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Universal exotic dynamics in critical mesoscopic systems: Simulating the square root
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We explicitly demonstrate the universality of critical dynamics through unprecedented large-scale Graphics
Processing Units (GPU)-based simulations of two out-of-equilibrium processes, comparing the behavior of spin-
1/2 Ising and spin-1 Blume-Capel models on a square lattice. In the first protocol, a completely disordered
system is instantaneously brought into contact with a thermal bath at the critical temperature, allowing it to evolve
until the coherence length exceeds 103 lattice spacings. Finite-size effects are negligible due to the mesoscopic
scale of the lattice sizes studied, with linear dimensions up to L = 222 and 219 for the Ising and Blume-Capel
models, respectively. Our numerical data, and the subsequent analysis, demonstrate a strong dynamic universality
between the two models and provide the most precise estimate to date of the dynamic critical exponent for
this universality class, z = 2.1676(1). In the second protocol, we corroborate the role of the universal ratio
of dynamic and static length scales in achieving an exponential acceleration in the approach to equilibrium
just above the critical temperature, through a time-dependent variation of the thermal bath temperature. The
results presented in this work leverage our Compute Unified Device Architecture (CUDA)-based numerical
code, breaking the world record for the simulation speed of the Ising model.
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I. INTRODUCTION

Counterintuitive phenomena emerge when a system at-
tempts to reach thermal equilibrium following a temperature
change. Examples include remarkable memory and rejuve-
nation effects in spin glasses [1–3], as well as the Mpemba
effect, in which, under certain conditions, the hotter of two
identical beakers of water cools faster when placed in contact
with a thermal reservoir colder than both [4–7] and its variants
(see, e.g., Refs. [8–10]). Theoretical analysis is often limited
to systems in which the contribution of a single timescale
is manipulated by varying the temperature of the external
bath, leading to surprising effects [11–13]. However, similar
phenomena also occur when a continuum of timescales is
relevant, such as near a second-order phase transition [14]
or deep inside the spin-glass phase [1,15]. It is hoped that
universality—the insensitivity of macroscopic behavior to mi-
croscopic details [16]—may aid the analysis of problems
governed by multiple timescales.
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The concepts of critical phenomena can, fortunately, be
extended to dynamical processes (see Ref. [17] for a seminal
review). However, while universality is well established for
equilibrium properties, its extension to dynamical properties
remains less clear and lags behind its theoretical counter-
part [17,18]. A rigorous solution to the critical dynamics
of the simplest fruit-fly model in statistical physics—
the two-dimensional Ising model [19–21]—remains elusive.
Moreover, models within the same static universality class
do not necessarily belong to the same dynamic universality
class [22]. In fact, the discussion becomes even more complex
for disordered systems [23], where violations of universality
have been reported [24,25].

A particularly fundamental and nontrivial case arises in
models whose equilibrium critical properties belong to the
same universality class as the Ising ferromagnet. A repre-
sentative example is the spin-1 Blume-Capel model [26,27],
specifically in its second-order transition regime [28]. As is
well known, the onset of criticality is marked by a diver-
gence of both the correlation length ξ and the correlation time
τ . While the former divergence yields singularities in static
quantities, the latter manifests notably as critical slowing
down. To describe dynamical scaling properties, an additional
exponent is required in addition to the static exponents. This
so-called dynamic critical exponent z links the divergence of
length and timescales, i.e., τ ∼ ξ z

eq [29–32] (ξeq is the correla-
tion length in equilibrium). In a finite system, ξeq is bounded
by the linear system size L, so that τ ∼ Lz at the incipient
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critical point. The dynamic critical exponent z has been nu-
merically determined to be z = 2.1665(12) in two dimensions
in the seminal work by Nightingale and Blöte [29], and was
later shown to be universal with respect to the underlying lat-
tice structure [33]. The more recent theoretical studies based
on the nonperturbative renormalization-group [34] and the ε-
expansion [35], suggesting z ≈ 2.15 and 2.14(2), respectively,
should also be noted.

However, even the simplest equilibration protocol—where
the system is instantaneously quenched from a high tem-
perature to the working temperature T , and then allowed
to relax for a time t—can lead to a range of different out-
comes depending on L and t . Indeed, the computation of z
in Ref. [29] relies on an assumption that is well founded for
finite systems (see, e.g., Refs. [36,37]), namely, a timescale
τ exists such that all observables approach their equilibrium
value when t ≈ τ ∝ Lz. However, in the critical dynamics of
a system with L = ∞, perfectly reasonable quantities may
remain far from their equilibrium values even when t �
τ [38,39]. Moreover, there are both experimental (see, e.g.,
Ref. [3]) and theoretical [40] settings in which equilibrium
is never fully achieved. In these cases, the size of magnetic
domains, ξ (t ), grows indefinitely provided L = ∞ and T �
Tc, where Tc denotes the critical temperature. Precisely at
T = Tc, one has ξ (t ) ∝ t1/z, while ξ (t ) ∝ √

