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ABSTRACT. In this paper we study some properties concerning
the second order differentiability of the functions belonging to the
Takagi class as well as the size of the sets where these properties
hold. In particular, we characterize the set of points where these
functions have a Taylor expansion of order two. Moreover, we also
characterize when they satisfy a Stepanov condition of order two
at a point. In this context, the convexity of such functions is also
investigated. Finally, some interesting examples are provided.

1. INTRODUCTION

The Takagi function is a classical example of a continuous nowhere
differentiable function (see [16]). Throughout the years, it has been
studied by a large number of authors, who have brought to light its
special properties as well as its connection with different fields, in-
cluding probability theory, number theory, and mathematical analysis.
The surveys [2] and [I4] contain a lot of information about the Takagi
function, and they are highly recommended for readers who want to
acquaint themselves with this function.

Among the different ways to define it, we choose the following one:
we consider D the set of all dyadic numbers of the interval [0, 1], and
we decompose it as the increasing union of the following sets

k
Dn:{Qn_1 E[O,l]:k:ez}

with n > 1. Then, we define the Takagi function 7": [0,1] — R as

T(z) =) gulw)

where g,(x) = d(z, D,) denotes the distance from the point = to the
closed set D,,. In some sense, the Takagi function is more regular than
Weierstrass function, since it may have infinite derivatives (see [1]). To
find out more about the relationship between the Takagi function and
the Weierstrass function we refer the reader to the recent paper [6].
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In 1930, a variant of the Takagi function was rediscovered by Van der
Waerden (see [17]), where this author used base ten instead of base two,
that is the reason why it is often called the Takagi-Van der Waerden
function.

In the mid-1980s, Hata and Yamaguti introduced a new family of
functions named the Takagi class (see [12]). It consists of all the func-
tions T, defined in the following way: for a sequence w = (w,,),, satis-
fying (27w, ), € ¢*, we define the function T,, : [0,1] — R as

Tw(z) = Z Wy Gn(T).

In particular, they proved that the Takagi class is a closed subspace
of the space of continuous functions with the sup norm. It should be
noted that this class contains a number of interesting examples from
the classical literature (see [7] or [4] for instance).

A few years later, Kono carried out a deep study of the differen-
tiability properties of the functions belonging to the Takagi class (see
[13]). His work revealed that three qualitatively different cases may
arise depending on the sequence of weights we are considering. More
specifically, he proved that if w ¢ ¢y then T, is nowhere differentiable,
if w € ¢y~ ¢? then T, is not differentiable a.e. although the range of
the derivative is R, and finally if w € ¢? then T, is absolutely continu-
ous and consequently differentiable a.e. A wide generalization of these
results can be found in [9].

The aim of this paper is to carry out a study of the second order
differentiability and other related properties of the functions of the
Takagi class. In this sense, this work lays bare a fourth qualitatively
different case.

In section 2 we spell out what kind of second order properties will
be investigated throughout the paper. For instance, having a second
order Taylor expansion at a point or satisfying a Stepanov condition of
order two. We also discuss why the study of such properties must be
done with the assumption w € ¢;, which will constitute our framework.

Section 3 investigates piecewise convexity and we obtain the follow-
ing main result:

Theorem 1.1. The function T,, is piecewise convez if and only if there
exists ng such that the sequence

oo

(23 m)

n>n
k=n =10

15 mon positive and non decreasing.

In section 4 we characterize the existence of second order Taylor
expansion at a point by means of a technical condition which involves
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the sequence 8 = (8,), defined as

5n:2"<—wn+ io: wj>.

j=n+1

As we shall see, such sequence will play a key role in the development

of this work. Furthermore, we obtain that the function T, has Taylor

expansion of order two at x ¢ D if and only if (7);7)'(z) exists.
Section 5 is devoted to obtain the following striking result:

Theorem 1.2. The following statements are equivalent:

(1) Ty has a Taylor expansion of order two a.e.
(2) T'F has bounded variation.

(3) ThF is derivable a.e.

(4) g e 0t

(5) T, is the difference of two convex functions of the Takagi class.

Finally, in section 6 we develop other technical condition which al-
lows us to characterize when the function T, satisfies a Stepanov con-
dition of order two at a point. Then, we invoke Calderon-Zygmund’s
result (see [B, Theorem 5]) in order to characterize when 7, satisfies a
Stepanov condition of order two a.e.

Throughout the paper, we present some examples which show how
the previous results allow us to construct functions 7T,, with prescribed
properties. We finish this introduction by listing some of them.

Example 1.3. Let w, = r~". If r > 2 then T, is concave, and conse-
quently, it satisfies a Stepanov condition of order two a.e. However, if
1 < r < 2, the function T, satisfies nowhere the Stepanov condition of
order two.

Example 1.4. Let w, = % Then T, has Taylor expansion of order
two (and satisfies the Stepanov condition of order two) a.e. However
there exist points x such that T, satisfies the Stepanov condition of
order two at x but it does not have Taylor expansion of order two at

x.

Example 1.5. Let w, = % Then, T, has Taylor expansion of

order two at a null set of Hausdorff dimension one.

2. PRELIMINARY RESULTS

In this section we shall provide a series of concepts concerning the
second order differentiability of a function as well as some elementary
properties of T,, in order to establish our framework.

When a function is not derivable everywhere, a natural way to study
second order differentiability is by looking at the Taylor expansion of
order two. Let us recall this concept.
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Definition 2.1. We say that a function f : R — R has Taylor expan-
sion of order two at x, whenever there exist two numbers d, and A,

such that
lim flx+h)— f(x) —dyh — Ah? B

h—0 h? 0.

