose a sequence of generalized eigenvectors of A to form a Riesz basis
of Hj(0,1).

5 Riesz basis property of the generalized eigenvectors

of compact operators

This section is devoted to derive a sufficient condition for checking the Riesz basis property
of the generalized eigenvectors of compact operators, which is of independent interest.
Throughout this section, H is a complex Hilbert space, G is a linear operator in H. We
denote by p(G), 0(G) and 0,(G) the resolvent set of G, the spectrum of G and the point
spectrum of G (i.e. the set of eigenvalues of G) respectively.
First of all, let us recall that a non-zero vector n € H is called a generalized eigenvector
of G, corresponding to some A € 0,(G), if (A — G)™n = 0 for some positive integer m.
Next, we recall that a sequence of vectors {h;}32, in H is said to be w—linearly indepen-
dent if -
chhj:(), c; €Cfor j €N
j=1

is not possible for
0< i |c;hj|* < o0.
j=1
The problem of verifying whether a set of generalized eigenvectors of a linear operator
forms a Riesz basis is important both from a theoretical and a practical point of view. In

this direction, the main tool is the following Bari’s theorem (see for example [7]).
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Theorem 5.1 Any w—linearly independent sequence {g,}>2, of H which is quadratically

close to some Riesz basis {fn}>2,, i.e.

Z |gn — ful? < 00, (5.1)
n=1

1s itself a Riesz basis.

In some applications (as in Section 4 above), by means of asymptotic analysis techniques, it
is relatively easy to find a sequence of generalized eigenvectors {g, }22 y,; (/V large enough)

of G, which is quadratically close to a subsequence of some known Riesz basis { f,}22,, i.e.

[e.e]

Yo lgn — fal® < . (5.2)

n=N+1
The most common approach to construct a Riesz basis of H via the generalized eigenvec-
tors of GG is then to analyze carefully the number of the remaining independent generalized
eigenvectors and to show that sp(G), the root space of G, i.e. the closed subspace spanned
by the generalized eigenvectors of GG, is complete in H.

Very recently, Guo ([8], [9]) proved an interesting result, which says that the last step

described above is in fact not necessary for many problems. Guo’s result reads as follows:

Theorem 5.2 Let G be a densely defined linear operator with compact resolvent in H. Let
{fa}oe, be a Riesz basis of H. Suppose a sequence of generalized eigenvectors {g,}oen.1
of G satisfies (5.2) for some N € IN. Then one can find an integer M > N and some

generalized eigenvectors {gno} L, of G such that

{gn0}7j‘y:1 U {gn}i’f’:MH (5-3)

forms a Riesz basis of H.

Note, however, that one can not apply Theorem 5.2 to our problem. The reason is that
our operator A (defined by (2.11)) is itself a compact operator (and therefore a bounded
operator). Therefore its resolvent can not be compact because the underlying Hilbert space
H((0,1) is infinite-dimensional. One could also try to apply Theorem 5.2 to A 2 (N—A)?
for some Ao € p(A). But this is not possible since A is always a bounded linear operator
and hence the resolvent of A can not be compact for the same reason as above. Therefore,
we need to derive a new sufficient condition for the Riesz basis property of the generalized

eigenvectors of compact operators to hold. Our result is the following.

Theorem 5.3 Let dim H = oco. Let G be a compact operator in H and 0 &€ 0,(G*). Let
{fa}o2, be a Riesz basis of H. Suppose a sequence of generalized eigenvectors {g,}oo i1 of
G satisfies (5.2) for some N € IN. Then there exist an integer M > N and some generalized
eigenvectors {gno} L, of G such that the sequence (5.3) forms a Riesz basis of H.
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Remark 5.1 It is easy to see that Theorem 5.2 is a consequence of Theorem 5.3. In fact,
if dim H < oo, the result in Theorem 5.2 is (trivially) correct. If dim H = oo and G be
a densely defined linear operator with compact resolvent in H, then G = (Mol — G)7Y with
Xo € p(G) is compact and it is easy to check that 0 & o,(G*). Thus noting that G and G have
the same generalized eigenvectors, our assertion follows immediately by applying Theorem
5.3t @G.

