DE GRUYTER Adv. Nonlinear Stud. 2017; 17 (3):411-428

Research Article

Julian Lopez-Gémez* and Luis Maire

Coupled Versus Uncoupled Blow-Up Rates in
Cooperative n-Species Logistic Systems

DOI: 10.1515/ans-2016-6018
Received October 19, 2016; revised January 4, 2017; accepted January 4, 2017

Abstract: This paper ascertains the exact boundary blow-up rates of the large positive solutions of a class
of cooperative logistic systems involving n species in a general domain of RV of class €2*V, 0 < v < 1. The
problem models a population divided in groups whose individuals compete with those of the same group,
while simultaneously they cooperate with the members of the remaining groups. Our main result provides
with the exact blow-up rates along the edges of Q from the values of the blow-up rates of the underlying un-
coupled system. Rather astonishingly, these blow-up rates are independent of the strength of the cooperative
effects, which play a secondary role in the analysis carried out in this paper. No previous result of this nature
is available in the specialized literature for more than n = 2 species.

Keywords: Cooperative Systems, Large Solutions, Blow-Up Rates on the Boundary, Vanishing Weights at
Variable Rates, Uniqueness of Large Solutions

MSC 2010: 35]57, 35K57, 35B44, 35Q92

Communicated by: Laurent Veron

1 Introduction

In this paper we ascertain the blow-up rate of the classical positive solution of the singular boundary value

problem
n

—Au; = (0 u; + Z ajuj - a;0oul’ inQ,
j=L,j#i 1.1

Ui = +00 onoQ, 1<i<n,

where g;; > 0 and p; > 1 are constants, Q is a bounded subdomain of RY, N € N, of class G2*¥ for some
ve(0,1),A € €(Q),and a; € CV(Q) satisfy a;(x) > 0forallx € Qand 1 < i, j < n. By a solution, u, of (1.1) it
is understood any function u € €2*(Q) satisfying the system and such that
lim  uj(x)=+0c0, 1<i<n.
dist(x,00) 10
In this paper, we suppose that a; are power-like near alfl (0) c 0Q, in the sense that there exist b;, y; € C(0Q),
with b;(z) > O forall z € 0Q and y; > 0 on 0Q, such that

ai(x)

lim - e
xed 22aq Di(2)[dist(x, 0Q)]Y:

=1, 1l<i<n. (1.2)
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Problem (1.1) is the most natural way of coupling the fully uncoupled problem
{ —Auj = 4;(0)u; - a;(x)ul inQ,

) (1.3)
Ui = +00 onoQ, 1<i<n,

in a cooperative way, i.e., with a;; > 0 forall 1 <i,j < n, i # j, so that the strong maximum principle holds,
[30]. A simpler prototype with n = 2 of the system in (1.1) goes back to [34-36]. When a;; < O for some i # j,
the cooperative structure of (1.1) is lost and all the available comparison techniques in the context of coop-
erative systems might fail. Consequently, the results of this paper might not be true.

Since (1.3) consists of n-uncoupled singular boundary value problems of logistic type, and the logis-
tic equation is the most standard one in population dynamics and mathematical biology, [27, 37, 38], the
problem of analyzing the singular problem (1.1) should deserve a significative attention in spatial ecology.
Indeed, the solutions of (1.1) provide us with the asymptotic profiles of the positive solutions of wide classes
of cooperative parabolic systems in the presence of spatial heterogeneities, [2, 3, 27]. A more realistic model
would be to have different diffusion rates for each species, measured by d; > 0, 1 < i < n, but dividing the i-th
equation by d;, one is naturally driven to deal with (1.1).

Although there is a huge amount of literature devoted to the existence and uniqueness of large positive
solutions for the single generalized logistic equation, as it becomes apparent by simply looking at [4-10, 12—
14,19, 20, 23-25, 32, 33, 40-43], and the rather complete list of references in [27], and even there are some
fairly astonishing multiplicity results for large positive solutions, [31], the literature on systems is very short.
Moreover, the few existing references deal with either two species, n = 2, as [2, 3, 16] and the very recent
works [15] and [29], or with the general case of n > 2 species but in the radially symmetric case, where the
maximum principle gives the uniqueness of the positive solution of (1.1) based on a very tricky use of the
strong maximum principle, as it has been recently established by the authors, [28]. This is the first paper
available in the literature where the exact blow-up rates of each of the components of a n-species system
have been ascertained.

Throughout this paper, for every z € 0Q, we set

yi(z) +2 )
i(z)i=—, 1<i<n. 1.4
Hi(2) b1 i<n (1.4)
According to [9, 14, 22], ui(z), 1 < i < n, provide us with the blow-up rates on 0Q of the positive solutions of

the uncoupled problem (1.3), in the sense that for every solution of (1.3), £ = (¢4, ..., £y), one has that

£i(x) <ui(Z)(}li(Z) +1)

lim - =
N 50 [dist(x, 0Q)]Hi?) bi(2)

x€Q,ze

1
)’ , 1l<i<n.

The main result of this paper provides us with the blow-up rates of all positive solutions of (1.1) in terms of
1i(2), 1 <i < n, defined in (1.4). Precisely, for any given z € 0Q, suppose the n equations of (1.1) have been
re-ordered so that

0 < pn(2) < pn-1(2) < -+ < pa(2). (1.5)

Then, the next result holds.
Theorem 1.1. Let z € 0Q be such that (1.5) is satisfied, and consider the next partition of the subscripts set

Io:={ie{l,...,n}: pi(z) + 2 — u1(2) > 0},
Io:={ie{l,...,n}:ui(2) + 2 - u1(2) = 0}, (1.6)
IL:={ief{l,...,n}:pi(z) +2 - p1(2) < 0}.

