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Abstract: This paper ascertains the exact boundary blow-up rates of the large positive solutions of a class
of cooperative logistic systems involving n species in a general domain of ℝN of class C2+ν, 0 < ν < 1. The
problem models a population divided in groups whose individuals compete with those of the same group,
while simultaneously they cooperate with the members of the remaining groups. Our main result provides
with the exact blow-up rates along the edges of Ω from the values of the blow-up rates of the underlying un-
coupled system. Rather astonishingly, these blow-up rates are independent of the strength of the cooperative
effects, which play a secondary role in the analysis carried out in this paper. No previous result of this nature
is available in the specialized literature for more than n = 2 species.
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1 Introduction
In this paper we ascertain the blow-up rate of the classical positive solution of the singular boundary value
problem

{{{
{{{
{

−∆ui = λi(x)ui +
n
∑

j=1,j ̸=i
aijuj − ai(x)u

pi
i in Ω,

ui = +∞ on ∂Ω, 1 ≤ i ≤ n,
(1.1)

where aij > 0 and pi > 1 are constants, Ω is a bounded subdomain of ℝN , N ∈ ℕ, of class C2+ν for some
ν ∈ (0, 1), λi ∈ Cν(Ω̄), and ai ∈ Cν(Ω̄) satisfy ai(x) > 0 for all x ∈ Ω and 1 ≤ i, j ≤ n. By a solution, u, of (1.1) it
is understood any function u ∈ C2+ν(Ω) satisfying the system and such that

lim
dist(x,∂Ω)↓0

ui(x) = +∞, 1 ≤ i ≤ n.

In this paper, we suppose that ai are power-like near a−1i (0) ⊂ ∂Ω, in the sense that there exist bi , γi ∈ C(∂Ω),
with bi(z) > 0 for all z ∈ ∂Ω and γi ≥ 0 on ∂Ω, such that

lim
x→z

x∈Ω, z∈∂Ω

ai(x)
bi(z)[dist(x, ∂Ω)]γi(z)

= 1, 1 ≤ i ≤ n. (1.2)
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Problem (1.1) is the most natural way of coupling the fully uncoupled problem

{
−∆ui = λi(x)ui − ai(x)u

pi
i in Ω,

ui = +∞ on ∂Ω, 1 ≤ i ≤ n,
(1.3)

in a cooperative way, i.e., with aij > 0 for all 1 ≤ i, j ≤ n, i ̸= j, so that the strong maximum principle holds,
[30]. A simpler prototype with n = 2 of the system in (1.1) goes back to [34–36]. When aij < 0 for some i ̸= j,
the cooperative structure of (1.1) is lost and all the available comparison techniques in the context of coop-
erative systems might fail. Consequently, the results of this paper might not be true.

Since (1.3) consists of n-uncoupled singular boundary value problems of logistic type, and the logis-
tic equation is the most standard one in population dynamics and mathematical biology, [27, 37, 38], the
problem of analyzing the singular problem (1.1) should deserve a significative attention in spatial ecology.
Indeed, the solutions of (1.1) provide us with the asymptotic profiles of the positive solutions of wide classes
of cooperative parabolic systems in the presence of spatial heterogeneities, [2, 3, 27]. A more realistic model
would be to have different diffusion rates for each species, measured by di > 0, 1 ≤ i ≤ n, but dividing the i-th
equation by di, one is naturally driven to deal with (1.1).

Although there is a huge amount of literature devoted to the existence and uniqueness of large positive
solutions for the single generalized logistic equation, as it becomes apparent by simply looking at [4–10, 12–
14, 19, 20, 23–25, 32, 33, 40–43], and the rather complete list of references in [27], and even there are some
fairly astonishing multiplicity results for large positive solutions, [31], the literature on systems is very short.
Moreover, the few existing references deal with either two species, n = 2, as [2, 3, 16] and the very recent
works [15] and [29], or with the general case of n ≥ 2 species but in the radially symmetric case, where the
maximum principle gives the uniqueness of the positive solution of (1.1) based on a very tricky use of the
strong maximum principle, as it has been recently established by the authors, [28]. This is the first paper
available in the literature where the exact blow-up rates of each of the components of a n-species system
have been ascertained.

Throughout this paper, for every z ∈ ∂Ω, we set

μi(z) :=
γi(z) + 2
pi − 1 , 1 ≤ i ≤ n. (1.4)

According to [9, 14, 22], μi(z), 1 ≤ i ≤ n, provide us with the blow-up rates on ∂Ω of the positive solutions of
the uncoupled problem (1.3), in the sense that for every solution of (1.3), ℓ = (ℓ1, . . . , ℓn), one has that

lim
x→z

x∈Ω,z∈∂Ω

ℓi(x)
[dist(x, ∂Ω)]−μi(z)

= (
μi(z)(μi(z) + 1)

bi(z)
)

1
pi−1 , 1 ≤ i ≤ n.