Remark 5.2 From the proof of Theorem 5.3, it is easy to see that we can choose M = N

in Theorem 5.3 provided that {g,}o> N1 15 w—linearly independent in H.

Combining Theorem 5.3, Theorem 4.6 and Lemma 2.3, we obtain the following conclusion

immediately.

Theorem 5.4 Let 3(-) € L*(0,1) and a(-) € W*(0,1) with mingep 1y |a(z)] > 0. Then
there exist finitely many generalized eigenvectors wuy, s, -+, Uny ofj corresponding respec-
tively to eigenvalues puy, g, - -+, ipg for some integer M > Ny, where Ny is as in Theorem
4.8, such that

{uk}ljcw:l U {filyn}m:MH (5.4)

forms a Riesz basis of H}(0,1), where F 1y, is an eigenvector ofj corresponding to a simple

eigenvalue p, for each |n| > M.
In order to prove Theorem 5.3, we need the following three known lemmata.

Lemma 5.1 ([8]-]9]) Let {f.}>2, be a Riesz basis of H. Suppose that for some N € N,
{on}oe N1 is a sequence in H satisfying (5.2). Then there is a M > N such that

{fn}fyzl U {gn}ZiMH (5.5)

forms a Riesz basis of H.

Lemma 5.2 ([16]) Let {f,}o2, be a Riesz basis in H. Let {gn}s2 vy, with some N € IN
be a w—linearly independent sequence in H satisfying (5.2). Then {gn}el n41 forms a Riesz

basis in the subspace spanned by itself in H.

Lemma 5.3 ([7], pp. 17) Let G be a compact operator in H for which sp(G) # H, and let

P be the orthogonal projector from H to sp(G)L. Then PGP is a Volterra operator in H,

1.e. a compact operator in H with no nonzero eigenvalues.
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Proof of Theorem 5.3. The proof is similar to [8]. However, for the sake of completeness
and also for the reader’s convenience, we give the details here. The proof is divided into
several steps.

Step 1. By Lemma 5.1, we can find a M > N such that {f,}21, U {9} .1 form a
Riesz basis of H. Thus {g,}72 )., is w—linearly independent.

Let {g,} be an arbitrary set such that

{g-} U {gn}i’f:MH (5.6)

is a “maximal” w—linearly independent subset of generalized eigenvectors of G, i.e. {g,} U
{on}oZ 141 is @ w—linearly independent subset of generalized eigenvectors of G, and for any

other generalized eigenvector g of GG, the set

{9} U{gr} U{gn}ilarn (5.7)

is not w—linearly independent anymore. In this way, we see that {g-} U {gn}r2)/1 spans
the root subspace sp(G) of G.
Step 2. We claim that the number of {g,} is not greater than M. In fact, if we assume

that

{gT} o {917927'”7gM+1}7 (58)
then noting that {f,}22, U {gn}22 /41 is a Riesz basis of H, we see that
M o
9= afut D ag (5.9)
n=1 n=M+1

for some sequence {a?}>°, in € (j =1,2,---,M + 1). Denote
v = (a],ad, - ady),  j=1,2,--, M+1. (5.10)
Then 1,72, - - -, Ym+1 must be linearly dependent, i.e. thereexist b; €C (j = 1,2,---, M+1),

S M4 [b;| > 0, such that
M+1

> by =0. (5.11)
j=1

Thus, by (5.9) and (5.11), we see that

M+1 00 M+1

Sobigi= Y (X bah)n. (5.12)
j=1 n=M+1 " j=1
which contradicts the w—linearly independence of {g-} U {gn}oZ 1141
Step 3. Now, by Step 2, we denote {g,} = {gno}%_, with L < M. Then, by Lemma 5.2,
we conclude that {gno}2_; U {g,}72 41 forms a Riesz basis of sp(G).
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We claim sp(G) = H. Otherwise we have the following orthogonal decomposition

H = H, P sp(G), (5.13)

where H; £ sp(G)L # {0}. Noting that

1
Hy, C (Span {941, grrso,s - '}) (5.14)

and by the fact that {f,,}2L, U {g,}52 1,41 forms a Riesz basis of H, it is easy to see that

n=1
dim H; < 0. (5.15)

We denote by P the orthogonal projector from H to Hy;. Then, by Lemma 5.3, we see
that PGP is a Volterra operator, and so is its adjoint operator PG*P. Thus PG*P is a
compact operator and has no nonzero eigenvalues.