Letk € {1, ..., n} be such that
Iy:={ie{l,....,n}: ui(2) =1 (2)} = {1, ..., k}.

Then, any positive solution of (1.1), u = (uq, ..., uy), satisfies

u;i(x)

W st o) a@ A 1<i<n, L
fgg% [dist(x, aQ)]—ai(Z) i(2) i<n ( )
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where
ui(2) ifiel,ulo,
i(z) := . 1.8
G@ = M@ @ (1.8)
Dbi
and 1
Hi(2)(ui(z) + 1) \ 5T I
<T> ifiel,,
A =4 1 & (@@ +D\5T]H (1.9)
[W;“"( bo ) ] yret
AO,i lfl € Io,

where Ay,; stands for the unique positive solution of the equation

H1(2)(u1(2) + 1) )*

k
. bi _ . . = i1
b0~ @) uta) + x = Y ay( K

j=1

Essentially, Theorem 1.1 establishes that the values of the blow-up rates at z of any solution of (1.1) only
depend on the precise way the blow-up rates at z of the solution of (1.3) are interrelated, rather than on
the size of the coupling coefficients of the problem, ajj, i # j, as one might have expected from the every
beginning. Indeed, by Theorem 1.1, the coupling coefficients only alter the values of A;(z). In particular,
(1.8) provides us with the components of (1.1) whose blow-up rates equal the corresponding blow-up rates
of (1.3), as well as with the blow-up rates of the remaining components. Note that, although Iy and I might
be empty, owing to (1.5), 1 € I,. Hence, by Theorem 1.1, the first component of (1.1) blows up with exactly
the same rate as the first component of the uncoupled problem (1.3), i.e., a1 (2) = u1(z). Moreover, u;(z) plays
a significant role in the blow-up rates of a;(z) foralli € I_.

Remark 1.2. The assignations 0Q — [0, +00), z — a;(z), are uniformly continuous forall 1 < i < n.
From Theorem 1.1 the next result follows readily.
Theorem 1.3. Problem (1.1) admits a unique positive solution.

In the special case n = 3, one can easily sketch how the blow-up rates given by (1.8) depend on the blow-up
rates given by (1.4). By regarding
M = (M1, M2, p3) € [0, +00)’
as an independent variable, we can divide [0, +c0)> into several portions, taking into account the relation-
ships between the components of the variable u. Figure 1 shows a partition of the set of values of the param-
eters, u € [0, +00)3, into thirteen complementary zones according to the nature of the values of the blow-up
rates of the solutions of (1.1),
a;:=a;(p), i=1,2,3,

depending on u.
The central portion of Figure 1 stands for the closed hexagonal prism

Mi+2-p; >0 foralli,je{1,2,3},i+],
where, according to Theorem 1.1,
a:=(ag, az, a3) = (U1, M2, U3).

Hence, it consists of the set of values of u where all the blow-up rates of the coupled cooperative problem (1.1)
equal the corresponding blow-up rates of the uncoupled one (1.3). Set

yi:=yiw) =pipi-1) -2, 1<i<n.



414 — ] Lbopez-Gomez and L. Maire, Coupled Versus Uncoupled Blow-Up Rates DE GRUYTER

Order Zone oy o3 o3
1 U1 Hity2 U3
p2
H2 < pi3 < i 2 Hity2 p1ty3
H1 P2 P3
3 U1 U Hi1ty3
p3
H3 < p2 < 4 Hity2 p1ty3
Ha [ P3
5 I gy H2n
p3
H3 < p1 < 6 Haty1 p2ty3
pP1 H2 p3
7 H2tn 12 U3
p1
Hi<Hs < 8 Haty1 p2ty3
pP1 H2 p3
9 H3+y1
M1 <2 <3 P h -
10 p3ty1 H3tY2
p1 P2 b3
11 H3+Y2
M2 < p1 <3 h p2 Hs
12 p3ty1 H3tY2
p1 p2 H3
Figure 1. The thirteen zones where a changes its nature,
depending on p. Table 1. Blow-up rates o versus blow-up rates p.

Table 1 collects all the values of the blow-up rates a in each of the remaining zones according to Theorem 1.1.
Surrounding the central prisma and labeled by the first six odd integers, we have represented the set of values
of yu for which two of the blow-up rates a; equal the corresponding blow-up rates y;. Labeled by the first six
even integers, we find the set of values of y for which exactly one of the a; equals the corresponding y;. As
it has been already commented after the statement of Theorem 1.1, there is not any value of u for which the
three blow-up rates a; can differ from the corresponding blow-up rates y;.

The results of this paper can be easily generalized to cover the case where the coefficients a;; are replaced
by positive Holder continuous functions, a;; € €V(Q), 1 <i < n. Also in this case, the blow-up rates of the
solution of (1.1) at z € 0Q are given by (1.8), while the coefficients A;(z) are given by (1.9), by replacing a;;
by a;j(z) for all 1 <1i,j < n. Moreover, under the appropriate circumstances, the y;(z), introduced in (1.2),
might satisfy y;(z) > —2 without affecting substantially most of the results. It should be noted that power-like
nonlinearities, as those considered in this paper, always satisfy the classical conditions of Keller [17] and
Osserman [39].

