THE NEUMANN PROBLEM IN GRAPH LIPSCHITZ DOMAINS IN THE PLANE
MARIA JESUS CARRO, VIRGINIA NAIBO, AND CARMEN ORTIZ-CARABALLO

ABSTRACT. We study new aspects of the solvability of the classical Neumann boundary value prob-
lem in a graph Lipschitz domain in the plane. When the domain is the upper half-plane, the boundary
data is assumed to belong to weighted Lebesgue or weighted Lorentz spaces; we show that the solv-
ability of the Neumann problem in these settings may be characterized in terms of Muckenhoupt
weights and related weights, respectively. For a general graph Lipschitz domain €2, as proved in an
unpublished work by E. Fabes and C. Kenig, there exists e > 0 such that the Neumann problem is
solvable with data in L? (0€2) for 1 < p < 2+¢q; we review the proof of this result and show that the
Neumann problem is solvable at the endpoint 2 + £, with data in the Lorentz space L2T¢2:1(982).
We present examples of our results in Schwarz-Christoffel Lipschitz domains and related domains.

1. INTRODUCTION AND MAIN RESULTS

Let Q2 be a domain in R™ and consider the classical Neumann boundary value problem in () :
Av=0o0n and Vv -n = gon0f, (1.1)

where A is the Laplacian operator and n denotes the outward unit normal vector to 0f2. For
bounded domains, one must also assume that f 50 gdo = 0, where o denotes surface measure
on 0f). The solvability of (1.1) with data g in L”(0€2) has been extensively studied for different
types of domains (). Fabes—Jodeit—Riviere [8] considered the Neumann problem in a bounded
domain 2 C R™ with C' boundary and n > 3 and proved that (1.1) is solvable in L?(0S2) for
any 1 < p < oo. Later on, Jerison—Kenig [14] proved that the Neumann problem is solvable in
L?(99) for bounded Lipschitz domains 2 C R™ and n > 3. This result was extended by Dahlberg—
Kenig [5], who showed that the Neumann problem in bounded Lipschitz domains 2 C R™ with
n > 3 is solvable in LP(09) for 1 < p < 2 + g, where £ depends only on §2 and the range for
p is sharp (see also Kenig [17]). An analogous result for Lipschitz domains (2 that are graphs was
also proved in Dahlberg—Kenig [5] in dimensions n > 3 while the corresponding case for n = 2
was obtained by E. Fabes and C. Kenig (unpublished, see Jerison—Kenig [14, Remark (d), p. 207]
and Kenig [15, p. 270]). In all of these results, the equality Vv - n = g is interpreted in terms
of non-tangential convergence; moreover, it is shown that | M (V)| ze@0) S ||9]lr00), with
constants independent of g, where M, is the non-tangential maximal operator corresponding to
cones with aperture «.

In this article, we treat the solvability of the Neumann problem in a graph Lipschitz domain
) C C with boundary data in Lebesgue, Lorentz and Lorentz-related spaces; in particular, we

2010 Mathematics Subject Classification. Primary: 35J05, 46E30, 42B30. Secondary: 42B99.

Key words and phrases. Neumann problem, graph Lipschitz domain, non-tangential maximal operator, Mucken-
houpt weights, Lorentz spaces, Hardy spaces.

First and third authors were partially supported by MTM2016-75196-P (MINECO / FEDER, UE) and grant
PID2020-113048GB-100 funded by MCIN/AEI/ 10.13039/501100011033. Second author was partially supported
by the National Science Foundation under grant DMS 1500381 and the Simons Foundation under grant 705953. Third
author was partially supported by Project GR18108 (Junta de Extremadura-Spain and the European Union-European
Regional Development Funds).

1



2 The Neumann problem in graph Lipschitz domains in the plane

obtain new results regarding the solvability of (1.1) corresponding to the endpoint p = 2 + eq.
Before stating our results, we describe with more details the setting for the Neumann problem in a
graph Lipschitz domain.

Let A be a curve in the complex plane given parametrically by &(x) = x + iy(x) for z € R,
where -y is a real-valued Lipschitz function with constant L, and consider the Lipschitz domain

Q:{Zl+i22 GCIZQ >”}/<Zl)}. (1.2)
For the rest of this manuscript, €2 will be a graph Lipschitz domain as defined in (1.2) with A and
L as given above; note that 02 = A.
Given 0 < a < arctan(1/L), define the non-tangential maximal operator M, as

M (F)(§) = sup [F(z)], €A,

ZeFa(&)

where [’ is a complex-valued function defined in €2 and
[o(§) = {21 +iz € C: 25 >1Im(£) and [Re() — 21| < tan(a)|ze — Im(§)[}.

Definition 1.1. For a locally integrable function ¢ in A, a function v defined on €2 is a solution of
the Neumann problem (1.1) in ) with datum ¢ if v is harmonic in §2 and Vv - n converges non-
tangentially to g almost everywhere in A with respect to arc length measure, that is, there exists
0 < o < arctan(1/L) such that lim,er,, () .¢ VU (2) - n(§) = g(§) for almost every £ € A.

In the sequel, we will use the notation z <1  to mean that z — & with z € ', (§) for some
0 < a < arctan(1/L).

Definition 1.2. If X is a Banach space of measurable functions defined on A, we say that the
Neumann problem in () is solvable in X if there exist a Banach space Y of measurable functions
defined on A and 0 < o < arctan(1/L) such that for every g € X there exists a solution v, of the
Neumann problem in €2 with datum g and

[Ma(Vog)lly < llgllx,

where the implicit constant is independent of ¢ and, || - || x and || - ||y denote the norms in X and
Y, respectively.

Our first stated result, Theorem 1.3 below, is in the context of the upper half-plane R? and
weighted Lebesgue, weighted Lorentz and weighted Lorentz-related spaces in the real line. We
then use this result to address the Neumann problem in 2 with data in Lebesgue and Lorentz
spaces in A as presented in Theorems 1.4 and 1.5 below.

In the following, A,(R) denotes the Muckenhoupt class of weights in R, which characterizes
the boundedness of the Hardy-Littlewood maximal operator on the weighted Lebesgue spaces
LP(R,w) if 1 < p < oo and from L'(R,w) to the Lorentz space L'"*(R,w) if p = 1, while
AZ}(R) stands for the class of weights w in R that characterizes the boundedness of the Hardy-
Littlewood maximal operator from the weighted Lorentz space L' (R, w) to the weighted Lorentz
space LP>(R, w); it holds that A;(R) = AT(R) and A,(R) € A%(R)if 1 < p < oo. For a weight
w in R, the notation £7}(R,w) (respectively, £P*°(R,w)) is used for the space of functions f
such that fw~! € LP''(R, w) (respectively, L»*(R,w)). For 1 < p < oo, p’ denotes the conjugate
exponent of p,i.e. 1/p+1/p’ = 1. We direct the reader to Section 2 for detailed definitions, related
results and references.

Theorem 1.3 (Solvability of the Neumann problem in the upper half-plane). The Neumann prob-
lem in ]Ri is solvable in the following settings:



(a) X =Y = LP(R,w), 1 <p<oocandw € Ay(R);

(b) X = LM (R,w), Y = LP>*(R,w), 1 < p < oo and w € AR(R);

(c) X = LV (R,w),Y = LP®(R,w), 1 < p < oo, we AK(R).

Moreover, the converses of (a) and (b) hold:

(e) if 1 < p < 0o, w is a weight in R and the Neumann problem is solvable in X = LP(R,w) with
Y = LP(R,w), then w € A,(R);

(f) if 1 < p < oo, w is a weight in R and the Neumann problem is solvable in X = LP'(R, w)
withY = LP>®(R,w), then w € AX(R).

In the what follows, ® : RZ — 2 is a conformal mapping that extends as a homeomorphism
from R2 onto Q. It turns out that ®’(x) exists for almost every x € R and is locally integrable;
moreover, |®'| € A,(R). Additional details and references are included in Section 4.1. We define
pe such that the conjugate exponent pj, is given by

Py = inf{g € [1,00) : |&'] € A4,(R)}
and we note that ps > 2 since |®'| € A2(R).

The result stated next, Theorem 1.4, relates to the unplublished work by E. Fabes and C. Kenig
mentioned in the introduction (see Jerison—Kenig [ 14, Remark (d), p. 207] and Kenig [15, p. 270]):
given a Lipschitz domain €2 contained in R?, there exists g > 0 such thatif 1 < p < 2 + g, then

the Neumann problem is solvable in LP(A). Our next result shows that such 2 + ¢, can be taken to
be equal to pg.

Theorem 1.4 (Solvability of the Neumann problem in L?(A)). If 1 < p < pe, then the Neumann
problem in Q is solvable in X = LP(A\) with Y = LP(A); this is, for each g € LP () there exists a
solution v, of the Neumann problem in ) with datum g such that

[Ma(Vug)llew) S ll9llzew), (1.3)
where 0 < o < arctan(1/L) and the implicit constant is independent of g.

Assuming pg < 00, the condition 1 < p < pg in Theorem 1.4 is equivalent to || € A,/ (R) and
we have that [®'| ¢ A}, (R). The next theorem addresses the solvability of the Neumann problem
in Q) for the endpoint p = pe assuming |®’| belongs to the larger class AZ (R) (see (2.4)).

Theorem 1.5 (Solvability of the Neumann problem in LP*1(A)). If ps < oo and |®'| € AZ)Z (R),

the Neumann problem in ) is solvable in X = LP*Y(A) with Y = LP>>(\); this is, for each
g € LP¥1(A) there exists a solution v, of the Neumann problem in Q with datum g such that

[Ma(Vog)llzrecen) S lgllzrea), (1.4)
where 0 < a < arctan(1/L) and the implicit constant is independent of g.

Remark 1.6. A statement of Theorem 1.5 for p such that ps < p < oo instead of ps does not make
sense. Indeed, the assumption |®'| € AT(R) for some pp < p < oo implies that [®'] € A, . (R)
for all ¢ > 0 (see (2.4)), which contradicts the fact that, by the definition of pg, |®'| ¢ A,(R) for
1 <q<p.

The proofs of Theorems 1.4 and 1.5 make use of Theorem 1.3 and are inspired by tools and tech-
niques from Kenig [15, 16]. More precisely, the existence of a solution of the Neumann problem
in Q with data in LP(A) for 1 < p < pg (respectively, LP*!(A)) follows from the existence of a
solution of the Neumann problem in R? with data in LP(RR, |®'|'~?) (respectively, LP*}(R, |P'])).



4 The Neumann problem in graph Lipschitz domains in the plane

Likewise, the estimates associated to the non-tangential maximal operator for the Newman prob-
lem in €2 are obtained from corresponding estimates for the Neumann problem in ]Ri coupled with
the theory of Hardy spaces developed in Kenig [15] and new results presented here about Hardy
and weak Hardy spaces (Lemmas 4.1, 4.2 and 4.4).