It is immediate that if f has Taylor expansion of order two at x then f
is derivable at = and d, = f'(x). Hence we may rewrite the condition

as
. ot _ 2
S ) = f() ~ )b = AR
h—0 h?
or equivalently

0

_ _ /
o L)~ f@) = P @
h—0 h?
A weaker property is a Stepanov condition of order two.

Definition 2.2. We say that a function f : R — R satisfies a Stepanov
condition of order two at x provided that there exists a constant d, such
that

lim sup fleth) - 2f<x) — dh < +00.
h—0 h

Observe that f is necessarily derivable at z and d, = f'(x).

As we saw above, the Stepanov condition of order two is weaker than
the existence of Taylor expansion of order two, although a celebrated
result of Calderon and Zygmund, see [5], asserts that if a function
satisfies a Stepanov condition of order two a.e. then it has Taylor
expansion of order two a.e. (not necessarily at the same points as we
will see below).

In our setting, as we require the existence of 7T/ (z) at some points,
we have that w € ¢y necessarily by Kono’s result, but we may affirm
more. The derivative of a function T, at = ¢ D is necessarily

2. T, () = 3w (o).

For instance, this fact is an immediate consequence of Theorem 2.5 in
[9], where a wider setting is considered. On the other hand, it is not
hard to prove that if T, is differentiable at € D,, .1 ~ D,, then

T, () = 3wy} (x).

Furthermore, we have that w € ¢! is a necessary requirement in our
frame. Before proving it, we introduce some notation.

We will denote by F,, the family of all the connected components of
[0,1] N\ D,,. Moreover, if I € F,, we will denote I = (a,,b,) and ¢, will
be the midpoint of I, in other words, ¢, = %(an +b,).
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Lemma 2.3. If T, satisfies a Stepanov condition of order two at some
point z, then w € (*.

Proof. We will prove that there exists K > 0 such that 2"|w,| < K
eventually. Let M > 0 satisfying

(2.2) |Tw(z + h) — Top(z) — T)(2)h| < Mh?

for |h| small enough. Firstly, assume that x ¢ D. For n big enough, if
x € (an, b,) € Fy, we take h, = 2(¢,, —x). Now, we make the following
observations:

(1) [hn] <2777,

(2) ge(z + hy) — gr(x) — g (x)hy = 0 for every k < n,

(3) gr(z + hy) = gi(x) for every k > n,
and consequently

Tz + hn) — To(z) — Ty (@) hn| = ‘ — I Zwkg;f(x) :
k=n
By (2.2), if n is big enough then
- - 3M
ol = | S v e) = 3 wugh ()] < Ml + M| <

Finally, if # € D, we take n big enough such that h, = 27" satisfies
the inequality (2.2)). Then, changing g by g;", the proof follows in a
similar way as above. Il

For this reason, we will assume that w € ¢'. We have that T, is ||w]|;-
Lipschitz when w € ¢! and it characterizes the Lipschitz character of
T,. Thanks to Rademacher’s theorem we already know that T, is
differentiable a.e. provided that w € ¢!. In addition, it is not difficult
to see that the lateral derivatives of T,, are given by

o0 o0
I+ 1+ — /—
T, = E w;g;" and T, = g w;g;
=1 j=1

In particular, if T}, is differentiable at x € D,,,1 \ D,, then

(23) wmszwm{m—iwﬁ

j=n+1
and
n—1 00
(2.4) T (z) = ijg;(x) + (wn - Z wj),
j=1 j=n+1

which implies

(3]
Wy = E wy.

j=n+1
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Remark 2.4. The previous result also holds true when w € cy.
The proof of the following lemma is straightforward.

Lemma 2.5. Let w € (*. Then, T and T! are continuous at ev-
ery x & D. Moreover T\.F, respectively T', is right, respectively left,

w

continuous at every x € D.

For every x ¢ D we denote

mzz;;—;:z; Z > = In +Tn, €5 €{0,1}.
J= J=

j=n+1

When necessary, to avoid confusion, we write ¢, (x) instead of ¢,,. The
next lemma, whose proof is immediate, shows the relation between this
binary expansion and the values of g, and g¢/,.

Lemma 2.6. Let © ¢ D. For every n, we have
(1) gn(x) =z, provided that e, = 0 and g,(x) = 27" —x,, otherwise.
(2) gn(z) =1 =2,

Although the following result is proved in [I3], we present an elemen-
tary proof since it will be useful later.

Lemma 2.7. Let w € (*. The following statements are equivalent:
(1) w, = M2™™ for every n and M € R.
(2) T, is a polynomial and in such case T,(x) = Mz(1 — x).
(3) T, is derivable at every x € D.

Proof. Firstly, (1) = (2) follows from the following elementary differ-
ential equation:

21_25”: M(1 - 22)

=1

for every z. Secondly, (2) = (3) is immediate. Fmally, (3) = (1) is
a consequence of the fact that (3), in view of ( and ( E, implies
O

[ee]
wy =52, w; for every n.