The structure of this paper is the following. Section 2 collects the necessary results to obtain existence
of solutions for (1.1) as well as the necessary comparison results for the proofs of Theorems 1.1 and 1.3.
Section 3 provides us with the construction of a supersolution for the singular problem in a ball and of a
subsolution for the problem in an annulus. Finally, in Section 4 we complete the proofs of Theorems 1.1 and
1.3, and the proof of Remark 1.2.

2 Existence of Large Solutions

The main goal of this section is to sketch the proof of the existence of solution for (1.1). Some previous
results were already found in [2] and [28]. Given a smooth subdomain D c RY, we consider the operator
£: [CV(D)]" — [C¥(D)]" defined by

n
(Lu); = —Au; — Ai()u; — Z ajjuj, l<is<n.
j=Tj#i

By the main result of [30], there exists a unique o € R, the principal eigenvalue of £ under Dirichlet homo-
geneous conditions, such that the linear eigenvalue problem

Lo =0¢ inD, =0 onoD,
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admits a positive eigenfunction ¢ € [C2*V(D)]", ¢; > 0,1 < i < n, ¢ # 0. Such a value of ¢ will be denoted by
oL, D].

Throughout the rest of this paper, for any given u € [C(D)]", it is said that u > 0 in D if u; > O for all
1 <i<nbutu+ 0. Similarly, given u € [€1(D)]", it is said that u is strongly positive in D, u > 0, if for any

1<i<n,
ou

ony
where n, is the outward unit normal vector to D at x € dD.
The following characterization of the strong maximum principle, going back to [30], holds.

ui(x)>0 forallxeD  and (x)<0 forallx € u"'(0)n oD,

Theorem 2.1. The following assertions are equivalent:
(a) o[g,D]>o0.
(b) There exists it € [C2(D)]" N [C(D)]" such thatit > 0in D and

Lu>0 inD,
and, for some 1 < ip < n, either i1;, > 0 on 0D, or else
(Lu);, >0 inD.

Should this be the case, i is said to be a positive strict supersolution of £ in D.
(c) The operator £ satisfies the strong maximum principle in D, in the sense that, for every h € [CV(D)]",
u € [CZV(D)]" and w € [C¥*V(dD)]" satisfying

Lu=h>=0 inD, u=w=>0 onoD,
with some of these inequalities strict, one has that u > 0in D.

Using Theorem 2.1, one can easily show the monotonicity of the principal eigenvalue with respect to the
potentials A;( - ) and the coefficients aj;;, 1 < i, j < n. Actually, this result was established by [30, Theorem 3.2].
As a result, if we assume that

A,(0) < Ai(x) and a;<ay forallxe Qand1<i,j<n,

with some of these inequalities strict, then, setting
n n
()i == —Dui - A (ui = Y aguy, (L= —dui - Ai(Dui— Y @y,
j=1ji#i j=Lj#i
we find that
olg, D] > o[&, D]. (2.1)

Next, for every w € [C2*V(0Q)]", w > 0, we consider the non-homogeneous Dirichlet boundary value problem

n
—Au; = () u; + Z aijuj - a;0u’  inQ,
=14 (2.2)

Ui = wj onoQ, 1<i<n.
Using Theorem 2.1, the results of [34—36] can be easily adapted to obtain the next one.

Theorem 2.2. Suppose (2.2) admits a subsolution u € [C>*V(Q)]" and a supersolution ii € [€**V(Q)]" satisfying
u < it. Then (2.2) possesses a solution u € [C2*V(Q)]" such that u < u < ii. Actually, (2.2) possesses a minimal
and a maximal solution in the interval [u, u].

Using Theorems 2.1 and 2.2, the abstract results of [2, Section 3] can be easily adapted, almost mutatis mu-
tandis, to get the next one.

Theorem 2.3. Problem (2.2) has a unique positive solution, 0|q ). Moreover, for every positive subsolution u
(resp. supersolution i) of (2.2),
uc< G[Q,W] (resp. u > G[Q,W]).
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Proof. Adapting [2, Theorem 3.7], it suffices to construct a supersolution & such that #; > 0 forall 1 <i < n.
In the special case a;(x) > 0 forall x € 0Q and 1 < i < n, one can take it = (M, ..., M) for some M > 0O suffi-
ciently large. In general, we may proceed as follows.
Since 0Q is smooth, 0Q possesses finitely many components, I'y, 1 < k < m.Foreache > 0and1 < k < m,
denote
Qf := {x e R : dist(x, T) < &}.
Let

A= max|Ailleo +1, a:= max aj,
1<i<n 1<i,j<n

and let £ be the operator

n
(Luw); 1= —Au; — Au; - z au;.
j=1,j#i
Thanks to (2.1),
o[£, Q7] > 0[L,Qf] foralle >0and1<k<m.

