RELLICH IDENTITIES FOR THE HILBERT TRANSFORM
MARIA J. CARRO, VIRGINIA NAIBO AND MARIA SORIA-CARRO

ABSTRACT. We prove Hilbert transform identities involving conformal maps via the use of
Rellich identity and the solution of the Neumann problem in a graph Lipschitz domain in
the plane. We obtain as consequences new L?-weighted estimates for the Hilbert transform,
including a sharp bound for its norm as a bounded operator in weighted L? in terms of a
weight constant associated to the Helson-Szego theorem.

1. INTRODUCTION AND MAIN RESULTS

Let H be the Hilbert transform, which is defined as

Hf(x) = llimf () dy:;

T e=0Jlz-yl>e T — Y

Hunt-Muckenhoupt-Wheeden [9]] proved that if 1 < p < oo, then H is bounded from LP(w)
to LP(w) if and only if w € A,. Here LP(w) is the Lebesgue space of measurable functions
defined on R that are p-integrable with respect to the measure w(z)dz and A, denotes the
Muckenhoupt class of weights on R.

Applications in Partial Differential Equations (see Fefferman—Kenig—Pipher [3]) led to a
profound study of sharp bounds for the operator norm of the Hilbert transform in terms of the
A,, constant of the weight, denoted [w] 4, (see Section for its definition). In particular,
the As-conjecture for the Hilbert transform consisted in proving that the Hilbert transform
satisfies analogous estimates to those by the Hardy-Littlewood maximal operator, that is,

(1.1) 1H fllz2qwy § [w]laallfllzzcey V€ L2 (w).

This conjecture was solved by Petermichl [16] in 2007 and numerous other related results
followed concerning its extension to singular integral operators and other classical operators,
including Petermichl [17], Hytonen [10], Hytonen et al. [12, [11], Lerner [[15] and Cruz-
Uribe-Martell-Pérez [3]].

General necessary and sufficient conditions on the weights for the boundedness of the
Hilbert transform on weighted L? spaces were first obtained by Helson-Szego [8] in 1960
using complex variable techniques. More precisely, they proved that

H: LQ(w) - LQ(w) — w = €f1+Kf27 f17f2 € LOO(R)7 Hf2||L°° <7T/27

where K is a version of the Hilbert transform for L*-functions (see Section 2.1)). As a
consequence, we have

(1.2) wedy = w=eE o fi fy e L®(R), || follw < /2.

It is worth mentioning that the implication to the left is easy to prove, but no direct proof
of the implication to the right is presently known; the reader is directed to the work Garcia-
Cuerva [6]] for an interesting survey on the topic. In particular, it is proved in [6] that, if
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I /2|l < 7/2, then
(1.3) [er2]A2 < sec? || fol|pe- -

Given w € Ay, define the Helson-Szego constant of w, [w] 4,(us), as
(W] us) = inf e soc® | fol 1,

where osc f; = sup f; —inf f; and
D, = {(flan) tw = el R with fy, f € L®(R) and | fo] 1 < 7T/Q}-

The inequality [w]a, < [w]? (us) follows from (L.3) and, along with (L), leads to

1 fllz )  [w T, ) 1F 1l z2) -

One of the results in this article improves the dependence on the Helson-Szeg6 constant
of the weight in the above inequality; indeed, we show that the dependence is linear in
[w] 4,(us)- More precisely, we have the following estimate:

Theorem 1.1. For every w € Ay and f € L?(w) real-valued, it holds that

(1.4) IH flle2wy $ [w]azs)llfllzw)-
The dependence of [w]a,us) in (L4) is sharp.

The estimate is sharp in the sense that the norm of the operator /{ as a bounded
operator on L?(w) is comparable to [w]a,(us) for some w € A,. We hope that (I.4) may
lead to a new proof of (I.1)) by showing that [w]4,(us) $ [w]a,, Which at the moment is an
open question.

The estimate (1.4) along with other new L2-weighted estimates for the Hilbert transform
proved in this article are consequences of our main result on Rellich-type identities for the
Hilbert transform. Such identities involve a conformal map ® such that 2 = ®(R?2) is a graph
Lipschitz domain, that is, the upper part of the graph of a real-valued Lipschitz function; the
map P extends as a homeomorphism from R2 onto © and ®'(x) exists and is non-zero for
almost every x € R (see details in Section [2.2)). Our main result is the following theorem.

Theorem 1.2. Let ¢ be a conformal map as described in Section2.2|and f € L?(|®’|!) be
real-valued. Then

(1.5) fR(Hf)QRe(%)dx:[RfQRe(%)dx—2[Rfolm(%)dx,

and

(1.6) /R(Hf)2lm(%)dx:/RfQIm(%)dx+2[RfoRe(%)dx.