Another way to see order two differentiability at x ¢ D is to consider
the derivative of T)F : [0,1] — R. This function is defined everywhere
and it is continuous at every x ¢ D by Lemma 2.5, Hence, for every
x ¢ D we may study the existence of

T (y) — ThF

y—a y—x

Observe also that the existence of (T);7)(x) is equivalent to the exis-
tence of the limit
T/ -7
b ) -Th@)
y¢D,y—x y—x
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Indeed L, = (T.7)'(x). The nontrivial implication follows since (T..V) ()
is right continuous everywhere by Lemma 2.5

For an arbitrary function the existence of A, and L, are independent
conditions, since there exist derivable functions which have order two
Taylor expansion at points where they are not twice derivable; and
although if a function has second derivative at x, then it has Taylor
expansion of order two at z, it is not clear that a similar result holds if
we only require that the right derivative is derivable at . The reason
is that the Mean Value Theorem is not true for the right derivative.
However, for absolutely continuous functions we have the following:

Proposition 2.8. Let f : [0,1] — R be an absolutely continuous func-
tion. If A ={x € (0,1); f'(x) exists}, x € A and there exists

o Pw) — S)

I,
AT
then
i fW) — f@) — fla)ly—2) L
y—z (y — x)? 2

Proof. Given € > 0 there exists § > 0 such that

f'(y) = f'(z) = L{y — 2)| < ely — =]
if y € A and |y — x| < J. The absolute continuity of f implies

‘f(y) — flx) = f'(x)(y —x) — 3 L(y — x)*
(y —x)?
L2 (f'@t) = f'(x) = L(t — x)) dt
(y —x)?

‘Ss.

3. CONVEXITY

Since T, is absolutely continuous, we have that T, is convex if and
only if T/t is non decreasing (see [I5] for instance). Thus, we obtain
the first result of this section.

Lemma 3.1. If there exists ng such that
oo
(C) w, < Y w; <0
j=n+1
for every n > ng, then T, is piecewise conver.

Proof. 1t is enough to prove that 7}, is convex while restricted to I,,, €
Fno- It 2,y € I, and x < y then there exists m > ng such that



8 JUAN FERRERA, JAVIER GOMEZ GIL, AND JESUS LLORENTE

gj(x) =¢;(y) for j <m, e, (z) =0 and €,,(y) = 1. Hence

T (y) = T () =2 wy (enlx) — £4(y))

n>m

= —2wW,, + 2 Z wy, (en(z) —€n(y)) > 2 <_wm + Z w”) = 0.

n>m n>m

g

Lemma 3.2. If T, is piecewise convezx, then there exists ng such that
w fulfils the condition for every n > nyg.

Proof. Let n be big enough such that T, is convex while restricted
to [z, y,] for some z,,y, € D, consecutive. As usual, let ¢, be the
midpoint of such interval. We have that T, (¢,,) < T (c,). As

T (e,) ijg] Cn) — Wy + i w;

j=n+1
n—1
!
T, (c E wjg] Cn) + wy, — E wj,
j=1 j=n+1

we get that w, < >°* . w;. Furthermore, we have that T, (z,) <
T (yn). Now we observe that

T (x,) Z wJ H(x,) + i w;
j=n

v (Un) = Z wigs (yn) — Y wj.
j=1 j=n

This implies Y2 w; < 0 since gj" (z,) = gj (ya) for every 1 < j <
n—1. i

Lemma 3.3. A sequence w satisfies the condition for everyn > ng
if and only if the sequence

[e o]

(2 m)

n>n
k=n ="o

18 mon positive and non decreasing.

Proof. We have that w fulfils the condition for every n > ng if and
only if

ZU{,SQ Z w;j

Jj=n+1
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and equivalently
o0 o
') w <2 ) w
j=n j=n+1
for every n > nyg. U

Remark 3.4. In particular, if a sequence w satisfies the condition ((C))
for every n > ng, then (2"w,), converges since it can be written as
difference of two convergent sequences.

Lemmas and [3.3| give us the proof of Theorem [I.T} Similarly,
regarding the concavity, we have the following:

Theorem 3.5. The function T, is piecewise concave if and only if
there exists ng such that the sequence

oo

o )
(2> we)

k=n
s mon negative and non INcreasing.
Example 3.6. If w, = r™" with r > 2 then T, is concave. For
instance, if r = 3 then we have

—~1-2¢, 1 e
T (z) = P=__2 - &,€{0,1

for every x ¢ D. Notice that 7, ([0,1] \ D) is an affine copy of the
classical ternary Cantor set. Consequently 77 ([0,1] \ D) is a null set
and, as a matter of fact it has Hausdorflf dimension log, 2.

Example 3.7. If w, = (n + 1)(n2")~! then T, is concave.

4. TAYLOR EXPANSION OF ORDER TWO

The aim of this section is to prove that the existence of Taylor ex-
pansion of order two and the differentiability of the lateral derivatives
are properties that agree in our frame and we may characterize them in
terms of the sequence w. Before proceeding, we observe the following
reduction of the problem:

Lemma 4.1. Let x ¢ D and A, € R. Then,
Tw(z+h)—T,(x) =T (x)h

i h? =4
if and only if
lim T,(x+h) —Ty(z) —T!(x)h 0

h—0 h2
where v = (vy), 15 defined by v, = w, + A,27".

Proof. The proof is an immediate consequence of Lemma and the
fact that the function P(y) = A.(y — y?) satisfies P"(y) = —24,. O
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We deduce some consequences of the existence of Taylor expansion
of order two.

Lemma 4.2. If T, has Taylor expansion of order two at some point

x, then A, = —lim,, 2"w,,.