The organization of the article is as follows. In Section 2, we present notation and preliminaries
associated to the proof of Theorem 1.3 (solvability of the Neumann problem in the upper half-
plane), which is carried out in Section 3. The solvability of the Neumann problem in a general
Lipschitz domain (2 is addressed in Section 4: In Section 4.1, we include corresponding notation
and preliminaries; in Section 4.2, we treat the solvability of the Neumann problem in LP(A) for
1 < p < pg (Theorem 1.4); Section 4.3 is devoted to the solvability of the Neumann problem
in LP*1(A) (Theorem 1.5); finally, in Section 4.4, we give the proofs of several lemmas related
to weighted Hardy spaces used in the proofs of the main results. Section 5 contains examples
of our results in domains {2 where A is a polygonal curve with a finite or a countably infinite
number of vertices (Schwarz-Christoffel Lipschitz domains and related domains); we also include
a comparison regarding the solvability of the Neumann problem and the corresponding Dirichlet
problem in a given domain 2. For the purpose of self-containment, Appendix A includes several
lemmas from Kenig [16] that are used throughout the proofs in Section 4.

2. NOTATION AND PRELIMINARIES

In this section, we introduce notation and definitions associated to the results on the solvability
of the Neumann problem in the upper half-plane; we also state and prove some lemmas that will
be used in the proof of Theorem 1.3.

Let w be a weight on R, i.e. a non-negative locally integrable function defined in R, and 1 <
p < oco. We will denote by LP(R, w) the space of measurable functions f : R — C such that

ooy = ( [ @) dx)” < oo,

with the corresponding changes for p = oo. For 1 < p < oo, the Lorentz spaces L' (R, w) and
LP>°(R,w) are defined as the classes of measurable functions f : R — C such that, respectively,

* 1 1 [ 1
11 2rr @) :/ (Af ()7 dz = ‘/ fo(@)zr de < oo,
0 P Jo
1 1
£l zroe ) = sup @ (Af (2))» = supa» fi(z) < oo,
x>0 x>0

where A} is given by \¥(z) = w({t € R: |f(t)| > x}), with w(A)‘ = [, w(z)dz for A‘a
measurable subset of R, and f; is the decreasing rearrangement of f with respect to w, that is
fu(x) = inf{t > 0: X¥(t) < z}. Wenote that L' (R, w) = L' (R, w). Finally, for 1 < p < oo, we

will use the notations L' (R, w) and £P*>°(R, w) for the spaces of measurable functions f : R — C
such that

1l zor @y = | fo™ | zor@owy < 00,
| £ll ooy = I fw ™"

Note that the fact that LP' (R, w) C LP(R, w) continuously implies that £7! (R, w) C LP(R, w!™?)
continuoulsy.

When w = 1, we will drop w in the notations introduced above; for instance, L”(R) means the
space LP(R, w) when w = 1. The notation C,(R) is used for the class of continuos functions in

|LP,00(]R7U)) < 0.
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R that have compact support and L!(R) denotes the subspace of compactly supported functions of
L'(R).

The Hardy-Littlewood maximal operator will be denoted by M,; it is defined for locally inte-
grable functions f on R by

My f(x) =sup — / |f ()| du,
xel ‘[ |

where the supremum is taken over all intervals / C R that contain x and, for a measurable set
A C R, |A| denotes the Lebesgue measure of A.

For € > 0, we use the notation H. for the truncated Hilbert transform, that is,

Hfwy = [ TE=8y,

ly|>e Yy

and denote by H and H* the Hilbert transform and the maximal Hilbert transform, respectively;
that is,

flz —y) dy

ly|>e Yy

Hf(z) =lim flo - )dy and H*f(x) =sup

e—0 ‘y|>5 y e>0

We next define the classes of weights to be considered in R: the well-known Muckenhoupt class
A,(R) and the larger class A¥(R). If 1 < p < oo, w belongs to A,(R) if

s, =sup (o [wieas) (1 w<x>1—p/dx)p_l<oo, @)

where the supremum is taken over all intervals contained in R. Note that the above condition can
be rewritten as

1 B
sup — Xzl Lo ) X 10| 1 (.0 < 00-
Icr ||

We say that w € A;(R) if
|wl|a, = ess supM < 00.
vk w(x)

We recall that if f € L (R) is such that M, f(z) < oo for almost every 2 € Rand 0 < § < 1,
then (M, f)° € A1 (R); and, for 1 < p < 0o, w € A,(R) if and only if w! ™" € A, (R). Moreover,
A,(R) Cc A,(R)if p < q.

We set A (R) = U,>14,(R) and recall that weights in A, (R) satisfy the reverse Holder’s
inequality: if w € A (R), there exists € > 0 such that

1
1 T+e 1
<—/w(91:)“rE dx) < —/w(a:) du, (2.2)
1] J; ]/
for all intervals I C R.

For1 < p < oo, w € AX(R) if

ol g = sup ‘ff“ (%)/ < oo,

where the supremum is taken over all 1ntervals I C R and all measurable sets &£ C [. This
condition is equivalent to

1 -
sup — [[x7ll o @) X 70| ot o ) < 005 (2.3)
1cx ||
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where the supremum is taken over all intervals I C R. We have A;(R) = AF(R) and, for 1 < p <
o,
A,(R) € AR(R) € Nesodpie (R). 24)
We refer the reader to Carro—Ortiz-Caraballo [3, p. 2019] for examples regarding the strict inclu-
sions.
The following theorem summarizes known results regarding boundedness properties of M, H
and H* in weighted spaces that will be used throughout the article.

Theorem 2.1. Let 1 < p < 0.

(a) My, H and H* are bounded from LP(R,w) to L*(R,w) if and only if w € A,(R) and My,
H and H* are bounded from L*(R,w) to L»*(R,w) if and only if w € A;(R); see Mucken-
houpt [21] for My,; and Hunt—Muckenhoupt—Wheeden [13] for H and H*.

(b) My, is bounded from LP>°(R, w) to LP*>*(R,w) if and only if w € A,(R); see Chung—Hunt—
Kurtz [4].

(¢) My is bounded from LP' (R, w) to L»* (R, w) if and only ifw € A%(R); see [4] and Kerman—
Torchinsky [18].

(d) H* is bounded from LP* (R, w) to LP>*(R, w) for w € AX(R); see [4].

(e) M is bounded from L' (R, w) to LP>*(R,w) if and only if w € AX(R).

For part (e) of Theorem 2.1, the fact that H is bounded from LP}(R, w) to LP*(R, w) if w €
AZ}(R) follows from part (d) of Theorem 2.1. The converse is a consequence of Agora—Carro—
Soria [1, Theorem 1.1], which gives that if # is bounded from L' (R, w) to L»*°(R, w) then My,
is bounded from L”!' (R, w) to L»**(R, w); part (c) of Theorem 2.1 then implies that w € AX(R).

We next state and prove two lemmas that will be used in Section 3. Lemma 2.2 is concerned
with dense subsets of L?(R,w), LP'(R,w) and L' (R, w) for general weights while Lemma 2.3
presents estimates for weights in the classes defined above.

Lemma 2.2. Let w be a weight on R and 1 < p < oo.
(a) C.(R) is dense in LP(R, w).

(b) C.(R) N LPY (R, w) is dense in LP' (R, w).

(c) LY(R) N LPYR, w) is dense in L/ (R, w).

Proof. We first prove (a) and (b) together and then we prove (c).

Proof of (a) and (b): Since finite linear combinations of characteristic functions of measurable
sets F such that w(E) is finite are dense in LP(R, w) and L”!(R, w) (see Grafakos [12, Theorem
1.4.13]), it is enough to show that if £ is such a set and ¢ > 0, then there exists h € C.(R)
(respectively, h € C.(R) N LP'(R,w)) such that ||xg — h|e@w) < € (respectively, | xp —
h|| p1(Rw) < €). In turn, we may assume that £ is bounded and contained in an open interval [
sufficiently large (since x g, — X in LP(R,w) and LP' (R, w) with Ey, = E N (—k, k)).

Since wy; € L'(R), there exists & > 0 such that if A C R is measurable and |A| < § then
w(ANI) < eP. Let U and K be open and closed sets in R, respectively, suchthat K C £ C U C [
and |U \ K| < d and let h € C.(R) be a function with values in [0, 1] such that |y g(z) — h(z)| <
xu\k (z). Then, we have, for X = LP(R,w) or X = LP' (R, w),

Ixe = hllx < Ixokllx = w(U\ K)'P <e,

as desired.
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Proof of (c): Let f € LP'(R, w), then f = gw with g € LP*(R, w). Since C.(R) N LP' (R, w) is
dense in LP''(R, w), there exists {gm }men C Co(R) N LPY(R, w) such that g, — g in LP' (R, w).
Set f, = gmw; then f,,, € L}(R) N £LP}(R, w) and we have,

||fm - f||£Pv1(R,w) = Hgm - gHLPvl(R,w) — 0:
which proves the desired result. 0

Lemma 2.3. Let w be a weight in R.
(a) If 1 <p < ooandw € Ay(R), then

/ w(z) dx < l/ w(x)dr, VroeR,t>0.
R (t + |.’1§‘0 - x|)p tp |zo—z|<t

(b) If1 < p < oo and w € AR(R), then
lw™ YA+ T D7 o oo ey < 00
Proof. We first prove (a) and then (b).

Proof of (a): For x € R, we have that |y — zo| < ¢ implies |y — x| < t + |z — 2¢|. Then,

1 t
Mhl X(zo—t,x x) > / X(zo—t,x ) dy = .
( (zo—t, 0+t))( ) 2(t + |7 — @0)) (y—s| <tz (zo—t, 0+t)( ) t+ |z — 20|

Since My, is bounded on LP(R, w) for w € A,(R), we obtain

w() 1
dr < —||Mpi(Xao—t.a P
/Rn (t + |xo — z|)P r= tp” n(Xao-t, o+t)HLp(R,w)
1 1

S e miollm =5 [ vl

as desired.
Proof of (b): Let Iy = [0,1) and [}, = [271,2%) for k € N. We have

o™ A+ DI = supy”

/00 w(x)dx
Lemee®w) S /{xEle(fﬁ)(1+|m|)<;}

= supy” i / w(x)dx

y>0 k—0 ” {z€R:|z|€]) and w(x)(1+|x|)<%}

< supy” Z/ w(x)dx

y>0 k—0 Y {z€R:|z|€]) and w(x)<ﬁ}

oo
<o Z 27k sup 27

/ w(x)dx
=0 2>0 {zeR:|z|<2F and w—1(x)>2}

= 2}7 Z 2_kp ||X(—2k72k)w_l||ip/'°°(R,w)'
k=0
Since w € AR(R), (2.3) gives
1y < Qkp/
X2t 290 ey = 22w Ry
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and therefore

[ O 6 0 ) AP NZ Qk T (2.5)

Taking into account that w € A, (R), the reverse Holder 1nequahty (2.2) implies that there exists
€ > 0 such that

1

1 [ 1te 1 2
5% /_Qk w(z)' e dr < 5 w(z)dz, Vk € Ny.

—_9k
As a consequence, we have

ke 1 ﬁ
w22 2 2% ([ wteyae)

1

which implies that the series on the right-hand side of (2.5) converges and the desired result fol-
lows. U

We end this section by stating a particular case of Lerner [20, Theorem 4.2] regarding operators
associated to sparse families of cubes in R™, which will be used in the proof of Lemma 3.2 re-
garding the solvability of the Neumann problem in the upper half-plane in the space £P!(w) with
w € A%(R).

