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MARÍA JESÚS CARRO, VIRGINIA NAIBO, AND CARMEN ORTIZ-CARABALLO

ABSTRACT. We study new aspects of the solvability of the classical Neumann boundary value prob-
lem in a graph Lipschitz domain in the plane. When the domain is the upper half-plane, the boundary
data is assumed to belong to weighted Lebesgue or weighted Lorentz spaces; we show that the solv-
ability of the Neumann problem in these settings may be characterized in terms of Muckenhoupt
weights and related weights, respectively. For a general graph Lipschitz domain Ω, as proved in an
unpublished work by E. Fabes and C. Kenig, there exists εΩ > 0 such that the Neumann problem is
solvable with data in Lp(∂Ω) for 1 < p < 2+εΩ; we review the proof of this result and show that the
Neumann problem is solvable at the endpoint 2 + εΩ with data in the Lorentz space L2+εΩ,1(∂Ω).
We present examples of our results in Schwarz-Christoffel Lipschitz domains and related domains.

1. INTRODUCTION AND MAIN RESULTS

Let Ω be a domain in Rn and consider the classical Neumann boundary value problem in Ω :

∆v = 0 on Ω and ∇v · n = g on ∂Ω, (1.1)

where ∆ is the Laplacian operator and n denotes the outward unit normal vector to ∂Ω. For
bounded domains, one must also assume that

∫
∂Ω
g dσ = 0, where σ denotes surface measure

on ∂Ω. The solvability of (1.1) with data g in Lp(∂Ω) has been extensively studied for different
types of domains Ω. Fabes–Jodeit–Riviere [8] considered the Neumann problem in a bounded
domain Ω ⊂ Rn with C1 boundary and n ≥ 3 and proved that (1.1) is solvable in Lp(∂Ω) for
any 1 < p < ∞. Later on, Jerison–Kenig [14] proved that the Neumann problem is solvable in
L2(∂Ω) for bounded Lipschitz domains Ω ⊂ Rn and n ≥ 3. This result was extended by Dahlberg–
Kenig [5], who showed that the Neumann problem in bounded Lipschitz domains Ω ⊂ Rn with
n ≥ 3 is solvable in Lp(∂Ω) for 1 < p < 2 + εΩ, where εΩ depends only on Ω and the range for
p is sharp (see also Kenig [17]). An analogous result for Lipschitz domains Ω that are graphs was
also proved in Dahlberg–Kenig [5] in dimensions n ≥ 3 while the corresponding case for n = 2
was obtained by E. Fabes and C. Kenig (unpublished, see Jerison–Kenig [14, Remark (d), p. 207]
and Kenig [15, p. 270]). In all of these results, the equality ∇v · n = g is interpreted in terms
of non-tangential convergence; moreover, it is shown that ‖Mα(∇v)‖Lp(∂Ω) . ‖g‖Lp(∂Ω), with
constants independent of g, where Mα is the non-tangential maximal operator corresponding to
cones with aperture α.

In this article, we treat the solvability of the Neumann problem in a graph Lipschitz domain
Ω ⊂ C with boundary data in Lebesgue, Lorentz and Lorentz-related spaces; in particular, we
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2 The Neumann problem in graph Lipschitz domains in the plane

obtain new results regarding the solvability of (1.1) corresponding to the endpoint p = 2 + εΩ.
Before stating our results, we describe with more details the setting for the Neumann problem in a
graph Lipschitz domain.

Let Λ be a curve in the complex plane given parametrically by ξ(x) = x + iγ(x) for x ∈ R,
where γ is a real-valued Lipschitz function with constant L, and consider the Lipschitz domain

Ω = {z1 + iz2 ∈ C : z2 > γ(z1)}. (1.2)

For the rest of this manuscript, Ω will be a graph Lipschitz domain as defined in (1.2) with Λ and
L as given above; note that ∂Ω = Λ.

Given 0 < α < arctan(1/L), define the non-tangential maximal operatorMα as

Mα(F )(ξ) = sup
z∈Γα(ξ)

|F (z)|, ξ ∈ Λ,

where F is a complex-valued function defined in Ω and

Γα(ξ) = {z1 + iz2 ∈ C : z2 > Im(ξ) and |Re(ξ)− z1| < tan(α)|z2 − Im(ξ)|}.

Definition 1.1. For a locally integrable function g in Λ, a function v defined on Ω is a solution of
the Neumann problem (1.1) in Ω with datum g if v is harmonic in Ω and ∇v · n converges non-
tangentially to g almost everywhere in Λ with respect to arc length measure, that is, there exists
0 < α < arctan(1/L) such that limz∈Γα(ξ),z→ξ∇v(z) · n(ξ) = g(ξ) for almost every ξ ∈ Λ.

In the sequel, we will use the notation z C ξ to mean that z → ξ with z ∈ Γα(ξ) for some
0 < α < arctan(1/L).

Definition 1.2. If X is a Banach space of measurable functions defined on Λ, we say that the
Neumann problem in Ω is solvable in X if there exist a Banach space Y of measurable functions
defined on Λ and 0 < α < arctan(1/L) such that for every g ∈ X there exists a solution vg of the
Neumann problem in Ω with datum g and

‖Mα(∇vg)‖Y . ‖g‖X ,
where the implicit constant is independent of g and, ‖ · ‖X and ‖ · ‖Y denote the norms in X and
Y, respectively.

Our first stated result, Theorem 1.3 below, is in the context of the upper half-plane R2
+ and

weighted Lebesgue, weighted Lorentz and weighted Lorentz-related spaces in the real line. We
then use this result to address the Neumann problem in Ω with data in Lebesgue and Lorentz
spaces in Λ as presented in Theorems 1.4 and 1.5 below.

In the following, Ap(R) denotes the Muckenhoupt class of weights in R, which characterizes
the boundedness of the Hardy-Littlewood maximal operator on the weighted Lebesgue spaces
Lp(R, w) if 1 < p < ∞ and from L1(R, w) to the Lorentz space L1,∞(R, w) if p = 1, while
ARp (R) stands for the class of weights w in R that characterizes the boundedness of the Hardy-
Littlewood maximal operator from the weighted Lorentz space Lp,1(R, w) to the weighted Lorentz
space Lp,∞(R, w); it holds that A1(R) = AR1 (R) and Ap(R) ( ARp (R) if 1 < p <∞. For a weight
w in R, the notation Lp,1(R, w) (respectively, Lp,∞(R, w)) is used for the space of functions f
such that fw−1 ∈ Lp,1(R, w) (respectively, Lp,∞(R, w)). For 1 ≤ p ≤ ∞, p′ denotes the conjugate
exponent of p, i.e. 1/p+1/p′ = 1.We direct the reader to Section 2 for detailed definitions, related
results and references.

Theorem 1.3 (Solvability of the Neumann problem in the upper half-plane). The Neumann prob-
lem in R2

+ is solvable in the following settings:
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(a) X = Y = Lp(R, w), 1 < p <∞ and w ∈ Ap(R);
(b) X = Lp,1(R, w), Y = Lp,∞(R, w), 1 ≤ p <∞ and w ∈ ARp (R);

(c) X = Lp,1(R, w), Y = Lp,∞(R, w), 1 < p <∞, w ∈ ARp′(R).

Moreover, the converses of (a) and (b) hold:
(e) if 1 < p <∞, w is a weight in R and the Neumann problem is solvable in X = Lp(R, w) with

Y = Lp(R, w), then w ∈ Ap(R);
(f) if 1 ≤ p < ∞, w is a weight in R and the Neumann problem is solvable in X = Lp,1(R, w)

with Y = Lp,∞(R, w), then w ∈ ARp (R).

In the what follows, Φ : R2
+ −→ Ω is a conformal mapping that extends as a homeomorphism

from R2
+ onto Ω. It turns out that Φ′(x) exists for almost every x ∈ R and is locally integrable;

moreover, |Φ′| ∈ A2(R). Additional details and references are included in Section 4.1. We define
pΦ such that the conjugate exponent p′Φ is given by

p′Φ = inf{q ∈ [1,∞) : |Φ′| ∈ Aq(R)}
and we note that pΦ > 2 since |Φ′| ∈ A2(R).

The result stated next, Theorem 1.4, relates to the unplublished work by E. Fabes and C. Kenig
mentioned in the introduction (see Jerison–Kenig [14, Remark (d), p. 207] and Kenig [15, p. 270]):
given a Lipschitz domain Ω contained in R2, there exists εΩ > 0 such that if 1 < p < 2 + εΩ, then
the Neumann problem is solvable in Lp(Λ). Our next result shows that such 2 + εΩ can be taken to
be equal to pΦ.

Theorem 1.4 (Solvability of the Neumann problem in Lp(Λ)). If 1 < p < pΦ, then the Neumann
problem in Ω is solvable in X = Lp(Λ) with Y = Lp(Λ); this is, for each g ∈ Lp(Λ) there exists a
solution vg of the Neumann problem in Ω with datum g such that

‖Mα(∇vg)‖Lp(Λ) . ‖g‖Lp(Λ), (1.3)

where 0 < α < arctan(1/L) and the implicit constant is independent of g.

Assuming pΦ <∞, the condition 1 < p < pΦ in Theorem 1.4 is equivalent to |Φ′| ∈ Ap′(R) and
we have that |Φ′| /∈ Ap′Φ(R). The next theorem addresses the solvability of the Neumann problem
in Ω for the endpoint p = pΦ assuming |Φ′| belongs to the larger class ARp′Φ(R) (see (2.4)).

Theorem 1.5 (Solvability of the Neumann problem in LpΦ,1(Λ)). If pΦ < ∞ and |Φ′| ∈ ARp′Φ(R),

the Neumann problem in Ω is solvable in X = LpΦ,1(Λ) with Y = LpΦ,∞(Λ); this is, for each
g ∈ LpΦ,1(Λ) there exists a solution vg of the Neumann problem in Ω with datum g such that

‖Mα(∇vg)‖LpΦ,∞(Λ) . ‖g‖LpΦ,1(Λ), (1.4)

where 0 < α < arctan(1/L) and the implicit constant is independent of g.

Remark 1.6. A statement of Theorem 1.5 for p such that pΦ < p <∞ instead of pΦ does not make
sense. Indeed, the assumption |Φ′| ∈ ARp′(R) for some pΦ < p < ∞ implies that |Φ′| ∈ Ap′+ε(R)
for all ε > 0 (see (2.4)), which contradicts the fact that, by the definition of pΦ, |Φ′| /∈ Aq(R) for
1 ≤ q ≤ p′Φ.

The proofs of Theorems 1.4 and 1.5 make use of Theorem 1.3 and are inspired by tools and tech-
niques from Kenig [15, 16]. More precisely, the existence of a solution of the Neumann problem
in Ω with data in Lp(Λ) for 1 < p < pΦ (respectively, LpΦ,1(Λ)) follows from the existence of a
solution of the Neumann problem in R2

+ with data in Lp(R, |Φ′|1−p) (respectively, LpΦ,1(R, |Φ′|)).
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Likewise, the estimates associated to the non-tangential maximal operator for the Newman prob-
lem in Ω are obtained from corresponding estimates for the Neumann problem in R2

+ coupled with
the theory of Hardy spaces developed in Kenig [15] and new results presented here about Hardy
and weak Hardy spaces (Lemmas 4.1, 4.2 and 4.4).

The organization of the article is as follows. In Section 2, we present notation and preliminaries
associated to the proof of Theorem 1.3 (solvability of the Neumann problem in the upper half-
plane), which is carried out in Section 3. The solvability of the Neumann problem in a general
Lipschitz domain Ω is addressed in Section 4: In Section 4.1, we include corresponding notation
and preliminaries; in Section 4.2, we treat the solvability of the Neumann problem in Lp(Λ) for
1 < p < pΦ (Theorem 1.4); Section 4.3 is devoted to the solvability of the Neumann problem
in LpΦ,1(Λ) (Theorem 1.5); finally, in Section 4.4, we give the proofs of several lemmas related
to weighted Hardy spaces used in the proofs of the main results. Section 5 contains examples
of our results in domains Ω where Λ is a polygonal curve with a finite or a countably infinite
number of vertices (Schwarz-Christoffel Lipschitz domains and related domains); we also include
a comparison regarding the solvability of the Neumann problem and the corresponding Dirichlet
problem in a given domain Ω. For the purpose of self-containment, Appendix A includes several
lemmas from Kenig [16] that are used throughout the proofs in Section 4.

2. NOTATION AND PRELIMINARIES

In this section, we introduce notation and definitions associated to the results on the solvability
of the Neumann problem in the upper half-plane; we also state and prove some lemmas that will
be used in the proof of Theorem 1.3.

Let w be a weight on R, i.e. a non-negative locally integrable function defined in R, and 1 ≤
p ≤ ∞. We will denote by Lp(R, w) the space of measurable functions f : R→ C such that

‖f‖Lp(R,w) =

(∫
R
|f(x)|pw(x) dx

) 1
p

<∞,

with the corresponding changes for p = ∞. For 1 ≤ p < ∞, the Lorentz spaces Lp,1(R, w) and
Lp,∞(R, w) are defined as the classes of measurable functions f : R→ C such that, respectively,

‖f‖Lp,1(R,w) =

∫ ∞
0

(
λwf (x)

) 1
p dx =

1

p

∫ ∞
0

f ∗w(x)x
1
p
−1dx <∞,

‖f‖Lp,∞(R,w) = sup
x>0

x
(
λwf (x)

) 1
p = sup

x>0
x

1
pf ∗w(x) <∞,

where λwf is given by λwf (x) = w({t ∈ R : |f(t)| > x}), with w(A) =
∫
A
w(x)dx for A a

measurable subset of R, and f ∗w is the decreasing rearrangement of f with respect to w, that is
f ∗w(x) = inf{t > 0 : λwf (t) ≤ x}.We note thatL1,1(R, w) = L1(R, w). Finally, for 1 < p <∞,we
will use the notationsLp,1(R, w) andLp,∞(R, w) for the spaces of measurable functions f : R→ C
such that

‖f‖Lp,1(R,w) = ‖fw−1‖Lp,1(R,w) <∞,
‖f‖Lp,∞(R,w) = ‖fw−1‖Lp,∞(R,w) <∞.