t for T < Tc (if
T is very close to Tc, a crossover occurs from critical dynam-
ics at short times to ξ (t ) ∝ √

t at long times). The domain
growth may also persist for a long time if T � Tc, in which
case ξ (t ) must grow until it reaches its equilibrium value
ξeq(T ) ∝ (T/Tc − 1)−ν (ν = 1 for the two-dimensional Ising
universality class). It is generally expected that the domain-
growth exponent z in this context matches the exponent
z observed in the equilibrium, finite-size setting; however,
precision tests to confirm this expectation are currently
lacking.

In this article, we demonstrate that universality holds for
the critical dynamics of two ferromagnetic models belonging
to the same static universality class: the spin-1/2 Ising ferro-
magnet and the spin-1 Blume-Capel model, within the L �
ξ (t ) regime. The largest simulated system contains 244 ≈
17.6 × 1012 spins, which is more than the square root of
Avogadro’s number of spins. Thus, even though we reach
ξ (t ) values well above 103 lattice spacings, our simulations
fully represent the thermodynamic limit. In this way, we pro-
vide the most accurate determination to date of the exponent
z, which turns out to be compatible with, but more precise
than, the best estimate in the thermal equilibrium regime
(i.e., ξ (t ) � L) [29]. We showcase universality not only in
the direct-quench settings discussed above, but also in the
exponential speedup achieved through precooling [14]. Our
results were made possible by a CUDA program that has been
made publicly available elsewhere [41] for multi GPU-based
simulations, which is an extension of Ref. [42], setting a world
record for the simulation speed of the square-lattice Ising
model, achieving 8.7 fs per spin update. The code implements
the Metropolis algorithm and exploits three levels of paral-
lelism: multispin coding, checkerboard decomposition, and
domain decomposition. From this viewpoint, the current work
represents the dawn of an upcomming era in computational
statistical physics of lattice spin models.

II. MODELS AND PHYSICAL OBSERVABLES

The Blume-Capel (BC) ferromagnet is described by the
Hamiltonian

H(BC) = −J
∑

〈x,y〉
σxσy + �

∑

x

σ 2
x , (1)

where the spins σx = {−1, 0,+1} are located in the nodes
of an L × L square lattice with periodic boundary condi-
tions, 〈x, y〉 indicates summation over nearest neighbors, and
J > 0 is the ferromagnetic exchange coupling. The parameter
� is known as the crystal-field coupling that controls the
density of vacancies (σx = 0). For � → −∞, vacancies are
suppressed and the model becomes equivalent to the sim-
ple Ising (σx = ±1) ferromagnet. The phase boundary of the
Blume-Capel model in the crystal field-temperature plane sep-
arates the ferromagnetic from the paramagnetic phase [28]. At
high temperatures and low crystal fields, the ferromagnetic-
paramagnetic transition is a continuous phase transition in
the Ising universality class, whereas at low temperatures and
high crystal fields, the transition is of first order [26,27].
At zero temperature, the ferromagnetic order prevails and
the point (�0 = ncJ/2, T = 0), where nc denotes the coor-
dination number, lies on the phase boundary [27]. On the
other hand, for zero crystal field, the transition temperature
is not exactly known. For the present square-lattice model
under study, we provide a high-accuracy estimate T (BC)

c (� =
0) = 1.693 5583(5) [43]. This result was obtained through
a dedicated finite-size scaling analysis, which combines ex-
act results for this universality class [44–47] with extensive
Swendsen-Wang simulations [48] on systems with linear sizes
up to L � 4096. For comparison, in the case of the simple
Ising model (IM), the exact critical temperature used in the
simulations below is T (IM)

c = 2/ log(1 + √
2).

The main quantities of interest are the correlation function

C(r; t ) = 1

L2

∑

x−y=r

〈σx(t )σy(t )〉 (2)

and the energy density

E (t ) = C[r = (1, 0); t] + C[r = (0, 1); t], (3)

where 〈· · · 〉 stands for the average over independent re-
alizations of our thermal protocols, and periodic bound-
ary conditions are understood. We extract the coherence
length ξ (t ) from space integrals of C(r; t ), as explained in
Refs. [14,49,50]. Interestingly enough, the long- and short-
distance behavior of C(r; t ) at Tc is related through the
energy’s scaling dimension [51], which in our case is D −
1/ν = 1. Hence [52,53], at Tc, the energy excess

E (t ) − Eeq ∝ [ξ (Tc, t )]−(D−1/ν) ∝ t−(1/z), (4)

where Eeq denotes its equilibrium value, provides a short-
distance estimate of the dynamic critical exponent z. For full
details of our simulations and analysis methods, we refer the
reader to Ref. [43].