Proof. Since w, = —A,27" 4+ v,, it is enough to prove that lim, v,2" =
0. Firstly, assume that = ¢ D. For every n, we consider x € (a,,b,) €
Fn. By formula (2.1) we have

To(x+h)—Ty,(z) —T!(x)h

s n2 -0
Since
T,(bn) — Ty (an) — T, (x) (b — an) < T, (bn) — Ty (x) = T, (x)(bn — )
(bn — an)? N (bn — z)?
Tv(an) = To(z) — T)(x)(an — @)
(an — x)?
we deduce
_ _ !
limT (bn) = To(an) — T, () (bn — an) —0.
n (bn - an)Q
As we have
Ty(bn) — Ty(an) — T, (x)(bn — an)
(bn — an)?
= 227D " (g (@) (b — an)) = =277 ) g (x)
Jj=n j=n
we deduce that
lim 2" Z v;g;(x) =0,
j=n
and consequently
o 1 oo
h£n 2" g (z) = liTEn 2" Z v;g;(r) — 5 li}lrn gntl Z v;g;(z) =0,
j=n j=n+1
which implies that lim,, 2"v,, = 0.
Finally, when z € D it is enough to observe that
To(x+27") = To(x) = T)(x)27™" S
272n =2 Z Uj
j=n+1
provided that n is big enough. U

Remark 4.3. The existence of the limit L := lim,, 2"w,, is equivalent
to the following statements:

(1) w, = 2% + v, with lim,, 2"v,, = 0.

(2) lim, 2" )72, wp = L.
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Regarding the case x € D, we have the following result:

Proposition 4.4. Let x € D, 1 \ D,, and assume that L := lim,, 2"w,
exists. Then, T, has Taylor expansion of order two at x if and only if
T, s derivable at x.

Proof. By Lemma and Remark [£.3] we may assume without loss
of generality that lim,, 2™w,, = 0. Given € > 0 there exists my such
that |w,,| < e27™ for every m > my. For h small enough there exists
m > max{mg,n} satisfying that 2-(m*1 < |h| < 27™. Thus, we get

Tw(x+h)—T,(x) =T, (x)h 1 &
@0 = Tul@) ZTulEh S wylaste 4 )~ )
J=m+1
1 o
j=m+1

g

Now, we introduce some notation in order to characterize at which
points x ¢ D the function T, has Taylor expansion of order 2.

Let us take x ¢ D with base two expansion z = ) ¢,27" as usual.
For every n, we denote k,, := k,(x) as the nonnegative integer satisfying

En = " = Entky, 7£ Entkn+1

and we consider
N:=N,={neN:k, =0},

that is the set of indices n such that e, # &,,1.

With respect to the sequence w = (wy,),, if T;, has Taylor expansion
of order two at some point then, as we saw above in Lemma [£.2] we
necessarily have that lim,, 2"w,, exists. This fact allows us to define the

sequence 5 = (), as

Bo=2(—wt Y w).

j=n+1
and it is immediate that this sequence converges to 0.
The following lemma will enable us to simplify the proof of the next
theorem.

Lemma 4.5. Let x ¢ D andn € N. If h, = g (x)2-"+*n+1) then the
following statements hold true:
(1) gj(x + hyn) — gi(x) — gi(x)hy = 0 for every j < n.
(2) gu(x+ hy) + gi(x + hy) = 27" = gu(z) + gj(x) for every j such
thatn+1<j7<n+ k1.
for every j such thatn+1 < j <n+ kyu1.
(4) —=2[hn| < gn(@ + hn) = gn(@) — gp(2)hn < —[hn.
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(5) gj(x + hn) = g;(x) for every j > n+ kni1.

Proof. For every n let (a,,b,) € F, such that x € (a,,b,). (1) It
follows since x, x + h,, € (ay,by), and consequently g; is linear between
them for every j < n.

(2) If ¢/,(x) = 1, that is €, = 0, then

gn(l‘ + hn) + 95 (Z‘ + hn) = (Z_n - gn-&-knﬂ) + §n+kn+1

=27" =T + (27 = 7)) = ga(2) + g;(x)
by Lemma We leave the other case to the reader.
(3) This is an immediate consequence of (2) since g, (z) = —g;(z).
(4) It is enough to check that if £, = 0 then
Gn(T + hn) — gn(z) — g;($)hn = _2§n+kn+1a
and
gn(T + hn) — gn(z) — g;(x)hn = Q(En+kn+1 — |hnl)
provided that , = 1.
(5) It follows since g; is h,-periodic for every j > n + k,11. O

We proceed to prove the main theorem of this section.

Theorem 4.6. For every x ¢ D, the following statements are equiva-
lent:

(1) (T:) (x) exists.

(2) Ty has a Taylor expansion of order two at x.

(3) lim,en, 28413, = 0 and lim,, 2"w,, exists.

Proof. (1) = (2) This is a consequence of Proposition [2.8 since T, is
absolutely continuous.