We remark that there is a strong connection between the Helson-Szego result (I.2)) and
conformal maps @ as in the statement of Theorem [1.2] As proved in Kenig [14, Theorem
1.10 and Lemma 1.11], it holds that

|®'| € Ay
and a converse result is true in the sense that if w € A, then there exists ® such that |®'| ~ w.
Indeed, the latter is a consequence of (I.2): Let w = et*Kf2 with (f, f2) € D,, then it is
proved in [14] that there exists a conformal map ® from R2 onto a graph Lipschitz domain
so that

(1.7) P'(z) = K@) qe 2 eR;

therefore, |®’| = e~/1w and it follows that |®’| ~ w.

The main ingredients in the proof of Theorem [[.2] are the following tools: (a) the theory
of solutions of the Neumann problem in a graph Lipschitz domain with data in L? through
the use of conformal maps as developed in Carro—Naibo-Ortiz [2] and, (b) Rellich’s identity,
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which gives that if @ is as in the statement of Theorem|[I.2] then for every harmonic function
win 2 = ®(R2) so that M (Vu) € L?(012) and for every constant vector e € R?,

(1.8) [aQ|Vu|2 (e-v) da:2fm(&,u) (e-Vu)do,

where M is the non-tangential maximal operator and do denotes integration with respect to
arc-length. The integral identity (1.8) is due to Rellich [18] (see also Escauriaza—Mitrea [4,
(2.35)]); this identity and related versions play fundamental roles in questions on elliptic par-
tial differential equations, inverse problems, acoustic scattering, and the multiplier method;
see Agrawal-Alazard [1] and references therein.

We note that the proof of [9, Lemma 10] shows that for an infinitely differentiable function
f with compact support in R, it holds that

(1.9) [:(f+in)2¢’dx:O,

where ® is a conformal map from R? onto a graph Lipschitz domain such that ®’ = eK9¢~i9
for some g satisfying |g[ - < 7. Instances of (I.5)) and (I.6) with &’ instead of 1/®’ can
then be deduced by taking the real and imaginary parts of (1.9). However, (1.3) and (1.6)) are
not explicitly shown in [9] and the proof of is based on complex variable techniques
that are different from the novel approach we use in the proof of Theorem 1.2} which holds
for more general conformal maps .

The paper is organized as follows. In Section |2 we present preliminaries regarding
weights, the Hilbert transform, conformal mappings and the solution of the Neumann prob-
lem in a graph Lipschitz domain in the plane with data in L2. In Section [3| we prove the
Rellich’s identity versions for the Hilbert transform presented in Theorem [I.2] as well as
L2-weighted estimates for H that follow from them, including (T.4). Other applications
of Theorem [I.2] concerning Hilbert transform identities with power weights are discussed
in Section 4] Finally, we present in Section [5] versions of Rellich identities for the Hilbert
transform in weighted L? spaces.

2. PRELIMINARIES

In this section we present preliminaries regarding weights, the Hilbert transform, confor-
mal mappings and the solution of the Neumann problem in a graph Lipschitz domain in the
plane with data in L2.

2.1. Muckenhoupt weights and the Hilbert transform for L> functions. Let w be a
weight on R, i.e. a non-negative locally integrable function defined in R, and 1 < p < co. We
will denote by LP(w) the space of measurable functions f : R — C such that

i = (L1 @P ey 2s) <o,

with the corresponding changes for p = co. If w = 1, we will use the notation LP(RR) instead
of LP(w).
For 1 < p < o0, a weight w defined on R belongs to the Muckenhoupt class A,, if

1 1 Y
(2.1) [w]a, =511C1£ (m /Iw(x)d:p) (m ‘/Iw(m) dzp) < 00,

where the supremum is taken over all intervals contained in R. We recall that w € A, if and
only if w'~?" € A, where p’ is the conjugate exponent of p (i.e. 1/p+1/p’ = 1); also, A, c 4,
if p < ¢ and for every w € A, there exist ¢ > 0 such that w e A, ..
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We define the operator K as

Kf(x) = —lim |3C_y|>6f(y)( 1 +X'y>l(y))dy,

m &0 r-y y

which allows to extend the definition of the Hilbert transform to L (R).
For brevity we will use the notation A < B to mean that A < ¢ B, where c is a constant that
may only depend on some of the parameters but not on the functions or weights involved.