Note that the fact that Lp,1(R, w) ⊂ Lp(R, w) continuously implies that Lp,1(R, w) ⊂ Lp(R, w1−p)
continuoulsy.

When w ≡ 1, we will drop w in the notations introduced above; for instance, Lp(R) means the
space Lp(R, w) when w ≡ 1. The notation Cc(R) is used for the class of continuos functions in
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R that have compact support and L1
c(R) denotes the subspace of compactly supported functions of

L1(R).
The Hardy-Littlewood maximal operator will be denoted byMhl; it is defined for locally inte-

grable functions f on R by

Mhlf(x) = sup
x∈I

1

|I|

∫
I

|f(x)| dx,

where the supremum is taken over all intervals I ⊂ R that contain x and, for a measurable set
A ⊂ R, |A| denotes the Lebesgue measure of A.

For ε > 0, we use the notationHε for the truncated Hilbert transform, that is,

Hεf(x) =

∫
|y|>ε

f(x− y)

y
dy,

and denote by H and H∗ the Hilbert transform and the maximal Hilbert transform, respectively;
that is,

Hf(x) = lim
ε→0

∫
|y|>ε

f(x− y)

y
dy and H∗f(x) = sup

ε>0

∣∣∣∣∫
|y|>ε

f(x− y)

y
dy

∣∣∣∣ .
We next define the classes of weights to be considered in R: the well-known Muckenhoupt class

Ap(R) and the larger class ARp (R). If 1 < p <∞, w belongs to Ap(R) if

‖w‖Ap = sup
I⊂R

(
1

|I|

∫
I

w(x)dx

)(
1

|I|

∫
I

w(x)1−p′dx

)p−1

<∞, (2.1)

where the supremum is taken over all intervals contained in R. Note that the above condition can
be rewritten as

sup
I⊂R

1

|I|
‖χI‖Lp(R,w)‖χIw−1‖Lp′ (R,w) <∞.

We say that w ∈ A1(R) if

‖w‖A1 = ess sup
x∈R

Mhlw(x)

w(x)
<∞.

We recall that if f ∈ L1
c(R) is such thatMhlf(x) < ∞ for almost every x ∈ R and 0 < δ < 1,

then (Mhlf)δ ∈ A1(R); and, for 1 < p <∞, w ∈ Ap(R) if and only ifw1−p′ ∈ Ap′(R).Moreover,
Ap(R) ⊂ Aq(R) if p < q.

We set A∞(R) = ∪p≥1Ap(R) and recall that weights in A∞(R) satisfy the reverse Hölder’s
inequality: if w ∈ A∞(R), there exists ε > 0 such that(

1

|I|

∫
I

w(x)1+ε dx

) 1
1+ε

.
1

|I|

∫
I

w(x) dx, (2.2)

for all intervals I ⊂ R.
For 1 ≤ p <∞, w ∈ ARp (R) if

‖w‖ARp = sup
E⊂I

|E|
|I|

(
w(I)

w(E)

)1/p

<∞,

where the supremum is taken over all intervals I ⊂ R and all measurable sets E ⊂ I. This
condition is equivalent to

sup
I⊂R

1

|I|
‖χI‖Lp,1(R,w)‖χIw−1‖Lp′,∞(R,w) <∞, (2.3)
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where the supremum is taken over all intervals I ⊂ R. We have A1(R) = AR1 (R) and, for 1 < p <
∞,

Ap(R) ( ARp (R) ( ∩ε>0Ap+ε(R). (2.4)
We refer the reader to Carro–Ortiz-Caraballo [3, p. 2019] for examples regarding the strict inclu-
sions.

The following theorem summarizes known results regarding boundedness properties ofMhl,H
andH∗ in weighted spaces that will be used throughout the article.

Theorem 2.1. Let 1 < p <∞.
(a) Mhl, H and H∗ are bounded from Lp(R, w) to Lp(R, w) if and only if w ∈ Ap(R) andMhl,
H and H∗ are bounded from L1(R, w) to L1,∞(R, w) if and only if w ∈ A1(R); see Mucken-
houpt [21] forMhl and Hunt–Muckenhoupt–Wheeden [13] forH andH∗.

(b) Mhl is bounded from Lp,∞(R, w) to Lp,∞(R, w) if and only if w ∈ Ap(R); see Chung–Hunt–
Kurtz [4].

(c) Mhl is bounded from Lp,1(R, w) to Lp,∞(R, w) if and only ifw ∈ ARp (R); see [4] and Kerman–
Torchinsky [18].

(d) H∗ is bounded from Lp,1(R, w) to Lp,∞(R, w) for w ∈ ARp (R); see [4].
(e) H is bounded from Lp,1(R, w) to Lp,∞(R, w) if and only if w ∈ ARp (R).

For part (e) of Theorem 2.1, the fact that H is bounded from Lp,1(R, w) to Lp,∞(R, w) if w ∈
ARp (R) follows from part (d) of Theorem 2.1. The converse is a consequence of Agora–Carro–
Soria [1, Theorem 1.1], which gives that ifH is bounded from Lp,1(R, w) to Lp,∞(R, w) thenMhl

is bounded from Lp,1(R, w) to Lp,∞(R, w); part (c) of Theorem 2.1 then implies that w ∈ ARp (R).

We next state and prove two lemmas that will be used in Section 3. Lemma 2.2 is concerned
with dense subsets of Lp(R, w), Lp,1(R, w) and Lp,1(R, w) for general weights while Lemma 2.3
presents estimates for weights in the classes defined above.

Lemma 2.2. Let w be a weight on R and 1 ≤ p <∞.
(a) Cc(R) is dense in Lp(R, w).
(b) Cc(R) ∩ Lp,1(R, w) is dense in Lp,1(R, w).
(c) L1

c(R) ∩ Lp,1(R, w) is dense in Lp,1(R, w).

Proof. We first prove (a) and (b) together and then we prove (c).

Proof of (a) and (b): Since finite linear combinations of characteristic functions of measurable
sets E such that w(E) is finite are dense in Lp(R, w) and Lp,1(R, w) (see Grafakos [12, Theorem
1.4.13]), it is enough to show that if E is such a set and ε > 0, then there exists h ∈ Cc(R)
(respectively, h ∈ Cc(R) ∩ Lp,1(R, w)) such that ‖χE − h‖Lp(R,w) < ε (respectively, ‖χE −
h‖Lp,1(R,w) < ε). In turn, we may assume that E is bounded and contained in an open interval I
sufficiently large (since χEk → χE in Lp(R, w) and Lp,1(R, w) with Ek = E ∩ (−k, k)).

Since wχI ∈ L1(R), there exists δ > 0 such that if A ⊂ R is measurable and |A| < δ then
w(A∩I) < εp. Let U andK be open and closed sets in R, respectively, such thatK ⊂ E ⊂ U ⊂ I
and |U \K| < δ and let h ∈ Cc(R) be a function with values in [0, 1] such that |χE(x)− h(x)| ≤
χU\K(x). Then, we have, for X = Lp(R, w) or X = Lp,1(R, w),

‖χE − h‖X ≤ ‖χU\K‖X = w(U \K)1/p < ε,

as desired.
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Proof of (c): Let f ∈ Lp,1(R, w), then f = gw with g ∈ Lp,1(R, w). Since Cc(R)∩Lp,1(R, w) is
dense in Lp,1(R, w), there exists {gm}m∈N ⊂ Cc(R) ∩ Lp,1(R, w) such that gm → g in Lp,1(R, w).
Set fm = gmw; then fm ∈ L1

c(R) ∩ Lp,1(R, w) and we have,

‖fm − f‖Lp,1(R,w) = ‖gm − g‖Lp,1(R,w) → 0,

which proves the desired result. �

Lemma 2.3. Let w be a weight in R.
(a) If 1 < p <∞ and w ∈ Ap(R), then∫

R

w(x)

(t+ |x0 − x|)p
dx .

1

tp

∫
|x0−x|<t

w(x) dx, ∀x0 ∈ R, t > 0.

(b) If 1 < p <∞ and w ∈ ARp (R), then

‖w−1(·)(1 + | · |)−1‖Lp′,∞(R,w) <∞.

Proof. We first prove (a) and then (b).

Proof of (a): For x ∈ R, we have that |y − x0| < t implies |y − x| < t+ |x− x0|. Then,

Mhl(χ(x0−t,x0+t))(x) ≥ 1

2(t+ |x− x0|)

∫
|y−x|<t+|x−x0|

χ(x0−t,x0+t)(y) dy =
t

t+ |x− x0|
.

SinceMhl is bounded on Lp(R, w) for w ∈ Ap(R), we obtain∫
Rn

w(x)

(t+ |x0 − x|)p
dx ≤ 1

tp
‖Mhl(χx0−t,x0+t)‖pLp(R,w)

.
1

tp
‖χ(x0−t,x0+t)‖pLp(R,w) =

1

tp

∫
|x0−x|<t

w(x) dx,

as desired.

Proof of (b): Let I0 = [0, 1) and Ik = [2k−1, 2k) for k ∈ N. We have

‖w−1(·)(1 + | · |)−1‖p
′

Lp′,∞(R,w)
= sup

y>0
yp
′
∫
{x∈R:w(x)(1+|x|)< 1

y
}
w(x)dx

= sup
y>0

yp
′
∞∑
k=0

∫
{x∈R:|x|∈Ik and w(x)(1+|x|)< 1

y
}
w(x)dx

≤ sup
y>0

yp
′
∞∑
k=0

∫
{x∈R:|x|∈Ik and w(x)< 2

2ky
}
w(x)dx

≤ 2p
′
∞∑
k=0

2−kp
′
sup
z>0

zp
′
∫
{x∈R:|x|≤2k and w−1(x)>z}

w(x)dx

= 2p
′
∞∑
k=0

2−kp
′‖χ(−2k,2k)w

−1‖p
′

Lp′,∞(R,w)
.

Since w ∈ ARp (R), (2.3) gives

‖χ(−2k,2k)w
−1‖p

′

Lp′,∞(w)
.

2kp
′

w((−2k, 2k))p′/p
,
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and therefore

‖w−1(·)(1 + |x|)−1‖p
′

Lp′,∞(R,w)
.

∞∑
k=0

1

w((−2k, 2k))p′/p
. (2.5)

Taking into account that w ∈ A∞(R), the reverse Hölder inequality (2.2) implies that there exists
ε > 0 such that (

1

2k

∫ 2k

−2k
w(x)1+ε dx

) 1
1+ε

.
1

2k

∫ 2k

−2k
w(x) dx, ∀k ∈ N0.

As a consequence, we have

w((−2k, 2k)) & 2
kε

1+ε

(∫ 1

−1

w(x)1+ε dx

) 1
1+ε

,

which implies that the series on the right-hand side of (2.5) converges and the desired result fol-
lows. �

We end this section by stating a particular case of Lerner [20, Theorem 4.2] regarding operators
associated to sparse families of cubes in Rn, which will be used in the proof of Lemma 3.2 re-
garding the solvability of the Neumann problem in the upper half-plane in the space Lp,1(w) with
w ∈ ARp′(R).

Given 0 < η < 1, a family S of cubes contained in Rn is said to be η-sparse if for every Q ∈ S,
there exists a measurable set EQ ⊂ Q such that |EQ| ≥ η|Q| and the sets {EQ}Q∈S are pairwise
disjoint. A family of cubes is sparse if it is η-sparse for some 0 < η < 1. For a cube Q ⊂ Rn and
a constance c > 0, cQ will denote the cube with the same center as Q and side length c times the
side length of Q.

Theorem 2.4 (Theorem 4.2 in Lerner [20]). Let T be a sublinear operator defined on functions of
Rn such that T andMT are bounded from L1(R) to L1,∞(R), where

MT (f)(x) = sup
Q:x∈Q

ess sup
ξ∈Q

|T (fχRn\3Q)(ξ)|,

with the supremum taken over all cubes Q ⊂ Rn that contain x. Then, for every f ∈ L1
c(Rn), there

exists a sparse family S such that

|T (f)(x)| ≤ CAS(|f |)(x), a.e.x ∈ Rn,

where C = Cn(‖T‖L1→L1,∞ + ‖MT‖L1→L1,∞) and

AS(f)(x) =
∑
Q∈S

1

|Q|

∫
Q

f(y) dy χQ(x).

3. SOLVABILITY OF THE NEUMANN PROBLEM IN THE UPPER HALF-PLANE

In this section we will prove Theorem 1.3, which states that the Neumann problem in the up-
per half-plane is solvable in Lp(R, w) with w ∈ Ap(R), in Lp,1(R, w) with w ∈ ARp (R) and in
Lp,1(R, w) with w ∈ ARp′(R).

In Section 3.1, after presenting some preliminaries, we state and prove Lemmas 3.1 and 3.2 to
be used in the proof of Theorem 1.3. Lemma 3.1 states that uf as given in equation (3.1) is a well-
defined harmonic function for f in any of the above function spaces as well as a result regarding
convergence of sequences of such harmonic functions. Lemma 3.2 shows that the non-tangential
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maximal operator is bounded appropriately in dense subsets of the function spaces of interest to
Theorem 1.3. The proof of Theorem 1.3 is completed in Section 3.2

3.1. Proof of Theorem 1.3: preliminaries and some lemmas. Let f ∈ L1(R) and define

uf (y1, y2) :=
1

π

∫
R

log

(√
(y1−x)2+y2

2

(1+|x|)

)
f(x) dx, (y1, y2) ∈ R2

+. (3.1)

Note that, as proved in Armitage [2, Lemma 1 and p. 103], for every compact set K ⊂ R2
+ there is

a constant CK > 0 such that

(1 + |x|)
∣∣∣∣log

(√
(y1−x)2+y2

2

(1+|x|)

)∣∣∣∣ ≤ CK , ∀x ∈ R, (y1, y2) ∈ K. (3.2)

In particular, uf is well-defined on R2
+.