(2) = (3) We have that lim,, 2"w,, exists by Lemmal[4.2] and we may
assume that A, = lim, 2"w, = 0 by Lemma 4.1} Now, let us consider
n € N, and k,1 > 0. For h,, = ¢/ (2)2~(™+*=+1)  we have that

Tw(x + hy) — Tw(x) — T (2)hy,
h3
n+knt1
= 220 he) S gy 4 ) = 05(2) ~ o (2)

j=n

_ gnitknia Z w;g;(z)
j=n+kny1+1
nt+knt1
_ 22(n+kn+1)(gn(x + hn) = gn(x) — hng,(z)) <w" - Z wj)
j=n+1

[e.o]

_ gntknia Z wjg} (2)

j:n+kn+1 +1
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by Lemma 4.5 (1), (3) and (5).
If we define

S, = —2”+k”+1(gn(x + hn) - gn(ﬂi) - hng;z@;))’

we have that s, € (1,2) by Lemma [4.5] (4). Hence, taking limits (with
kni1 > 0) we have

n+kn+l

_ 3 n kn+1 _ 3

0_7}&%22 sn< wy, + g wj)
* j=n+1

o0
= lim ank““Bn — lim s,2" E w; = lim sn2k"+1ﬁn.
neNy neENy ) neNy
Jj=n+kn41+1

Therefore lim,epr, 282+1 3, = 0 since if k, 11 = 0 we have that 2*+13, =
B, and lim,, £, = 0.

(3) = (1) We may assume without loss of generality that lim,, 2"w,, =
0. Let 2=(*Y) < h < 27" we may assume that n is big enough such
that €; = 0 for some j < n. If ¢, = 0 then

T, (x+h) =T, (x) —~ gilz+h)—gi@)|
Y =) w~ Y P <27
j=n j=n

which goes to 0 when n goes to +oo. If g, = 1, let m(n) be the
maximum of {j < n:e; = 0}. We have that m(n) € N, and m(n) +
1 4 km(n)+1 > n. Hence, by Lemma 4.5. (2) and (3) we have

TS (e +h) =T ()| _
- -

o0

gj(x +h) — g;(z)
Z wj h

j=m(n)
- gi(x +h) — gi(z)
Z w; J - J +

o0

g+ )~ gj(a)
Z wj h

<

j=n+1

—  gix+h)—gjlz)
Z wj h

j=m(n)

9 n
= E‘ — Win(n) + Z W;

j=m(n)+1

= Wn(n) + Z wj
j=m(n)+1

— W(n) + Z w;

j=m(n)+1

+

j=n+1

. —  gil@+h) —gi(@)
<2 +2 + Z w; J - J

j=n+1

— gilz+h)—g;x)
Z Wj h

j=n+1

o0

g+ h) — (@)
Z wj h

- ka(">“+3\ﬂm(n)! +

Jj=n+1
which goes to zero when n goes to +00. The proof for h < 0 is similar.
O

Remark 4.7. Observe that L, := (T.]) (x) = 2A,.
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Theorem implies that unless 8, = 0 eventually, there always
exist points z ¢ D where T, does not have Taylor expansion of order
two. Remember also that [, eventually null means that w, = % for
some constant M eventually. Nevertheless, the existence of the limit
L = lim, 2"w,, guarantees that there are many points where T,, has
Taylor expansion of order two. Let us introduce the following subsets

of [0,1]:
Ay ={x ¢ D : k,(x) < N for every n}.

Then we define

(4.1) A= G Ay.

N=1

We have that (k,), is bounded if and only if x € A. It is not difficult
to see that A is a Lebesgue null set with Hausdorff dimension 1 (see
[10] for instance).

As a consequence of Theorem [£.6] we have the following result.

Corollary 4.8. If w satisfies that lim,, 2"w,, exists, then T,, has Taylor
expansion of order two at every x € A.

5. CHARACTERIZING HOW BIG IS THE SET WHERE T,, HAS TAYLOR
EXPANSION OF ORDER TWO

If T has bounded variation then 7.7 is derivable almost everywhere
(see [I] for instance), and consequently L, and A, exist almost every-
where. Of course this situation happens when T, is concave or convex,
and more generally when T, is difference of two convex functions. For
the functions in the Takagi class, the converse is also true in the fol-
lowing strong way: 7.," has bounded variation if and only if 7, is the
difference of two convex functions belonging to the Takagi class too
(see Corollary [5.9) below).

Our next goal is characterize when T);" has bounded variation in
terms of w. We start introducing some notation: Every interval in F,,
has an extreme that belongs to D, ~ D,_; meanwhile the other one
belongs to some Dy with k£ < n. We denote by F, , C F, the family
of intervals with one extreme belonging to Dy \ Dj_;. F,, 1 consists of
two intervals, and if 1 < k < n then F, j consists of 2k=1 intervals.

Although T'f is not defined at = 1, we make the convention that
T (1) = >0 wy, which would be the value of 7" if we periodically
extend the function T, to the whole real line.
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Lemma 5.1. For the partition P, = D,, we have

V(T Do) = Y |ToH(b) = TiH )] = 27w
I=(ab)eFn
n—1
+ 2wy + - wan| + Y25 = wpsy w4 wa.
k=2

Proof. Let I = (a,b) € F, and assume that [ € F,;, k > 2. Firstly,
we consider the case a € D, ~\ D,,_1 and b € D, ~ D;_;. We have:

3

T ) = T @)l = | D wil) () = 6 ()

1
j=h—1
since ¢ (b) = g;"(a) = 1 for every j > n, and a,b € J for some interval
J € Fr—1, which implies that g7 (a) = ¢;"(b) provided that j < k — 1.
For the rest of the indices we have that g;" (b)) = —1 and g, ,(a) =1,

meanwhile ¢/ (b) = 1 and ¢} (a) = —1 for every k < j < n. Hence
T () = T (a)| = 2] — wgy + wp + -+ + wy .
Alternatively, if b € Dy, \ Dyp—1 and a € Dy, \ Dy_y, then g7 (b) =
g; (a) = 1 for every j > n and g} (a) = g¢;"(b) for every j < k —1 as

above, but now g7, (b) = g;=,(a) = —1 and g;"(b) = ¢;"(a) = 1 for
every k < j <n —1, hence

T (b) — T (a)| = [wa-1(g,21 (0) — 9,01 (@))| = | = 2wp-a].
When k£ =1, we have
T (27" = T (0)] = | = 2wn |
and
T (1) = T (1= 27" )| = 2wy + -+ 4wy -
We obtain the result adding all items. O

Theorem 5.2. The function T\." has bounded variation if and only if

n—1
(5.1) limsup (2”1]wn1|+z 2k*1|—wk,1+wk+- : -+wn1|) < +400.