2.2. Conformal maps and the Neumann problem in a graph Lipchitz domain in the
plane. In this section we define the conformal maps that will be considered throughout this
work and recall results from [2]] on the solution of the Neumann problem in a graph Lipschitz
domain with data in L2, which is obtained via the use of conformal maps and the solution of
the Neumann problem in the upper-half plane.

Let A be a curve in the complex plane given parametrically by £(z) = x +iy(z) for z € R,
where 7 is a real-valued Lipschitz function with constant &, and consider the graph Lipschitz
domain
(2.2) Q={z1+120€C:2z0>7(21)}.

Then A = 02 and, since €2 is simply connected, there exists a conformal map ¢ : R?2 —
2 such that ®(o0) = oo and ®(i) = iy, for some 3y > v(0). The map P extends as a
homeomorphism from R2 onto € and ®(z), z € R, is absolutely continuous when restricted
to any finite interval; this implies that ®’(z) exists for almost every x € R and is locally
integrable. It also holds that ®’(x) # 0 for almost every z € R, lim,_,, ®'(z) = ®’() in the
non-tangential sense for almost every = € R and |®’| € A,. If ®’(x) exists and is not zero,
then it is a vector tangent to Jf) at ®(x). See Kenig [[14, Theorems 1.1 and 1.10] for the
proof of those properties. The inverse of ® will be denoted W.

Given a measurable function g defined in OS2, let Ty be given by

Tog(x) = |@'(2)|g(®(x)), zeR.
Denote by L?(0f2) the Lebesgue space of measurable functions defined on 0f) that are
square-integrable with respect to arc-length. We note that Ty is a bijection from L2(02)
onto L*(|®’|"") and we have | g|r2(a0) = [Tog|r2e/).-
For g € L2(01?), consider the classical Neumann problem in 2 :

(2.3) Av=0o0nQ, d,v=gondQ and M,(Vv)e L*(99).

Here A is the Laplace operator, v denotes the outward unit normal vector to 0S2, J,v = Vv v
and the equality J,v = g is meant in the non-tangential convergence sense. For 0 < o <
arctan(1/k), M, denotes the non-tangential maximal operator given by

Mo (F)(€) = sup |F(z)], €09,

zel'a ()
for a complex-valued function F' defined in €2 and
Lo(§) ={z1 +iz0 € C: 25 >Im(§) and |Re(§) — 21| < tan(a)|z2 — Im(&)|}.
Inspired by tools and techniques from Kenig [[13} [14], it was proved in [2, Theorem 1.4]
that for every g € L?(092), v = ug,, o ¥ is a solution of the Neumann problem (2.3) and
[Ma(VV)l200) S l9lL200),
where, for f : R — C, u; is defined by

(2.4) us(z,y) ———/lo ( (x1f|)t|+y ) (t)dt, (x,y)eR2

We note that the integral on the right-hand side of (2.4) is absolutely convergent for all f

satisfying fR . +\t|| dt < oo; in particular, it is well defined for any f € L?(w) with w € As.
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As shown in [2], uy is a solution of the Neumann problem in the upper half plane: More
precisely, if w € Ay and f € L?(w), then uy is harmonic in R2, Vu - (0,-1) = f on R in the
sense of non-tangential convergence and

IMa(Vug) | 2wy S 112 (w)-
It follows that
Dpup(z,y) =—(Qy» f)(z) and  Oyus(z,y)=-(F, * f)(2),

where, for y > 0, P, is the Poisson kernel and (), is the conjugate of the Poisson kernel. As
a consequence,

(2.5) Opup(x,0)=-Hf(x) and Oyus(x,0)=-f(x),

for almost every = € R in the non-tangential convergence sense.

For easier referencing, we state as a theorem the following result mentioned in Section [T}

Theorem A (see proof of Lemma 1.11 in [14]). If w € Ay and w = e *KF2 with (f1, fo) €
D,,, then there exists a conformal map ®,, from R? onto a graph Lipschitz domain so that

(2.6) P! (z) = KP@emif2®) g6 zeR.

In particular |®] | = e~f1w = eX/2 Arg @/ = —f, and [®] | ~ w.

3. RELLICH’S IDENTITIES AND NEW L2-WEIGHTED ESTIMATES FOR H

In this section we prove the Rellich’s identity versions for the Hilbert transform stated in
Theorem and new L2-weighted estimates for H that follow from them. We start with
some preliminaries in Section give the proof of Theorem|[I.2]in Section and present
the L?-weighted estimates for H in Section

3.1. Preliminaries. Let €2, ® and ¥ be as in Section We can parametrize the curve 0f)
using the conformal map @, that is,
0N ={zeC:z=d(x) for some z € R}.