III. THERMAL PROTOCOLS

We consider two different thermal protocols. In the direct
quench, the system is instantaneously brought from T = ∞
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FIG. 1. Coherence length ξ as a function of time t for both the
Ising (L = 222) and Blume-Capel (L = 219) models at their respec-
tive critical points.

(i.e., a fully disordered configuration) to the working temper-
ature T where it is left to relax while the coherence length
ξ (t ) grows (see Figs. 1 and 2). The second protocol is a
precooling strategy, where a fully disordered configuration
is initially placed at a temperature T1 ≈ 0.73Tc, allowed to
relax for some time, and then heated to a higher temperature
T2 � Tc, where it reaches equilibrium. This protocol is charac-
terized by the fraction f of the equilibrium coherence length
ξeq(T2) that the system reaches while evolving at the lower
temperature T1 just before the change to temperature T2, as
shown in Fig. 2. In Ref. [14] an exponential dynamic speedup
was observed for the Ising model with ξeq(T2) � 135, pro-
vided that f = 0.59(7). It was speculated that this speedup is
universal.

FIG. 2. Coherence length ξ for a linear size L = 216 as a function
of time t for both the Ising (main panel) and Blume-Capel (inset)
models, following the second thermal protocol. ξ (t ) appears to be
almost f -independent in this case.

FIG. 3. Estimates of the dynamic critical exponent z for the Ising
(L = 222) and Blume-Capel (L = 219) models obtained via nonlocal
[ξ , Eq. (5)] and local [E , Eq. (6)] observables, for a varying fitting
window (tmin: shortest time included in the fit). The main panel
displays results from a joint fit for both models (considering data
from ξ and E for the Ising model, and only ξ for the Blume-Capel
model), as indicated in the legend. The inset shows three sets of
data points corresponding to individual fits for each model. We have
acceptable values of the fits’ figure of merit χ2/dof for all the tmin

shown. In both panels, the solid line with the gray-scale background
corresponds to z = 2.1665(12) [29].

IV. RESULTS

We determine the dynamic critical exponent z from our
direct-quench simulations for both models at their respective
critical points (see Fig. 3). To validate universality, we per-
form fits of ξ (t ) of the form

log (t ) = z log [ξ (t )] + b + b′ξ (t )−ω, (5)

across the data from both models. Here, b and b′ are
nonuniversal fitting constants and ω = 1.75 is the correction-
to-scaling exponent for the Ising universality class (see, for
example, the discussion in the Supplemental Material of
Refs. [54,55]). Furthermore, we compute z also from the
energy E (t ), as outlined in Eq. (4), exclusively for the Ising
model, since only in this case is the equilibrium energy value
exactly known [Eeq(Tc) = −√

2]. We consider a fit of the form

E (t ) − Eeq = bt−(1/z) + b′t−(2/z) + b′′t−[(ω+1)/z], (6)

where again b, b′, and b′′ are nonuniversal fitting constants.
Indeed, for a system of size L in equilibrium, one has 〈EL〉 +√

2 = c1/L + O(L−2), where c1 is a known constant [56]. Dy-
namic scaling asserts that we can apply the equilibrium result
by replacing L with ξ (t ) (noting that amplitudes, such as c1,
may differ from their equilibrium values). To ensure our deter-
mination of z from the energy is independent of long-distance
observables, we have further replaced ξ (t ) with t1/z. Addition-
ally, we have included a correction term, t−[(ω+1)/z], to account
for scaling corrections in ξ (t ), as described in Eq. (5) that
we have inverted as ξ = B0 t1/z(1 + B1/tω/z + · · · ), where B0

and B1 are scaling amplitudes.
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FIG. 4. Energy’s convergence to its equilibrium value (Eeq)
within the two-step thermal protocol scheme for the (a) Ising and
(b) Blume-Capel models. We recall that, for the case of the Ising
ferromagnet, Eeq is known exactly from the Onsager solution. The
inset highlights E (t ) in the large-time window for the Blume-Capel
case. Results for L = 216 are shown.