On the other hand, since W is an invariant subspace of G, H; is an invariant subspace
of G*. Note that

PG*PH, = G"H,. (5.16)

Thus G*|; , the restriction of G* to Hy, has no nonzero eigenvalues. Consequently, by (5.15),
we conclude that
0 € 0,(G™|y,) C op(GY), (5.17)

which contradicts our assumption.
Step 4. We claim that L = M. In fact, if L < M, then noting that (by Step 3)

{gno i1 U{gn}52 111 form a Riesz basis of H, we see that

L o)
n=1 n=M-+1
for some sequence {c/}t_ U{cl}22 ., in € (j =1,2,---,M). Then arguing as in Step 2,

we conclude that

2 dif; = i (D= djcl,) g (5.19)

n=M+1 j=1
for some d; €C (j =1,2,---, M) with Zjﬂil |d;| > 0. It is easy to see that (5.19) contradicts
the w—linearly independence of {f,}2L; U {¢,}52 1,1 (recall Lemma 5.1). This completes
the proof of Theorem 5.3. O

6 Proof of Theorem 1.3

We divide the proof into several steps.
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Step 1. Recall equation (1.1) and that uy € L?(0,1). We claim that without loss of
generality, we may assume that ug € H}(0,1). To see this, let us denote (recall (2.1) for A)

A A
UV = Uy, Vo =

u(0) = (1 = A)~ ((au)s + Bug), (6.1)

where u(-) is the solution of (1.1). Then v satisfies (recall (2.11) for A)

= A t>0
(0 A'U, > U, (62)
U(O) = Vo
and
vy € Hy(0,1). (6.3)
We note that it suffices to prove
Vo = 0. (64)
In fact, if (6.4) holds, then it follows from (6.1) and (1.1) that
(cvug)y + Bug = 0, xz € (0,1), (6.5)

Thus, by min,cp 1 |a(x)| > 0, from (6.5), we get ug = 0. Therefore by the well-posedness of
(1.1), we see that u(t) = 0.

In the sequel, we assume that ug € H}(0,1).

Step 2. By Theorem 5.4, we know that {u,},L; U{F 'y, }{5_p, forms a Riesz basis
of Hj(0,1). Recall that u; (j = 1,---, M) are generalized eigenvectors of A, and Fly,
(|n| > M 4 1) are eigenvectors of A with simple eigenvalues 11,,. We also claim that, without

loss of generality, we may assume that {u,}), can be re-arranged as follows

u1,07 e 7u1,m1—17 e 7un0,07 e Juno,mno—l (66>

.. . 1 . .
I som itive integers ng and my =1,---,n9), where {u; ;}"* " is the associated
for some positive integers ng and k 1,---,ng), where Jtizo

Jordan chain of the corresponding generalized eigenvectors of A with respect to i and uyg o,

ie. N
Augo = prr,p
o w7 , (6.7)
Ay j = pugj + ug j—1, j=1,---my—1.
. M .
In fact, if {u,},=; is a proper subset of {u10, ", Utm;—1, ", Ung0, "+ Ungmn,—1}5 SAY

ugo jo & {un}M | for some k° € {1,---,no} and j° € {0,---,mpo — 1}, then we simply take
arojo = 0in (6.9) and the following proof works in the same way. Therefore, for simplicity,

we may assume that

{ULO, s ULmy—1s 0 Ung0y 7 00 :uno,mnofl} U {fﬁlyn}r&:M-&l (6-8)
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forms a Riesz basis of H}(0,1).
Now, by ug € H}(0,1), we may suppose