Given 0 < 1 < 1, afamily S of cubes contained in R" is said to be n-sparse if for every ) € S,
there exists a measurable set Eg C () such that |Eg| > n|@Q| and the sets {Eg}, s are pairwise
disjoint. A family of cubes is sparse if it is n-sparse for some 0 < 1 < 1. For a cube () C R" and
a constance ¢ > 0, ¢ () will denote the cube with the same center as () and side length ¢ times the
side length of Q.

Theorem 2.4 (Theorem 4.2 in Lerner [20]). Let T' be a sublinear operator defined on functions of
R" such that T and Mr are bounded from L'(R) to L*°(R), where

Me(f)(x) = sup esssup |T(fxrm\3q)(E)l,
Q:zeQ €€

with the supremum taken over all cubes Q C R™ that contain x. Then, for every f € LL(R"), there
exists a sparse family S such that

IT(f)(z)| < CAs(|f])(z),  aexeR”,
where C = C,(||T|| 1100 + HMTHL1_>L1 «) and

As(hi) =3 / £(9) dy xola).

Qes
3. SOLVABILITY OF THE NEUMANN PROBLEM IN THE UPPER HALF-PLANE

In this section we will prove Theorem 1.3, which states that the Neumann problem in the up-
per half-plane is solvable in LP(R,w) with w € A,(R), in L»'(R,w) with w € A%(R) and in
L7 (R, w) with w € AT(R).

In Section 3.1, after presenting some preliminaries, we state and prove Lemmas 3.1 and 3.2 to
be used in the proof of Theorem 1.3. Lemma 3.1 states that u as given in equation (3.1) is a well-
defined harmonic function for f in any of the above function spaces as well as a result regarding
convergence of sequences of such harmonic functions. Lemma 3.2 shows that the non-tangential
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maximal operator is bounded appropriately in dense subsets of the function spaces of interest to
Theorem 1.3. The proof of Theorem 1.3 is completed in Section 3.2

3.1. Proof of Theorem 1.3: preliminaries and some lemmas. Let f € L'(R) and define
1 /(1 —2)2+42
ur(yr,y2) = ;/bg <_(Zé—i+|x‘)>_y2) fz)dz,  (y1,92) € R CRY
R

Note that, as proved in Armitage [2, Lemma 1 and p. 103], for every compact set X' C R? there is
a constant C'x > 0 such that

(1+[]) GE=r)

log (M) ‘ <Ck, VreR,(y,y2) € K. (3.2)

In particular, u is well-defined on Ri.
The estimate (3.2) and the Dominated Convergence Theorem imply that u; is continuous in
R? . Applying Fubini’s theorem, the mean value property follows at every point of R? from the

fact that log ( (1 — )% + y%) is harmonic in R% as a function of (y;,y») for each z € R.

As a consequence, uy is harmonic in R? . Moreover, formula (3.3) given below implies that %
converges non-tangentially to f forany 0 < o < /2 (see, for instance, Stein [23, p. 197, Theorem
1]). We then conclude that u is a solution of the Neumann problem in R? with datum f.

We next estimate M, (Vuy) with 0 < oo < 7/2. We have

Ouy _ ! P gp— (P,
Sittnn) = = [ f@) e e = ~(P = ). (3

where P, denotes the Poisson kernel, that is, P, (z) = y; ' P(y, 'x) with P(z) = £ L5 and z €
2

R. Note that differentiation under the integral sign is possible since, if K C R is a compact set,
we have

Yo 1 OK
< < ;o Yy, 42) € K.

(=) +ys (x—y)2+y2 ~ 1+ 2] (v1,02)

Hence, it holds that
ou
Mo (G52 (@) = Suby, yiy)era(a) [ Po * [ (Y1) S Muf(2); (3.4)

see, for instance, Stein [23, p. 197, Theorem 1] for the last inequality. We also have

Juy 1 / (x — 1)

4 , _ —— r)———m—m—m—mmm dl’ = — k s 35

ayl (yl ?/2) T Je f( )(Qf — 91)2 + y% (Qy2 f)(yl) ( )
where (,, is the conjugate Poisson kernel, that is Q,, () = 5 'Q(y; ') with Q(z) = %1&;2 and x €

RR. Note that differentiation under the integral sign is possible since, if X' C R? is a compact set,

we have that
1 Cx

(55—3/1) <
(r—y)2+y2 ~ 14|z

(x —y1)*+ 3

If 0 < g < oo, since (Qy, * f)(y1) is harmonic in R? , we obtain

Ma(Z0) () S (Mupa(sup [(Qy, * £)|7) ()5, (3.6)

1o}
v y2>0

v(yla ?/2) € K.




10 The Neumann problem in graph Lipschitz domains in the plane

see Fefferman—Stein [9, p. 170]. In addition, Q,, * f = Qu, % f — Hyo f + Hyof = Uy * [ +H,y, f,
where ¢, (2) = yo 19 (y2~'2), for an appropriate function 1), is an approximation to the identity.
It then follows that

sup [(Qy, * f)(2)* S (M f(z) + H f(x)), (3.7

y2>0

where we have used that sup,,-, [(1y, * f)(z)| < Mpuf(z) (see, for instance, Stein [23, p.62,
Theorem 2]). The estimates (3.6) and (3.7) imply

Mo (22 (@) S (Mpa((Muf + H[)7) ()9, (3.8)

oy1

The estimates (3.4) and (3.8) then lead to
Ma(Vug)(@) S Mp((Muaf +H [))(@)) + Muf(z), «€R, feL'(R).
Denoting 7,(f) = (M ((Mpf +H* £)7))Y/9 for 0 < ¢ < oo, we then have
Ma(Vug)(z) S To(f)(z) + Muf(z), = €R,feL'(R), (3.9)
We are now ready to state and prove Lemmas 3.1 and 3.2, which will be used in the proof of
Theorem 1.3

Lemma 3.1. For 1 < p < oo, let X = LP(R,w) with w € A,(R) or X = LPY(R,w) with
w e AR(R) or X = LR, w) withw € AK(R); forp =1, let X = L'(R,w) withw € A;(R).
If f € X, then uy as given by (3.1) is well-defined and is harmonic in R3.. Moreover, for any
sequence { fm,}men C X converging to f in X, it holds that uy,, converges to wuy uniformly on
compact sets of R?..

Proof. In view of (3.2), uy is well-defined for any function f on R that satisfies fR % dr < oo.
We will show that

@)
1 ] de < fllx, YfeX. (3.10)

Case X = LP(R,w), w € A,(R), 1 < p < oo : By Holder’s inequality, we have

1—p 1/p'
Tl G0 <1 ( / %d) |

r 1+ |z 1+ |z

Since w € A,(R) then w'™" € A, (R); Lemma 2.3 then implies that the integral on the right hand
side is finite.

Case X = LP' (R, w), w € A%(R), 1 < p < oo : We have

f() L L
s r Lt 1 P (SRR B PR

= [1£lleer@an 11+ T D7 o
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We next show that [|(1 + | - [)7"|| s/ .cc(r) is finite. Denoting I = (—152,12) and Ey =
(—(1—=X),1=X)for0 < X < 1, we have

—_ _ 1 /
N+ 1D ey = sup A (w({z € R: (14 [2])™ > Ap) "7

0< <0
: BN £ w(y) \
= sup (L)Y = su wEl/p|—(—
0<,\E1 (A> 0<>£1 ( /\) \L\\ w(E)\)

< w(Ep)" Jull 5 < oo

Case X = LP'(R,w), w € AX(R), 1 < p < oo : We have

’J (.T)' -1 -1
2 de < |\ Fll etk 1+]- oo .
1 ’Z’| T3 || ||Lp1(R, )“w ( | |) ||LPv (R,w)

Lemma 2.3 gives that [[w ™" (1 + | - |) 7| 1s/.00 (g0 18 finite.

Case X = L'(R,w), w € A;(R) : Since w € A;(R),

1

1
/ w(y)dy, ae. xeR.
1

Therefore, noting that f_ll w(y) dy > 0, we obtain

1
Sw(x), ae. x€R;
1+ |z] ™ (z)

multiplying on both sides by | f(z)| and integrating over R gives the desired inequality.

It then follows that u is well-defined for any f in the spaces X considered. The fact that u is
harmonic in R? for any f € X follows as described in the paragraph following (3.2).

We next prove the convergence result. Given f € X, let {f,,}men C X be a sequence that
converges to fin X. If K C Ri is a compact set, using (3.2) and (3.10), it follows that

sup |ufm(y17y2) - uf(ylay2)| < ||fm - f||Xa
(yl’yQ)EK

where the implicit constant depends only on w, p and K. As a consequence, uy,, — s uniformly
on K. U

Lemma 3.2. If X and Y are given as in the statement of Theorem 1.3, it holds that
IMa(Vup)lly SHfllx, VfeL(X)nX,

where uy is as given in (3.1) and 0 < a < /2.

Proof. We analyze each pair of spaces separately by using the estimate (3.9).

Case X =Y = LP(R,w), w € A,(R), 1 < p < oo : Since the Hardy-Littelwood maximal op-
erator M}, and the maximal Hilbert transform #* are bounded from L?(R, w) to LP(R, w), it then
follows that 77 is bounded in the same manner. This fact and (3.9) give the desired result.
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Case X = LP' (R, w), Y = LP®(R,w), w € AX(R), 1 < p < oo : Letr be such that 1 < p <
r; then w € AR(R) implies w € A,(R) and it holds that

1T ()l = [Mua((Miaf +H PPN
S MMt +H 1
= [[Murf +H" fll oo ®ow)
S llort .

where in the first inequality we have used that My, is bounded on L™*°(R, w) for w € A,(R) and
in the last inequality we have used that My, and H* are bounded from L?!(R, w) to L»*(R, w)
for w € A%(R) (see Theorem 2.1).

The estimate for 7, the fact that My, is bounded from LP'(R,w) to LP>(R,w) for w €
AR(R) and (3.9) lead to the desired result.

Case X = LP'(R,w),Y = LP®(R,w), w € A%(R),1 < p < oo : We will show the desired

result through an application of Theorem 2.4. Recall that u is well-defined for f € L'(R) and that
the estimate (3.9) holds for functions in L'(R). For f € L'(R), consider the sublinear operator T
defined by T'(f)(z) = Mo (Vuy)(z).

We will show that 7" and M are bounded from L'(R) to L»*°(R). Assuming these facts for
the moment, Theorem 2.4 gives that, for each compactly supported integrable function in R and,
in particular, for f € LL(R) N £P!(R, w), there exists a sparse family S of intervals in R such that

Ma(Tus)(o) £ A1) = X (77 [ oldy) woto)

Ies

where the implicit constant is independent of f and S. Since S is sparse, there exists a disjoint
family of measurable sets { F; } ;cs such that F; C I and |E;| ~ |I|; note that this and the fact that
w € A%(R) imply w(E;) ~ w([).