" k=2
Proof. The necessity of this condition follows easily from Lemma [5.1]

Conversely, we first observe that condition (5.1]) implies w € ¢*. More-
over, it is immediate that

V(T.) = sup V(T.F, P)
PCD
since D is dense and T/ is continuous at every z ¢ D. Given a
partition P C D, we have that P C D, for some n, and hence the
result follows from Lemma [5.1] since 2|wy + -+ + wy,_1| < 2fw|;. O
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As we saw above, if L, exists for some point z, then L := lim,, 2"w,, =
lim, 2" .., w; exists too. Furthermore, as

22k|—wk+ Z wj|—22k‘—wk+ Z wj‘

Jj=k+1 j=k+1
o0
<22k‘ Z wj| < |2n+1 Z wj‘
j=n+1 j=n+1
we have that
n—1
limsupz2k’1| —Wg_1 F W+ Fwy| < o0
" k=2

if and only if the series

22k| —wy + Z w]|

j=k+1

converges, which is equivalent to 3 € ¢*. Additionally, it is easy to see
that the sequence (2"w,,), converges provided that 8 € ¢'. Therefore,
we may rewrite condition ({5.1]) of Theorem in the following way:

Corollary 5.3. The function T\" has bounded variation if and only if
B et

Theorem 5.4. The function T, has Taylor expansion of order two a.e.
if and only if 3 € (*.

Proof. If B € ¢! then T/ has bounded variation, and consequently T,
has Taylor expansion of order 2 a.e. Conversely, assume for the sake of
contradiction that 8 ¢ ¢'. For every n, we consider the set

B, ={x:ky,(z) >rn, en_1(x) #en(x)}

where 7, = log, Bl ﬂ . We consider

= ﬁ (G Bj> = limsup B,.
n=1 j=n n

We are under the hypothesis of Theorem 6.4 in [3] since > 27™ diverges
(the required conditions hold exactly as in Example 6.6 of [3]), hence
the set B has measure one.

Finally, we observe that if z € B then k,(z) > r, and n — 1 € N,
for infinitely many indices n, and consequently

lim sup 2%+ |3, | > 1.

TLGNI

The result follows from Theorem [4.6. O
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In view of the previous results, we characterize when 5 € ¢! in terms
of a more manageable condition. Let us define the sequence oo = (o, )
as

o = 2" w1 — 2Mw,,.
Lemma 5.5. We have that 5 € ¢y if and only if o € {;.
Proof. Since
(52) 2B, — By =21 ( —wat D witwn = Y “’j)

j=n+1 Jj=n+2
1
= 2"t ( — Wy, + 2wn+1) = 2a,

for every n, we obtain that a € ¢; provided that g € ¢;.
Now, assume that o € ¢;. Then, for 1 < p < g we get

q—1 q—1 q—1 p—1
21 2Pw, = 2" 2l = =
wy — 2Pw, = (—2"w, + Wpy1) = oy, = Oy — o
n=p n=p n=1 n=1

which implies that (2"w;,),, is a Cauchy sequence and therefore that it
converges. It follows from Remark that 8 € ¢q. Finally, using the

equality (5.2)) we get
N+1 N

N N N
2 1Bal <Y 1Burl 2 lanl =D 1Bl +2) ol
n=1 n=1 n=1 n=2 n=1

and therefore

N N
Z 16| < |Bnia| — |51 +22 ot |.
n=1 n=1

which implies that 3 € ¢*. O

In order to see that if 7.t has bounded variation, then T, is the
difference of two convex functions that belong to the Takagi class we
start with a couple of lemmas.

Lemma 5.6. A sequence w is the difference of two sequences satisfying
the condition if and only if the sequence

(3w

n
k=n

1s the difference of two non decreasing and non positive sequences.

Proof. If w is the difference of two sequences satisfying the condition
, then the condition holds by Lemma . Conversely, if

o

n

2 E WE = Uy — Up,
k=n
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with u = (u,), and v = (v,), non positive and non decreasing, then
w, = (27" u, — 2_(”+1)un+1) — (27", — 2_("+1)vn+1),

and both (27", — 2=V, 1), and (27w, —2~ "y, 1), satisfy the
condition by Lemma again. U
Lemma 5.7. A sequence (c,) is the difference of two non decreasing
and non positive sequences (ay)n and (by)n, if and only if

o

(5.3) D e = enpa| < Foc.

n=1
Proof. 1f ¢, = a,, — by,, with (a,), and (b,), non decreasing and non
positive, then
’Cn - Cn+1| < ’an - anJrl’ + ’bn - bn+1’ = dp4+1 — Qp + bn+1 - bn7

hence

Z len — cuy1| < —aq +lima, — by +1limb,, < 4o0.

n=1

Conversely, if (5.3) holds, then (¢,), is convergent. Let v > 0 and we
define

bm:7+|hm6n|+2|0n—cn+1| and A, = by + Cin.-

n=m

It is clear that ¢,, = a,, — by, = —by, — (—ay,), and that (b,,),, is non
negative and non increasing. Moreover,

o
A = Cp + v+ | lim e, | + Z |en — gl

n=m
o o0
= Z(cn — Cpy1) + lime, + v+ |lime,| + Z len — Cpt1| =7 >0
n n
=m n=m
and
A — Qm+1 = Cm — Cm41 + ’Cm - Cm+1‘ > 07

which gives us the result. U

Proposition 5.8. The sequence w may be written as v — u with u,v
satisfying the condition if and only if B € (.