We write ® = ®; +iP,, where &1 = Re(®) and &5 = Im(®), and analogously, ¥ = ¥y + V5.
For convenience, we will sometimes denote a complex number z = z; + 725 using vector
notation, i.e., z = (21, 22). Let v(z) be the outward unit normal vector to 0€2; then,

(‘I”z(‘lf(z))r@’l(‘I’(Z)))_

(3.1) v(z) =

[7(W(2))]
Since W is also a conformal map, it satisfies the Cauchy—Riemann equations:
(32) 81\111 = 82\112 and 82\111 = —81‘1/2,

where 0; and 0, denote the partial derivatives with respect to the first and second variable,
respectively. The following lemma will be useful in the proof of Theorem

Lemma 3.1. For almost every x € R, it holds that

@) = i =5,

w5 (1)
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Proof. Since U(®(z,y)) = (x,y), we have
Uy (D(z,y)) =z, forall (z,y) eR2.
Differentiating with respect to x, we get
(0191)(2(7,y))0:P1(,y) + (02W1)(2(2,y))0:P2(x,y) = 1,
and similarly, differentiating with respect to y, we have
(0101)(2(2,9))0yP1(z,y) + (0291)(2(x,y)) 0y Pa(x,y) = 0.

Furthermore, since @ satisfies the Cauchy—Riemann equations, 0,$, = 9,P, and 0,9, =
-0, ®y. Set y = 0, and denote P (z) = 9,P1(z,0), Py(z) = 0,Po(x,0), and ' = O +iPY,.
Recall that ®’(z) exists and is non-zero for almost every x € R. Then

(3.3) (0191)(@(2)) D1 () + (0291)(2(x)) P (x) =1

(3.4) —(00V1)(2(2))Dy(x) + (92¥1)(P(2))P1(2) =

Multiplying (3.3) by @4 (x) and (3.4) by @} (x), and adding both equations, we see that
@) ()
|7 (@)[*
Finally, substituting this expression into (3.4) when ®,(x) # 0, we get
P ()
|7 (@)[*’

If ®,(x) =0, then (3.3) gives (0, V) (P(z)) = 11( 3 = |§,((f)?2 O

fora.e. x € R.

(0, W1)(®(x)) =

(WU (P(x)) = fora.e. x € R.

3.2. Proof of Theorem Let f € L2(|®'|"') be real-valued; since Tp : L2(0N2) —
L2(|®'|71) is invertible, there exists a unique g € L?(0S2) such that f = Tpg. As explained
in Section [2.2] a solution v of the Neumann problem (2.3) with datum ¢ can be represented
by v = wo W, where u = u; as given in (2.4) and (2.5) holds. Then the solution v satisfies

Rellich’s identity (1.8):
2(ev)do=2 [ g(e-vo)d
[ 1o (e-vydo=2 [ g(e-vv)do

for any constant vector e = (e, €3).

Our goal is to derive a Rellich’s type identity for the function u. To this end, we need
to compute the partial derivatives of v in terms of u. Let z € 0L, with z = ®(x), for some
z € R. Using Lemma[3.1] (2.5) and (3.2)), we obtain

(3.5) (00)(®(x)) = H(Tq>g)(:v)Re(¢,( )) Tég(@”)lm(@% ))
1

GO @)@ = 1T (o) - Toao) e .

From (3.3) and (3.6), it follows that

(3.7) Vo(®(2))]? = ((H(Tsg)(x))* + (Tcpg(:v)f)—@,(lx”z-
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Making the change of variables z = ®(z), and using and (3.1)), we see that
Sttt e vydo = [ (T T ((enen- P20 ) o
=1 [((H(Tug))? + (Tag)y )Im(q) ) do
~ex [((H(Tag) + (Tog)*) Re ;) do-

Similarly, we get

2[ g (e-Vv)do = -2¢; fT(ng(Tq)g)Re(q) ) dx — 2e; [(T¢g)21m((b)dx

+262fT¢gH Tq,g)Im(q) ) dx — 2€2f(T¢g)2Re(q) ) dx.
Therefore, Rellich’s identity yields

2elqu>gH(Tq>g)Re( )daz 62/((H(T¢g))2 (Tpg)* )Re( )dm

=e; —[R((H(Tq)g))?_(Tq)g)?)Im(q) ) dx+2€2qu>gH(Tq>g)Im(q)/) dx.