Denote by M, the maximal operator defined as M,,(h)(z) = sup,.; =0 f () |lw(y)dy,
where the supremum is taken over all intervals / C R containing x. It then follows that

IMa(V) ooy S AU o)

", <| l/‘f 'dy)/|h )Idy

Lr' 1(R, )‘1 Ies

T Wl = IGS( |f‘z y) (ﬁ/f|h(y)|dy) w(Er)

LP L (R, w)
/M (fw™") (2)Mph(z)w(z)ds

”h”Lp/ 1(]R w)

S osup [Mu(fwT e @ [Mubl] o @ )

”h”Lp,:l(]R,w)::l

S Ifw e @) = 1 llzrr @)
where in the last inequality we have used that | Myl 1o @ w) S 17l 2o (g Since w € AT(R)

and the fact that M,, is bounded on L' (R, w) (see M. de Guzman [6, p. 114]). This proves the
desired result.
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We are left to show the facts that 7" and M1 are bounded from L'(R) to L*°(R). In view of
(3.9), it is enough to prove that 7,, M, and My, are bounded from L'(R) to L'>*(R) for some
0<g<oo Fix0<g<l.

Boundedness of 7, : Since My, is bounded on LY ©°(R) and both My, and H* are bounded

from L'(R) to L1*°(R), we have
1Ta (Ao = IMu((Miif +H Oy S IMaf +H ey S 1l

therefore, 7, is bounded from L*(R) to L*°(R).
Boundedness of My, Since My (fxm\31)(§) ~ Mu(fxr\ar)(w) for {,x € I, we have that
Mo (f) (@) S Mu(f)(2)
and therefore M ,4,, is bounded from L!(R) to L'>°(R).

Boundedness of M. : Observe that, since (M}, f)? € A;(R), then

To(F)(@) S (MM f (@)Y + (Mu(H" f(2)))
~ Muf (&) + (Mu(H* f ()9

this implies that
Mr,(£)(@) £ M (@) + Mz () (@),

where 7,(f) := (Mpu(H*f)9)/9. Then the boundeness of M, from L'(R) to L“>(R) follows
from that of M, and M=
We next analyze the operator ./\/lT and show that

M f(@) € Mg, ()(@) + Mage £ () + My f(2), (3.11)
where M- f () is defined as My f(z) using 2 instead of 3. We have

1/q
Mﬁ(f)(:c) = sup esssup sup (%m/]%’/]‘[*(fXR\:;[)(y”q dy)

I:xzel €€l R:(€ER

1 1/‘1
~qup sup (ﬁ / m*(fo\gI)(y)wdy) |
R

I:z€l RiRNIAD

where [ and R are intervals in R.
Consider first the case where |R| > |I]/10, with RN I # (). Since 31 C 3(R U I), we have

R \ 3 = (R \ 3(R U I)) U (3(R U I) \ 3])» fXR\:sI = f]R\(3(RUI)) + fX3(Ru1)\31 and

1 1/‘1
sup esssup  sup (—/]H*(fXR\gl)(y)\qdy) S A+ B, (3.12)
rzel ecer reer \|R| Jr
|R|>|1|/10

where

1 1/q
A= sup sup (E/ |H*(fXR\3(RuI))(y)|qd?/) )
R

I:x€l R:RNI#D

1/q
B = sup esssup sup ( /|7'l sz RUI \31)( )|qd?/> .
Ixel €€l R:EER ‘R’
|R[>[]/10
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For the term A, we have, with () denoting an interval in R,

A< sup sup eSSSUP|H*(fXR\(3(RuI))(?/)|
I:xel R:RNI#) ycRUI

< sup ess sup]H (fxr\30) ()]
QzeQ yeQ

= Mu (/)(@). (3.13)

For the term B, setting h = H*(fxs(run\3r), recalling that 0 < ¢ < 1 and using that H* is
bounded from L!'(R) to L1>°(R), we first note that

1 I 1
— h(y)|?dy = — h*(t)t)7t™9dt < h 1
7 s = [ T~ S sl

where h* denotes the decreasing rearrangement of i with respect to Lebesgue measure. Using that
the hypothesis |R| > |I|/10 implies that [3(R U I)| ~ | R|, we obtain

1
B < sup esssup sup —/ F)xmasr(v)| dy
Iix€l €€l R:(ER |3(RU] | RUI)| ( ) \ ( )|

< sup esssup My (fxr\31)(&)
Lxzel el

= Mo, (f)(2). (3.14)

We next consider the case where |R| < |I|/10, with R N I # (); these conditions imply that
RUI C g]. We have

sup  sup (7 / H (fo\sf)(y)\qdy> Ssup sup  osup [H(fxrar) ()]
I:'xzel R:RNIAD ‘ | R I:'zel R:RNI#D yeRUI
|RI<|1]/10 |RI<|1]/10

< sup sup [H*(fxrsr)(y)]
I'iBEQI y€§1

= sup sup [H*(fxg\30)(¥)]
I:xeQ yeQ

= My*f(x). (3.15)
Putting the estimates (3.12)-(3.15) tofggther we conclude (3.11).

We are left to show that M4« and My are bounded from L'(R) to LV*°(R). We will prove
this for My« noting that the differences with the proof for M« are obvious. We have

My f(x) = sup esssupsup [H-(fxr\ar)(§)]-

Iixel &€l >0

Fix an interval I such that z, £ € I and consider the interval I, centered at x and length 4|/|; note
that 3/ C I, C 51. We have

[H(fxman) ()] < [He(Fxm ) (€) = He(Fxmn) (@) + [He(fxmn) (@)
+ | He(fxr30) (€)= C+D+E.

For the term D, we obtain

D = H(fxr\n) ()] = ’/{ fy)

ly—z|>max(e,21))} T — Y

dy| < H" f(x).
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For the term E, recalling that ¢ € I, it follows that

= [H(fxrsr)(§)] < ‘/{ Mdy

ly—€>e ly—al <2/, Je—y|>(1]} € = Y

where in the last inequality it was used that || ~ |I,|.
For the term C, we get

C =|H-(fxr\1,)(§) = He(fxm\1,) ()]

1 1
<
~ ’/ﬂx y|>max(2|I],e) f(y) <§ y T — y) dy‘

‘/ 104 | f@d4
{le—y|>2/1]Je—y|>e} § — Y {lo—y|>max(2/1].0)} & ~ Y

=:C1 + Cb.
Note that |z — y| > 2|I| and z,£ € [ imply | —y| > |I| and |z — y| ~ | — y|.

For C', we have
|z —¢]
ON/ |ﬂm( dy
! {|ly—=|>max(2|1],¢)} € — yllz — vl

]
/|f ( y|2+ll|2) dy S Mpf(r).

Regarding the term C, note that, since |z — y| > 2|I| implies |£ — y| > |I| for z,& € I, then
Cy = 0if e < |I]. Assume then that £ > |[].

= / fly) a0 _/ f(y) dy‘
a—yl>2)1]e—y>e} § — ¥ {le—yl>max@T,e)} § — Y

_ / f(y) y— / /()

{le—yl>2|1}Jé—y>e N\ {Jo—y|>max(2|1},e)} § = Y {le—y[>max(2|I].) M\ {|z—y[>2|1] [ —y>e} § — Y

_ / fy) dy_/ fy) dy‘
{max(2/1],)>|z—y|>2T],[e—y|>e} & — Y {le—y|>max(2|T],e),l~yl<e} § — Y
fy fy

< v , ®) 4,

{max(2|T].e)2la—y[>2I1][¢~yl>e} § Y ‘ ‘/ﬂxy>max<2u,s>,|5y<s}5—y
=cV + o,

If € < 2|I]|, then C’Q(l) = 0 and, using that |z — y| ~ |{ — y|, we have
o<t dy S M
] Je—yizin
If € > 2|I|, we obtain

1
@”s—/ )] dy < Muaf ()
€ |lz—y|<e

—dy‘
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and, using again that |z — y| ~ |£ — y],
1
5[ 1wl £ Mus(e)
z—y|<e

€
The estimates above allow then to conclude that
Moy f(z) S Mpf(x) + H f(x),

and, consequently, M- is bounded from L!(R) to L'*(RR), as desired.
U

3.2. Completion of the proof of Theorem 1.3. We first prove items (a)-(c) and then items (e) and
(®

Proofs of (a)-(c): For f € X, where X is any of the spaces in items (a)-(c), let us be the harmonic
function in R? given in (3.1). We will prove that

[IMa(Vup)lly S Ifllx, VFeX, (3.16)
where 0 < o < 7/2, and that Vu;-n = —% converges non-tangentially to f almost everyewhere

with respect to Lebesgue measure in R.

Proof of (3.16): For s € N, 0 < o < w/2 and x € R define 'S (z) = I'(x) N {(y1 + y2) €
C:1/s < ys < s}.Given f € X, consider { f,,, }men C LL(R) N X such that { f,, },nen converges
to f in X; such sequence exists since L!(R) N X is dense in X by Lemma 2.2. Since {u,, }men
converges uniformly to u on compact sets of R% by Lemma 3.1 and uy,, is harmonic for each m,
then {Vuy,, }men converges uniformly to Vuy on compact sets of R2. This and the fact that

sup  [Vug(y,y2)| = sup  [Vuy, (y1,42)]
y1+iy2€LE () y1+iy2€ls (z)

< sup \Vus(yr,y2) — Vuy, (y1,12)|, Vo €R,
y1+iy2€ls (z)

imply that

lim  sup  [Vuyg, (y1,92)| =  sup  [Vus(y,92)], Vo eR.

M09 4y +iy2 €%, (2) y1+iy2€TE ()
It then follows that

| sup  [Vup(y,g2)llly <liminf|  sup  [Vug, (y1, 32)llly

y1+iy2 €S, () M=00 g1 4iys€ls,(z)
< liminf | Ma(Vuy,,)|ly
m—0o00

S liminf [ fin]lx = [1f]lx,
m— 00

where in the last inequality we have used that (3.16) holds for functions in L!(R)NX by Lemma 3.2.
Since {Sup(y, yu)ers () | Vs (Y1, 42)| }sen is an increasing sequence that converges to M, (Vu) as
s — oo and the Monotone Convergence Theorem holds in Y, the desired estimate follows.

Non-tangential convergence: We will prove the non-tangential convergence for X = £LP'(R, w)
with w € AZ} and 1 < p < oo using a standard argument. The result for the other cases follows in
a similar fashion.

In view of (3.3), the non-tangential convergence holds for functions in L' (R) for any 0 < a <

7/2; thatis, Vuy-n = —g—?j; converges non-tangentially to f forany 0 < o < 7/2and f € L'(R).