Our fitting results are documented in Fig. 3. In particu-
lar, the main panel presents the dynamic exponent z, which
we obtained from a joint fit across three datasets, as indi-
cated in the legend. The estimates for z fall within the range
2.167 63(9)–2.1678(5) and we report the final result as

z = 2.1676(1), (7)

which corresponds to the logarithmic midpoint of the stable
region shown in the main plot. This value is in excellent
agreement with the result of z = 2.1665(12) reported by
Nightingale and Blöte [29]. Notably, the error in our cal-
culation is approximately one-twelfth of the error reported
in Ref. [29]. In the inset of Fig. 3, we show the individual
z estimates obtained from separate fits to each of the three
datasets, which further support the validity of both the joint
fit and the result in Eq. (7). For more details about the fits and
our statistical accuracy criteria, we refer to [43]. Note also that
the absence of finite-size effects for ξ (t ) and E (t ) (within our
time window and statistical errors) was assessed by comparing
results for the Ising model on systems with L = 220 and 222

linear dimensions (see Ref. [43] for details).
Next, we focus on the approach to equilibrium in the

paramagnetic phase for T2 � Tc. Specifically, we choose T2,
such that the equilibrium values of ξ are ξeq(T2) = 407(1)
for the Ising model and 405(2) for the Blume-Capel model.
We then examine the approach to equilibrium of the en-
ergy under different thermal protocols, as shown in Fig. 4.
The different protocols maintain T1 ≈ 0.73Tc until ξ (t, T 1) =
f ξeq(T2), and then the system is instantaneously placed in
contact with the thermal bath at T2. The direct quench, where
f = 0, is shown in Fig. 4. In the case of direct quench, E (t )

approaches equilibrium monotonically from above, whereas
the three precooling strategies begin well below the asymp-
totic equilibrium value. However, E (t ; f = 0.54) overshoots
the equilibrium value of the energy and approaches equilib-
rium from above, while E (t ; f = 0.59) and E (t ; f = 0.64)
approach equilibrium from below. An exponential law turns
out to aptly fit the late approach to equilibrium

E (t ; f ) = Eeq + b( f ) exp (−t/τ ), (8)

where the fitting parameters for the Ising model are the ampli-
tude b( f ) and the timescale τ , with Eeq known from Onsager’s
solution. We perform a joint fit to the data for all values of f ,
because τ is f -independent in Eq. (8). For the Blume-Capel
model, which lacks an exact solution, we have to include Eeq

as an f -independent parameter in the joint fit. In this way, we
find for both models bIM( f = 0.59) = 0.000 00(2), bBC( f =
0.59) = 0.000 00(6). Furthermore, the amplitudes are positive
at f = 0.54 [bIM( f = 0.54) = 0.000 15(3), bBC( f = 0.54) =
0.000 28(6)] and negative at f = 0.64 [bIM( f = 0.64) =
−0.000 24(4), bBC( f = 0.64) = −0.0005(1)]. Therefore, we
propose the conservative estimate f = 0.59(5) as the univer-
sal value at which the exponential speedup in the approach to
equilibrium occurs in the scaling limit for both the Ising and
Blume-Capel models.

V. DISCUSSION

Although there are strong theoretical reasons to ex-
pect universality in dynamical critical phenomena [16,17],
high-accuracy computations confirming this are still scarce.
Moreover, dynamics opens up a broader range of questions.
For instance, it is not at all obvious that the limits of large sys-
tem size and long times are interchangeable. The computation
in Ref. [29] relies on the assumption that a timescale τ exists
such that all physical quantities approach their large-time lim-
its with corrections of the form ∼e−t/τ . This assumption holds
if the limit of large times is taken before the thermodynamic
limit [36,37], but it is simply not true when the order of limits
is reversed, which is the relevant case for field-theoretical
computations [34,35]. Furthermore, the temperature of the
thermal bath can be varied in time in clever ways to produce
counterintuitive effects (see, e.g., Refs. [4–15]). Demonstra-
tions of universality in this broader context of time-varying
temperatures are rare (if at all existing), though one might
argue that memory and rejuvenation effects in spin-glasses
provide another example of universality [2].

In this work, we have made progress on both fronts, thanks
to massive-scale simulations on GPUs. Building on ideas
presented in Refs. [42,57], we developed a CUDA code that
enabled us to simulate square lattices with side lengths L =
222 for the Ising model and L = 219 for the Blume-Capel
model, reaching coherence lengths well over 103 lattice spac-
ings. Thus, while we are taking the limit of large times, the
limit of large sizes is certainly taken before. Through this,
we have explicitly demonstrated universality by showing that
both models are governed by the same dynamic exponent
z. Along the way, we have obtained the best estimate to
date for the dynamic critical exponent, setting a standard for
comparison with field-theoretical computations. Additionally,
we considered the precooling strategy from Ref. [14], which
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achieves an exponential speedup in the approach to equi-
librium at temperatures T � Tc by temporarily entering the
ferromagnetic phase. Both the Ising and Blume-Capel models
exhibit exponential speedup when the dimensionless ratio of
coherence lengths reaches a specific value, a hallmark of a
dynamic universality class. We anticipate that the numerical
approach developed in this study may be adapted to help
resolve ongoing debates about the universality classes of other
nonequilibrium systems, including those encountered in ac-
tive matter [58].
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