The estimate (3.2) and the Dominated Convergence Theorem imply that uf is continuous in
R2

+. Applying Fubini’s theorem, the mean value property follows at every point of R2
+ from the

fact that log
(√

(y1 − x)2 + y2
2

)
is harmonic in R2

+ as a function of (y1, y2) for each x ∈ R.

As a consequence, uf is harmonic in R2
+. Moreover, formula (3.3) given below implies that ∂uf

∂y2

converges non-tangentially to f for any 0 < α < π/2 (see, for instance, Stein [23, p. 197, Theorem
1]). We then conclude that uf is a solution of the Neumann problem in R2

+ with datum f.
We next estimateMα(∇uf ) with 0 < α < π/2. We have

∂uf
∂y2

(y1, y2) = − 1

π

∫
R
f(x)

y2

(x− y1)2 + y2
2

dx = −(Py2 ∗ f)(y1), (3.3)

where Py2 denotes the Poisson kernel, that is, Py2(x) = y−1
2 P (y−1

2 x) with P (x) = 1
π

1
1+x2 and x ∈

R. Note that differentiation under the integral sign is possible since, if K ⊂ R2
+ is a compact set,

we have ∣∣∣∣ y2

(x− y1)2 + y2
2

∣∣∣∣ ≤ 1√
(x− y1)2 + y2

2

≤ CK
1 + |x|

, ∀(y1, y2) ∈ K.

Hence, it holds that

Mα(
∂uf
∂y2

)(x) = sup(y1+iy2)∈Γα(x) |Py2 ∗ f(y1)| .Mhlf(x); (3.4)

see, for instance, Stein [23, p. 197, Theorem 1] for the last inequality. We also have

∂uf
∂y1

(y1, y2) = − 1

π

∫
R
f(x)

(x− y1)

(x− y1)2 + y2
2

dx = −(Qy2 ∗ f)(y1), (3.5)

whereQy2 is the conjugate Poisson kernel, that isQy2(x) = y−1
2 Q(y−1

2 x) with Q(x) = 1
π

x
1+x2 and x ∈

R. Note that differentiation under the integral sign is possible since, if K ⊂ R2
+ is a compact set,

we have that ∣∣∣∣ (x− y1)

(x− y1)2 + y2
2

∣∣∣∣ ≤ 1√
(x− y1)2 + y2

2

≤ CK
1 + |x|

, ∀(y1, y2) ∈ K.

If 0 < q <∞, since (Qy2 ∗ f)(y1) is harmonic in R2
+, we obtain

Mα(
∂uf
∂y1

)(x) . (Mhl(sup
y2>0
|(Qy2 ∗ f)|q)(x))1/q; (3.6)
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see Fefferman–Stein [9, p. 170]. In addition, Qy2 ∗ f = Qy2 ∗ f −Hy2f +Hy2f = ψy2 ∗ f +Hy2f,
where ψy2(z) = y2

−1ψ(y2
−1z), for an appropriate function ψ, is an approximation to the identity.

It then follows that

sup
y2>0
|(Qy2 ∗ f)(x)|q . (Mhlf(x) +H∗f(x))q, (3.7)

where we have used that supy2>0 |(ψy2 ∗ f)(x)| . Mhlf(x) (see, for instance, Stein [23, p.62,
Theorem 2]). The estimates (3.6) and (3.7) imply

Mα(
∂uf
∂y1

)(x) . (Mhl((Mhlf +H∗f)q)(x))1/q. (3.8)

The estimates (3.4) and (3.8) then lead to

Mα(∇uf )(x) . (Mhl((Mhlf +H∗f)q)(x))1/q +Mhlf(x), x ∈ R, f ∈ L1(R).

Denoting Tq(f) = (Mhl((Mhlf +H∗f)q))1/q for 0 < q <∞, we then have

Mα(∇uf )(x) . Tq(f)(x) +Mhlf(x), x ∈ R, f ∈ L1(R), (3.9)

We are now ready to state and prove Lemmas 3.1 and 3.2, which will be used in the proof of
Theorem 1.3

Lemma 3.1. For 1 < p < ∞, let X = Lp(R, w) with w ∈ Ap(R) or X = Lp,1(R, w) with
w ∈ ARp (R) or X = Lp,1(R, w) with w ∈ ARp′(R); for p = 1, let X = L1(R, w) with w ∈ A1(R).

If f ∈ X, then uf as given by (3.1) is well-defined and is harmonic in R2
+. Moreover, for any

sequence {fm}m∈N ⊂ X converging to f in X, it holds that ufm converges to uf uniformly on
compact sets of R2

+.

Proof. In view of (3.2), uf is well-defined for any function f on R that satisfies
∫
R
|f(x)|
1+|x| dx < ∞.

We will show that ∫
R

|f(x)|
1 + |x|

dx . ‖f‖X , ∀f ∈ X. (3.10)

Case X = Lp(R, w), w ∈ Ap(R), 1 < p <∞ : By Hölder’s inequality, we have

∫
R

|f(x)|
1 + |x|

dx . ‖f‖Lp(R,w)

(∫
R

w(x)1−p′

(1 + |x|)p′
dx

)1/p′

.

Since w ∈ Ap(R) then w1−p′ ∈ Ap′(R); Lemma 2.3 then implies that the integral on the right hand
side is finite.

Case X = Lp,1(R, w), w ∈ ARp′(R), 1 < p <∞ : We have∫
R

|f(x)|
1 + |x|

dx . ‖fw−1‖Lp,1(R,w)‖(1 + | · |)−1‖Lp′,∞(R,w)

= ‖f‖Lp,1(R,w)‖(1 + | · |)−1‖Lp′,∞(R,w).
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We next show that ‖(1 + | · |)−1‖Lp′,∞(R,w) is finite. Denoting Iλ = (−1−λ
λ
, 1−λ

λ
) and Eλ =

(−(1− λ), 1− λ) for 0 < λ < 1, we have

‖(1 + | · |)−1‖Lp′,∞(R,w) = sup
0<λ<∞

λ
(
w({x ∈ R : (1 + |x|)−1 > λ})

)1/p′

= sup
0<λ<1

λw(Iλ)
1/p′ = sup

0<λ<1
w(Eλ)

1/p′ |Eλ|
|Iλ|

(
w(Iλ)

w(Eλ)

)1/p′

≤ w(E0)1/p′‖w‖AR
p′
<∞.

Case X = Lp,1(R, w), w ∈ ARp (R), 1 < p <∞ : We have∫
R

|f(x)|
1 + |x|

dx . ‖f‖Lp,1(R,w)‖w−1(1 + | · |)−1‖Lp′,∞(R,w).

Lemma 2.3 gives that ‖w−1(1 + | · |)−1‖Lp′,∞(R,w) is finite.

Case X = L1(R, w), w ∈ A1(R) : Since w ∈ A1(R),

w(x) &Mhlw(x) &
1

1 + |x|

∫ 1

−1

w(y) dy, a.e. x ∈ R.

Therefore, noting that
∫ 1

−1
w(y) dy > 0, we obtain

1

1 + |x|
. w(x), a.e. x ∈ R;

multiplying on both sides by |f(x)| and integrating over R gives the desired inequality.

It then follows that uf is well-defined for any f in the spaces X considered. The fact that uf is
harmonic in R2

+ for any f ∈ X follows as described in the paragraph following (3.2).

We next prove the convergence result. Given f ∈ X, let {fm}m∈N ⊂ X be a sequence that
converges to f in X. If K ⊂ R2

+ is a compact set, using (3.2) and (3.10), it follows that

sup
(y1,y2)∈K

|ufm(y1, y2)− uf (y1, y2)| . ‖fm − f‖X ,

where the implicit constant depends only on w, p and K. As a consequence, ufm → uf uniformly
on K. �

Lemma 3.2. If X and Y are given as in the statement of Theorem 1.3, it holds that

‖Mα(∇uf )‖Y . ‖f‖X , ∀f ∈ L1
c(X) ∩X,

where uf is as given in (3.1) and 0 < α < π/2.

Proof. We analyze each pair of spaces separately by using the estimate (3.9).

Case X = Y = Lp(R, w), w ∈ Ap(R), 1 < p <∞ : Since the Hardy–Littelwood maximal op-
eratorMhl and the maximal Hilbert transformH∗ are bounded from Lp(R, w) to Lp(R, w), it then
follows that T1 is bounded in the same manner. This fact and (3.9) give the desired result.
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Case X = Lp,1(R, w), Y = Lp,∞(R, w), w ∈ ARp (R), 1 ≤ p <∞ : Let r be such that 1 ≤ p <

r; then w ∈ ARp (R) implies w ∈ Ar(R) and it holds that

‖Tp/r(f)‖Lp,∞(R,w) = ‖Mhl((Mhlf +H∗f)p/r)‖r/pLr,∞(R,w)

. ‖(Mhlf +H∗f)p/r‖r/pLr,∞(R,w)

= ‖Mhlf +H∗f‖Lp,∞(R,w)

. ‖f‖Lp,1(R,w),

where in the first inequality we have used thatMhl is bounded on Lr,∞(R, w) for w ∈ Ar(R) and
in the last inequality we have used thatMhl and H∗ are bounded from Lp,1(R, w) to Lp,∞(R, w)
for w ∈ ARp (R) (see Theorem 2.1).

The estimate for Tp/r, the fact that Mhl is bounded from Lp,1(R, w) to Lp,∞(R, w) for w ∈
ARp (R) and (3.9) lead to the desired result.

Case X = Lp,1(R, w), Y = Lp,∞(R, w), w ∈ ARp′(R), 1 < p <∞ : We will show the desired
result through an application of Theorem 2.4. Recall that uf is well-defined for f ∈ L1(R) and that
the estimate (3.9) holds for functions in L1(R). For f ∈ L1(R), consider the sublinear operator T
defined by T (f)(x) =Mα(∇uf )(x).

We will show that T andMT are bounded from L1(R) to L1,∞(R). Assuming these facts for
the moment, Theorem 2.4 gives that, for each compactly supported integrable function in R and,
in particular, for f ∈ L1

c(R)∩Lp,1(R, w), there exists a sparse family S of intervals in R such that

Mα(∇uf )(x) . AS(|f |)(x) =
∑
I∈S

(
1

|I|

∫
I

|f(y)|dy
)
χI(x),

where the implicit constant is independent of f and S. Since S is sparse, there exists a disjoint
family of measurable sets {EI}I∈S such that EI ⊂ I and |EI | ∼ |I|; note that this and the fact that
w ∈ ARp′(R) imply w(EI) ∼ w(I).

Denote by Mw the maximal operator defined as Mw(h)(x) = supx∈I
1

w(I)

∫
I
|h(y)|w(y)dy,

where the supremum is taken over all intervals I ⊂ R containing x. It then follows that

‖Mα(∇u)‖Lp,∞(R,w) .
∥∥AS(|f |)w−1

∥∥
Lp,∞(R,w)

= sup
‖h‖

Lp
′,1(R,w)

=1

∑
I∈S

(
1

|I|

∫
I

|f(y)|dy
)∫

I

|h(y)|dy

∼ sup
‖h‖

Lp
′,1(R,w)

=1

∑
I∈S

(
1

w(I)

∫
I

|f(y)|
w(y)

w(y)dy

)(
1

|I|

∫
I

|h(y)|dy
)
w(EI)

. sup
‖h‖

Lp
′,1(R,w)

=1

∫
R
Mw

(
fw−1

)
(x)Mhlh(x)w(x)dx

. sup
‖h‖

Lp
′,1(R,w)

=1

‖Mw(fw−1)‖Lp,1(R,w)‖Mhlh‖Lp′,∞(R,w)

. ‖fw−1‖Lp,1(R,w) = ‖f‖Lp,1(R,w),

where in the last inequality we have used that ‖Mhlh‖Lp′,∞(R,w) . ‖h‖Lp′,1(R,w) since w ∈ ARp′(R)

and the fact thatMw is bounded on Lp,1(R, w) (see M. de Guzmán [6, p. 114]). This proves the
desired result.
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We are left to show the facts that T andMT are bounded from L1(R) to L1,∞(R). In view of
(3.9), it is enough to prove that Tq,MTq andMMhl

are bounded from L1(R) to L1,∞(R) for some
0 < q <∞. Fix 0 < q < 1.

Boundedness of Tq : Since Mhl is bounded on L1/q,∞(R) and both Mhl and H∗ are bounded
from L1(R) to L1,∞(R), we have

‖Tq(f)‖L1,∞(R) = ‖Mhl((Mhlf +H∗f)q)‖1/q

L1/q,∞(R)
. ‖Mhlf +H∗f‖L1,∞(R) . ‖f‖L1(R);

therefore, Tq is bounded from L1(R) to L1,∞(R).

Boundedness ofMMhl
: SinceMhl(fχR\3I)(ξ) ∼Mhl(fχR\3I)(x) for ξ, x ∈ I, we have that

MMhl
(f)(x) .Mhl(f)(x)

and thereforeMMhl
is bounded from L1(R) to L1,∞(R).

Boundedness ofMTq : Observe that, since (Mhlf)q ∈ A1(R), then

Tq(f)(x) . (Mhl(Mhlf(x))q)1/q + (Mhl(H∗f(x))q)1/q

∼Mhlf(x) + (Mhl(H∗f(x))q)1/q;

this implies that
MTq(f)(x) .MMhl

(f)(x) +MT̃q(f)(x),

where T̃q(f) := (Mhl(H∗f)q)1/q. Then the boundeness ofMTq from L1(R) to L1,∞(R) follows
from that ofMMhl

andMT̃q .