ng Mmig— 1

uo =) Y akjuk;+ Z anF ~ Yn (6.9)

k=1 j=0 [n|=M+1

for some complex numbers ay ; and a,. Therefore, the solution of (6.2) can be expressed as

follows
no mk—l _] tjfs o0
H=>e" "> a; ) T Ues(@) + > eta, F oy, (x), (6.10)
k=1 7=0 s=0 (j - 8)' [n|=M+1

where (z,t) € (0,1) x R.
Step 3. We need to make some modification on (6.10). If puy = p, for some k # ¢ with
k.0 € {1, -+ ng}, then we rewrite the sum
my—1 my—1 j—s

et Z a;wz uks—l—e’”t Z ag,]z
S=

max(my,mg)—1

— eukt Z Z a;wuk s + CL&JUK s)

(6.11)

where we assume a;; = 0 if 7 > my, (or az; = 0 if j > my).
Note that s, is an simple eigenvalue of A when |n| > M + 1, thus it is easy to see that
i 7 e for any k # ¢ with [¢| > M + 1. Thus, we may rewrite (6.10) as follows

mg—1 J mg
Ze“kt > Z — Z )+ Z e“ktZae iy ( (6.12)
j=0 s=0 ) Lt k=ko+1

for some integer ko > 0, where we have renumbered the eigenvalues {p, }n2y U {ftn} 51—
of A as {jux}32, such that

[y 7 [l for any k # ¢; (6.13)

also we have renumbered the corresponding eigenvectors and/or generalized eigenvectors

(6.8) of A as

{ﬂllc,m o 1121’5, o ~11cmk 1 ~Zlfnk 1} 0:1 U {ﬂxlm to ,ﬂ?k}i‘;koﬂ (6-14)

with
g € [2,00), k=1, ko, (6.15)
i € [1,00), k=12, (6.16)

and
my =1 (at least) for k large enough. (6.17)
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On the other hand, by Lemma 2.4, we know that u € C¥(IR; Hj(0,1)). Therefore, by
(1.2) (recall F' = (a,b)), we obtain that

u(z,t) =0 in (a,b) x R. (6.18)
Thus
mr—1 j —S
Z ety Z Z&iﬂis + Z e“’“tZ&ZUi (z,t) € (a,b) x R.
j=0 s=0 (J—s) k=ko+1
(6.19)
Step 4. Let us denote
fe = &k + ik, Sk € R, (6.20)
where k = 1,2, ---. Recall A is a compact operator. Thus 0 is the only accumulation point

of {fix}32,. Note that {fix}?2; is bounded. Thus, if £, > 0 for some ¢; € N, we can find a
Zl € IN such that
£, = sup{&; k€ N} > 0.

To simplify the presentation we assume that ¢, = 1. The proof works in the same way with
obvious changes in the notation when it is not that way.

We distinguish the following two cases.

Case 1. & > sup{&,&s, - --}. In this case, multiplying both sides of (6.19) by

efulttlfml ’

we have

my—2 . J ti—s my 0
:—Z%t 12]—3 Zaljuls
/ j . (6.21)
SONCETEED S oeE s RN
7=0 s=0 j S
- Z (g = )byl = Zdﬁuﬁ (x,t) € (a,b) x R.
k=ko+1
Thus, letting ¢ — 400 in (6.21), we get
Zal 1105 olz) =0, x € (a,b). (6.22)
Repeating the above argument, we get
Zalml gum ) =0, x € (a,b); j=1,---,my. (6.23)
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Note that 7% &qu o are eigenvectors of A (7=0,---,my —1). Thus, by Lemma 2.5 and
(6.23), we get

Zalml ]ulo _O x€(071)7.]:177m1 (624)

However, {4 17", is a subset of a Riesz basis. Thus

~1 ~Mm1
u10,~ y Ui

are linearly independent, which implies

ay; =0,  C=1-- 0y j=0,-,m — 1L (6.25)

Case 2. & = sup{&,&s,---}. In this case, for simplicity, let us assume that

§1=& > sup{&3, &, -}
(the other cases can be treated similarly). Also, without loss of generality, we assume that
my > M.