Proof. We have that w = u — v with u, v satisfying the condition ((C])
if and only if the sequence

(23 w)

k

o
n

n
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is the difference of two non decreasing and non positive sequences by
Lemma [5.6 which is the case if and only if

o [o@) o0 o0 x
g 2" w,, — E wk‘: E " E wy — 27+ E wk‘ < +o00
n=1 k=n+1 n=1 k=n k=n+1

by Lemma O
The next result follows immediately from Corollary [5.3]

Corollary 5.9. The function T, is the difference of two piecewise con-
vex functions of the Takagi class if and only if Tt has bounded varia-
tion.

Collecting the results that we have presented above we obtain The-
orem and we finish this section observing the following dichotomy:.

Lemma 5.10. The set T of points x such that T,, has Taylor expansion
of order two at x s either a null set or it has measure one.

Proof. Let I,,I, € F,, and let G be the translation that satisfies
G(I,) = I,. It is immediate that T, has Taylor expansion of order two
at x € [ if and only if T}, has Taylor expansion of order two at G(z),
since this property does not depend on the first n digits of the binary
expansion of z, and x and G(x) have the same digits ¢, for every k > n.
From this fact we deduce that £L(I NT) = 2""L(T) = L(I)L(T) for
every I € F,.

We may split every interval J C [0, 1] as a disjoint union of a count-
able number of intervals belonging to different F,, plus a null set (points
belonging to D). Hence L(JNT) = L(J)L(T) for every interval J,

and it is well known that this implies our result. O

The next proposition follows immediately from the previous lemma,

Theorem and Corollary

Proposition 5.11. Iflim, 2"w, exists, then the set of points where T,
has Taylor expansion of order two is a null set with Hausdorff dimen-
sion one if and only if B ¢ (1.

In view of the results obtained above, we conclude that two mutually
exclusive alternatives arise when lim,, 2™w,, exists:

(1) TF has bounded variation and equivalently T,, has Taylor ex-
pansion of order two a.e., or

(2) Tt does not have bounded variation and equivalently 7,, has
Taylor expansion of order two at a null set of Hausdorff dimen-
sion one.

Example 5.12. For the sequence w defined by w, = (G i T, has

n2n 7
Taylor expansion of order two at a null set of Hausdorff dimension one.
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Example 5.13. For the sequence w defined by w, = %, T, has
Taylor expansion of order two a.e. Observe that it is neither convex
nor concave, although it can be split as the difference of two concave

functions, namely u, = —= if n is even and u,, = 0 for n odd; and
n2an Y

U, = HQ# if n is odd and v,, = 0 for n even.

6. THE STEPANOV CONDITION

Before getting started, we must point out that the proof of Lemma
provides us a stronger result:

Lemma 6.1. If T, satisfies a Stepanov condition of order two at some
point x, then there exists M > 0 such that 2"|w,| < M for every n.

We will begin by studying the case x € D which is the easiest one.
Before proceeding, we highlight the following facts that will enable us
to simplify the proofs of the results.

Assume that z € D,, .1 ~ D,,. This implies that x is the midpoint of
some connected component of F,, and we may write 7T, around x as

Tu(2) = L)+ 3 wigs(2)

with L a linear function. Let a := w,, — Z;’inﬂ wj;. If @ # 0 then T,
is not derivable at x, hence it cannot fulfil the Stepanov condition at
this point. Therefore, we obtain that a = 0 is a necessary condition in

order that T, satisfies a Stepanov condition of order two.

Proposition 6.2. Let x € D,,1 ~ D,,. Then, T, satisfies a Stepanov
condition of order two at x if and only if T,, derivable at x and there
exists M > 0 such that 2"|w,| < M for every n.

Proof. Tt is enough to prove the sufficiency part. We may assume that

n =1, that is = %, and by (2.3) and ([2.4) we have T),(z) = w; —
> —pywj =0, hence we have to estimate T, (z + h) — Tp,(x). Assume
that h > 0, we have

Tz +h) = Tu(z) = wi(gi(z +h) = g1(2)) + D wyg;(x + h)

=2
=2 =2
In particular, if 2=™*+Y) < A < 27™ then
To(x + h) = Tu(x)] = | > wjlg;(x+h) — h)‘ < ) fwslh < 2MB2%
=2 j=m+1
The proof for h < 0 is identical since T,,(x + h) = T,,(x — h). O

Now, we consider the situation x ¢ D.
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Lemma 6.3. If T,, satisfies a Stepanov condition of order 2 at x ¢ D,
then there exists M > 0 such that 2+1|3,| < M for every n € N.