We next analyze the operatorMT̃q and show that

MT̃qf(x) ≤MMhl
(f)(x) +MH∗f(x) + M̃H∗f(x), (3.11)

where M̃H∗f(x) is defined asMH∗f(x) using 5
2

instead of 3. We have

MT̃q(f)(x) = sup
I:x∈I

ess sup
ξ∈I

sup
R:ξ∈R

(
1

|R|

∫
R

|H∗(fχR\3I)(y)|q dy
)1/q

= sup
I:x∈I

sup
R:R∩I 6=∅

(
1

|R|

∫
R

|H∗(fχR\3I)(y)|q dy
)1/q

,

where I and R are intervals in R.
Consider first the case where |R| > |I|/10, with R ∩ I 6= ∅. Since 3I ⊂ 3(R ∪ I), we have

R \ 3I = (R \ 3(R ∪ I)) ∪ (3(R ∪ I) \ 3I), fχR\3I = fR\(3(R∪I)) + fχ3(R∪I)\3I and

sup
I:x∈I

ess sup
ξ∈I

sup
R:ξ∈R
|R|>|I|/10

(
1

|R|

∫
R

|H∗(fχR\3I)(y)|q dy
)1/q

. A+B, (3.12)

where

A = sup
I:x∈I

sup
R:R∩I 6=∅

(
1

|R|

∫
R

|H∗(fχR\3(R∪I))(y)|q dy
)1/q

,

B = sup
I:x∈I

ess sup
ξ∈I

sup
R:ξ∈R
|R|>|I|/10

(
1

|R|

∫
R

|H∗(fχ3(R∪I)\3I)(y)|q dy
)1/q

.
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For the term A, we have, with Q denoting an interval in R,

A ≤ sup
I:x∈I

sup
R:R∩I 6=∅

ess sup
y∈R∪I

|H∗(fχR\(3(R∪I))(y)|

≤ sup
Q:x∈Q

ess sup
y∈Q

|H∗(fχR\3Q)(y)|

=MH∗(f)(x). (3.13)

For the term B, setting h = H∗(fχ3(R∪I)\3I), recalling that 0 < q < 1 and using that H∗ is
bounded from L1(R) to L1,∞(R), we first note that

1

|R|

∫
R

|h(y)|q dy =
1

|R|

∫ |R|
0

(h∗(t)t)qt−q dt .
1

|R|q
‖h‖qL1,∞ .

1

|R|q
‖fχ3(R∪I)\3I‖qL1 ,

where h∗ denotes the decreasing rearrangement of h with respect to Lebesgue measure. Using that
the hypothesis |R| > |I|/10 implies that |3(R ∪ I)| ∼ |R|, we obtain

B . sup
I:x∈I

ess sup
ξ∈I

sup
R:ξ∈R

1

|3(R ∪ I)|

∫
3(R∪I)

|f(y)χR\3I(y)| dy

≤ sup
I:x∈I

ess sup
ξ∈I

Mhl(fχR\3I)(ξ)

=MMhl
(f)(x). (3.14)

We next consider the case where |R| ≤ |I|/10, with R ∩ I 6= ∅; these conditions imply that
R ∪ I ⊂ 6

5
I. We have

sup
I:x∈I

sup
R:R∩I 6=∅
|R|≤|I|/10

(
1

|R|

∫
R

|H∗(fχR\3I)(y)|q dy
)1/q

. sup
I:x∈I

sup
R:R∩I 6=∅
|R|≤|I|/10

sup
y∈R∪I

|H∗(fχR\3I)(y)|

≤ sup
I:x∈ 6

5
I

sup
y∈ 6

5
I

|H∗(fχR\3I)(y)|

= sup
I:x∈Q

sup
y∈Q
|H∗(fχR\ 5

2
Q)(y)|

= M̃H∗f(x). (3.15)

Putting the estimates (3.12)-(3.15) together we conclude (3.11).
We are left to show thatMH∗ and M̃H∗ are bounded from L1(R) to L1,∞(R). We will prove

this forMH∗ noting that the differences with the proof for M̃H∗ are obvious. We have

MH∗f(x) = sup
I:x∈I

ess sup
ξ∈I

sup
ε>0
|Hε(fχR\3I)(ξ)|.

Fix an interval I such that x, ξ ∈ I and consider the interval Ix centered at x and length 4|I|; note
that 3I ⊂ Ix ⊂ 5I . We have

|Hε(fχR\3I)(ξ)| ≤ |Hε(fχR\Ix)(ξ)−Hε(fχR\Ix)(x)|+ |Hε(fχR\Ix)(x)|
+ |Hε(fχIx\3I)(ξ)| =: C +D + E.

For the term D, we obtain

D = |Hε(fχR\Ix)(x)| =
∣∣∣∣∫
{|y−x|>max(ε,2|I|)}

f(y)

x− y
dy

∣∣∣∣ ≤ H∗f(x).
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For the term E, recalling that ξ ∈ I, it follows that

E = |Hε(fχIx\3I)(ξ)| ≤
∣∣∣∣∫
{|y−ξ|>ε,|y−x|≤2|I|,|ξ−y|>|I|}

f(y)

ξ − y
dy

∣∣∣∣
.

1

|Ix|

∫
Ix

|f(y)|dy ≤Mhlf(x),

where in the last inequality it was used that |I| ∼ |Ix|.
For the term C, we get

C = |Hε(fχR\Ix)(ξ)−Hε(fχR\Ix)(x)|

.

∣∣∣∣∫
{|x−y|>max(2|I|,ε)}

f(y)

(
1

ξ − y
− 1

x− y

)
dy

∣∣∣∣
+

∣∣∣∣∫
{|x−y|>2|I|,|ξ−y|>ε}

f(y)

ξ − y
dy −

∫
{|x−y|>max(2|I|,ε)}

f(y)

ξ − y
dy

∣∣∣∣
=:C1 + C2.

Note that |x− y| > 2|I| and x, ξ ∈ I imply |ξ − y| > |I| and |x− y| ∼ |ξ − y|.
For C1, we have

C1 .
∫
{|y−x|>max(2|I|,ε)}

|f(y)|
(

|x− ξ|
|ξ − y||x− y|

)
dy

.
∫
R
|f(y)|

(
|I|

|x− y|2 + |I|2

)
dy .Mhlf(x).

Regarding the term C2, note that, since |x − y| > 2|I| implies |ξ − y| > |I| for x, ξ ∈ I, then
C2 = 0 if ε < |I|. Assume then that ε ≥ |I|.

C2 =

∣∣∣∣∫
{|x−y|>2|I|,|ξ−y|>ε}

f(y)

ξ − y
dy −

∫
{|x−y|>max(2|I|,ε)}

f(y)

ξ − y
dy

∣∣∣∣
=

∣∣∣∣∫
{|x−y|>2|I|,|ξ−y|>ε}\{|x−y|>max(2|I|,ε)}

f(y)

ξ − y
dy −

∫
{|x−y|>max(2|I|,ε)}\{|x−y|>2|I|,|ξ−y|>ε}

f(y)

ξ − y
dy

∣∣∣∣
=

∣∣∣∣∫
{max(2|I|,ε)≥|x−y|>2|I|,|ξ−y|>ε}

f(y)

ξ − y
dy −

∫
{|x−y|>max(2|I|,ε),|ξ−y|≤ε}

f(y)

ξ − y
dy

∣∣∣∣
.

∣∣∣∣∫
{max(2|I|,ε)≥|x−y|>2|I|,|ξ−y|>ε}

f(y)

ξ − y
dy

∣∣∣∣+

∣∣∣∣∫
{|x−y|>max(2|I|,ε),|ξ−y|≤ε}

f(y)

ξ − y
dy

∣∣∣∣
=C

(1)
2 + C

(2)
2 .

If ε < 2|I|, then C(1)
2 = 0 and, using that |x− y| ∼ |ξ − y|, we have

C
(2)
2 .

1

|I|

∫
|x−y|.|I|

|f(y)| dy .Mhlf(x).

If ε > 2|I|, we obtain

C
(1)
2 .

1

ε

∫
|x−y|<ε

|f(y)| dy .Mhlf(x),
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and, using again that |x− y| ∼ |ξ − y|,

C
(2)
2 .

1

ε

∫
|x−y|. ε

|f(y)| dy .Mhlf(x).

The estimates above allow then to conclude that

MH∗f(x) .Mhlf(x) +H∗f(x),

and, consequently,MH∗ is bounded from L1(R) to L1,∞(R), as desired.
�

3.2. Completion of the proof of Theorem 1.3. We first prove items (a)-(c) and then items (e) and
(f)

Proofs of (a)-(c): For f ∈ X,whereX is any of the spaces in items (a)-(c), let uf be the harmonic
function in R2

+ given in (3.1). We will prove that

‖Mα(∇uf )‖Y . ‖f‖X , ∀f ∈ X, (3.16)

where 0 < α < π/2, and that∇uf ·n = −∂uf
∂y2

converges non-tangentially to f almost everyewhere
with respect to Lebesgue measure in R.

Proof of (3.16): For s ∈ N, 0 < α < π/2 and x ∈ R define Γsα(x) = Γα(x) ∩ {(y1 + iy2) ∈
C : 1/s < y2 < s}. Given f ∈ X, consider {fm}m∈N ⊂ L1

c(R) ∩X such that {fm}m∈N converges
to f in X; such sequence exists since L1

c(R) ∩X is dense in X by Lemma 2.2. Since {ufm}m∈N
converges uniformly to uf on compact sets of R2

+ by Lemma 3.1 and ufm is harmonic for each m,
then {∇ufm}m∈N converges uniformly to∇uf on compact sets of R2

+. This and the fact that∣∣∣∣∣ sup
y1+iy2∈Γsα(x)

|∇uf (y1, y2)| − sup
y1+iy2∈Γsα(x)

|∇ufm(y1, y2)|

∣∣∣∣∣
≤ sup

y1+iy2∈Γsα(x)

|∇uf (y1, y2)−∇ufm(y1, y2)|, ∀x ∈ R,

imply that

lim
m→∞

sup
y1+iy2∈Γsα(x)

|∇ufm(y1, y2)| = sup
y1+iy2∈Γsα(x)

|∇uf (y1, y2)|, ∀x ∈ R.

It then follows that

‖ sup
y1+iy2∈Γsα(x)

|∇uf (y1, y2)|‖Y ≤ lim inf
m→∞

‖ sup
y1+iy2∈Γsα(x)

|∇ufm(y1, y2)|‖Y

≤ lim inf
m→∞

‖Mα(∇ufm)‖Y
. lim inf

m→∞
‖fm‖X = ‖f‖X ,

where in the last inequality we have used that (3.16) holds for functions inL1
c(R)∩X by Lemma 3.2.

Since {sup(y1,y2)∈Γsα(x) |∇uf (y1, y2)|}s∈N is an increasing sequence that converges toMα(∇u) as
s→∞ and the Monotone Convergence Theorem holds in Y, the desired estimate follows.

Non-tangential convergence: We will prove the non-tangential convergence forX = Lp,1(R, w)
with w ∈ ARp′ and 1 < p <∞ using a standard argument. The result for the other cases follows in
a similar fashion.

In view of (3.3), the non-tangential convergence holds for functions in L1(R) for any 0 < α <
π/2; that is,∇uf ·n = − uf

∂y2
converges non-tangentially to f for any 0 < α < π/2 and f ∈ L1(R).
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Fix f ∈ Lp,1(R, w) and let {fm}m∈N ⊂ L1
c(R) ∩ X be such that fm → f in Lp,1(R, w). Since w

is positive almost everwhere with respect to Lebesgue measure in R, the result will follow if we
prove that

w({x ∈ R : lim sup
(y1,y2)C(x,0)

|∂uf
∂y2

(y1, y2) + f(x)| > εw(x)}) = 0, ∀ε > 0.

Using that ∂ufm
∂y2

converges non-tangentially to −fm, (3.16) with X = Lp,1(R, w) and Y =

Lp,∞(R, w), and that ‖h‖Lp,∞(R,w) ≤ ‖h‖Lp,1(R,w), it follows that, for 0 < α < π/2,

w({x ∈ R : lim sup
(y1,y2)C(x,0)

|∂uf
∂y2

(y1, y2) + f(x)| > εw(x)})

≤ w({x ∈ R : lim sup
(y1,y2)C(x,0)

|∂uf
∂y2

(y1, y2)− ∂ufm
∂y2

(y1, y2)| > ε
3
w(x)})

+ w({x ∈ R : lim sup
(y1,y2)C(x,0)

|∂ufm
∂y2

(y1, y2) + fm(x)| > ε
3
w(x)})

+ w({x ∈ R : | − fm(x) + f(x)| > ε
3
w(x)})

≤ (3
ε
)p‖ lim sup(y1,y2)C(x,0) |

∂uf
∂y2

(y1, y2)− ∂ufm
∂y2

(y1, y2)|‖pLp,∞(R,w)

+ (3
ε
)p‖fm − f‖pLp,∞(R,w)

≤ (3
ε
)p‖Mα(

∂uf−fm
∂y2

)‖pLp,∞(R,w) + (3
ε
)p‖fm − f‖pLp,∞(R,w)

. (3
ε
)p‖fm − f‖pLp,1(R,w).

Since ‖fm − f‖Lp,1(R,w) → 0 as m→∞, we obtain the desired result.
The proofs for X = Lp(R, w) and X = Lp,1(R, w) follow similarly by showing that

w({x ∈ R : lim sup
(y1,y2)C(x,0)

|∂uf
∂y2

(y1, y2) + f(x)| > ε}) = 0, ∀ε > 0.

Proofs of (e) and (f): We will prove (e); the proof of (f) follows similarly with obvious changes.
Let 1 < p < ∞ and w be a weight in R such that the Neumann problem in R2

+ is solvable in
X = Lp(R, w) with Y = Lp(R, w). We have to prove that w ∈ Ap(R). By hypothesis, we have
that

‖Mα(∇uf )‖Lp(R,w) . ‖f‖Lp(R,w) ∀f ∈ Lp(R, w).