17

Fix f € £PY(R,w) and let {f, }men C LL(R) N X be such that f,, — f in L7 (R, w). Since w
is positive almost everwhere with respect to Lebesgue measure in R, the result will follow if we
prove that

w{r eR: ( llm)Sl(lp ) | 2ur W ye) + f(2)| > ew(z)}) =0, Ve>0.
y1,y2)<(x,0

Using that ;m converges non-tangentially to — f,,, (3.16) with X = LP!(R,w) and Y =
LP°(R,w), and that || 2| zo.co ) < || 2| 2r1 (), it follows that, for 0 < o < /2,

w({z € R: limsup |5y, 1) + f(2)] > ew(x)})

(y1,92)<(,0)

du
<w({z eR: limsup G, 10) — Hi=(y1,90)| > § w()})
(y1,92)<(2,0)

+w({zr €R: limsup ]%(yl,yg) + fm(2)] > Sw(z)})
(y1,92)<(,0)

tw{z eR:| = fnlz) + f(2)] > Fw(z)})

. ou ou
< (2)PIEmsupy, yo)a@o) |70 U1s Y2) = T (Y1, y2) e )

+ Pl = Fllmoo ()
< QP IMal L) oo iy + VMo = F oo
S P = Flw @)

Since || f, = f||p1 () = 0 as m — 0o, we obtain the desired result.
The proofs for X = LP(R,w) and X = LP!(R, w) follow similarly by showing that

w({rx € R: limsup |ay (y1,y2) + f(x)| > €}) =0, Ve>D0.
(y1,y2)<(,0)

Proofs of (e) and (f): We will prove (e); the proof of (f) follows similarly with obvious changes.
Let 1 < p < oo and w be a weight in R such that the Neumann problem in R? is solvable in
X = LP(R,w) with Y = LP(R, w). We have to prove that w € A,(R). By hypothesis, we have
that

[Ma(Vup)llr@uw) S I fllr@w V€ LR w).
This estimate and (3.5) give

Q. * fllorrw) S Ifllzr@w)y Yf € Ce(R)

for all ¥y, > 0 and with the implicit constant independent of y,. Since lim,, ,0 Qy, * [ = Hf
pointwise for f € C.(R), Fatou’s lemma and the fact that C,.(R) is dense in LP(R, w) (Lemma 2.2)
imply that

[Hfler@w) S 1 llr@wy V€ LR, w)
By Theorem 2.1, we conclude that w € A,(R). O

We end this section with some remarks that will be used in Section 4:

Remark 3.3.
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(a) The proof of Theorem 1.3 of the non-tangential convergence shows that

an
lim ~ 5 = —Jlx), aex € R7
(ylva)GFa (x’(]) 8y2 (yl yQ) f( )

(y1,2)—=(2,0)
for all 0 < a < 7/2, not just for some « as required in the definition of a solution of the
Neumann problem given in Section 1.

(b) Formula (3.5) implies that % converges non-tangentially to —H f for f € L!(R) for any
0 < a < /2. A similar argument to the one used in the non-tangential convergence section in
the proof of Theorem 1.3 shows that giy-lf converges non-tangentially for every f € X, where
X is as in the statement of Theorem 1.3.

4. SOLVABILITY OF THE NEUMANN PROBLEM IN ()

In this section, we study the solvability of the Neumann problem in €2 in L(A) for 1 < p < pg
and in LP*'1(A). Inspired by ideas in Kenig [15, 16], we will obtain such results through arguments
that invoke the results on the solvability of the Neumann problem in the upper half-plane given by
Theorem 1.3.

In Section 4.1, we introduce notation and present preliminaries. In Section 4.2, we treat the solv-
ability of the Neumann problem in LP(A) for 1 < p < pg (Theorem 1.4). Section 4.3 is devoted
to the solvability of the Neumann problem in LP*!(A) (Theorem 1.5). Finally, in Section 4.4, we
give the proofs of Lemma 4.1, used in the proof of Theorem 1.4, and of Lemmas 4.2 and 4.4, used
in the proof of Theorem 1.5.

4.1. Definitions and preliminaries. Let v, A and €) be as in Section 1 (see (1.2)). Since €2 is sim-
ply connected, it is conformally equivalent to R? . Let ® : R? — ) be a conformal mapping such
that ®(oc0) = oo and ®(i) = iy, for some yo > 7(0). Such mapping extends as a homeomorphism

from R% onto ) and ®(z), x € R, is absolutely continuous when restricted to any finite interval;
in particular, ®’(z) exists for almost every = € R and is locally integrable. Moreover, ¢'(z) # 0
for almost every x € R, lim,, ®'(2) = &'(x) for almost every z € R and |®'| € A»(R). If ®'(x)
exists and is not zero, then it is a vector tangent to A at ®(z). We refer the reader to Kenig [16,
Theorems 1.1 and 1.10] for the proof of those properties and additional ones.

R 3 2
N

The arch length measure in A will be denoted by ds. Given a weight v in A (i.e. a non-negative
locally integrable (with respect to ds) function defined on A), we will consider the spaces LP(A, v),
LPY(A,v), LP>(A,v), whose definitions are analogous to the corresponding ones in Section 2.
When v = 1, we will just write LP(A), LP'(A), LP>°(A). For 1 < p < 0o, A,(A) means the class
of Muckenhoupt weigths defined on A, whose definition is analogous to (2.1) with the supremum
taken over all intervals contained in A (J C A is an interval if b(.J) is an interval in R, where
b: A — Ris defined by b(z + iy(z)) = = for z € R); we set A (A) = Uy~1A,(A). Finally,
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given a weight v in A, we use ®(v ) to refer to the measure in R given by ®(v)(U) = v(®(U)) for
a measurable set U C R, where v/( f 4V ) for a measurable set A C A.

Let v € Ao(A). Given 0 < p < oo and 0 < a < arctan(1/L), we define the Hardy space
HP(Q, v) and the weak Hardy space H?>°((2, v) as follows:

HP(Q,v) :={h:Q — C: hisanalytic in Q and ||[My(h)||zra) < 00},
HP>(Q,v) :={h:Q — C: his analytic in Q and || My (h)| rr.cc(a) < 00},

and set ||h|| gr(o,) = | Ma(h)||zr(a,) and || B gecop) = | Ma(R)| Lo (a,n)- By Lemma A 4, the
definitions of H?(S2,v) and H?*({2, v) are independent of « and any other chosen value gives an
equivalent norm. In particular, we denote by H?(€, ds) and H»>(£2, ds) the corresponding Hardy
and weak Hardy spaces in ) with respect to arc length measure in A, and by H?(R?,dx) and
HP>(RR?%, dx) the corresponding Hardy and weak Hardy spaces in R with respect to Lebesgue
measure in R.

Given a measurable function g defined in A, let 7 (g) be given by

T(9)(x) = |¥'(z)|g(®(x)), = €R. 4.1)
Consider 1 < p < co. We note that 7 is a bijection from L?(A) onto L?(R, |®’|'~?) and

1T e goion = [ IT@@P @] 7de = [ lg@@)pI#@)ds
= [ la(©)Pas(€) = ol

Moreover, it holds that 7 is also an isometry from LP!(A) onto £P! (R, |®'|); the equality in norms
follows from the fact that

#]({x € R: [T(@)a)|[#/@)] > A) = [ @)l = [ as(6)
{zeR:|g(®(2))[>A} {€en:|g(©)I>A}
By Theorem 1.3, the Neumann problem in the upper half-plane is solvable in LP(R, |®’|1~P) if
|®'|'"P € A,(R), or equivalently, |®'| € A, Define pg such that
= inf{g € [1,00) : |&] € A,(R)}.
Note that pj, < 2 since |®'| € Az(R) and, therefore, pg > 2; moreover, (2.4) implies that
pp =inf{q € [1,00) : [®'| € A¥(R)}. (4.2)
We remark that if pg > 1 then |®'| & A, (R); however, [®’| might belong to A;z (R).

4.2. The Neumann problem in (2 : solvability in L”(A), 1 < p < pg. In this section, we prove
Theorem 1.4, which states that the Neumann problem in €2 is solvable in LP(A) for 1 < p < pe.

The following lemma, whose proof we defer to Section 4.4, will be used in the proof of Theo-
rem 1.4.

Lemma 4.1. Let h be an analytic function in R% and 1 < p < pg. Then (h o @~ 1)(®71) €
H?(Q,ds) ifand only if ho @1 € HP(Q,|(®~1)'|P), with equivalence in norms.

Proof of Theorem 1.4. Since 1 < p < pg, we have |®'|'P € A,(R). Given g € LP(A), let T (g)
be as defined in (4.1); as observed in Section 4.1, T (g) € LP(R, |®'|'?) and || T (9) || (& jorp—») =
9]l (a)- Without loss of generality, assume g is real-valued. We first show that (1.1) has a solution
for such g and then we prove (1.3).
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Solution of (1.1): Let u7(4) be the solution of the Neumann problem in the upper half-plane
with datum 7 (g) as given in Theorem 1.3; note that uy(,) is real-valued since 7 (g) is real-valued.
Define vy = uy(g) © d~1: observe that, since ® is analytic, then v, is harmonic in €2.

In order to prove that v, is a solution of the Neumann problem in €2 with datum g, we have to
show that lim, ¢ Vv, (2) - n(§) = g(&) for almost every £ € A with respect to ds, where n(¢) is
the outward unit normal vector to A at £. Let £ € A be such that ®'(®~1(&)) exists and is non-
zero; with z = 2y + 429, where 21,2, € R, and recalling that ($~1)" = ORe(@71) _ ;ORe(@71) _

L 821 832
Olm(d—1) .Olm(®— 1)
0zo +1 0z1

Vuy(2) - n(€) = Re ((52(2) —i52(2)) n(¢))

— Re ((%m(@—l(z)) - i%gg)(@—l(z))) (@) (z) n(£))

1

~ Re ((&%g)@_l(z)) — ﬁ“a;y;w(cp—l(z))) T@10) n(&)) (4.3)

, we have

= @@ Re ( (S e) - e e @) TS E e )

Above, n(§) is considered as a vector on the left hand side while n(¢) is regarded as a complex

number on the right hand; therefore, on the left hand side, we have the dot product of Vuv,(z) with

n(¢) and, on the right hand, we are multiplying by n({) as a complex number.
As 2 <&, |P'(P1(2))| converges to | P/ (P~1(€))| and H converges to ﬁ which
is a unit vector tangent to A at &; this is a consequence of the properties of ® stated in Section 4.1

and Lemma A.1 (Lemma A.1 holds for almost every £ € A; assume £ is a point so that the thesis

of the lemma holds). We then have that % n(&) converges to —i as z <1 £&. Moreover, by
Theorem 1.3, Lemma A.l and Remark 3.3(a), au”g) (®7*(z)) converges to —T (g)(P1(¢)) as
z <1 &, and by Remark 3.3(b) and Lemma A.1, 8“”” (®~1(2)) converges as z <1 £&. We conclude
that

lim Vg (2) - n(g) = [®(271(£) T T (9)(27(£)) = 9(§)-

z2<€
Proof of (1.3): If 0 < o < 7/2, Theorem 1.3 gives

[ Ma(Vurg)llr@jon-—r) S I lle@ e+ = l9llra)- 4.4)
Define

F(yhyz) =

Since u7(4) and v, are harmonic, the Cauchy-Riemann equations imply that /" and G are analytic
in R2 and €, respectively. Moreover, (4.4) implies that F' € HP(R?%, |®'|'~?). We will prove that
G € H?(Q,ds) with |G|l @5 ~ ||l v 2 j@rp-»)- This along with (4.4), and the fact that
|G| = |Vg|, implies (1.3).