On the other hand, by the uniqueness of the principal eigenvalue,
o[€, 07 =0[-A-A-(n-1)a,Qf] =0[-A, Q] -A-(n-1a, 1<k<m.
Thus, since

lim|Qf| =0, 1<ks<m,
€l0

where | Q7| stands for the Lebesgue measure of Qf, the Faber-Krahn inequality, going back to [11] and [18],
yields

limo[L, Qf] =+00, 1<k<m

el0

(see [21, Theorem 5.1]). Therefore, € can be shortened, if necessary, so that min;<x<m o[£, Qf] > 0. Fixe > 0
satisfying the last inequality and, for each 1 < k < m, let
Ok = (Pr,15 -+ Phon)

be a principal eigenfunction associated to o[£, Qf]. As ¢ > 0, it is apparent that

min{ n%in Qri:l<ic< n} >0, min{ min/2 Qri:l<ic< n} >0 foralll<k<m. (2.3)
k 0nAQE

Subsequently, we consider the auxiliary function ® defined through

o inQ? 1<k<m,

D := . m ~€/2
g 1nQim::Q\(UQk )
k=1

where g is any C?*V-extension of the function @1 ® - - - ® @, to the open set Qi with the special requirement
that infg, , g > 0. Such a function exists because of (2.3). Then 7® is a supersolution of (2.2) for sufficiently
large T > 1. Indeed, by (2.3), there exists 7o > 1 such that

T®>w onodQforall T > 1p.

Moreover, for every 1 < k < mand 1 <i < n, we find that, in Qi/z naQ,

—ATD;) - Ai()TD - Y ayT®; = (E(1D)); = T(L(@k))i = TO[L, Q¢ Pki > 0 = —a;i(-)(TD)P'.
j=1,j#i

Lastly, in Qint, we have that, forevery 1 <i < n,

n
—ATD) = -TAG = Ai(-)gi+ Y. aiTgj — ail - )(Tg)P"
j=1,j#i
for sufficiently large 7 > 1, because a; and g; are bounded away from zero in Qi and p; > 1 forall1 <i < n.
This ends the proof. O
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Theorem 2.3 entails that the mapping
(0, +00) = [E*™( )], m+ bg

wherem := (m, ..., m),isstrongly increasing, in the sense that m; < m, implies 03,q,,] < 6[a,0,,]- Hence,
the point-wise limit
010,001 (X) := lim Ojg m(x), x€Q, (2.4)
mT+oo

is well defined. In fact, the next result holds.

Theorem 2.4. There exists a minimal and a maximal positive solution of (1.1), L™ gnd L™aX, respectively, in
the sense that any solution, L, of (1.1) satisfies

L™ (x) < L(x) < L™*(x) x € Q.

Moreover, the point-wise limit (2.4) provides us with the minimal solution
Lmin

= 0(0,001>

while the maximal solution is given by

L™ =1im ,
510 [Qs,00]

where we have denoted
Qs :={xeQ:d(x,0Q)>6}, &>0.

3 Two Pivotal Technical Results Under Radial Symmetry

In this section, for every R > 0, we consider the auxiliary problem
" N-1 r— 2 S b Vi, [,Pi
_‘/’i_T’/’i: Yi+ Y agPi-bi(R-n'yl’, 0<r<R,
T (3.1)

Pi(0) =0, P;(R) = +oo, l1<i<n,

where A e R, y; >0, p; > 1, a;; >0 and b; > 0 for all 1 < i, j < n. Without loss of generality, we can assume
that the equations in (3.1) have been reordered so that

O<pn<pn1 < <1,
where, as in (1.4), for each 1 < i < n, y; is defined by

L Vit+2
YT pi-1

As in (1.6), we consider

Ioc={ief{l,...,n}:pi+2 -y >0},
Iop:={ie{l,...,n}:pu+2-ps =0}, (3.2)
I:={ie{l,...,n}: yi+2 -y <0}.

Let k > 1 be such that
Iy:={ie{l,....,n}:yi=p1}=1{1,...,k},

and set
Mi ifi eI, Uy,
a; = . (3.3)
PRV e
i
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and
( (’“1))”‘ ifiel,,
_ k 1
A; [biz yl(u1+1))p, ]P fFiel, (3.4)
Ao ifi e I,

where A ; stands for the unique positive solution of

; +1
bixPt — ui(ui + 1)x = z al](}ll(ﬂg ))m
j=1 J

The first result of this section reads as follows.

Lemma 3.1. Foreach € > 0, there exists a constant C := C(e, n) such that the function $S = @5,1’ - ,ﬁm),
defined by

_ i 2
Do (1) = (1+ £)Ai(R - r)‘“"(%) +C, O<r<R,1sisn,
provides us with a supersolution of (3.1).

Proof. By definition, %8 is smooth and satisfies the boundary conditions. Hence, ﬁs is a supersolution of
(3.1) if, and only if,

(N +3)r

\? A-rvelry: o\ ai—2
-(z) @+ohiaia + DR -1 o

(1+¢e)Ajai(R-r)y %1 %(1 +&)Ai(R-1)%
> A[(1+ AR - 1) “*( ) +c]+ i ay[(1+)4;(R - ’)_aj(£)2 +C
j=1,j#i

~biR- [+ AR - r)*m(if)2 ] (3.5)

forevery 0 < r < Rand 0 < i < n. Now, multiply (3.5) by (R - r)%*2ifi e I, UIo,and by (R — r)Vi*%Piif i e I_,
Then, 1, is a supersolution if, and only if, for every 0 < r <R,

W+ 3)r(1 + ©)Ajai(R-1) - 33(1 + AR - 1)

- () 1+ 9hiaia+ 1) -
A1+ AR - r)z(ﬁ) +CR-N™*2]+ i ai[(1 +£)A;(R - r)""’*z’“’(%)z +C(R-n™*2
j=1,j#i