This estimate and (3.5) give

‖Qy2 ∗ f‖Lp(R,w) . ‖f‖Lp(R,w) ∀f ∈ Cc(R)

for all y2 > 0 and with the implicit constant independent of y2. Since limy2→0Qy2 ∗ f = Hf
pointwise for f ∈ Cc(R), Fatou’s lemma and the fact that Cc(R) is dense in Lp(R, w) (Lemma 2.2)
imply that

‖Hf‖Lp(R,w) . ‖f‖Lp(R,w) ∀f ∈ Lp(R, w)

By Theorem 2.1, we conclude that w ∈ Ap(R). �

We end this section with some remarks that will be used in Section 4:

Remark 3.3.
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(a) The proof of Theorem 1.3 of the non-tangential convergence shows that

lim
(y1,y2)∈Γα(x,0)

(y1,y2)→(x,0)

∂uf
∂y2

(y1, y2) = −f(x), a.e x ∈ R,

for all 0 < α < π/2, not just for some α as required in the definition of a solution of the
Neumann problem given in Section 1.

(b) Formula (3.5) implies that ∂uf
∂y1

converges non-tangentially to −Hf for f ∈ L1
c(R) for any

0 < α < π/2. A similar argument to the one used in the non-tangential convergence section in
the proof of Theorem 1.3 shows that ∂uf

∂y1
converges non-tangentially for every f ∈ X, where

X is as in the statement of Theorem 1.3.

4. SOLVABILITY OF THE NEUMANN PROBLEM IN Ω

In this section, we study the solvability of the Neumann problem in Ω in Lp(Λ) for 1 < p < pΦ

and in LpΦ,1(Λ). Inspired by ideas in Kenig [15, 16], we will obtain such results through arguments
that invoke the results on the solvability of the Neumann problem in the upper half-plane given by
Theorem 1.3.

In Section 4.1, we introduce notation and present preliminaries. In Section 4.2, we treat the solv-
ability of the Neumann problem in Lp(Λ) for 1 < p < pΦ (Theorem 1.4). Section 4.3 is devoted
to the solvability of the Neumann problem in LpΦ,1(Λ) (Theorem 1.5). Finally, in Section 4.4, we
give the proofs of Lemma 4.1, used in the proof of Theorem 1.4, and of Lemmas 4.2 and 4.4, used
in the proof of Theorem 1.5.

4.1. Definitions and preliminaries. Let γ, Λ and Ω be as in Section 1 (see (1.2)). Since Ω is sim-
ply connected, it is conformally equivalent to R2

+. Let Φ : R2
+ −→ Ω be a conformal mapping such

that Φ(∞) =∞ and Φ(i) = iy0 for some y0 > γ(0). Such mapping extends as a homeomorphism
from R2

+ onto Ω and Φ(x), x ∈ R, is absolutely continuous when restricted to any finite interval;
in particular, Φ′(x) exists for almost every x ∈ R and is locally integrable. Moreover, Φ′(x) 6= 0
for almost every x ∈ R, limzCx Φ′(z) = Φ′(x) for almost every x ∈ R and |Φ′| ∈ A2(R). If Φ′(x)
exists and is not zero, then it is a vector tangent to Λ at Φ(x). We refer the reader to Kenig [16,
Theorems 1.1 and 1.10] for the proof of those properties and additional ones.

Λ

ΦR2
+

Ω

The arch length measure in Λ will be denoted by ds. Given a weight ν in Λ (i.e. a non-negative
locally integrable (with respect to ds) function defined on Λ), we will consider the spaces Lp(Λ, ν),
Lp,1(Λ, ν), Lp,∞(Λ, ν), whose definitions are analogous to the corresponding ones in Section 2.
When ν ≡ 1, we will just write Lp(Λ), Lp,1(Λ), Lp,∞(Λ). For 1 < p <∞, Ap(Λ) means the class
of Muckenhoupt weigths defined on Λ, whose definition is analogous to (2.1) with the supremum
taken over all intervals contained in Λ (J ⊂ Λ is an interval if b(J) is an interval in R, where
b : Λ → R is defined by b(x + iγ(x)) = x for x ∈ R); we set A∞(Λ) = ∪p>1Ap(Λ). Finally,
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given a weight ν in Λ, we use Φ(ν) to refer to the measure in R given by Φ(ν)(U) = ν(Φ(U)) for
a measurable set U ⊂ R, where ν(A) =

∫
A
ν(ξ)ds(ξ) for a measurable set A ⊂ Λ.

Let ν ∈ A∞(Λ). Given 0 < p < ∞ and 0 < α < arctan(1/L), we define the Hardy space
Hp(Ω, ν) and the weak Hardy space Hp,∞(Ω, ν) as follows:

Hp(Ω, ν) := {h : Ω→ C : h is analytic in Ω and ‖Mα(h)‖Lp(Λ,ν) <∞},
Hp,∞(Ω, ν) := {h : Ω→ C : h is analytic in Ω and ‖Mα(h)‖Lp,∞(Λ,ν) <∞},

and set ‖h‖Hp(Ω,ν) = ‖Mα(h)‖Lp(Λ,ν) and ‖h‖Hp,∞(Ω,ν) = ‖Mα(h)‖Lp,∞(Λ,ν). By Lemma A.4, the
definitions of Hp(Ω, ν) and Hp,∞(Ω, ν) are independent of α and any other chosen value gives an
equivalent norm. In particular, we denote by Hp(Ω, ds) and Hp,∞(Ω, ds) the corresponding Hardy
and weak Hardy spaces in Ω with respect to arc length measure in Λ, and by Hp(R2

+, dx) and
Hp,∞(R2

+, dx) the corresponding Hardy and weak Hardy spaces in R2
+ with respect to Lebesgue

measure in R.
Given a measurable function g defined in Λ, let T (g) be given by

T (g)(x) = |Φ′(x)|g(Φ(x)), x ∈ R. (4.1)

Consider 1 ≤ p <∞. We note that T is a bijection from Lp(Λ) onto Lp(R, |Φ′|1−p) and

‖T (g)‖pLp(R,|Φ′|1−p) =

∫
R
|T (g)(x)|p|Φ′(x)|1−pdx =

∫
R
|g(Φ(x))|p|Φ′(x)|dx

=

∫
Λ

|g(ξ)|pds(ξ) = ‖g‖pLp(Λ).

Moreover, it holds that T is also an isometry from Lp,1(Λ) onto Lp,1(R, |Φ′|); the equality in norms
follows from the fact that

|Φ′|
(
{x ∈ R : |T (g)(x)||Φ′(x)|−1 > λ}) =

∫
{x∈R:|g(Φ(x))|>λ}

|Φ′(x)|dx =

∫
{ξ∈Λ:|g(ξ)|>λ}

ds(ξ).

By Theorem 1.3, the Neumann problem in the upper half-plane is solvable in Lp(R, |Φ′|1−p) if
|Φ′|1−p ∈ Ap(R), or equivalently, |Φ′| ∈ Ap′ . Define pΦ such that

p′Φ = inf{q ∈ [1,∞) : |Φ′| ∈ Aq(R)}.
Note that p′Φ < 2 since |Φ′| ∈ A2(R) and, therefore, pΦ > 2; moreover, (2.4) implies that

p′Φ = inf{q ∈ [1,∞) : |Φ′| ∈ ARq (R)}. (4.2)

We remark that if p′Φ > 1 then |Φ′| /∈ Ap′Φ(R); however, |Φ′| might belong to ARp′Φ(R).

4.2. The Neumann problem in Ω : solvability in Lp(Λ), 1 < p < pΦ. In this section, we prove
Theorem 1.4, which states that the Neumann problem in Ω is solvable in Lp(Λ) for 1 < p < pΦ.

The following lemma, whose proof we defer to Section 4.4, will be used in the proof of Theo-
rem 1.4.

Lemma 4.1. Let h be an analytic function in R2
+ and 1 < p < pΦ. Then (h ◦ Φ−1)(Φ−1)′ ∈

Hp(Ω, ds) if and only if h ◦ Φ−1 ∈ Hp(Ω, |(Φ−1)′|p), with equivalence in norms.

Proof of Theorem 1.4. Since 1 < p < pΦ, we have |Φ′|1−p ∈ Ap(R). Given g ∈ Lp(Λ), let T (g)
be as defined in (4.1); as observed in Section 4.1, T (g) ∈ Lp(R, |Φ′|1−p) and ‖T (g)‖Lp(R,|Φ′|1−p) =
‖g‖Lp(Λ).Without loss of generality, assume g is real-valued. We first show that (1.1) has a solution
for such g and then we prove (1.3).
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Solution of (1.1): Let uT (g) be the solution of the Neumann problem in the upper half-plane
with datum T (g) as given in Theorem 1.3; note that uT (g) is real-valued since T (g) is real-valued.
Define vg = uT (g) ◦ Φ−1; observe that, since Φ is analytic, then vg is harmonic in Ω.

In order to prove that vg is a solution of the Neumann problem in Ω with datum g, we have to
show that limzCξ∇vg(z) · n(ξ) = g(ξ) for almost every ξ ∈ Λ with respect to ds, where n(ξ) is
the outward unit normal vector to Λ at ξ. Let ξ ∈ Λ be such that Φ′(Φ−1(ξ)) exists and is non-
zero; with z = z1 + iz2, where z1, z2 ∈ R, and recalling that (Φ−1)′ = ∂Re(Φ−1)

∂z1
− i∂Re(Φ−1)

∂z2
=

∂Im(Φ−1)
∂z2

+ i∂Im(Φ−1)
∂z1

, we have

∇vg(z) · n(ξ) = Re
((

∂vg
∂z1

(z)− i∂vg
∂z2

(z)
)
n(ξ)

)
= Re

((
∂uT (g)

∂y1
(Φ−1(z))− i∂uT (g)

∂y2
(Φ−1(z))

)
(Φ−1)′(z)n(ξ)

)
= Re

((
∂uT (g)

∂y1
(Φ−1(z))− i∂uT (g)

∂y2
(Φ−1(z))

) 1

Φ′(Φ−1(z))
n(ξ)

)
(4.3)

= |Φ′(Φ−1(z))|−1Re
((

∂uT (g)

∂y1
(Φ−1(z))− i∂uT (g)

∂y2
(Φ−1(z))

) |Φ′(Φ−1(z))|
Φ′(Φ−1(z))

n(ξ)

)
.

Above, n(ξ) is considered as a vector on the left hand side while n(ξ) is regarded as a complex
number on the right hand; therefore, on the left hand side, we have the dot product of∇vg(z) with
n(ξ) and, on the right hand, we are multiplying by n(ξ) as a complex number.

As zC ξ, |Φ′(Φ−1(z))| converges to |Φ′(Φ−1(ξ))| and Φ′(Φ−1(z))
|Φ′(Φ−1(z))| converges to Φ′(Φ−1(ξ))

|Φ′(Φ−1(ξ))| , which
is a unit vector tangent to Λ at ξ; this is a consequence of the properties of Φ stated in Section 4.1
and Lemma A.1 (Lemma A.1 holds for almost every ξ ∈ Λ; assume ξ is a point so that the thesis
of the lemma holds). We then have that |Φ

′(Φ−1(z))|
Φ′(Φ−1(z))

n(ξ) converges to −i as z C ξ. Moreover, by

Theorem 1.3, Lemma A.1 and Remark 3.3(a), ∂uT (g)

∂y2
(Φ−1(z)) converges to −T (g)(Φ−1(ξ)) as

z C ξ, and by Remark 3.3(b) and Lemma A.1, ∂uT (g)

∂y1
(Φ−1(z)) converges as z C ξ. We conclude

that
lim
zCξ
∇vg(z) · n(ξ) = |Φ′(Φ−1(ξ))|−1T (g)(Φ−1(ξ)) = g(ξ).

Proof of (1.3): If 0 < α < π/2, Theorem 1.3 gives

‖Mα(∇uT (g))‖Lp(R,|Φ′|1−p) . ‖f‖Lp(R,|Φ′|1−p) = ‖g‖Lp(Λ). (4.4)

Define

F (y1, y2) =
∂uT (g)

∂y1
(y1, y2)− iuT (g)

∂y2
(y1, y2) and G(z1, z2) = ∂vg

∂z1
(z1, z2)− i∂vg

∂z2
(z1, z2).

Since uT (g) and vg are harmonic, the Cauchy-Riemann equations imply that F and G are analytic
in R2

+ and Ω, respectively. Moreover, (4.4) implies that F ∈ Hp(R2
+, |Φ′|1−p). We will prove that

G ∈ Hp(Ω, ds) with ‖G‖Hp(Ω,ds) ∼ ‖F‖Hp(R2
+,|Φ′|1−p). This along with (4.4), and the fact that

|G| = |∇vg|, implies (1.3).
Note that G = (F ◦ Φ−1)(Φ−1)′. By Lemma 4.1, we have

G ∈ Hp(Ω, ds) ⇐⇒ F ◦ Φ−1 ∈ Hp(Ω, |(Φ−1)′|p) (4.5)

and
‖G‖Hp(Ω,ds) ∼ ‖F ◦ Φ−1‖Hp(Ω,|(Φ−1)′|p). (4.6)
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We next observe that |(Φ−1)′|p ∈ A∞(Λ). Indeed, this follows by applying Lemma A.8 with
Ω1 = R2

+, Ω2 = Ω, σ1,2 = Φ−1 and ν = |Φ′|1−p, which belongs to Ap(R), and noting that, for a
measurable set U ⊂ Λ, we have

Φ−1(ν)(U) = ν(Φ−1(U)) =

∫
Φ−1(U)

|Φ′(x)|1−p dx =

∫
U

|Φ′(Φ−1(ξ))|−p dξ =

∫
U

|(Φ−1)′(ξ)|p dξ.

Applying Theorem A.5 with ν = |(Φ−1)′|p we have that, with equivalent norms,

F ◦ Φ−1 ∈ Hp(Ω, |(Φ−1)′|p) ⇐⇒ F ∈ Hp(R2
+, |Φ′|1−p),

since for a measurable set U ⊂ R,

Φ(ν)(U) = ν(Φ(U)) =

∫
Φ(U)

|(Φ−1)′(ξ)|pdξ =

∫
U

|(Φ−1)′(Φ(x))|p|Φ′(x)|dx =

∫
U

|Φ′(x)|1−pdx.