Note that G = (F o ®~1)(®~!)". By Lemma 4.1, we have

G e HM(Qds) <= Fod'eH(Q|@)P) (4.5)

(g)

T (y1,y2) — (ylayQ) and  G(z1,2) = 2—2(21722) Zg (21, 22).

and
|Gl e (eas) ~ I|1F 0 @ o @-1ype)- (4.6)
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We next observe that |[(®!)|P € A, (A). Indeed, this follows by applying Lemma A.8 with
0 =R2,Qy =0, 012 =P and v = |®'|' 7P, which belongs to A,(R), and noting that, for a
measurable set U C A, we have

) =@ W)= [ = [ eet @)= [ eere

Applying Theorem A.5 with v = |(®~!)'|? we have that, with equivalent norms,
Fod™le H/(Q|(®7)]) = Fe (R, [0]17),

since for a measurable set U C R,
20)W) = @) = [ (@ Y@rde = [ (@ @E)re @i = [ ¢
U

It then follows that |G| ir(@.as) ~ [|F'l| o (2 @ (a)1-r), as desired.
U

4.3. The Neumann problem in ) : solvability in LP2:'(A). In this section, we prove Theo-
rem 1.5, which states that the Neumann problem in €2 is solvable in LP*'}(A) when |®'| € A;Z (R),

assuming that pg < oo.
The following results, whose proof we defer to Section 4.4, will be used in the proof of Theo-
rem 1.5.

Lemma 4.2. Let 0 < p < co and v € Ay(N). Then h € HP>*(Q,v) if and only if ho ® €
HP>(R2, ®(v)), with equivalence in norms.

Noting that when dv = ds we have d®(v) = |®’(z)|dx, Lemma 4.2 gives the following result.

Corollary 4.3. Let 0 < p < 0o. Then h € H”>®(Q, ds) ifand only if ho ® € HP>®(R3, |'|), with
equivalence in norms.

Lemma 4.4. Let 1 < p < py. Then h € H?(RZ, |®'|'"?) if and only if h/®' € H?(RZ,|P'|).

Proof of Theorem 1.5. Given g € LP*!(A), let T(g) be as defined in (4.1); as observed in Sec-
tion 4.1, T(g) € LP*'(R,|®’]) and || T (9)llcrar o) = l9]lzre1(a)- Without loss of generality,
assumed that g is real-valued. Let u7(y) be the solution of the Neumann problem in R? with datum
T (g) as given in Theorem 1.3 and set v, = uy(,) o ®~'. The same argument used in the proof of

Theorem 1.4 shows that v, is a solution of the Neumann problem in {2 with datum g.
We next prove (1.4). Let F' and G be defined as in the proof of Theorem 1.4. Since |F| =

|Vurg| and [ T(g) |l coe 1 v 10y = 9]l re1 (), Theorem 1.3 gives that
IMa(E) | crocemjary S N9llzrat ), 4.7)
where 0 < o < /2. We will prove that
G e H'*>*(Q,ds) and ||G| gre<@ds) S [[Ma(F)|| zre o m, o). (4.8)

Since |G| gra=(0,as) ~ || Mp(Vg)||Lre.(a) forany 0 < § < arctan(1/L) because |G| = [Vu,|,
(1.4) follows from (4.7) and (4.8).

In order to prove (4.8), we first observe that by Corollary 4.3 and using that F' = (G o ®)d’
have that G € HP®>(Q, ds) if and only if F//®' € HP*>°(R2,|d'|) and

|G 7o (0,d5) ~ ||§||HPM°(R1,|¢/\)- 4.9)
We will next prove that //®" € HP*>°(R%, |9/|).
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Let { fin}men C LP21(R,|®|) N LI(R) be a sequence of real-valued functions that converges
to 7(g) in LP>!(R, |®'|) (see Lemma 2.2). Let F,, be associated to f,, in the same way F is
associated to 7 (g) as defined in the proof of Theorem 1.4, that is,

ou .0u
Fm(yhyZ) = Tf;”(yhyg) - ZTJ;’"(?A,W),

where uy,, is the solution of the Neumann problem in the upper half-plane with datum f,, as given
in Theorem 1.3. Applying Theorem 1.3, we have

Mo (Fn)ll crae oy S | fnll crer myjar))- (4.10)
Moreover, by Theorem 1.3 and Remark 3.3, F},, and F' converge non-tangentially to functions h,,
and h defined on R, respectively. Estimates (4.7) and (4.10) imply that h,,,/®’ and h/®’ belong to
LPe>2 (R, |D']).

On the other hand, since £P*1(R, |®'|) C LP¢(R,|®'|'P*), f,, has compact support and |®’|
is locally integrable, we have that f,, € LP(R,|®'|'"?) for 0 < p < pg. Fix p = 2 and recall
that |®’| € Ay(R); Theorem 1.3 then gives that F,,, € H?*(RZ,|®'|~!) and therefore F,,/®’ €
H?*(R?%,|®’|) by Lemma 4.4. As a consequence, |F,,(+,y2)/®' (-, y2)| € L*(R,|®'|) uniformly in
12 > 0 by Theorem A.7.

Next, noting that |F,,,/®’| is subharmonic in R? (since F,/®’ is holomorfic in R?) and that
limy, 0 |Fin(y1, ¥2) /P (y1,y2)| = |Am(y1)/ P’ (y1)] for almost every y; € R, Lemma A.12 gives

that

Fm(ybyQ) <(P *‘h_m
(I)/(yla y2) a " ,
As a consequence, it holds that

Ma()(x) < i (x)((Pyz*lh—”?)( y1)) S Mu(g)(2).

This estimate and the facts that My, is bounded on LP**°(RR, |®’|) by Theorem 2.1 (recall that
|| € Ay, (R)) and h,,, /" € LP*>°(R, |®']) imply that F,,,/®’ € HP*>(R3, |P'|) and

) (y1), w1 € R,y > 0.

15 e gz o) ~ IMa( @) e @ e S 11 e @ o) = [|Pml| cre @ jo)-
We will prove that as m goes to infinity, the above inequality gives
HgHH%W(Ri,\M) S HhHﬁ%'“(R,I@’I)' (4.11)
Assuming (4.11) and using that |h(x)| < M, (F)(x) for almost every = € R we obtain

HgHwa(Ri,@'\) S IMa(F )”£P<I>’°°(R7I<I>’I)>

which along with (4.9), gives (4.8) as desired.

We are left to prove (4.11). Note first that { F},, },,,eny converges to F' uniformly on compact sets of
R? . Indeed, since { f,, }men converges to 7 (g) in £P*>°(R, |®’|), Lemma 3.1 gives that {uy, }men
converges uniformly to w7, on compact sets of R? and, since uy,, is harmonic for each m, then
{Vuy,, }men converges uniformly to Vur(,) on compact sets of R%. It then follows that { F},, } e
converges to F' uniformly on compact sets of R%r. In addition, we have that {h,, },en converges to
hin LP*>°(R, |®’|); this follows from the fact that { f,, },nen converges to 7 (g) in £P21(R, |®'|)
and the inequalities

[hm = Bl cre. (R, |P/]) = Mo (Fp — F)l| cre: R S Sfm— (Q)HL%J(R,|<1>/\)-

(Note that F,,, — F'is associated to f,,, — 7T (g) in the same way that F;,, and I’ are associated to f,,
and 7 (g), respectively.)
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We next proceed similarly to the argument used in the proof of (3.16). Define I' (z) = I's(z) N
{(y1 +iy2) € C:1/s <yy < s} forz € Rand s € N; let Cs(z) > 0 be such that |’ (y1,y2)| >
Cy(z) for all y; + iys € 'S (z) (Cs(x) exists since @’ is continuous on R? and ¢ does not vanish
in R?). We then observe that

F(yi,y2) | Fn (y1,y2) F(y1,y2) —Fm (y1,y2)
'sup ‘I"(yl,y2)| ,Sup @' (y1,y2) | = 'sup | @' (y1,y2) |
y1+iy2€ls (x) y1+iy2€TE, (x) y1+iy2€lE, ()
1
Sa@  Sw [Fynye) — Faly,ye)] Vo eR.
y1t+iy2€ls (z)
As a consequence, we obtain
lim sup olinwe)) —  gyp  |Esz) ) gy e R
Y Y
m—o0 y1+iy2€Ds (2) (y1,92) Y1 +iy2€Ts (2) (y1,92) ’
and it follows that
Y1,y2) s Y1,Y2)
s L
y1+zy2€1“3(x) LP3:°(R,|®’|) y1+iy2€l, (z) LP3:%°(R,|®/])

< l1m 1nf | M. ( ' =) || Lre. O (R,|27))
ghmuﬂWMMﬂ@wm@W
m—o0
S Al erace g o)
Since {supy1 igaeTs (2) |c1),(1;11 yyz)) ]}SGN is an increasing sequence that converges to M, (F/®')(x)

for 2 € R and the Monotone Convergence Theorem holds in LP*>°(RR, |®’|), we obtain (4.11).
U

4.4. Proofs of Lemmas 4.1, 4.2 and 4.4.

Proof of Lemma 4.1. As shown in the proof of Theorem 1.4, |(®1)'|P is a weight in A, (A) for
1 < p < pg. Then, by Theorem A.7, h o @~ € HP(S, |(®~)'|P) if and only if (h o ®~1)kY/P ¢
HP(Q,ds), where k is an analytic function in 2, k is different from zero in 2, k has a non-tangential
limit satisfying |k(£)| = |(®7!)(€)[P for almost every & € A with respect to ds, and there exists
m > 0 such that (k o ®)(2)®'(2)/(i + 2)™ € H(R%, dx). o @-1yp) ~
[(h o ®~1)kYP|| go(q,as)- In view of this, the result will follow if we show that we can take k =
((@=1))r.

We are left to prove that (ko ®)(2)®'(z)/(i+2)™ = (®'(2))' P/ (i+2)™ € H'(R?, dx) for some
m > 0 (k verifies the other required properties in view of the properties of ® stated in Section 4.1).

Case p = 2: Using m = 2 and Kenig [16, Theorem 1.10, Part (iii)], we have (®'(z))~*/(i+2)?
H'(R?%, dx). This fact will be used in the next two cases.

Case 1 < p < 2: We have

| (x4 it)) 7| D (2 +at)| 7 \P 1
m dr = ; 1)\ 2 ; i+)\m—2(p—1) dx.
|(i + (z +it))™| r \|(@+ (z +it))?| |(i + (z +it)) |
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Since 1 < p < 2,then 1/(p — 1) > 1 and applying Holder’s inequality, we obtain
| (P (x +it))' 7|
(i + (x +it))™|

27
\<I>/ :1:—|—zt =\ 1 !
dx ———dx )
| + Zt | . . m—2(p—1)
RI(i+ (z+it) v |

The first integral on the right-hand side is bounded uniformly in ¢ > 0 because (®'(z))~1/(i+2)? €
H'(R?%, dx) while the second integral on the right hand side is bounded uniformly in ¢ > 0 for
m > p; as a consequence, (¥'(2))'?/(i + 2)™ € H'(RZ, dx).

Case 2 < p < pg : Define m = 2(p — 1); we have (¥'(2))71/(i + 2)™'®Y € HY(R%,dz) or,

equivalently, (®'(2))'"?/(i +2)™ € H = (R2, dx). This last function converges non-tangentially
to (®'(x))*?/(i + x)™ and, using that m > p, |®'(z)|'? € A,(R) and Lemma 2.3, we have

[ |(aren L S o 65

(i + x)m e (L+22)% (1+22)"2" r (1+22)5
As a consequence, (®'(2))*?/(i + z)™ is a function in H = (R2, dz) whose non-tangential limit
is in L'(R); this implies that ('(2))'"?/(i + z)™ € H'(R%,dx) by Lemma A.11. O

dr < 0.