Multiplying both sides of (6.19) by

e_ﬂlttl_ﬁ”,
as in (6.21), we see that for (x,t) € (a,b) x R it holds

ei(C2a—C)tpma—my M2

¢
= — 1 t .
m1—1 Z@unl i1 o() (713 — 1) ;azmg Vi o(x) +0(1)  ast — 400
(6.26)
Thus, if my > ms, taking t — +oo in (6.26), we get
Zal 100 () =0, x € (a,b). (6.27)
If my = g, noting that (6.13) gives
€2 7é Cl)
thus by (6.26), we get
S mk
Z% i — 1“10 = ESEIEOO 0 & 1‘11 i — 1“1 o(x)dt
1 s Tz (6.28)
= gSETOO [ Z 2, /g — 1“20 z) +o(1)] dt
=0, z € (a,b).

31



Consequently, similar to case 1, we obtain the same conclusion as (6.25).

Now, repeating the above argument, we see that

A, =0, =1, 1y j=0,-- myu—1 (6.29)

whenever & > 0. The same argument but by letting ¢ — —oo allows to deduce (6.29)
whenever &, < 0.
It remains to show that (6.29) holds for any k such that & = 0. For this purpose, we

note that by the above argument we may write

my—1 j : 0o » my
Ze“‘k > Z G s Zak]aks r)+ Y Y dgig(w) (6.30)
j=0 s=0 k=k)+1 =1

for some integers k, my,, mj, and real number (, where (z,t) € (0,1) x R. Furthermore, by
(6.13), we see that
¢, #¢,  whenever k # (. (6.31)

By (6.31) and (1.2) (with F' = (a, b)), similar to the above argument, it is easy to conclude
that
=0, L=1, g j=0,mp—1 k=1 k

and
at =0, (=1, k=kj+1,kj+2,-

Thus, we arrive at
u(z,t) =0, (x,t) € (0,1) x R.
This completes the proof of Theorem 1.3. O

7 Application to approximate controllability and sta-

bilization of Benjamin-Bona-Mahony like equation

First of all, let us consider the following controlled Benjamin-Bona-Mahony like equation

Up — Utzr = [(X)u], + fxF in (0,1) x (0,7),
u(0,t) =u(l,t) =0 te(0,7), (7.1)
u(0) = uyg on (0,1),

where f € L*(F x (0,T)) denotes the control and yr denotes the characteristic function of
the set I’ where the control is localized.

By means of Hahn-Banach theorem and using our unique continuation result in Theorem
1.3, we have the following controllability result (We refer to [13] for a good introduction to
this subject).
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Theorem 7.1 Let T > 0 be given. Let (-) and F satisfy the assumptions in Theorem 1.3.
Then (7.1) is approzimately controllable in L*(0,1), i.e., for every pair of data ugy, uy in
L?(0,1) and every € > 0, there exists a control f € L*(F x (0,T)) such that the solution of
(7.1) satisfies

[u(T) — ur|r201) < €.

Next, let us give an application of our unique continuation theorem to the stabilization

of the following Benjamin-Bona-Mahony like equation

Uy = Ugze = [(@)uly — xp(2)u in (0,1) x (0, 00),
u(0,t) =u(l,t) =0 t € (0,00), (7.2)
u(0) = ug on (0,1).

We denote the energy of solution of (7.2) by
1

E(u(t)) 2 [, 1) + ol D) (7.3)

We have the following results.
Theorem 7.2 Let o € W(0,1) N H*(0,1), 1/a € L*(0,1) and
d(x) <0 ae. (0,1). (7.4)

Let 0 <a<b<1, and F = (0,a) U (b,1). Then for any ug € H}(0,1), u(t) tends to 0 in
H(0,1) weakly as t — oo.
Furthermore, if ug € Us, where Uy is the subspace in HY(0,1) spanned by the following
space
z xp(s)

v, 2 {Uo e HY(0,1) N H(0,1); /01 e~ Jo TSy (x) — V0 2z () ]dr = 0}, (7.5)

then E(u(t)) tends to 0 ast — oo.