Proof. Let K > 0 satisfy that |w,| < K27 for every n, and |T,,(z +
h) — Ty(z) — T, (x)h| < Kh? for |h| small. Let n € N,. If we take
hn = g (2)2-(+kn+1) with n big enough, then

K272(n+kn+1) > |Tw(x -+ hn) — Tw(ﬂf) - quu(x>hn|

n+kn1 [e’e]
= Z w;(g;(x + hy) = g5(2) — gi(x)hn) — hy, Z w;g5()].
j:n ]:n+1+kn+1

Hence we obtain

n+kn+l
> wilgi(z + hn) — gi(x) — gj(x)hn)
Jj=n
S K2—2(n+kn+1) + hn Z wjg;(x) S 2K2_2(n+kn+l)-
j=n+1+kni1

Furthermore, if we denote r,, = —2""*+1(g, (z+h,) — gn(z) — ¢, (2) hy),
we have that r, € (1,2) and

n+knt1

> wilgi(x + ) = gi(x) — gj(x)hn)

j=n

92(ntkn+1)

> 2 |By| = 20Ny
j=n+kni1+1

o0

R L Y]
j:n+kn+1+1

where the equality follows by Lemma |4.5| Finally, we conclude

o0

2knit || < 2K 4 2ntRnett N | < AR
Jj=n+kp41+1

Lemma 6.4. Let x ¢ D. If there exists M > 0 such that

(1) 2™w,| < M for every n, and
(2) 2kt13, < M for every n € N,

then T, satisfies a Stepanov condition of order 2 at x.
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Proof. Let 2=+ < h < 27" we may assume that n is big enough
such that €;, = 0 and €, = 1 for some j;,jo < n. If ¢, = 0 then

Tw(x + h) — Tyy(x) — AT (2)

h2
1 o0
=33 ij(g](x +h) —g;(x) hg;(q:))‘
j=n
2 — o e M
< 2Dl <2y o =8M
J=n j=n

since z,x + h € (an,b,) and consequently g; is linear on [z, z + h] for
every j < n.

If £, = 1, let us denote m(n) = max{j < n:e; = 0}. We have that
m(n) € N and m(n) + 1 + kpyy11 > n. We get

oo

\T(z + h) — To(x) — AT, (2

i(95(x +h) = g;(x) — hgj(z))

since & € (Amn), Cm(n)) Which 1mphes that © + h € (amm), b)) In
order to estimate the right side of the formula, similarly to that we did
in Lemma 4.5 we observe

gi( + 1) = g;(2) = hgj(2) = =(gmm) (& + 1) = Gon() (€) = 11 (7))

for every m(n) < j < n. Hence we have

[e.9]

S g+ h) — gy(a) - hg;<:c>>\

j=m(n)

j=m(n)+1
+| Y wilgi(x +h) = g;(x) — hgj(x))
j=n+1
< Qh)wm(n Z wj‘ + 2h Z |w;|

j= mn)+1 Jj=n+1

2h
j=n+1
which implies
T(z + h) — T,(z) — hT,(x)|

lim sup < +00.
h—0+t h?

The case h < 0 follows from the symmetry of T5,. O
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Lemmas [6.1], [6.3] and [6.4] give us the following result:

Theorem 6.5. The function T,, satisfies a Stepanov condition of order
2 at z ¢ D if and only if there exists M > 0 such that

(1) 2™w,| < M for every n, and

(2) 2knt13, < M for every n € N.

With respect to the set of points where T, satisfies a Stepanov con-
dition of order two, we have the following result as an immediate con-
sequence of Theorem [6.5]

Corollary 6.6. If there exists M > 0 such that 2"|w,| < M for every
n, then T, satisfies a Stepanov condition of order two at every x € A,

which is defined by (4.1]).

In addition, Calderon-Zygmund’s result (see [5, Theorem 5]) gives
us the following:

Theorem 6.7. The following statements are equivalent:

(1) Ty has Taylor expansion of order two a.e.
(2) T, satisfies a Stepanov condition of order two a.e.

(3) Bert.

Proceeding as in Lemma [5.10, we deduce the next result analogous
to Proposition [5.11}

Proposition 6.8. If there exists M > 0 such that 2"|w,| < M for
every n, then the set of points where T, satisfies a Stepanov condition
of order two is a null set with Hausdorff dimension one if and only if

B¢l
Lastly, we present some interesting examples:

Example 6.9. As we saw above, for the sequence w defined by w,, =
%, T, has Taylor expansion of order two (and satisfies the Stepanov
condition of order two) a.e. However there exist points x such that T,
satisfies the Stepanov condition of order two at x but it does not have

Taylor expansion of order two at x

Proof. 1t is enough to consider z defined in the following way: ¢, = 1 if
n = n,, for some m, and €,, = 0 otherwise, where we define recursively
the increasing sequence (n,, ), by n1 = 1, and ny,11 = ny,+[2logy ny, |+
2.

The sequence w satisfies lim,, 2"w, = 0 and 8 € ¢*. The point x
satisfies that if n > 2 then n € N, if and only if either n = n,, or
n = n, — 1 for some m. Moreover k,, = 0 and k, 1 = [21log, nm].
Hence lim,, 2= 3, _; =0, but

1 1 1
22| B, | = 2R B | > S| B | 2 510,20 [ | = 5

which is bounded but does not converge to 0. U
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Example 6.10. Let us consider the sequence w defined by w,, = (;i)n.
Then, T}, has nowhere Taylor expansion of order two but it satisfies the
Stepanov condition of order two at every point of the set A.

Example 6.11. For the sequence w, = r™™ with 1 < r < 2, the
function T, satisfies nowhere the Stepanov condition of order two.
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