Proof of Lemma 4.2. The proof of this lemma follows the same ideas as the ones for Theorem A.5;
we include it here for self-containment.

Assume that h o @ € HP*°(R2, ®(v)). By Lemma A.1, there exist 0 < a < arctan(1/L) and
0 < 8 < /2 such that @ (T, (£)) C T(P~1(€)) for almost every £ € A with respect to ds. This
implies that M, (h)(£) < Mg(h o ®)(P~1(€)) for almost every & € A with respect to ds; as a
consequence, if A > 0, it holds that

v({E € A Ma(R)(€) > A}) < v({€ € A Mp(ho@)(DT(E)) > A})
v(@({z e R: Mg(ho®)(x) > A}))
Q(v){z € R: Mg(ho ®)(z) > A}).
It then follows that ||/\/l (M) ||roe(aw) < [[Mp(h o ®@)||Lr.o® s and, therefore, h € HP*(, v)
and ||| gr.00) S (IR0 (I’HHPOO R2 & (v))-
Suppose now that h € H?: °°(Q 1/) and L < 1. By Lemma A.1, there exist 0 < o < 7/2 and
0 < 8 < arctan(1/L) such that ®(I',(z)) C ['z(®(x)) C Q for almost every x € R with respect
to the Lebesgue measure. This implies that M, (h o ®)(x) < Mpg(h)(P(z)) for almost every
x € R with respect to the Lebesgue measure and therefore, for A > 0,
d(w)({r e R: Ma(ho®)(x) > A}) < ®(v)({x € R: Mg(h)(®(x)) > A})
= v(@({zr e R: Mg(h)(2(x)) > A}))
ZV({é’EA-Mﬁ( )(€) > A}).
This shows that ||/\/la( D) Lroo o)) < [[Mp(R)||Lroo(a); then ho® € HP*(R3, ®(v)) and
1B | oo 2 o)) S Nl oo (0

Assume next that h € HP*°(Q),v) and L > 1. Using the notation introduced in Definition A.2
and Lemma A.3, we have ®y(z) = 2z, ®1(2) = ¢, Qy = R3 and Q) = Q. Lete > 0, @ > 0 and
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£ > 0 be as given by Lemma A.3. Set \; = 1 and let 0 < Ay < A; be such that A\; — Ay < ¢; then
Lemma A.3 implies that, for a. e. £ € A, (w.r.t. ds),), it holds that

xne(Tal€)) CTa(or,(§)) C Ay = Q.
As a consequence, for almost every £ € A, (with respect to arc length measure ds),)
Ma<h °© O-/\l,)\z)(g) < Mﬁ(h> (0-)\1)\2 (5))
We then obtain that

e (W)({E € Ayt Ma(h ooy 3,)(€) > A}) < oa (V) ({E € Ayt Mp(h) (00, (€)) > A})
= V(a0 ({€ € Ay, : Mg(R) (0,0, (§)) > A}))
=v({§ € Ay, : Mp(h)(§) > A})
=v({{ e A: Mg(h)(&) > A}). (4.12)

We next choose 0 < A3 < Ay such that Ay — A3 < ¢; applying Lemma A.3 we obtain that, for
almost every £ € A, (with respect to arc length measure ds),),

02,03 (Fa(ﬁ)) C Fﬂ(o—/\z)\g (5)) C QAQ
and therefore, for almost every £ € A, (with respect to arc length measure ds,,),
Ma(hoorx)(§) = Malh oo, ©0x30)(§) < Mg(hoon ) (03,,05(8))-
This gives that

s (V)({E € Ay Ma(hoon, ) (§) > A})

e (V) ({€ € Ayy : Ma(hooy xy)(€) > A})

O (V) ({E € Ayt Mg(h ooy z,)(0a;05(8)) > AY)
V) (02005 ({€ € Ayt M(ho o, 5,)(00,05(E)) > A}))
=0 (V) {E € Ay, Mg(hooy x,)(§) > A})

~ o (V)({E € Ay, s Ma(hooa ) (6) > A})

<v({§ € A: Mg(h)(§) > A}),

where in the last inequality we have used (4.12) and in the second to the last line we have applied
Lemma A .4 noting that oy, »,(v) € A (A2) by Lemma A.8. Continuing in this way, after a finite
number of steps m, we can choose \,, = 0 and obtain that

Oanm (VHE € Ay, s Ma(hooa 5,)(§) > AY) Sv({E e A Mg(h)(€) > A}).
Since oy, 5, = Pand A, = R, we have
P(v)({£ € R: My(ho®)(&) > A}) <v({E e A: Mg(h)(§) > A}).

This shows that ||/\/la( D) Lroo w0y < [[Mp(h)||Lroo(a); then ho® € HP*(R3, ®(v)) and
170 @l ez @y S Nl o (9,

= Oxz,23

< Oxa, )3

= O\,

AA/_\/—\

O

Proof of Lemma 4.4. We will use Theorem A.10 with Q; = Qy = R3, Ay = Ay = R, 09 = Id,
v = |®|'"P and p = |®’|. By such result, h € HP(R2,|®’|'"?) if and only if there exists an
analytic function k on R2 such that h k'/? € HP(R2, |®'|) and k satisfies the following properties:
k does not vanish in R?, k& has non-tangential limit almost everywhere with respect to Lebesgue
measure in R that equals |®'(z)| P for almost every x € R, and there exists m > 0 such that
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k(2)b(z)/(i + z)™ € H'(R?%, dx) for some b analytic in R? that does not vanish in R? , has non-
tangential limit almost everywhere with respect to Lebesgue measure in R that coincides with
|®'(z)| for almost every x € R and b(z)/(i + 2)™ € H'(R%, dx) for some m > 0.

Set k(z) = (9'(2))7?, b(z) = ®'(z); then all the requirements above are satisfied, in particular
k(2)b(2)/(i42)™ = (?'(2))?/(i+2)™ € H'(R2, dx) with m as given in the proof of Lemma 4.1
and b(2)/(i + 2)? = ¥'(2)/(i + 2)? € H'(R2, dx) by Kenig [16, Theorem 1.10]. Since h k'/? =
h/®’, the desired result follows. O

5. EXAMPLES: SCHWARZ-CHRISTOFFEL LIPSCHITZ DOMAINS AND RELATED DOMAINS

In this section, we will give examples of our results in domains {2 where the boundary A is
a polygonal curve, that is, A is a continuous curve that consists of a finite or countably infinite
number of line segments. In Section 5.1 we treat the case where A is a polygonal curve with a
finite number of vertices while in Section 5.2 we present examples where A is a polygonal curve
with a countably infinite number of vertices. In addition, we present in Section 5.3 a comparison
regarding the solvability of the Neumann problem and the Dirichlet problem in a general domain
Q of the type (1.2).

5.1. A is a polygonal curve with a finite number of vertices. In this case, () is defined by a
collection of vertices wy, ..., w, € CU {oo} and interior angles o, ..., o, 7. The vertices are
given in counterclockwise order with respect to the interior of 2; that is, locally, 2 is to the left as
one moves along the segment from wy, to wy, 1. We will call Q2 a polygon.

The interior angle at vertex wy is the angle swept from the outgoing side at wy, to the incoming
side at wy; the definition of the interior angle is applied on the Riemann sphere if w;, = oo. If
wy € C, we have 0 < oy, < 2;if w, = 0o, we have —2 <« < 0. We will always assume that the
polygon makes a total turn of 27, which means that Y ,_, (1 — ay) = 2 or, equivalently,

dap=n-2 (5.1)
k=1

We have the following result regarding conformal mappings from R? onto a polygon €2.

Theorem 5.1. (Theorem 2.1 in Driscoll-Trefethen [7]) Suppose §) is a polygon with vertices

wy, ..., w, and interior angles o7, . .. o, in counterclockwise order. If ® is a conformal map-
ping from R% onto Q2 with ®(c0) = w, then
®(z)=A+D / ) (R 3 (5.2)
[2072]

where A, B € C, z is a suitably chosen point in R3_ or its boundary, [z, z] denotes the straight line
segment from zy to z, Ty, . .., T,_1 are real numbers such that v1 < --- < x,_1 and ®(zy) = wy
fork=1,....,n—1.

A mapping of the form given on the right-hand side of (5.2) is called a Schwarz-Christoffel
transformation.

For the rest of this subsection, let {2 be a polygon (that is the graph of a function defined in R)
with vertices wy,...,w,_1 € C, w, = oo and interior angles o 7, ...,  in counterclockwise
order, where 0 < ay,...,q, 1 < 2, —2 < a;, < 0 and (5.1) holds; see Figure 1. Let ¢ : Ri — Q
be a Schwarz-Christoffel transformation as given in Theorem 5.1. We then have that

|(I)/(x)| = B|:B — x1|0¢1—1|x . x2|a2—1 . |l’ - xn_1|an_1—1.
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FIGURE 1. Unbounded polygon with wy, ..., w,—; € Cand w,, = oo

It was proved in Carro—Ortiz-Caraballo [3, Lemma 2.12] that
9| € AR(R) with ¢ = max {1,a1,...,04-1,—a,} and || ¢ AX(R) forp<gq, (5.3)
where the second condition is void if ¢ = 1. As a consequence, we have that
pp =max {1, a1,..., a1, —p}.
In view of (5.3), (4.2) and Theorems 1.4 and 1.5 we obtain the following result.
Corollary 5.2. Let Q) be a polygon (that is the graph of a function defined in R) with vertices

wi, ..., wh_1 € C, w, = oo and interior angles on, ... ,n in counterclockwise order, where
O<ag,...,an_1 <2,—2<a, <0and (5.1) holds. Then we have that

_ max{l,a1,....an—1,—an} .
((l) P = max{1l,a1,...,atn—1,—Qn }—1’

(b) if 1 < p < po, the Neumann problem in ) is solvable in X = LP(\) with Y = LP(A);
(c) if ps < 00, the Neumann problem in ) is solvable in X = LP*'(A) with Y = LP*>°(A).

We next present examples of domains that satisfy the hypothesis of Corollary 5.2.

Example 1. For 0 < a < 2, let €2 be a cone with aperture am > 0 as in Figures 2 or 3. Then
n =2, a; = a, ap = —« and, by Theorem 5.1, if ¢ is a conformal mapping from R? onto 2 with
P(c0) = 00, then |®'(x)| = Bz — x,/*"! for z € R and for some constants B € C and z; € R.
We observe two different behaviors depending on « :

Case 0 < o < 1: In view of (5.3), pjy = 1, ps = oo and |®’| € A;(R). By Corollary 5.2, the
Neumann problem in €2 is solvable in LP(A) for 1 < p < 0.

O

R 7 N\ @

T

f

FIGURE 2. Cone with aperture am with0 < a < 1
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Case 1 < a < 2: In view of (5.3), py = @, po = a/(a — 1) and |®'| € AR(R). Applying
Corollary 5.2, the Neumann problem in §2 is solvable in LP(A) for 1 < p < /(o — 1) and in
La=11(A).