If we impose more regularity conditions on «(-), we have the following better result.

Theorem 7.3 Let o) and F satisfy the assumptions in Theorem 1.3. Let (7.4) hold. Then
for any ug € H3(0,1), E(u(t)) tends to 0 as t — .

Remark 7.1 We note that the condition (7.4) is almost necessary for stabilization. In fact,
by (7.2), it is easy to check that

E(u(t)) = E(ug —i—// (x sd:nds—Z// (x,s)dxds. (7.6)

Thus if we take
alz) =2(1+2z) and F =(0,1), (7.7)

we get E(u(t)) = E(u(0)). Thus, the energy does not tend to zero.
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Remark 7.2 Whether the second assertion in Theorem 7.2 holds for any ug € H}(0,1) or

not is an open problem.

In order to prove Theorem 7.2, we will use LaSalle’s invariance principle. For this purpose,

we need the following lemma, which has its independent interest.

Lemma 7.1 Let Q C R" be a bounded domain with CY* boundary T'. Then for any 0 #
v(+) € L*(), there exist a 1 — d subspace Vy and a subspace Vo in Hy(Q) N H?*(Q) such that

H}(Q) N H2(Q) is the direct sum of Vi and Vs, and for any ug € Vs, it holds

[ A@luofe) — Aug(a))dz = 0.

(7.8)

Proof. We denote by L; the 1 — d subspace spanned by «(-) in L?(Q2), and by L its
orthogonal complement in L?(2). It is well-known that L*(Q2) is the direct sum of L; and

Ly. Now, for any ug € H}(Q) N H?(2), we denote
F 2y — Aug(e L2(Q)).
Therefore, we can find f; € L; (i = 1,2) such that
f=h+r.

We solve the following elliptic equation of second order (i = 1,2):

U; — Aul = fz in Q,
u; =0 on .
We then obtain a unique solution u; € HL(Q) N H?(Q). Tt is easy to see that

Uo = Uy + Us.

Denote
Vi = {u; € Hy(Q) N H*(Q); 3f; € L; such that (7.11) holds}.

(7.9)

(7.10)

(7.11)

(7.12)

(7.13)

Then the solution of (7.11) satisfy u; € V; (i = 1,2). It remains to check that the sum
H}(Q) N H%*(Q) = Vi + Vs is direct. For this purpose, we suppose f € V; N V,. Then, we get

f—Af e LN Ls.

Thus
f—Af=0 in Q,
{ f=0 on I,
which gives f = 0.
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From now on, let us denote

= xp(8) o

v =r(z) & e do Wwr (7.16)

where a and F are given in Theorem 7.2. Then, by Lemma 7.1, we decompose Hj(0,1) N
H?(0,1) as the direct sum of V; and V5. It is easy to see that in this case V3 is exactly the

space given by (7.5). The following lemma is crucial in the proof of Theorem 7.2.

Lemma 7.2 Let the assumptions on o and F' in Theorem 7.2 hold. Let Vy be given by (7.5).
Then for any uy € Vs, it holds

sup \U(t)\Hg(o,l)mm(o,l) < 00, (7.17)
te[0,00)

where u(+) is the solution of (7.2).

Proof. First of all, let us solve the following ODE

x = - T 0 L
(ap)y — XFP = ug — uo, <x< (7.18)
4(0) = 0.
We get
1 T
_ g )ds, 7.19
6) = oy ) 700 = won)ds (7.19)
where v is given by (7.16). From the fact that uy € V2, we see that
é(1) = 0. (7.20)
Next, we introduce the following key transform:
t
v =u(t,x) = / u(s, z)ds + ¢(x). (7.21)
0
Then, by (7.2), (7.18) and (7.20), we see that v(-) solves
Uy — Ve = [a()0] — xp(T)V in (0,1) x (0,00),
v(0,t) =v(1,t) =0 t € (0, 00), (7.22)
v(0) = ¢ on (0,1).
Thus, we have
sup [v(t)]g1(0,1) < 00 (7.23)
t€[0,00)