Recalling that Tpg = f, (1.5)) and immediately follow from the above identity, taking
e=(0,1) and e = (1,0), respectively. O

Remark 3.2. Observe that for Q2 = R2, we have ®(x,y) = (z,y). If y = 0, then ®’(z) =1,
and noting that [, fH fdx = 0, (I.3) recovers the well-known identity |H f| 2 = || f] .2 for
the Hilbert transform in L2(R).

3.3. L2-weighted estimates for the Hilbert transform. In this section we prove new L?2-
weighted estimates for the Hilbert transform that are consequences of Theorem In what
follows @ is a conformal map as described in Section

We first state and prove Theorem which gives L2-weighted estimates for H with
constants in terms of ¢(72), where 7 = tan | Arg ®'| ,~ and

=1+2s+2Vs?+s, s>0.
0<5<1 (1— )

We then prove Theorem 1.1} which follows from Theorem [3.3|and gives sharp L2-weighted
estimates for A in terms of the Helson-Szegd constant of the weight as discussed in Sec-
tion

We end the section with Corollary which gives an identity for the norm of H as
a bounded operator on L?(Re (%)), and Corollary which gives a uniform bound for
the norm of H as a bounded operator on L?(|®’|"!) when ®(R?) is a monotone Lipschitz
domain.

Theorem 3.3. Let  be a conformal map as described in Section[2.2land T = tan | Arg @' .
Then for all f € L2(|®'|!) real-valued, we have

(3.8) [(Hf)QRe( )d:c<g0(7'2)ff2Re( )dx

(3.9) [P dw < (24 VB)p(r) [ 7210 da

R R
Proof. Proof of (3.8): We first estimate the last term on the right-hand side of (I.5). Since
Im( ) Re (q),)tan(Arg +) = —Re(q),)tan(Arg(IJ ) and Re( ) = Re(®) 5 0, it follows

that T
/fo‘Im( )‘dx<r[foRe( )

o(s) =




8 MARIA J. CARRO, VIRGINIA NAIBO AND MARIA SORIA-CARRO

Therefore, using the Cauchy-Schwarz inequality and (1.3)), we get

f(Hf Re(q),)dx<(1+—)ff2Re( )dm+5/(Hf)2Re(q),)dx.

Equivalently,
[R(Hf)zRe(%)dx 5:)5fo ( )

and the result follows by taking the infimumin 0 < e < 1.

Proof of (3.9): Using (3.8) and again that Im (2 ) = —Re (&) tan(Arg ') and Re (&) >
0, we have

f(Hf) &' dx<g0(7'2)/f2|<1>| dx+r[(Hf Re(q),)dx

We next use (I.5)) and the Cauchy-Schwarz inequality to control the second term on the
right-hand side:

/(Hf)QRe(q) ) dx<7ff2Re( ) dx+—[f2|lm( )|d:c
+€T/(Hf) |Im( )|dx
< (7‘+ —) [Pt deser [ (e de
e) JR R
1
< (<) [rertdner [l
€ R R
where € > 0 is such that 0 < e7 < 1. Combining both estimates, we see that

(1—57)[R(Hf)2|<1>’|1dxs(g0(72)+127)/Rf2|<I>’|1dx.

Setting § = €7, we obtain

/R(Hf)2|q)1|—1 d < 90(72)5"' (1(“1‘ i);’)/(;p(72) [Rf2|(p’|_l do.

Taking the infimum over all 0 < 0 < 1 leads to
[P de < o)1+ D7) [ 7 d
R R
Since (1 +7)7/p(72) < 1/2, we have p((1 + 7)7/0(72)) < ©(1/2) = 2 + \/3; therefore, it
follows that
[P dr < (24 VB)e(r?) [ 10 da,
R R
as desired. 0J

We next present the proof of Theorem

Proof of Theorem|[I.1] Since w € Ay, we have w™! = e=/1=K/2 with (f1, f2) € D,. Let @ =
®,,-1 be as given in Theorem [A} then |®'] = e~5/2 and Arg @’ = f5.
By (3.9) and using that ¢(s) ~ 1 + s for s > 0, we have

‘/(Hf)zwdxz/(Hf)QeflJrKf2 dx
R R
< e f (H )| da
R
S e hp(tant | L) [ 0 do
R

< el (1 + tan? | fo ) f P de.
R
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Taking infimum over all pairs (f1, f2) € D,,, we obtain (1.4).
The fact that the dependence of [w] 4, (us) in (I.4) is sharp follows from Remark UJ

The next corollary is a direct consequence of (1.5).
Corollary 3.4. If ® is a conformal map as described in Section then
1
(3.10) 112 o)) o(re( ) = SUD ’1—2ffoIm(—)dx
L2 R <I> )) LQ(R (@’)) ||f||L2(Re($)):1 R q)/

f real-valued

It is worth noting that for the integrals on the right hand side of (3.10), only the values
H f(x) for z in the support of f are needed.