— bi(R - )tV [(1 +&)A;(R - r)‘“‘( )2 + c]p" (3.6)

>c1|*

ifielI,Uly, and

(1 +€)A;a;(R — r) Vi+aipi-ai-1

_(r 2 Ao (o _ p)Vitaipi—ai=2 _ (N +3)r
(z) @ +oaia+ DR -1 =

N _
— 72 (1 + E)Ai(R _ r)—)’i+aipi—01i
_ r\2
. _ y)Vitaipi—ai [ _ y)Vitaipi
> A[(1+ AR -7) (R) +CR-1) ]

L _ 2

+ z ai,-[(l +&)A;(R - r)"’i’r“"pf‘“f(%) +C(R - r)‘y"“‘ip"]

j=1,j#i
_ h: _ p\&iDi A. _—aiiz bi

bi(R - 7) [(1 +e)A;(R-1) (R) + c] (3.7)

ifiel..
Let us show that
ai+2-a;>0 foralliel,and1<j<n,j#i. (3.8)
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Indeed, ifi € I, and j € I, U Iy, j # i, we have that
Ai+2-0j=Ui+2-Uj 2 Ui +2-u; >0,

by the definition of I, (see (3.2)). When j € I_, we may proceed as follows. According to (3.2),

yj+2
pj—-1

<pu1-2, jel.

So, multiplying by p; — 1 we deduce that y; < pju; - 2p;j — p1, j € I, and dividing by p; yields

Vi M1 .
—+=<u -2, jel..
pbj Dj .
Equivalently,
0(]'<}11—2, jel,
and therefore

Ai+2 - =Ui+2->U+2-U1 +2>2>0

foreveryie I, andjel.
Analogously, the following estimates hold:

{ai+2—a,-=0 foreveryiely, 1<j<k,

ai+2-a;>0 foreveryielp, k+1<j<n,j+li.

— 419

(3.9)

(3.10)

Indeed, by (3.3), a; = y; for all i € Io. Similarly, since {1, ..., k} c I, we have a; = y; forall 1 < j < k. More-

ovet, uj = uq forall 1 <j < k. Thus,

Ai+2-0j=pi+2-pj=ui+2-pu1 =0

foralli € Iy and 1 < j < k, which shows the validity of the identities of (3.10). In order to check the inequal-
ities of (3.10), we can argue as follows. Picki € [pandj e {k+1,...,n},j# i. Suppose j € I, U Iy. Then, by

(3.3) and taking into account that, by construction, p; < p; forall k + 1 < j < n, we find that
Ai+2-aj=Ui+2-Uj>pi+2-u; =0,
because i € Iy. Now, suppose that j € I_. Then, thanks to (3.3) and (3.9),
Ai+2-aj=ui+2-a;>pUi+2-pu1+2=2>0.

Therefore, (3.10) holds.
Next, we will see that
—yi+aipi—-a;-2>0 foralliel..

Indeed, by the definition of y; and sincei € I_,

Vi+2
pi—-1

+2<p, iel..

Thus, adding y; at both sides of this inequality and taking common factor y; + 2 yields

i

14 .
i+2 i I_.
(vi+ )pi_1<u1+yz ie
Hence, by (3.3),
u < u =aj, liel_,
pi—-1 Di

whence (3.11).

(3.11)



420 — |.Lbpez-Gémez and L. Maire, Coupled Versus Uncoupled Blow-Up Rates DE GRUYTER

Lastly, we will establish that

-yi+aipi—-a;=0 foralliel_,1<j<k,
{ Vi iDi j ] (3.12)

—yi+aipi—aj>0 foralliel ,k+1<j<n,j#i.
By (3.3), -yi + ajp; = uy foralli € I_. Thus,
“Yi+aipi—@j=p1—aj=pU1—pj=0

foralli e I_and 1 <j < k, whence the identities of (3.12). Now, picki € I_and k+ 1 <j < n, i # j. Suppose
j eI, uly. Then, due to (3.3),
Vit @ipi - @ = p1 - & = p1 - Jj > 0,

and hence (3.12) holds in this case. Now, suppose j € I_. Then, by (3.9),
—Yit+taipi—aj=uU1—a;>2>0,

and therefore (3.12) is satisfied.
By (3.3) and the definition of y;,

ai+2+yi—-aipi=ui+2+yi-uipi=0 foralliel, ulp.
Thus,
. Ai+2+V; - —aif T 2 bi A Di
11m<b,~(R —r)%TEYil(1 + €)Ai(R-7) ’(—) + C] ) = bi(1 + &)PiA; (3.13)
rTR R !

forall C > 0andi € I, U Io. Hence, thanks to (3.8), (3.10) and (3.13), we can extend (3.6) to r = R by letting
r T R. Similarly, (3.7) can be extended to r = R by (3.11) and (3.12). More precisely, at r = R, (3.6) provides
us with

-1 +&)Aai(a; + 1) > -b;(1 + )P AV, iel,

- k - o (3.14)
-1+9)Aiai(a;+1) > Z a;j(1+&)A; - bi(1+e)PAS", iely,

j=1
while (3.7) at r = R becomes
k _ -
0> Y ajj(1+e)Aj-bi(1+ePAY, iel. (3.15)
j=1

Due to (3.4) and using that (1 + €) < (1 + €)Pi (since p; > 1 for all 1 < i < n), it is easily seen that (3.14) and
(3.15) are true. In the derivation one should note that a; = y; = p; for all 1 <j < k, by construction. Actu-
ally, all inequalities in (3.14) and (3.15) are strict, because (1 + €) < (1 + €)?i. By continuity, this entails the
existence of 6 := §(g, n) > 0 such that (3.6) and (3.7) are satisfied for all r € [R — §, R). Therefore, choosing
a sufficiently large C > 0, we can assume that (3.5) holds in (0, R), because, for each 1 < i < n, the function
b;(R - r)Yi is positive and bounded away from zero in [0, R — 6]. The proof is complete. O

The next result provides us with a universal subsolution on an annulus.