The main result of this paper provides us with the blow-up rates of all positive solutions of (1.1) in terms of
μi(z), 1 ≤ i ≤ n, defined in (1.4). Precisely, for any given z ∈ ∂Ω, suppose the n equations of (1.1) have been
re-ordered so that

0 < μn(z) ≤ μn−1(z) ≤ ⋅ ⋅ ⋅ ≤ μ1(z). (1.5)

Then, the next result holds.

Theorem 1.1. Let z ∈ ∂Ω be such that (1.5) is satisfied, and consider the next partition of the subscripts set

{{{
{{{
{

I+ := {i ∈ {1, . . . , n} : μi(z) + 2 − μ1(z) > 0},
I0 := {i ∈ {1, . . . , n} : μi(z) + 2 − μ1(z) = 0},
I− := {i ∈ {1, . . . , n} : μi(z) + 2 − μ1(z) < 0}.

(1.6)

Let k ∈ {1, . . . , n} be such that

IM := {i ∈ {1, . . . , n} : μi(z) = μ1(z)} = {1, . . . , k}.

Then, any positive solution of (1.1), u = (u1, . . . , un), satisfies

lim
x→z
x∈Ω

ui(x)
[dist(x, ∂Ω)]−αi(z)

= Ai(z), 1 ≤ i ≤ n, (1.7)
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where

αi(z) :=
{{
{{
{

μi(z) if i ∈ I+ ∪ I0,
μ1(z) + γi(z)

pi
if i ∈ I−,

(1.8)

and

Ai(z) :=

{{{{{{{{
{{{{{{{{
{

(
μi(z)(μi(z) + 1)

bi(z)
)

1
pi−1 if i ∈ I+,

[
1

bi(z)

k
∑
j=1
aij(

μ1(z)(μ1(z) + 1)
bj(z)

)
1

pj−1 ]
1
pi

if i ∈ I−,

A0,i if i ∈ I0,

(1.9)

where A0,i stands for the unique positive solution of the equation

bi(z)xpi − μi(z)(μi(z) + 1)x =
k
∑
j=1
aij(

μ1(z)(μ1(z) + 1)
bj(z)

)
1

pj−1 .

Essentially, Theorem 1.1 establishes that the values of the blow-up rates at z of any solution of (1.1) only
depend on the precise way the blow-up rates at z of the solution of (1.3) are interrelated, rather than on
the size of the coupling coefficients of the problem, aij, i ̸= j, as one might have expected from the every
beginning. Indeed, by Theorem 1.1, the coupling coefficients only alter the values of Ai(z). In particular,
(1.8) provides us with the components of (1.1) whose blow-up rates equal the corresponding blow-up rates
of (1.3), as well as with the blow-up rates of the remaining components. Note that, although I0 and I− might
be empty, owing to (1.5), 1 ∈ I+. Hence, by Theorem 1.1, the first component of (1.1) blows up with exactly
the same rate as the first component of the uncoupled problem (1.3), i.e., α1(z) = μ1(z). Moreover, μ1(z) plays
a significant role in the blow-up rates of αi(z) for all i ∈ I−.

Remark 1.2. The assignations ∂Ω → [0, +∞), z Ü→ αi(z), are uniformly continuous for all 1 ≤ i ≤ n.

From Theorem 1.1 the next result follows readily.

Theorem 1.3. Problem (1.1) admits a unique positive solution.

In the special case n = 3, one can easily sketch how the blow-up rates given by (1.8) depend on the blow-up
rates given by (1.4). By regarding

μ := (μ1, μ2, μ3) ∈ [0, +∞)3

as an independent variable, we can divide [0, +∞)3 into several portions, taking into account the relation-
ships between the components of the variable μ. Figure 1 shows a partition of the set of values of the param-
eters, μ ∈ [0, +∞)3, into thirteen complementary zones according to the nature of the values of the blow-up
rates of the solutions of (1.1),

αi := αi(μ), i = 1, 2, 3,

depending on μ.
The central portion of Figure 1 stands for the closed hexagonal prism

μi + 2 − μj ≥ 0 for all i, j ∈ {1, 2, 3}, i ̸= j,

where, according to Theorem 1.1,

α := (α1, α2, α3) = (μ1, μ2, μ3).

Hence, it consists of the set of values of μwhere all the blow-up rates of the coupled cooperative problem (1.1)
equal the corresponding blow-up rates of the uncoupled one (1.3). Set

γi := γi(μ) = μi(pi − 1) − 2, 1 ≤ i ≤ n.
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Figure 1. The thirteen zones where α changes its nature,
depending on μ.