A monotone graph Lipschitz domain is a graph Lipschitz domain €2 as described in Sec-
tion [2.2| for which the function v is monotone. Note that if ® is a conformal map associated
to (2 as given in Section then () is a monotone graph Lipschitz domain if and only if
Im (') > 0 almost everywhere or Im (®’) < 0 almost everywhere. We have the following
result for conformal maps associated to monotone graph Lipschitz domains:

Corollary 3.5. Let ® be a conformal map as described in Section 2.2| such that ®(R2) is a
monotone graph Lipschitz domain. If f € L*(|®'|7') is real-valued, then

3.11) HHfHL2(|<I>’|‘1) < \/\/§ (1 + 2\/§+ 2V 2+ \/5) ”f||L2(|‘I>’\_1)'

Proof. Since ®(R?) is a monotone graph Lipschitz domain, then Im (2 ) > 0 almost every-
where or Im (%) < 0 almost everywhere.
Assume first that Im (2 ) > 0 almost everywhere. Adding (I.3) and (T.6), we have

/R(Hf)2|d>|‘1dxs [R(Hf)Q(Re(%)+Im(%))da:
L e i ) )
s\/§[Rf2|<1>’|‘1dx+2\/§fR|fo||<I>’|‘1dx.

Letting 0 < & < 1/ /2 and applying the Cauchy-Schwarz inequality, the second term in the
last line is controlled by

2
2\/§f|fo|]<I>’]1dxs%ff2]<b’]1d:n+\/§5[(Hf)2|<I>’|lda;.
R R R
Setting 0 = V2 £, we then obtain

(i pyjer [ P - Va2 [ e
_\/_ 5(1 5)

Taking infimum over 0 < § < 1, it follows that

[P <Vae(VD) [ i
=\/§(1+N§+2 2+¢§)fRf2|<1>'|—1dg;.

The case Im () < 0 follows analogously by subtracting (T:3) and (T.6).




10 MARIA J. CARRO, VIRGINIA NAIBO AND MARIA SORIA-CARRO

4. HILBERT TRANSFORM IDENTITIES WITH POWER WEIGHTS

In this section we investigate further the identities and when ®(RR?) is a cone,
and obtain Hilbert transform identities with power weights. We will consider two types of
cones: Symmetric cones about the imaginary axis and monotone cones (i.e. cones that are
monotone graph Lipschitz domains).

4.1. Symmetric cones. Let () be a cone with aperture an, with o € (0,2), which is sym-
metric about the imaginary axis (see Figure [I). Consider the conformal map ® : R2 — Q
such that

(1-a) o ,
(4.1) @(2) = @Z 2 71'204 = Z.e_liﬂ—ea(IOg|Z‘+1Arg(z))’

where we chose the branch cut {iy : y < 0}, so that ® is analytic on R2.

(1-o) Q
Za el 2 ™
/\ /—\
us
s o

FIGURE 1. Symmetric cone with aperture a.

We have the following result.
Theorem 4.1. Fix 3 € (-1,1). For any [ € L?(|z|?) real-valued, it holds that

fR(Hf)2|x|*de=fﬂ§f2|$|5dx+200t(%)Afosgn(x)|x|5dx.

Remark 4.2. Note that cot (%) blows up when 8 = -1 and 8 = 1. This is consistent
with the well-known fact that |z|® € A, if and only if § € (-1,1).

Proof. Fix B € (-1,1). Leta = 1 - € (0,2), and consider the conformal map ® given

in (@I). We need to compute Re (2 ) and Im (&) on R. If 2 > 0, then ®(z) = ie 3 e,
Differentiating with respect to x, we get

®'(z) = asin (%) 2 + i cos (%) 7t
2 2
Similarly, if « < 0, then ®(z) = ie'2™(~2)®, and thus,
®'(z) = asin (%) (-2)*! —iacos (O;—W) (—x)* L,

Note that |9/ (z)|? = a?|z[>(@=1). Therefore,

1 1
Re(&) =a tsin (%) |z|*"* and Im(a) =-a"' cos (%) Sgn(ﬂf)ll’ll‘“-

Substituting these expressions into (1.5)), and using that 5 = 1 — o, we obtain the result. [
Corollary 4.3. If § € (-1,1), it holds that

2(1+p 1-0)r o

™
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Proof. By Theorem with f, = x(0,) and H(f,) = +log |x|f|r|, we get that