Lemma 3.2. Let R, > Ry > 0 and consider the problem

N-1 u s
Y - —— i =M+ Y agPi - BN -RO'Y, Ri<r <Ry,
r e (3.16)

Yi(R1) = +00, Pi(Ry) =0, l1<i<n,
where all the coefficients satisfy the same requirements as in (3.1) and, for every 1 <i < n, the function

Bi € CV[R1, R;] satisfies Bi(r) > O for all r € [R1, R,]. Then, for every € € (0, 1), there exists a negative con-
stant D := D(&, n) < 0 such that the function

f = P ),

e —8,1’.” e
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defined by
ﬂg i(r) :=max{0, (1 -€)A4;(r—-R1)™™ +D}, Ri<r<Ry,1<i<n,

provides us with a weak subsolution of (3.1), as discussed in [1], where the constants a;, 1 < i < n, are given by
(3.3) and

Wil + 1) FiT s
Faro) yiek,
A = 1 & i +1) Pill:|pli . (3.17)
= ij I,
[ﬁi(Rl)];a]< Bj(R1) ) e
éo,i lfl € IO’

where A, ; stands for the unique positive solution of

k 1
iR i _ (i + 1)x = , ].41(}11+1) pj-1
Bi(ROXP' = pi(pi + 1)x ];aj(—ﬁj(Rl) )

Proof. Asthemapsr — (1 -¢&)A;(r — R1)”* are strictly decreasing, taking any D satisfying
D<-(1-8A;(Ry—R1)™ ™ =-min{(1 - &)A;(r—R1)™™ : Ry <r <Ry}
forall 1 <i < n, there exist p;(D) € (R1, R2), 1 <i < n, such that

y - {(1 —e)A(r-R)"%+D ifRy <r<piD),
&, -

0 ifpi(D)<r<Ry,1<i<n.
Moreover, the mappings D — p;(D), 1 < i < n, can be chosen continuous, and

lim p;(D)=R;, 1l<i<n. (3.18)
D]-o0

Thus, ﬂ__ is a subsolution of (3.16) if, and only if, for every 1 <i < nand R; < r < p;(D),

N-1

r
n

<A[(1-€)Ar-R1)™ +D]+ ) ay[(1-e)A;(r-R1)™ +D]
j=Lj#i

- Bi(N(r - R1)"'[(1 - &)A;(r - Ry)™ + DJP". (3.19)

- (1-e)A;ai(a; + 1)(r = Ry) ™72 + (1-e)A;ai(r - Ry) ™"

Next, we will adapt the proof of Lemma 3.1. Multiplying (3.19) by (r — R1)%*? when i € I, U Iy and by
(r — Ry)7Vit%Pi when i € I_, it becomes apparent that ﬂs is a subsolution of (3.16) if, and only if,
N-1

-(1-9A4ai(a; +1) + -

(1-8A;ai(r-Ry)

n
<A[(1-€)A(r=R1)> +D(r—R)“*?] Y ay[(1-€)A;(r—Ry)“™>"% + D(r - Ry)**?]
j=1,j#i

= Bi(r)(r = Ry)**>™1[(1 - £)A;(r - Ry)™® + D} (3.20)
foralli e I, Ulpand Ry < r < pi(D), and

N-1
r
< /1[(1 _ £)Ai(r _ Rl)—ai_)’i+aipi + D(r _ Rl)—)’i+ﬂipi]
n
Y. @[(1=&)A;(r = Ry) VAP 4 D(r — Ry) V]
j=1,j#i

— Bi(")(r = R)™P![(1 = ©)Ai(r - Ry)™ + D] (3.21)

~(1 - &) A (@ + 1)(r — Ry) @ 27Vivabi 4 (1 - )A;ai(r — Ry) =i vireibi
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foralli € I_ and Ry < r < g;(D). Thanks to (3.8), (3.10), (3.11) and (3.12), letting r | R; in (3.20) and (3.21)
yields

[ -(1 - &)A;ai(a; + 1) < —Bi(R1)(1 - )P AT, iel,,
k
i bi .
| ~(1-84aiai+1) sjzzlaf,-u —e)4; - Bi(RD(1 - ePAY', iely, (3.22)
k
0< ) ajj(1-e)A; - Bi(Ry)(1 - )P A, iel.
j=1

As (1-¢)> (1 -¢)Piforall 1 <i<n, all inequalities in (3.22) are strict. Hence, by continuity, there exists
6 = 6(g, n) > 0 such that all inequalities in (3.20) and (3.21) hold in the interval (R, R + 6]. Finally, by
(3.18), D < 0 can be taken sufficiently negative so that

max ;(D) < Ry + 6.
1<i<n

This ends the proof. O

4 Proofs of the Main Results

As 0Q is smooth, the outward unit normal vector field to 0Q is well defined at every point of 0Q. We will
denote it by

n: 0Q — RN, Z > Ny.