N 0

aTm

FIGURE 3. Cone with aperture am with 1 < a < 2

Example 2. Let ) be the two-angle domain shown in Figure 4 with n = 3, oy = 3/2; ap = 1/2
and a3 = —1. By Theorem 5.1, a conformal mapping from R? onto § such that ®(c0) = oo
satisfies @' () = |z — 21]"/?|x — 25|72 for z € R and some constants B € C and 71,75 € R.
In view of (5.3), we obtain that p}, = 3/2, ps = 3 and |®’| € AQQ(R). As a consequence of
Corollary 5.2, the Neumann problem in (2 is solvable in LP(A) for 1 < p < 3and in X = L3(A).

(SIE]

FIGURE 4. Two-angle domain

5.2. A is a polygonal curve with a countably infinite number of vertices. In this section, we
present examples associated to domains with a boundary given by a polygonal curve with a count-
ably infinite number of vertices.
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FIGURE 5. Infinite rotated staircase with alternating interior angles 7 and 37”

Example 1. Let € to be the “infinite rotated staircase” with interior angles alternately equal to 7 /2
and 37 /2 as shown in Figure 5.

The formula of a conformal mapping ® from R% onto © is given by (see Riera—Carrasco—

Preiss [22, p. 3])
O(z)=A+ B/ Vtan & dg,
0

from which it follows that |®’(z)| = |By/tan z| for € R. As proved in Carro—Ortiz-Caraballo [3,
p. 2026-2027], pp = 3/2 and |¥'| € AZ,?/Q(R). As a consequence of Theorems 1.4 and 1.5, the

Neumann problem in €2 is solvable in L”(A) for 1 < p < 3 and in L>!(A).

Example 2. We next consider a domain € given by a numerable polygon with double symmetry as
presented in Kolesnikov—Kopaneva [19, p. 33]. In this case, {2 satisfies the following conditions:
T(Q) = Qfor T(z) = z + 2, Q) is symmetric with respect to the line z = 7w + iy, y € R; the part
of A from a point £ to £ 4 27 consists of a finite number of segments and rays. See Figure 6.

e
N}

A A LA
ﬁ\/\i’:r/\/llﬂ D

FIGURE 6. Numerable polygon with double symmetry

Let n be the number of vertices in the strip {z € C : Re(z) € [0, 7]}. Denote these vertices by
wy, - -+, w, with their real parts in increasing order; without loss of generality assume Re(w;) = 0
and Re(w,,) = 7 (the angle at these vertices could be 7.)

By Kolesnikov—Kopaneva [19, Theorem 2], a conformal mapping in this case is given by

2 a1 - n—1
O(z)=A+ B/ (1 —cos&) 2 (1+cos&) z H(cos T — cos &) g,
0

k=2



30 The Neumann problem in graph Lipschitz domains in the plane

where z;, € R and ®(cos(xy)) = wg fork =2,...,n—1, ®(1) = wy, P(—1) = w,, 0 < ap < 2

for k =1,...,n, and oy is the interior angle at wy, for £ =1, ..., n. We have
n—1
|®'(z)] = B|(1-— cosx)alT_l(l + COSZE)anTil H(Cosa:k —cosz)* 7t xeR
k=2

Using (5.3), it was proved in Carro-Ortiz-Caraballo [3, p. 2027] that p}, = max{1, aq,...,a,, —(n—
2)+> ;_,ai}and |9 € AZ. As a consequence, Theorems 1.4 and 1.5 imply that the Neumann

problem in €2 is solvable in LP(A) for 1 < p < pg and in LP*1(A).

5.3. A comparison on the solvability of the the Neumann problem and the Dirichlet problem.
In this section, we consider a general domain ) as given by (1.2) and compare the solvability of
the corresponding Neumann problem and Dirichlet problem.

The Dirichlet problem in €2, given by

Av =0o0n) and v=gonA, 5.4

is said to be solvable in a Banach space X of measurable functions defined on A if for each
g € X there is a harmonic function v in €2 such that v = g on A in the sense of non-tangential
convergence and there exists a Banach space Y of measurable functions defined on A such that
IMa(@)|ly S |lgllx, with the implicit constant independent of g. It turns out that the Dirichlet
problem is solvable in LP(A) for pj, < p < oo and in LP='(A) if |®'| € AZ)Z (R); see Carro—Ortiz-
Caraballo [3]. These facts along with Theorems 1.4 and 1.5 imply the following corollary:

Corollary 5.3. The Neumann problem in §) and the Dirichlet problem in () are both solvable in
LP(A) for py < p < pe. Moreover, if ps < oo and |9'| € A;Z (R), then the Neumann problem in

Q is solvable in LP*'(A) and the Dirichlet problem in ) is solvable in LP+' ().

In particular, Corollary 5.3 gives the following results for the domains €2 considered in Sec-
tions 5.1 and 5.2.

e In the cone with aperture a7 as in Figure 2 (0 < o < 1), the Neumann problem and the
Dirichlet problem are both solvable in LP(A) for 1 < p < oc.

e In the cone with aperture am as in Figure 3 (1 < a < 2), the Neumann problem and
the Dirichlet problem are both solvable in LP(A) for « < p < «/(a — 1). Moreover,
the Neumann problem is solvable in Lﬁ’l(/\) and the Dirichlet problem is solvable in
LY(A).

e In the two-angle domain as in Figure 4 or in the infinite rotated stair case as in Figure 5,
the Neumann problem and the Dirichlet problem are both solvable in LP(A) for 3/2 <
p < 3. Moreover, the Neumann problem is solvable in L*!(A) and the Dirichlet problem
is solvable in L3 (A).

e In a numerable polygon with double symmetry as in Figure 6, the Neumann problem
and the Dirichlet problem are both solvable in LP(A) for pfy < p < pe with pfy =
max{1l, a1, ...,a,, —(n—2)+ > ,_, ax}. Moreover, the Neumann problem is solvable in
LP*1(A) and the Dirichlet problem in €2 is solvable in LP:'(A).

APPENDIX A.

In this appendix, we state a number of known results used in the proofs of Theorems 1.4 and
L.5.
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For the following statements, €2, A, ® and L are as defined in Section 1 (see (1.2)).

Lemma A.1 (Lemma 1.13 in Kenig [16]). There exist 0 < o < arctan(1l/L) and 0 < § < 7/2,
which depend only on L, such that for almost every & € A with respect to ds, ®1(T',(£)) C
Lp(®1(E)). If L < 1, there exist 0 < o < m/2 and 0 < 8 < arctan(1/L) such that for almost
every x € R with respect to Lebesgue measure, ®(I',(z)) C I'z(P(x)) C Q.

Definition A.2 (Definition 1.14 in Kenig [16]). Given 0 < A < 1, define ®, such that ¢ (z2) =
(®'(2))*. Note that ®, is never zero and |arg(®)(z))| < Narctan(L) < m/2; then ®, is one-
to-one. We define 2, = ®,(R2) and note that 2, is a Lipschitz domain of the same type as
Q2 and , is a conformal mapping from R? onto (2, that satisfies the same properties as . Set
Ay = 092, and denote its arc length measure by ds,. Also observe that A can be parametrized by
Ex(x) = x + iy (z) with ||} ||z~ < tan(\arctan(L)).

Lemma A.3 (Lemma 1.15 in Kenig [16]). For 0 < A\; < 1and 0 < Ay < 1 and using the notation
introduced in Definition A.2, consider oy, », : Qx, — Q, given by oy, \, = @y, o (Py,) ', There
existe > 0,0 < a < arctan(1/L) and 0 < 8 < arctan(1/L), depending only on L, such that if
Ao < Ay and \y — Ay < ¢ then for almost every z € Ay, with respect to ds,,, it holds that

o (Fa(2) CTgloa,(2)) C Q.

Lemma A.4 (Lemma 2.3 in Kenig [16]). If0 < o < arctan(1/L),0 < § < arctan(1/L) and
v € Ax(A) then

v({§ € A Mah(€) > A}) ~ v({§ € A Mph(§) > A}), VA>0,
where the implicit constant depends only on v, L, o and (3.

Theorem A.5 (Theorem 2.8 in Kenig [16]). Let 0 < p < oo and v € Ax(A). Then h € HP(Q, v)
if and only if h o ® € HP(R%, ®(v)), with equivalence of norms.

Definition A.6 (Definition 2.10 in Kenig [16]). Let v € A, (A). The space AE(v) is the class
of functions h that are analytic and different from O on €2, have a non-tangential limit almost
everywhere in A with respect to ds that satisfies |h()| = v(&) for almost every £ € A, and there
exists m > 0 such that (h o ®)(2)®'(2)/(i + 2)™ € H'(R2, dx).

Theorem A.7 (Theorem 2.13 in Kenig [16]). Let 0 < p < oo and v € A (A). If h is analytic in
Q, the following conditions are equivalent:

(a) h € HP(Q,v),

(b) supys( [y |1(& + it)[Pdv(€))'/P < oo,

(c) forany k € AE(v), hk'/? € HP(Q,ds).

Moreover, the corresponding norms are equivalent.

For the next two results, consider curves A; and A, in the complex plane, given parametrically
by & (z) = x+iyi(x) and &3(x) = z+1iv(z) for z € R, respectively, where y; and 7, are Lipchitz
functions. Denote 2; = {z € C: z = x +iyandy > v;(x)} for j = 1,2. Consider a conformal
mapping oy 5 : s — €y such that oy 2(0c0) = oo (then oy 5 extends as a homeomorphism from Q,
onto ;). If v is a measure on A4, then 01,2(v) denotes the measure on A, defined by o 5(v)(U) =
v(012(U)) for any measurable set U C As.

Lemma A.8 (Lemma 1.16 in Kenig [16]). If v € A (A1), then 01 5(v) € Axo(A2).
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Definition A.9 (Definition 2.11 in Kenig [16]). Consider the corresponding conformal mappings
®; : R — O and &5 : R2 — Oy, and let v € A(Ay) and pp € A(A). The space
AE(v, 1) is the class of functions h that are analytic and different from 0 on 25, have a non-
tangential limit almost everywhere in Ay with respect to arc length measure dso that satisfies
|h(&)| = (do12(v)/dp)(€) for almost every & € A,, and there exists m > 0 and k € AE(u)
such that (h(P2(2))k(Pa(2))P5(2)) /(i + 2)™ € HY(RY, dx).

Theorem A.10 (Corollary 2.18 in Kenig [16]). Let 0 < p < 00, v € A(A1), p € As(A2) and
k € AE(v, ). Then h € HP(Qy,v) if and only if (h o 019) k'/P € HP(Qy, 1), with equivalent
norms.

We end this appendix by stating two lemmas in the setting of R? .

Lemma A.11 (Corollary 4.3 in Garnett [11]). Let 0 < p,r < oo and h € HP(R2,dx). If the
non-tangential limit of h belongs to L"(R), then h € H" (R , dx).

Lemma A.12 (Lemma .10 in Garcia-Cuerva [10]). Let 1 < ¢ < oo, w € A,(R) and s(x,t) be a
non-negative subharmonic function on R% which is in LY(R, w) uniformly in t > 0. Then s has a
least harmonic majorant which is the Poison integral of some function sy € LY(R, w). Moreover,
So s the pointwise limite of s(-,t) as t — 0 if such limit exits.
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