Consequently, by v = v; and (7.22)—(7.23), we get (recall (2.1) for A)

SUD¢e0,00) |U(t>|Hg(0,1)mH2(o,1) = SUP¢e(0,00) |Ut(t)|Hg(0,1)mH2(o,1)
= SUP¢e0,00) (1 —A)" ((ow)z - XFU> |H§(0,1)0H2(0,1) (7.24)
< CsuptE[O,oo) |U(t)|H3(o,1) < 00,

35



which completes the proof of Lemma 7.2. O

Proof of Theorem 7.2. We prove only the second assertion (The first assertion follows
almost immediately from the boundedness of trajectories and the unique continuation result
in Theorem 1.2). By (7.4) and (7.6), it is obvious that the corresponding Cp—semigroup
S(t) (in Hg(0,1)) of (7.2) is contractive. It suffices to consider ug € V5 and to prove that
the w—limit set of uy defined by

w(up) 2 {v e Hy(0,1); lim |S(tn)uo — v|g1(0,1) = 0 for some ¢, — oo} (7.25)

is equal to {0}. First of all, by Lemma 7.2, it is easy to see that U;>0S(t)ug is precompact
set in H}(0,1). Hence w(ug) # 0. Next, let us choose vy € w(ug). Then

|U0’Hé(0,1) = |S(t>u0‘Hé(0,1) for all ¢ Z 0. (726)
Thus, combining (7.6) and (7.26), and noting (7.4), we get
v(x,t) =0 (x,t) € F x (0,00), (7.27)

where v is the solution of (7.2) with ug replaced by vg. Therefore, by (7.27), we get v satisfies

Ut — Vpgr = [(2)0]4 in (0,1) x (0,00),
v(0,t) =v(1,t) =0 t € (0,00), (7.28)
v(0) = vy on (0,1).

However, by (7.27)-(7.28) and Theorem 1.2, we get
v=0. (7.29)
Thus vy = 0, which completes the proof of Theorem 7.2. O

Proof of Theorem 7.3. We use Theorem 5.4 with 5(z) = —xp(x). Recall the operator
A defined by (2.11). By Theorem 5.4, we know that one can find a sequence of general-
ized eigenvectors {un o, -, Unm,—1}00; of A which forms a Riesz basis of H}(0,1), where
Un,0, " Unm,—1 15 the associated Jordan chain of A with respect to eigenvalue p,, m, is
its algebraic multiplicity which is uniformly bounded with respect to n € IN. Thus, for any
Ug € H&(O, 1), we may decompose ug as

oo mp—1
uozz Z A jUn, 5, an; €Cfor j=0,---,m, —1;n € N.

n=1 j5=0

Therefore, the solution of (7.2) can be expressed as follows

oo mp—1 J j—s
7
U(t) = Z ellmt Z a”fl,j Z mun’s. (730)
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However, by (7.4) and (7.6), it is obvious that the energy E(u(t)) of (7.2) is decreasing.
Thus, by (7.30), we see that

Re p, <0 for all n € IN. (7.31)

Now, by (7.30)—(7.31), and noting again that {u, 0, -, Unm,—1}oo, is a Riesz basis of
H}(0,1), we obtain the desired result immediately. |

Remark 7.3 (7.31) and the asymptotic formula (4.40) in Theorem 4.4 show that the energy
decay rate of system (7.2) is not uniform. But they allow to prove polynomial decay rates
for the energy E(u(t)) of smooth initial data. In order to get an uniform exponentially decay

rate for E(u(t)), one should choose another damping mechanism of the form

(xelo),

rather that —xr(z)u in (7.2) in order to guarantee that the energy of the solution is dissipated
at a rate which is proportional to the H' norm of the restriction of the solution to F. But

this is also an open problem except the trivial case F' = (0,1).
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