Since 0Q € ©2, Q satisfies the uniform interior sphere in the strong sense on 0Q (see [26, Theorem 1.9]). So,
there exists Ry > 0 such that for every x € Q with dist(x, 0Q) < Ry, there is a point 77(x) € 0Q such that

¢x) := dist(x, 9Q) = |x — (0], BRO<n(x) + RoX I{SX)) cQ (4.1)
Moreover, Ry can be shortened so that for every z € 0Q,
Br,(z—Ronz) N 0Q ={z} and Bg,(z+Ron;)NQ ={z}. (4.2)
4.1 Proof of Theorem 1.1
Fixz € 0Q and 0 < 1 < 1. By (1.2), there exist § > O such that forevery 1 <i <n,
(1 - n)bi(2)[dist(x, 00)]"® < a;(x) < (1 + n)bi(2)[dist(x, 0Q)]"'® (4.3)

for all x € Bs(z) n Q. Choose Ry sufficiently small so that (4.1) and (4.2) hold, and O < Ry < 8. Set
[ := Bg,/2(2) N 0Q.
It is rather clear that there exist R > 0 and gy > O such that
Br(y - (R+0)ny) c Bs(z)nQ

forally e I'and O < p < go. Figure 2 sketches this construction scheme.
According to (4.3), foreveryy € Tand O < g < go,

a;(%) > (1 - n)bi(2)[dist(x, 0917 > (1 - n)bi(2)[dist(x, 0Br(Y - (R + @)n))]"'?, 1<i<n, (4.4)
forall x € Br(y — (R + 0)ny). Set
A= max{|Ailleo : 1 <i<n},

Yo:=y—-R+p0)ny, yeTl, pel0,p0],
bi(z) := (1 -n)bi(z), 1<i<n,
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Figure 2. Scheme of the construction.

and consider, for each y € I'and 0 < g < po, the problem

n
~Aui =i+ Y agu; - bi(2) R - 1x - yp )" @ul’ in Br(y,),
j=1,j#i (4.5)
Ui = +00 on 0Bgr(yp), 1 <i<n.
By (4.4), any positive solution of (1.1),
LZ(LI’---’LH) = (ulx---,un),

is a bounded positive subsolution of (4.5) for every y € T'and 0 < g < go.
Let £ > 0. Applying Lemma 3.1 to problem (3.1) with A = A, y; = yi(2), b; = bi(2), < i < n, we get the func-
tions
_ - r\2
Pei() = 1+ D4R - “P(F) +C, 0<r<R 1=izn,

where a;(z), Ai(z), 1 <i < n, are defined through (3.3) and (3.4). By the radial symmetry of (4.5), for every
y € I'and O < p < po, the functions

L) == ei(r), X €BRryy), ri=Ix-y,l, 1<i<n,
provide us with a supersolution of (4.5). Hence, by Theorem 2.3,
Li(x) < I:)si(x), X € Br(yp), 1<i<n,

foreveryy € I'and O < g < po. Consequently, we may infer

_ 2
Li(x) < (1 + &)Ai(2)[dist(x, aBR(yo))]‘“"(Z’("‘Rfyo') i C (4.6)

forally e ', x € Br(yp)and 1 <i < n.
On the other hand, for every x sufficiently close to I', we have that dist(x, I') = dist(x, 0Bg(yo)), with

Yo = 1(x) — Rnyy). Thus, (4.6) implies

: Li(x) . ‘
limsup —————— < (1+8)A4i(z), 1<i<n.
distx,r)Lo [dist(x, I')]~%(2) i

Therefore, letting € | 0 yields

lim sup Lix) <Ai(z), 1l<is<n. (4.7)

dist(x,[) [0 [dist(x, T)]-%@
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Figure 3. Scheme of the construction. Figure 4. Magnification around y°.

Now, we will construct a subsolution of (1.1) with the appropriate growth on I'. Due to (4.2) and taking
into account that Q is bounded, there exist R, > R; > 0 and g° > 0 such that

Qc ﬂ Ar r,(y +(R1 +0)ny) and QnOAg, g, (y+Riny) = {y}
0<p<p®

forally e I'and p € [0, 0°], where, for every z € RNandO<ry <1y,
Ar o (2):={xe RV :r <x-2z< ra}.

As before, we will denote
Y2 :=y+(Ri+o)ny,, yel, 0<p<g’

Figure 3 sketches this construction.
Shortening R; and g° if necessary, it becomes apparent that there exists ¢ > 0 such that

AR, Ri+¢(¥°)NQ c (Bs(z2)n Q) forally e Tandp € [0, 0°]. (4.8)

Figure 4 shows a magnification of Figure 3 in a neighborhood of y°. Using again (4.3) and thanks to (4.8), we
obtain that
a;(x) < (1 + n)bi(2)[dist(x, 00)]""® < (1 + n)b;(z)[dist(x, OB, (v°))]""® (4.9)

forally €T, p € [0, 0°], x € AR, r,+¢(¥°) N Q, 1 < i < n. For getting (4.9) in the entire Q, we may proceed as
follows. Set

K := max
1<i<n

{ lailloo
(Rq + 5))’1(2)
and consider, for each 1 < i < n, the piecewise linear function

F(1+ n)bi(Z)},

(1+n)bi(2), Ri<r<Ri+ g,
Bi( =1k + —K_ (1‘{72’1)[]"(2)0— (R1+8&), Ri+ g <r<Ry+¥§
K, R1+€ST$R2.