It then follows that ‖G‖Hp(Ω,ds) ∼ ‖F‖Hp(R2
+,|Φ′(x)|1−p), as desired.

�

4.3. The Neumann problem in Ω : solvability in LpΦ,1(Λ). In this section, we prove Theo-
rem 1.5, which states that the Neumann problem in Ω is solvable in LpΦ,1(Λ) when |Φ′| ∈ ARp′Φ(R),

assuming that pΦ <∞.
The following results, whose proof we defer to Section 4.4, will be used in the proof of Theo-

rem 1.5.

Lemma 4.2. Let 0 < p < ∞ and ν ∈ A∞(Λ). Then h ∈ Hp,∞(Ω, ν) if and only if h ◦ Φ ∈
Hp,∞(R2

+,Φ(ν)), with equivalence in norms.

Noting that when dν = ds we have dΦ(ν) = |Φ′(x)|dx, Lemma 4.2 gives the following result.

Corollary 4.3. Let 0 < p <∞. Then h ∈ Hp,∞(Ω, ds) if and only if h◦Φ ∈ Hp,∞(R2
+, |Φ′|), with

equivalence in norms.

Lemma 4.4. Let 1 < p < pΦ. Then h ∈ Hp(R2
+, |Φ′|1−p) if and only if h/Φ′ ∈ Hp(R2

+, |Φ′|).

Proof of Theorem 1.5. Given g ∈ LpΦ,1(Λ), let T (g) be as defined in (4.1); as observed in Sec-
tion 4.1, T (g) ∈ LpΦ,1(R, |Φ′|) and ‖T (g)‖LpΦ,1(R,|Φ′|) = ‖g‖LpΦ,1(Λ). Without loss of generality,
assumed that g is real-valued. Let uT (g) be the solution of the Neumann problem in R2

+ with datum
T (g) as given in Theorem 1.3 and set vg = uT (g) ◦ Φ−1. The same argument used in the proof of
Theorem 1.4 shows that vg is a solution of the Neumann problem in Ω with datum g.

We next prove (1.4). Let F and G be defined as in the proof of Theorem 1.4. Since |F | =
|∇uT (g)| and ‖T (g)‖LpΦ,1(R,|Φ′|) = ‖g‖LpΦ,1(Λ), Theorem 1.3 gives that

‖Mα(F )‖LpΦ,∞(R,|Φ′|) . ‖g‖LpΦ,1(Λ), (4.7)

where 0 < α < π/2. We will prove that

G ∈ HpΦ,∞(Ω, ds) and ‖G‖HpΦ,∞(Ω,ds) . ‖Mα(F )‖LpΦ,∞(R,|Φ′|). (4.8)

Since ‖G‖HpΦ,∞(Ω,ds) ∼ ‖Mβ(∇vg)‖LpΦ,∞(Λ) for any 0 < β < arctan(1/L) because |G| = |∇vg|,
(1.4) follows from (4.7) and (4.8).

In order to prove (4.8), we first observe that by Corollary 4.3 and using that F = (G ◦Φ)Φ′, we
have that G ∈ HpΦ,∞(Ω, ds) if and only if F/Φ′ ∈ HpΦ,∞(R2

+, |Φ′|) and

‖G‖HpΦ,∞(Ω,ds) ∼ ‖ FΦ′‖HpΦ,∞(R2
+,|Φ′|). (4.9)

We will next prove that F/Φ′ ∈ HpΦ,∞(R2
+, |Φ′|).
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Let {fm}m∈N ⊂ LpΦ,1(R, |Φ′|) ∩ L1
c(R) be a sequence of real-valued functions that converges

to T (g) in LpΦ,1(R, |Φ′|) (see Lemma 2.2). Let Fm be associated to fm in the same way F is
associated to T (g) as defined in the proof of Theorem 1.4, that is,

Fm(y1, y2) =
∂ufm
∂y1

(y1, y2)− i∂ufm
∂y2

(y1, y2),

where ufm is the solution of the Neumann problem in the upper half-plane with datum fm as given
in Theorem 1.3. Applying Theorem 1.3, we have

‖Mα(Fm)‖LpΦ,∞(R,|Φ′|) . ‖fm‖LpΦ,1(R,|Φ′|). (4.10)

Moreover, by Theorem 1.3 and Remark 3.3, Fm and F converge non-tangentially to functions hm
and h defined on R, respectively. Estimates (4.7) and (4.10) imply that hm/Φ′ and h/Φ′ belong to
LpΦ,∞(R, |Φ′|).

On the other hand, since LpΦ,1(R, |Φ′|) ⊂ Lpφ(R, |Φ′|1−pΦ), fm has compact support and |Φ′|
is locally integrable, we have that fm ∈ Lp(R, |Φ′|1−p) for 0 < p ≤ pΦ. Fix p = 2 and recall
that |Φ′| ∈ A2(R); Theorem 1.3 then gives that Fm ∈ H2(R2

+, |Φ′|−1) and therefore Fm/Φ′ ∈
H2(R2

+, |Φ′|) by Lemma 4.4. As a consequence, |Fm(·, y2)/Φ′(·, y2)| ∈ L2(R, |Φ′|) uniformly in
y2 > 0 by Theorem A.7.

Next, noting that |Fm/Φ′| is subharmonic in R2
+ (since Fm/Φ′ is holomorfic in R2

+) and that
limy2→0 |Fm(y1, y2)/Φ′(y1, y2)| = |hm(y1)/Φ′(y1)| for almost every y1 ∈ R, Lemma A.12 gives
that ∣∣∣∣Fm(y1, y2)

Φ′(y1, y2)

∣∣∣∣ ≤ (Py2 ∗
∣∣hm

Φ′

∣∣) (y1), y1 ∈ R, y2 > 0.

As a consequence, it holds that

Mα(Fm
Φ′

)(x) ≤ sup
y1+iy2∈Γα(x)

(
(
Py2 ∗

∣∣hm
Φ′

∣∣) (y1)) .Mhl(
hm
Φ′

)(x).

This estimate and the facts that Mhl is bounded on LpΦ,∞(R, |Φ′|) by Theorem 2.1 (recall that
|Φ′| ∈ ApΦ

(R)) and hm/Φ′ ∈ LpΦ,∞(R, |Φ′|) imply that Fm/Φ′ ∈ HpΦ,∞(R2
+, |Φ′|) and

‖Fm
Φ′
‖HpΦ,∞(R2

+,|Φ′|) ∼ ‖Mα(Fm
Φ′

)‖LpΦ,∞(R,|Φ′|) . ‖hmΦ′ ‖LpΦ,∞(R,|Φ′|) = ‖hm‖LpΦ,∞(R,|Φ′|).

We will prove that as m goes to infinity, the above inequality gives

‖ F
Φ′
‖HpΦ,∞(R2

+,|Φ′|) . ‖h‖LpΦ,∞(R,|Φ′|). (4.11)

Assuming (4.11) and using that |h(x)| ≤ Mα(F )(x) for almost every x ∈ R we obtain

‖ F
Φ′
‖HpΦ,∞(R2

+,|Φ′|) . ‖Mα(F )‖LpΦ,∞(R,|Φ′|),

which along with (4.9), gives (4.8) as desired.
We are left to prove (4.11). Note first that {Fm}m∈N converges to F uniformly on compact sets of

R2
+. Indeed, since {fm}m∈N converges to T (g) in LpΦ,∞(R, |Φ′|), Lemma 3.1 gives that {ufm}m∈N

converges uniformly to uT (g) on compact sets of R2
+ and, since ufm is harmonic for each m, then

{∇ufm}m∈N converges uniformly to∇uT (g) on compact sets of R2
+. It then follows that {Fm}m∈N

converges to F uniformly on compact sets of R2
+. In addition, we have that {hm}m∈N converges to

h in LpΦ,∞(R, |Φ′|); this follows from the fact that {fm}m∈N converges to T (g) in LpΦ,1(R, |Φ′|)
and the inequalities

‖hm − h‖LpΦ,∞(R,|Φ′|) ≤ ‖Mα(Fm − F )‖LpΦ,∞(R,|Φ′|) . ‖fm − T (g)‖LpΦ,1(R,|Φ′|).

(Note that Fm−F is associated to fm−T (g) in the same way that Fm and F are associated to fm
and T (g), respectively.)
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We next proceed similarly to the argument used in the proof of (3.16). Define Γsα(x) = Γα(x)∩
{(y1 + iy2) ∈ C : 1/s < y2 < s} for x ∈ R and s ∈ N; let Cs(x) > 0 be such that |Φ′(y1, y2)| >
Cs(x) for all y1 + iy2 ∈ Γsα(x) (Cs(x) exists since Φ′ is continuous on R2

+ and Φ′ does not vanish
in R2

+). We then observe that∣∣∣∣∣ sup
y1+iy2∈Γsα(x)

| F (y1,y2)
Φ′(y1,y2)

| − sup
y1+iy2∈Γsα(x)

|Fm(y1,y2)
Φ′(y1,y2)

|

∣∣∣∣∣ ≤ sup
y1+iy2∈Γsα(x)

|F (y1,y2)−Fm(y1,y2)
Φ′(y1,y2)

|

≤ 1
Cs(x)

sup
y1+iy2∈Γsα(x)

|F (y1, y2)− Fm(y1, y2)| ∀x ∈ R.

As a consequence, we obtain

lim
m→∞

sup
y1+iy2∈Γsα(x)

|Fm(y1,y2)
Φ′(y1,y2)

| = sup
y1+iy2∈Γsα(x)

| F (y1,y2)
Φ′(y1,y2)

| ∀x ∈ R,

and it follows that∥∥∥∥∥ sup
y1+iy2∈Γsα(x)

| F (y1,y2)
Φ′(y1,y2)

|

∥∥∥∥∥
LpΦ,∞(R,|Φ′|)

≤ lim inf
m∈N

∥∥∥∥∥ sup
y1+iy2∈Γsα(x)

|Fm(y1,y2)
Φ′(y1,y2)

∥∥∥∥∥
LpΦ,∞(R,|Φ′|)

≤ lim inf
m→∞

‖Mα(Fm
Φ′

)‖LpΦ,∞(R,|Φ′|)

≤ lim inf
m→∞

‖hm‖LpΦ,∞(R,|Φ′|)

. ‖h‖LpΦ,∞(R,|Φ′|).

Since
{

supy1+iy2∈Γsα(x) |
F (y1,y2)
Φ′(y1,y2)

|
}
s∈N

is an increasing sequence that converges to Mα(F/Φ′)(x)

for x ∈ R and the Monotone Convergence Theorem holds in LpΦ,∞(R, |Φ′|), we obtain (4.11).
�

4.4. Proofs of Lemmas 4.1, 4.2 and 4.4.

Proof of Lemma 4.1. As shown in the proof of Theorem 1.4, |(Φ−1)′|p is a weight in A∞(Λ) for
1 < p < pΦ. Then, by Theorem A.7, h ◦ Φ−1 ∈ Hp(Ω, |(Φ−1)′|p) if and only if (h ◦ Φ−1)k1/p ∈
Hp(Ω, ds),where k is an analytic function in Ω, k is different from zero in Ω, k has a non-tangential
limit satisfying |k(ξ)| = |(Φ−1)′(ξ)|p for almost every ξ ∈ Λ with respect to ds, and there exists
m ≥ 0 such that (k ◦ Φ)(z)Φ′(z)/(i + z)m ∈ H1(R2

+, dx). Moreover, ‖h ◦ Φ−1‖Hp(Ω,|(Φ−1)′|p) ∼
‖(h ◦ Φ−1)k1/p‖Hp(Ω,ds). In view of this, the result will follow if we show that we can take k =
((Φ−1)′)p.

We are left to prove that (k◦Φ)(z)Φ′(z)/(i+z)m = (Φ′(z))1−p/(i+z)m ∈ H1(R2
+, dx) for some

m ≥ 0 (k verifies the other required properties in view of the properties of Φ stated in Section 4.1).

Case p = 2: Usingm = 2 and Kenig [16, Theorem 1.10, Part (iii)], we have (Φ′(z))−1/(i+z)2 ∈
H1(R2

+, dx). This fact will be used in the next two cases.

Case 1 < p < 2: We have∫
R

|(Φ′(x+ it))1−p|
|(i+ (x+ it))m|

dx =

∫
R

(
|Φ′(x+ it)|−1

|(i+ (x+ it))2|

)p−1
1

|(i+ (x+ it))m−2(p−1)|
dx.
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Since 1 < p < 2, then 1/(p− 1) > 1 and applying Hölder’s inequality, we obtain∫
R

|(Φ′(x+ it))1−p|
|(i+ (x+ it))m|

dx

≤
(∫

R

|Φ′(x+ it)|−1

|(i+ (x+ it))2|
dx

)p−1
(∫

R

1

|(i+ (x+ it))
m−2(p−1)

2−p |
dx

)2−p

.

The first integral on the right-hand side is bounded uniformly in t > 0 because (Φ′(z))−1/(i+z)2 ∈
H1(R2

+, dx) while the second integral on the right hand side is bounded uniformly in t > 0 for
m > p; as a consequence, (Φ′(z))1−p/(i+ z)m ∈ H1(R2

+, dx).

Case 2 < p < pΦ : Define m = 2(p − 1); we have (Φ′(z))−1/(i + z)m/(p−1) ∈ H1(R2
+, dx) or,

equivalently, (Φ′(z))1−p/(i+ z)m ∈ H
1
p−1 (R2

+, dx). This last function converges non-tangentially
to (Φ′(x))1−p/(i+ x)m and, using that m > p, |Φ′(x)|1−p ∈ Ap(R) and Lemma 2.3, we have∫

R

∣∣∣∣(Φ′(x))1−p

(i+ x)m

∣∣∣∣ dx =

∫
R

|Φ′(x)|1−p

(1 + x2)
p
2

1

(1 + x2)
m−p

2

dx ≤
∫
R

|Φ′(x)|1−p

(1 + x2)
p
2

dx <∞.