1+8
LGl dr = LB icot( (- B)W)f 2% log ||’dx
P2 (B
- I s (T +/3[ 281og |1~ y|d
oot (S5 ) [ s - oy
201+ 1-B8)m\ [, o
= 1By (1= 2 ot (527 [Tl 1081 - al ).
s 1
Therefore,

H(f)|? _ %
LE 2 201y 2 ) 2 | éﬁ%”:;’)‘” _ 1—2(1; B) ot ( a 25 )”) [l g1 -l
0
Remark 4.4. We observe that 7Ehe right-hand side behaves as (1 + 3)~2 when § - —1*.
Furthermore, |z|8 = efloslal = 2K (802) _ ofi+Kfa with f; =0 and f, = ’%’r sgn x. Hence,
[MB]Z&Q(HS) < Se&(%) ~(1+8)? asf—-1"
Therefore, the dependence of [w] 4, (us) in Theorem|1.1|is sharp.

4.2. Monotone cones. Let €2 be a monotone cone of aperture o (see Figure [2); then we
must have « € (1/2,3/2). Here the definition of ® changes according to o € (1/2,1) or
a € [1,3/2). We will only study the first case, since results from the second case can be
deduced analogously.

Let a€ (1/2,1); foreach 6 € [1 — o, 1/2], we define @ : R2 — () such that

(42) (I)(Z) — ei@ﬂza — ei@ﬂea(log|z\+iArg(z))’

where we chose the branch cut {iy : y < 0}.

o %3 O

M7, N —

FIGURE 2. Monotone cone with aperture a.

We next present several identities that follow from (1.5) and (I.6). Although it is possible
that some of these identities may be known, we were unable to find them in the literature.

Theorem 4.5. Fix 5 € (0,1/2) and 0 € [3,1/2]. For any f € L?>(|x|?) real-valued, it holds
that

f(Hf)2 ay (sgn )|zl do = / a1 (sgnz)|z)’ dx + 2 f fHfas(sgnzx)|z)? de,
R R R

/]R(]-If)2 as(sgn )|zl do = /R f?ay(sgnz)|z|’ dx -2 fR fHfa(sgnx)|z|’ de,



12 MARIA J. CARRO, VIRGINIA NAIBO AND MARIA SORIA-CARRO

where ay and as are the functions given by

ai(s) = cos(Gﬂ)l—;S +cos((0-pB)m) ! ; 8,
as(s) = sin(O) ! ;_ 4 sin((6 - g)m) ! ; 8,

for any s in R.

Remark 4.6. Note that if 5 € (0,1/2) and 0 € [3,1/2],then 0 <0 - 3 < 1/2, and
min { cos(0r),sin(07), cos((0 - B)),sin((6 - 8)7)} > 0.

Therefore, a;(sgnx) > 0 and as(sgnz) > 0 for all z € R.

Proof. Fix f € (0,1/2)and 6 € [3,1/2]. Letaw = 1- 3 € (1/2,1), and consider the conformal
map given in (£.2). We proceed as in the previous proof. If z > 0, then ®(z) = 7z,
Differentiating with respect to x, we get

'(x) = acos(fr) x> +iasin(fr) x>t
Similarly, if z < 0, then ®(z) = e!(@*)7(—z)*. Therefore,
d'(2) = —acos((a+0)7)(~z)* ! —iasin((a+0)7)(~x)* .

Since |®/(z)|? = a?|z2(@=D, and 5 = 1 - «, it follows that

Re (i) = o (cos(Om) B — cos((av+ 0)m) L) 2] = (1 - ) ay (sgn )|z’

@/
and
1
Tm (3) - o (sin(B7) 22 _ gin (o + 0)m) ZET) [g]0 = (1 - 8) s (sgn )|,
where a; and a, are defined as in the statement. Substituting in ((1.5)) and ((1.6) we conclude
the desired results. O

When f = 6, Theorem [4.5] gives the following result:
Corollary 4.7. If 5 € (0,1/2) and f € L*(|z|?) is real-valued, it holds that

cos(om) [P e [ (HIPal da
(4.3) z(:os(ﬁﬁ)/:of2 |z|® dx+[0 f?|x)? dx+2sin(ﬁ7r)fooofo |2|° dz,

sin(8r) fo C(H£)? |2 da =sin(57) [0 Pl da
(4.4) —2cos(fm) /000 fHf |z do -2 [O fHf|z]P da.