Using the definition of 8; and (4.9), we have that
a;(x0) < Bilx - yeD[Ix —ye| - R1 )@, 1<i<n, (4.10)

forally e, 0<p<p®andx € Q.



DE GRUYTER ). Lopez-Gémez and L. Maire, Coupled Versus Uncoupled Blow-Up Rates =— 425

Subsequently, we will consider the auxiliary problem

n
—Au; = Au; + z ajjuj — Bi(r)(r - Rl)yf(z)ufi in Ag,,r, o),
ey (4.11)

Ui = +00 on 0Ag, r,(¥p), 1 <i<n,
where
Ar=min{-Ailleo: L <i<n}, r:i=|x-y°|.

Pick ¢ € (0, 1). Then, due to Lemma 3.2, for every y € I'and O < p < o°, the function L’g/" = (L’g/f’l, ey Lﬁf’n),
defined for every 1 <i < n by

L0 ==y (1) = max{0, (1 - £)4;,(2)(r — R)™@ + D}, x € A, x,(°),

provide us with a positive subsolution for (4.11), where A;(z) is defined through (3.17) forevery 1 <i < n.
By (4.10), the restriction Lg‘? |a provides us with a bounded positive subsolution of (1.1). Hence, by The-
orem 2.3,
Li(x) > L’g'i.(x), xeQ,1<i<n,

forally e 'and O < p < p°. Thus, we can infer that

Yo .
L,-zI;S’l., 1<i<n,

for all y € T. The last inequality implies that
. Li(x) .
liminf —————>(1-¢)A4:(z), 1<i<n.
dist(x,1)10 [dist(x, )]~ ( 14,(2)
Hence, letting € | O yields
.. L;i(x)
liminf —————
dist(x,1)10 [dist(x, T')]~@i(2)
Consequently, owing to (4.7) and (4.12), for each z € 0Q and O < 7 < 1, there exists a compact neighborhood
of z € 0Q, I, such that

>A;(z), 1<i<n. (4.12)

A;(z) < limin Lix) < limsup Lix) < Ai(2)

f ——— 2 < - -
dist(x,I) |0 [diSt(X, r)]“"i(z) dist(x,I) |0 [diSt(X, r)]_ai(z)
for every 1 < i < n. Therefore, letting n | O yields

Li(x)

P 71 W
il?lg [dist(r, o) a@ A1)

because
Ai(2) =lim A;(2) = lim A,(2).
nlo nlo

This ends the proof of Theorem 1.1.

4.2 Proof of Theorem 1.3

LetL :=(Ly,...,Ly,) and M := (My, ..., My) be two positive solutions of (1.1). Using (1.7) it is easily seen
that the quotients
Li(x)
qi(x) := 4 Mi(x)
1 xe€eoQ,1<i<n,

e Q,

are uniformly continuous in Q. Thus, for every & > 0, there exists § > 0 such that

1gi(x) = qi(mC))| = |gi(x) - 1| < e iflx-n(x)| <6, 1<i<n.



426 —— |.Llépez-Gémez and L. Maire, Coupled Versus Uncoupled Blow-Up Rates DE GRUYTER

Thus, setting
Qg :={x € Q:dist(x,0Q) < &}, ¢>0,

we find that
1-eM;j<Li<(1+¢e)M; inQs, 1<i<n.

Moreover, L is a solution of the problem

n
—Au; = A;(xX)u; + ajuj — a;0u’ inQ\ Qs
jzlz,#i ' (4.13)
u; = Lj ond(Q\Qs), 1<i<n,
(1 — €)M is a subsolution of (4.13) and (1 + €)M is a supersolution of (4.13). Therefore, by Theorem 2.3,
1-eM;j<Li<(1+e)M; inQ\Qs, 1<i<n.

Letting € | O we find that L = M in Q. This ends the proof.

4.3 Proof of Remark 1.2

Setting
Mmax(2) := E{i’ﬁ ui(z), ze€o0Q,

by Theorem 1.1, for every z € 0Q and 1 < i < n, we have

Hi(2) if pi(2) + 2 = pmax(2) 2 0,
@i(2) = 9 pmax(2) + yi(2)

» if ui(2) + 2 — pmax(2) < 0.
1

Pickz € 0Q and 1 < i < n. Based on the continuity of umax(2), it easy to check that a; is continuous at z if

Mi(2) + 2 — Umax(2) # 0.

Suppose
Ki(z) + 2 — Umax(2) = 0 (4.14)

for some z € 0Q, and let (z,),>1 € 0Q be a sequence such that z, — zif n — +oco and
Hi(Zn) + 2 — Umax(zn) <0 foralln > 1.

Then, invoking (4.14) and (1.4), shows that

Hmax(Zn) +¥i(Zn) _ Pmax(2) +¥i(2)

lim aj(z,) = lim
n—.oo n—-oo pl pl
_H@) + 24yl _ o 2412
bi pi
_ (yi(z) + 2)(# +1) _ vi(z) +2
pi pi—-1
= ai(2).

Therefore, a; is also continuous at z € 0Q if (4.14) holds. This ends the proof.

Funding: Supported by the Ministry of Economy and Competitiveness of Spain under Research Grants
MTM2012-30669 and MTM2015-65899-P.
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