As a consequence, (Φ′(z))1−p/(i+ z)m is a function in H
1
p−1 (R2

+, dx) whose non-tangential limit
is in L1(R); this implies that (Φ′(z))1−p/(i+ z)m ∈ H1(R2

+, dx) by Lemma A.11. �

Proof of Lemma 4.2. The proof of this lemma follows the same ideas as the ones for Theorem A.5;
we include it here for self-containment.

Assume that h ◦ Φ ∈ Hp,∞(R2
+,Φ(ν)). By Lemma A.1, there exist 0 < α < arctan(1/L) and

0 < β < π/2 such that Φ−1(Γα(ξ)) ⊂ Γβ(Φ−1(ξ)) for almost every ξ ∈ Λ with respect to ds. This
implies that Mα(h)(ξ) ≤ Mβ(h ◦ Φ)(Φ−1(ξ)) for almost every ξ ∈ Λ with respect to ds; as a
consequence, if λ > 0, it holds that

ν({ξ ∈ Λ :Mα(h)(ξ) > λ}) ≤ ν({ξ ∈ Λ :Mβ(h ◦ Φ)(Φ−1(ξ)) > λ})
= ν(Φ({x ∈ R :Mβ(h ◦ Φ)(x) > λ}))
= Φ(ν)({x ∈ R :Mβ(h ◦ Φ)(x) > λ}).

It then follows that ‖Mα(h)‖Lp,∞(Λ,ν) ≤ ‖Mβ(h ◦Φ)‖Lp,∞(R,Φ(ν)) and, therefore, h ∈ Hp,∞(Ω, ν)
and ‖h‖Hp,∞(Ω,ν) . ‖h ◦ Φ‖Hp,∞(R2

+,Φ(ν)).

Suppose now that h ∈ Hp,∞(Ω, ν) and L < 1. By Lemma A.1, there exist 0 < α < π/2 and
0 < β < arctan(1/L) such that Φ(Γα(x)) ⊂ Γβ(Φ(x)) ⊂ Ω for almost every x ∈ R with respect
to the Lebesgue measure. This implies that Mα(h ◦ Φ)(x) ≤ Mβ(h)(Φ(x)) for almost every
x ∈ R with respect to the Lebesgue measure and therefore, for λ > 0,

Φ(ν)({x ∈ R :Mα(h ◦ Φ)(x) > λ}) ≤ Φ(ν)({x ∈ R :Mβ(h)(Φ(x)) > λ})
= ν(Φ({x ∈ R :Mβ(h)(Φ(x)) > λ}))
= ν({ξ ∈ Λ :Mβ(h)(ξ) > λ}).

This shows that ‖Mα(h ◦Φ)‖Lp,∞(R,Φ(ν)) ≤ ‖Mβ(h)‖Lp,∞(Λ,ν); then h ◦Φ ∈ Hp,∞(R2
+,Φ(ν)) and

‖h ◦ Φ‖Hp,∞(R2
+,Φ(ν)) . ‖h‖Hp,∞(Ω,ν).

Assume next that h ∈ Hp,∞(Ω, ν) and L ≥ 1. Using the notation introduced in Definition A.2
and Lemma A.3, we have Φ0(z) = z, Φ1(z) = Φ, Ω0 = R2

+ and Ω1 = Ω. Let ε > 0, α > 0 and



25

β > 0 be as given by Lemma A.3. Set λ1 = 1 and let 0 ≤ λ2 < λ1 be such that λ1 − λ2 < ε; then
Lemma A.3 implies that, for a. e. ξ ∈ Λλ2 (w.r.t. dsλ2), it holds that

σλ1,λ2(Γα(ξ)) ⊂ Γβ(σλ1,λ2(ξ)) ⊂ Ωλ1 = Ω.

As a consequence, for almost every ξ ∈ Λλ2 (with respect to arc length measure dsλ2)

Mα(h ◦ σλ1,λ2)(ξ) ≤Mβ(h)(σλ1,λ2(ξ)).

We then obtain that

σλ1,λ2(ν)({ξ ∈ Λλ2 :Mα(h ◦ σλ1,λ2)(ξ) > λ}) ≤ σλ1,λ2(ν)({ξ ∈ Λλ2 :Mβ(h)(σλ1,λ2(ξ)) > λ})
= ν(σλ1,λ2({ξ ∈ Λλ2 :Mβ(h)(σλ1,λ2(ξ)) > λ}))
= ν({ξ ∈ Λλ1 :Mβ(h)(ξ) > λ})
= ν({ξ ∈ Λ :Mβ(h)(ξ) > λ}). (4.12)

We next choose 0 ≤ λ3 < λ2 such that λ2 − λ3 < ε; applying Lemma A.3 we obtain that, for
almost every ξ ∈ Λλ3 (with respect to arc length measure dsλ3),

σλ2,λ3(Γα(ξ)) ⊂ Γβ(σλ2,λ3(ξ)) ⊂ Ωλ2

and therefore, for almost every ξ ∈ Λλ3 (with respect to arc length measure dsλ3),

Mα(h ◦ σλ1,λ3)(ξ) =Mα(h ◦ σλ1,λ2 ◦ σλ2,λ3)(ξ) ≤Mβ(h ◦ σλ1,λ2)(σλ2,λ3(ξ)).

This gives that

σλ1,λ3(ν)({ξ ∈ Λλ3 :Mα(h ◦ σλ1,λ3)(ξ) > λ})
= σλ2,λ3(σλ1,λ2(ν))({ξ ∈ Λλ3 :Mα(h ◦ σλ1,λ3)(ξ) > λ})
≤ σλ2,λ3(σλ1,λ2(ν))({ξ ∈ Λλ3 :Mβ(h ◦ σλ1,λ2)(σλ2,λ3(ξ)) > λ})
= σλ1,λ2(ν)(σλ2,λ3({ξ ∈ Λλ3 :Mβ(h ◦ σλ1,λ2)(σλ2,λ3(ξ)) > λ}))
= σλ1,λ2(ν)({ξ ∈ Λλ2 :Mβ(h ◦ σλ1,λ2)(ξ) > λ})
∼ σλ1,λ2(ν)({ξ ∈ Λλ2 :Mα(h ◦ σλ1,λ2)(ξ) > λ})
≤ ν({ξ ∈ Λ :Mβ(h)(ξ) > λ}),

where in the last inequality we have used (4.12) and in the second to the last line we have applied
Lemma A.4 noting that σλ1,λ2(ν) ∈ A∞(Λ2) by Lemma A.8. Continuing in this way, after a finite
number of steps m, we can choose λm = 0 and obtain that

σλ1,λm(ν)({ξ ∈ Λλm :Mα(h ◦ σλ1,λm)(ξ) > λ}) . ν({ξ ∈ Λ :Mβ(h)(ξ) > λ}).
Since σλ1,λm = Φ and Λλm = R, we have

Φ(ν)({ξ ∈ R :Mα(h ◦ Φ)(ξ) > λ}) ≤ ν({ξ ∈ Λ :Mβ(h)(ξ) > λ}).

This shows that ‖Mα(h ◦Φ)‖Lp,∞(R,Φ(ν)) ≤ ‖Mβ(h)‖Lp,∞(Λ,ν); then h ◦Φ ∈ Hp,∞(R2
+,Φ(ν)) and

‖h ◦ Φ‖Hp,∞(R2
+,Φ(ν)) . ‖h‖Hp,∞(Ω,ν).

�

Proof of Lemma 4.4. We will use Theorem A.10 with Ω1 = Ω2 = R2
+, Λ1 = Λ2 = R, σ1,2 = Id,

ν = |Φ′|1−p and µ = |Φ′|. By such result, h ∈ Hp(R2
+, |Φ′|1−p) if and only if there exists an

analytic function k on R2
+ such that h k1/p ∈ Hp(R2

+, |Φ′|) and k satisfies the following properties:
k does not vanish in R2

+, k has non-tangential limit almost everywhere with respect to Lebesgue
measure in R that equals |Φ′(x)|−p for almost every x ∈ R, and there exists m ≥ 0 such that
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k(z)b(z)/(i + z)m ∈ H1(R2
+, dx) for some b analytic in R2

+ that does not vanish in R2
+, has non-

tangential limit almost everywhere with respect to Lebesgue measure in R that coincides with
|Φ′(x)| for almost every x ∈ R and b(z)/(i+ z)m̃ ∈ H1(R2

+, dx) for some m̃ ≥ 0.
Set k(z) = (Φ′(z))−p, b(z) = Φ′(z); then all the requirements above are satisfied, in particular

k(z)b(z)/(i+z)m = (Φ′(z))1−p/(i+z)m ∈ H1(R2
+, dx) withm as given in the proof of Lemma 4.1

and b(z)/(i + z)2 = Φ′(z)/(i + z)2 ∈ H1(R2
+, dx) by Kenig [16, Theorem 1.10]. Since h k1/p =

h/Φ′, the desired result follows. �

5. EXAMPLES: SCHWARZ-CHRISTOFFEL LIPSCHITZ DOMAINS AND RELATED DOMAINS

In this section, we will give examples of our results in domains Ω where the boundary Λ is
a polygonal curve, that is, Λ is a continuous curve that consists of a finite or countably infinite
number of line segments. In Section 5.1 we treat the case where Λ is a polygonal curve with a
finite number of vertices while in Section 5.2 we present examples where Λ is a polygonal curve
with a countably infinite number of vertices. In addition, we present in Section 5.3 a comparison
regarding the solvability of the Neumann problem and the Dirichlet problem in a general domain
Ω of the type (1.2).

5.1. Λ is a polygonal curve with a finite number of vertices. In this case, Ω is defined by a
collection of vertices w1, . . . , wn ∈ C ∪ {∞} and interior angles α1π, . . . , αnπ. The vertices are
given in counterclockwise order with respect to the interior of Ω; that is, locally, Ω is to the left as
one moves along the segment from wk to wk+1. We will call Ω a polygon.

The interior angle at vertex wk is the angle swept from the outgoing side at wk to the incoming
side at wk; the definition of the interior angle is applied on the Riemann sphere if wk = ∞. If
wk ∈ C, we have 0 < αk ≤ 2; if wk =∞, we have −2 ≤ αk ≤ 0. We will always assume that the
polygon makes a total turn of 2π, which means that

∑n
k=1 (1− αk) = 2 or, equivalently,

n∑
k=1

αk = n− 2. (5.1)

We have the following result regarding conformal mappings from R2
+ onto a polygon Ω.

Theorem 5.1. (Theorem 2.1 in Driscoll–Trefethen [7]) Suppose Ω is a polygon with vertices
w1, . . . , wn and interior angles α1π, . . . αnπ in counterclockwise order. If Φ is a conformal map-
ping from R2

+ onto Ω with Φ(∞) = ωn then

Φ(z) = A+B

∫
[z0,z]

(ξ − x1)α1−1 · · · (ξ − xn−1)αn−1−1 dξ, (5.2)

whereA,B ∈ C, z0 is a suitably chosen point in R2
+ or its boundary, [z0, z] denotes the straight line

segment from z0 to z, x1, . . . , xn−1 are real numbers such that x1 < · · · < xn−1 and Φ(xk) = wk
for k = 1, . . . , n− 1.

A mapping of the form given on the right-hand side of (5.2) is called a Schwarz-Christoffel
transformation.

For the rest of this subsection, let Ω be a polygon (that is the graph of a function defined in R)
with vertices w1, . . . , wn−1 ∈ C, wn = ∞ and interior angles α1π, . . . αnπ in counterclockwise
order, where 0 < α1, . . . , αn−1 < 2, −2 < αn < 0 and (5.1) holds; see Figure 1. Let Φ : R2

+ → Ω
be a Schwarz-Christoffel transformation as given in Theorem 5.1. We then have that

|Φ′(x)| = B|x− x1|α1−1|x− x2|α2−1 · · · |x− xn−1|αn−1−1.
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α1π

α2π

α3π

αiπ

αn−2π

αn−1π

FIGURE 1. Unbounded polygon with w1, . . . , wn−1 ∈ C and wn =∞

It was proved in Carro–Ortiz-Caraballo [3, Lemma 2.12] that

|Φ′| ∈ ARq (R) with q = max
{

1, α1, . . . , αn−1,−αn
}

and |Φ′| /∈ ARp (R) for p < q, (5.3)

where the second condition is void if q = 1. As a consequence, we have that

p′Φ = max
{

1, α1, . . . , αn−1,−αn
}
.

In view of (5.3), (4.2) and Theorems 1.4 and 1.5 we obtain the following result.

Corollary 5.2. Let Ω be a polygon (that is the graph of a function defined in R) with vertices
w1, . . . , wn−1 ∈ C, wn = ∞ and interior angles α1π, . . . αnπ in counterclockwise order, where
0 < α1, . . . , αn−1 < 2, −2 < αn < 0 and (5.1) holds. Then we have that

(a) pΦ = max{1,α1,...,αn−1,−αn}
max{1,α1,...,αn−1,−αn}−1

;

(b) if 1 < p < pΦ, the Neumann problem in Ω is solvable in X = Lp(Λ) with Y = Lp(Λ);
(c) if pΦ <∞, the Neumann problem in Ω is solvable in X = LpΦ,1(Λ) with Y = LpΦ,∞(Λ).

We next present examples of domains that satisfy the hypothesis of Corollary 5.2.