Several interesting identities follow as particular cases of Corollary
Identity (4.3) and supp(f) c (0,00) : If 5 € (0,1/2) and f € L?(|z|?) is real-valued, then

cos(ﬂw)fom(ﬂf)ﬂxwdﬁ[:(Hf)2|x|ﬁdx
zcos(ﬁﬂ)fooon |2|° dx + 2sin(B7) ‘/:Ofo 2|P d.

As 3 — 1/2 we obtain

[i(ﬂmmﬁ dz = 2f0°° FHS |2]? de.
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Identity (4.3) and supp(f) c (-00,0) : If 5 € (0,1/2) and f € L?(|x|?) is real-valued, then

cos(ﬁw)/ooo(Hf)2 |:r|f8dm+[0 (Hf)2|a:|5dx=[0 12 |x)P da.
As 3 — 1/2, we have

0 1 0 1
[ _Epafda= [ el dr,
Identity (#.4) and supp(f) c (0,00) : If 3 € (0,1/2) and f € L?(|z|?) is real-valued, then

sin( ) fom(Hf)2 |z|? dx = sin(B7) /Ooo f?|z|? dx - 2 cos(Br) /OOO fH |z]? d.
As 5 — 1/2, we get

fn e [ el o
0 0
Identity (#.4) and supp(f) c (-00,0): If 5 € (0,1/2) and f € L?(|z|?) is real-valued, then

) 0
sin(57) f (Hf)? |l da = —2/ FH |z) de.
0 —0o
As 8 — 1/2, it follows that
b 1 0 1
f (H )2 ||} do = —zf FHS |2]? da.
0 —00

5. RELLICH IDENTITIES FOR THE HILBERT TRANSFORM IN [P

Theorem states Rellich’s identities for the Hilbert transform for functions in weighted
L?-spaces. In this section we present versions of such identities for pairs of functions on
weighted Lebesgue spaces. Our main result is the following theorem.

Theorem 5.1. Let O be a conformal map as described in Section[2.2]such that |9'| € A,n Ay
for some 1 <p<oo. If f € LP(|®'|*P) and g € L¥' (|®'|*~*") are real-valued, then

5.1) f(Hng fg)Re((I),)dx——f(ng+ng)Im((D,)dm

(5.2) f(Hng fg)Irn(q),)dx /(ng+ng)Re(q))dx

Proof. We first prove (5.1)) for f and g continuous with compact support. Using (1.5)) and
the identity (see [7, (5.1.23), p. 320])

(5.3) (Hf)? - f*=2H(fHf),

we have that
[H fo)Re( )dx— ffoIm( )
Applying this equality to the functions f + g, f and g, it follows that

fRH(ngwa)Re(%)dx:—f(ng+ng)1m(£,)dx

Using (5.3)) for the function f + ¢, f and g, we obtain

HfHg- fg=H(fHg+gH[)

These last two equalities give (5.1).
The identity (5.2)) for f and g continuous with compact suppport is proved similarly using



14 MARIA J. CARRO, VIRGINIA NAIBO AND MARIA SORIA-CARRO

The general case can be obtained by density once it is shown that the integrals in (5.1]) and
(5.2) are absolutely convergent for f € L?(|®’|'~?) and g € L' (|®'|'*"). For such functions,
using Holder’s inequality, we obtain

1
v

1 % 7 7 p
Lol Re( g5 )do < ( [1spiopran) ( [ 1gp10rvde)” <o
R ol R R

We also have

1 % / 4 P
/ |H f Hg| Re( )dm < ([ |Hf|p|<I>’|1‘Pda;) ([ |Hg|'|®'|*7 d:c)
R o’ R R

1 1
< (L) (flor@ar)” <o
R R

where in the last inequality we have used the boundedness of the Hilbert transform noting
that |®'|'? € A, since |®'| € A, and |®'|'?" € A, since [®| € A,. A similar reasoning is
applied for the integrals on the right hand side of (5.1]) and (5.2)).

=

O

As an application, we next present examples of the identities of Theorem associated
to power weights. The next corollary follows by considering the conformal map ¢ given in
(4.1) and the corresponding computations done in Section 4.1}

Corollary 5.2. Let 1 <p<ooand 3 € (-1,1). If f € LP(|z|?®~V) and g € LV (|z|P®"-1)) are
real-valued then

(5.4) fR (Hng - fg)|x|ﬁda: = cot (%) [R (ng+ng) sen(x)|z|’dz,
(5.5) fR <Hng - fg) sgn(z)|z|’dx = —tan(%) [R (ng+ng)|x|ﬂdx.

Acknowledgements. We thank the referee for their careful reading of the manuscript and
their suggestions.
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