Example 1. For 0 < α < 2, let Ω be a cone with aperture απ > 0 as in Figures 2 or 3. Then
n = 2, α1 = α, α2 = −α and, by Theorem 5.1, if Φ is a conformal mapping from R2

+ onto Ω with
Φ(∞) = ∞, then |Φ′(x)| = B |x− x1|α−1 for x ∈ R and for some constants B ∈ C and x1 ∈ R.
We observe two different behaviors depending on α :

Case 0 < α ≤ 1: In view of (5.3), p′Φ = 1, pΦ = ∞ and |Φ′| ∈ A1(R). By Corollary 5.2, the
Neumann problem in Ω is solvable in Lp(Λ) for 1 < p <∞.

f

Φ

R2
+

Ω

απ

FIGURE 2. Cone with aperture απ with 0 < α ≤ 1
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Case 1 < α < 2: In view of (5.3), p′Φ = α, pΦ = α/(α − 1) and |Φ′| ∈ ARα (R). Applying
Corollary 5.2, the Neumann problem in Ω is solvable in Lp(Λ) for 1 < p < α/(α − 1) and in
L

α
α−1

,1(Λ).

f

Φ

R2
+

Ω

απ

FIGURE 3. Cone with aperture απ with 1 < α < 2

Example 2. Let Ω be the two-angle domain shown in Figure 4 with n = 3, α1 = 3/2; α2 = 1/2
and α3 = −1. By Theorem 5.1, a conformal mapping from R2

+ onto Ω such that Φ(∞) = ∞
satisfies Φ′(x) = |x − x1|1/2|x − x2|−1/2 for x ∈ R and some constants B ∈ C and x1, x2 ∈ R.
In view of (5.3), we obtain that p′Φ = 3/2, pΦ = 3 and |Φ′| ∈ AR3/2(R). As a consequence of
Corollary 5.2, the Neumann problem in Ω is solvable in Lp(Λ) for 1 < p < 3 and in X = L3,1(Λ).

3π
2

π
2

FIGURE 4. Two-angle domain

5.2. Λ is a polygonal curve with a countably infinite number of vertices. In this section, we
present examples associated to domains with a boundary given by a polygonal curve with a count-
ably infinite number of vertices.
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3π
2

π
2

FIGURE 5. Infinite rotated staircase with alternating interior angles π
2

and 3π
2

Example 1. Let Ω to be the “infinite rotated staircase” with interior angles alternately equal to π/2
and 3π/2 as shown in Figure 5.

The formula of a conformal mapping Φ from R2
+ onto Ω is given by (see Riera–Carrasco–

Preiss [22, p. 3])

Φ(z) = A+B

∫ z

0

√
tan ξ dξ,

from which it follows that |Φ′(x)| = |B
√

tanx| for x ∈ R.As proved in Carro–Ortiz-Caraballo [3,
p. 2026-2027], p′Φ = 3/2 and |Φ′| ∈ AR3/2(R). As a consequence of Theorems 1.4 and 1.5, the
Neumann problem in Ω is solvable in Lp(Λ) for 1 < p < 3 and in L3,1(Λ).

Example 2. We next consider a domain Ω given by a numerable polygon with double symmetry as
presented in Kolesnikov–Kopaneva [19, p. 33]. In this case, Ω satisfies the following conditions:
T (Ω) = Ω for T (z) = z + 2π, Ω is symmetric with respect to the line z = π + iy, y ∈ R; the part
of Λ from a point ξ to ξ + 2π consists of a finite number of segments and rays. See Figure 6.

−π 0 π 2π 3π 4π 5π

FIGURE 6. Numerable polygon with double symmetry

Let n be the number of vertices in the strip {z ∈ C : Re(z) ∈ [0, π]}. Denote these vertices by
w1, · · · , wn with their real parts in increasing order; without loss of generality assume Re(w1) = 0
and Re(wn) = π (the angle at these vertices could be π.)

By Kolesnikov–Kopaneva [19, Theorem 2], a conformal mapping in this case is given by

Φ(z) = A+B

∫ z

0

(1− cos ξ)
α1−1

2 (1 + cos ξ)
αn−1

2

n−1∏
k=2

(cosxk − cos ξ)αk−1dξ,
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where xk ∈ R and Φ(cos(xk)) = wk for k = 2, . . . , n− 1, Φ(1) = w1, Φ(−1) = wn, 0 < αk < 2
for k = 1, . . . , n, and αkπ is the interior angle at wk for k = 1, . . . , n. We have

|Φ′(x)| = B
∣∣∣(1− cosx)

α1−1
2 (1 + cos x)

αn−1
2

n−1∏
k=2

(cosxk − cosx)αk−1
∣∣∣, x ∈ R.

Using (5.3), it was proved in Carro–Ortiz-Caraballo [3, p. 2027] that p′Φ = max{1, α1, . . . , αn,−(n−
2) +

∑n
k=1 αk} and |Φ′| ∈ ARp′Φ . As a consequence, Theorems 1.4 and 1.5 imply that the Neumann

problem in Ω is solvable in Lp(Λ) for 1 < p < pΦ and in LpΦ,1(Λ).

5.3. A comparison on the solvability of the the Neumann problem and the Dirichlet problem.
In this section, we consider a general domain Ω as given by (1.2) and compare the solvability of
the corresponding Neumann problem and Dirichlet problem.

The Dirichlet problem in Ω, given by

∆v = 0 on Ω and v = g on Λ, (5.4)

is said to be solvable in a Banach space X of measurable functions defined on Λ if for each
g ∈ X there is a harmonic function v in Ω such that v = g on Λ in the sense of non-tangential
convergence and there exists a Banach space Y of measurable functions defined on Λ such that
‖Mα(v)‖Y . ‖g‖X , with the implicit constant independent of g. It turns out that the Dirichlet
problem is solvable in Lp(Λ) for p′Φ < p <∞ and in Lp′Φ,1(Λ) if |Φ′| ∈ ARp′Φ(R); see Carro–Ortiz-
Caraballo [3]. These facts along with Theorems 1.4 and 1.5 imply the following corollary:

Corollary 5.3. The Neumann problem in Ω and the Dirichlet problem in Ω are both solvable in
Lp(Λ) for p′Φ < p < pΦ. Moreover, if pΦ < ∞ and |Φ′| ∈ ARp′Φ(R), then the Neumann problem in

Ω is solvable in LpΦ,1(Λ) and the Dirichlet problem in Ω is solvable in Lp
′
Φ,1(Λ).

In particular, Corollary 5.3 gives the following results for the domains Ω considered in Sec-
tions 5.1 and 5.2.

• In the cone with aperture απ as in Figure 2 (0 < α < 1), the Neumann problem and the
Dirichlet problem are both solvable in Lp(Λ) for 1 < p <∞.
• In the cone with aperture απ as in Figure 3 (1 < α < 2), the Neumann problem and

the Dirichlet problem are both solvable in Lp(Λ) for α < p < α/(α − 1). Moreover,
the Neumann problem is solvable in L

α
α−1

,1(Λ) and the Dirichlet problem is solvable in
Lα,1(Λ).
• In the two-angle domain as in Figure 4 or in the infinite rotated stair case as in Figure 5,

the Neumann problem and the Dirichlet problem are both solvable in Lp(Λ) for 3/2 <
p < 3. Moreover, the Neumann problem is solvable in L3,1(Λ) and the Dirichlet problem
is solvable in L

3
2
,1(Λ).

• In a numerable polygon with double symmetry as in Figure 6, the Neumann problem
and the Dirichlet problem are both solvable in Lp(Λ) for p′Φ < p < pΦ with p′Φ =
max{1, α1, . . . , αn,−(n− 2) +

∑n
k=1 αk}. Moreover, the Neumann problem is solvable in

LpΦ,1(Λ) and the Dirichlet problem in Ω is solvable in Lp′Φ,1(Λ).

APPENDIX A.

In this appendix, we state a number of known results used in the proofs of Theorems 1.4 and
1.5.
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For the following statements, Ω, Λ, Φ and L are as defined in Section 1 (see (1.2)).

Lemma A.1 (Lemma 1.13 in Kenig [16]). There exist 0 < α < arctan(1/L) and 0 < β < π/2,
which depend only on L, such that for almost every ξ ∈ Λ with respect to ds, Φ−1(Γα(ξ)) ⊂
Γβ(Φ−1(ξ)). If L < 1, there exist 0 < α < π/2 and 0 < β < arctan(1/L) such that for almost
every x ∈ R with respect to Lebesgue measure, Φ(Γα(x)) ⊂ Γβ(Φ(x)) ⊂ Ω.

Definition A.2 (Definition 1.14 in Kenig [16]). Given 0 ≤ λ ≤ 1, define Φλ such that Φ′λ(z) =
(Φ′(z))λ. Note that Φ′λ is never zero and | arg(Φ′λ(z))| ≤ λ arctan(L) < π/2; then Φλ is one-
to-one. We define Ωλ = Φλ(R2

+) and note that Ωλ is a Lipschitz domain of the same type as
Ω and Φλ is a conformal mapping from R2

+ onto Ωλ that satisfies the same properties as Φ. Set
Λλ = ∂Ωλ and denote its arc length measure by dsλ. Also observe that Λλ can be parametrized by
ξλ(x) = x+ iγλ(x) with ‖γ′λ‖L∞ ≤ tan(λ arctan(L)).

Lemma A.3 (Lemma 1.15 in Kenig [16]). For 0 ≤ λ1 ≤ 1 and 0 ≤ λ2 ≤ 1 and using the notation
introduced in Definition A.2, consider σλ1,λ2 : Ωλ2 → Ωλ1 given by σλ1,λ2 = Φλ1 ◦ (Φλ2)−1. There
exist ε > 0, 0 < α < arctan(1/L) and 0 < β < arctan(1/L), depending only on L, such that if
λ2 < λ1 and λ1 − λ2 < ε then for almost every z ∈ Λλ2 with respect to dsλ2 , it holds that

σλ1,λ2(Γα(z)) ⊂ Γβ(σλ1,λ2(z)) ⊂ Ωλ1 .

Lemma A.4 (Lemma 2.3 in Kenig [16]). If 0 < α < arctan(1/L), 0 < β < arctan(1/L) and
ν ∈ A∞(Λ) then

ν({ξ ∈ Λ :Mαh(ξ) > λ}) ∼ ν({ξ ∈ Λ :Mβh(ξ) > λ}), ∀λ > 0,

where the implicit constant depends only on ν, L, α and β.

Theorem A.5 (Theorem 2.8 in Kenig [16]). Let 0 < p <∞ and ν ∈ A∞(Λ). Then h ∈ Hp(Ω, ν)
if and only if h ◦ Φ ∈ Hp(R2

+,Φ(ν)), with equivalence of norms.

Definition A.6 (Definition 2.10 in Kenig [16]). Let ν ∈ A∞(Λ). The space AE(ν) is the class
of functions h that are analytic and different from 0 on Ω, have a non-tangential limit almost
everywhere in Λ with respect to ds that satisfies |h(ξ)| = ν(ξ) for almost every ξ ∈ Λ, and there
exists m ≥ 0 such that (h ◦ Φ)(z)Φ′(z)/(i+ z)m ∈ H1(R2

+, dx).

Theorem A.7 (Theorem 2.13 in Kenig [16]). Let 0 < p < ∞ and ν ∈ A∞(Λ). If h is analytic in
Ω, the following conditions are equivalent:
(a) h ∈ Hp(Ω, ν),
(b) supt>0(

∫
Λ
|h(ξ + it)|pdν(ξ))1/p <∞,

(c) for any k ∈ AE(ν), h k1/p ∈ Hp(Ω, ds).

Moreover, the corresponding norms are equivalent.

For the next two results, consider curves Λ1 and Λ2 in the complex plane, given parametrically
by ξ1(x) = x+iγ1(x) and ξ2(x) = x+iγ2(x) for x ∈ R, respectively, where γ1 and γ2 are Lipchitz
functions. Denote Ωj = {z ∈ C : z = x + iy and y > γj(x)} for j = 1, 2. Consider a conformal
mapping σ1,2 : Ω2 → Ω1 such that σ1,2(∞) =∞ (then σ1,2 extends as a homeomorphism from Ω2

onto Ω1). If ν is a measure on Λ1, then σ1,2(ν) denotes the measure on Λ2 defined by σ1,2(ν)(U) =
ν(σ1,2(U)) for any measurable set U ⊂ Λ2.

Lemma A.8 (Lemma 1.16 in Kenig [16]). If ν ∈ A∞(Λ1), then σ1,2(ν) ∈ A∞(Λ2).



32 The Neumann problem in graph Lipschitz domains in the plane

Definition A.9 (Definition 2.11 in Kenig [16]). Consider the corresponding conformal mappings
Φ1 : R2

+ → Ω1 and Φ2 : R2
+ → Ω2, and let ν ∈ A∞(Λ1) and µ ∈ A∞(Λ2). The space

AE(ν, µ) is the class of functions h that are analytic and different from 0 on Ω2, have a non-
tangential limit almost everywhere in Λ2 with respect to arc length measure ds2 that satisfies
|h(ξ)| = (dσ1,2(ν)/dµ)(ξ) for almost every ξ ∈ Λ2, and there exists m ≥ 0 and k ∈ AE(µ)
such that (h(Φ2(z))k(Φ2(z))Φ′2(z))/(i+ z)m ∈ H1(R2

+, dx).

Theorem A.10 (Corollary 2.18 in Kenig [16]). Let 0 < p < ∞, ν ∈ A∞(Λ1), µ ∈ A∞(Λ2) and
k ∈ AE(ν, µ). Then h ∈ Hp(Ω1, ν) if and only if (h ◦ σ1,2) k1/p ∈ Hp(Ω2, µ), with equivalent
norms.

We end this appendix by stating two lemmas in the setting of R2
+.

Lemma A.11 (Corollary 4.3 in Garnett [11]). Let 0 < p, r < ∞ and h ∈ Hp(R2
+, dx). If the

non-tangential limit of h belongs to Lr(R), then h ∈ Hr(R2
+, dx).

Lemma A.12 (Lemma I.10 in Garcı́a-Cuerva [10]). Let 1 < q < ∞, w ∈ Aq(R) and s(x, t) be a
non-negative subharmonic function on R2

+ which is in Lq(R, w) uniformly in t > 0. Then s has a
least harmonic majorant which is the Poison integral of some function s0 ∈ Lq(R, w). Moreover,
s0 is the pointwise limite of s(·, t) as t→ 0 if such limit exits.
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