Order Zone α1 α2 α3

μ2 ≤ μ3 ≤ μ1
1 μ1 μ1+γ2

p2 μ3
2 μ1 μ1+γ2

p2
μ1+γ3
p3

μ3 ≤ μ2 ≤ μ1
3 μ1 μ2 μ1+γ3

p3
4 μ1 μ1+γ2

p2
μ1+γ3
p3

μ3 ≤ μ1 ≤ μ2
5 μ1 μ2 μ2+γ3

p3
6 μ2+γ1

p1 μ2 μ2+γ3
p3

μ1 ≤ μ3 ≤ μ2
7 μ2+γ1

p1 μ2 μ3
8 μ2+γ1

p1 μ2 μ2+γ3
p3

μ1 ≤ μ2 ≤ μ3
9 μ3+γ1

p1 μ2 μ3
10 μ3+γ1

p1
μ3+γ2
p2 μ3

μ2 ≤ μ1 ≤ μ3
11 μ1 μ3+γ2

p2 μ3
12 μ3+γ1

p1
μ3+γ2
p2 μ3

Table 1. Blow-up rates α versus blow-up rates μ.

Table 1 collects all the values of the blow-up rates α in each of the remaining zones according to Theorem1.1.
Surrounding the central prisma and labeled by the first six odd integers, we have represented the set of values
of μ for which two of the blow-up rates αi equal the corresponding blow-up rates μi. Labeled by the first six
even integers, we find the set of values of μ for which exactly one of the αi equals the corresponding μi. As
it has been already commented after the statement of Theorem 1.1, there is not any value of μ for which the
three blow-up rates αi can differ from the corresponding blow-up rates μi.

The results of this paper can be easily generalized to cover the case where the coefficients aij are replaced
by positive Hölder continuous functions, aij ∈ Cν(Ω), 1 ≤ i ≤ n. Also in this case, the blow-up rates of the
solution of (1.1) at z ∈ ∂Ω are given by (1.8), while the coefficients Ai(z) are given by (1.9), by replacing aij
by aij(z) for all 1 ≤ i, j ≤ n. Moreover, under the appropriate circumstances, the γi(z), introduced in (1.2),
might satisfy γi(z) > −2 without affecting substantially most of the results. It should be noted that power-like
nonlinearities, as those considered in this paper, always satisfy the classical conditions of Keller [17] and
Osserman [39].

The structure of this paper is the following. Section 2 collects the necessary results to obtain existence
of solutions for (1.1) as well as the necessary comparison results for the proofs of Theorems 1.1 and 1.3.
Section 3 provides us with the construction of a supersolution for the singular problem in a ball and of a
subsolution for the problem in an annulus. Finally, in Section 4 we complete the proofs of Theorems 1.1 and
1.3, and the proof of Remark 1.2.

2 Existence of Large Solutions
The main goal of this section is to sketch the proof of the existence of solution for (1.1). Some previous
results were already found in [2] and [28]. Given a smooth subdomain D ⊂ ℝN , we consider the operator
L : [C2+ν(D)]n → [Cν(D)]n defined by

(Lu)i = −∆ui − λi( ⋅ )ui −
n
∑

j=1,j ̸=i
aijuj , 1 ≤ i ≤ n.

By the main result of [30], there exists a unique σ ∈ ℝ, the principal eigenvalue of L under Dirichlet homo-
geneous conditions, such that the linear eigenvalue problem

Lφ = σφ in D, φ = 0 on ∂D,
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admits a positive eigenfunction φ ∈ [C2+ν(D)]n, φi ≥ 0, 1 ≤ i ≤ n, φ ̸= 0. Such a value of σ will be denoted by
σ[L, D].

Throughout the rest of this paper, for any given u ∈ [C(D)]n, it is said that u > 0 in D if ui ≥ 0 for all
1 ≤ i ≤ n but u ̸= 0. Similarly, given u ∈ [C1(D̄)]n, it is said that u is strongly positive in D, u ≫ 0, if for any
1 ≤ i ≤ n,

ui(x) > 0 for all x ∈ D and ∂u
∂nx

(x) < 0 for all x ∈ u−1(0) ∩ ∂D,

where nx is the outward unit normal vector to D at x ∈ ∂D.
The following characterization of the strong maximum principle, going back to [30], holds.

Theorem 2.1. The following assertions are equivalent:
(a) σ[L, D] > 0.
(b) There exists ū ∈ [C2(D)]n ∩ [C(D̄)]n such that ū > 0 in D and

Lū ≥ 0 in D,

and, for some 1 ≤ i0 ≤ n, either ūi0 > 0 on ∂D, or else

(Lū)i0 > 0 in D.

Should this be the case, ū is said to be a positive strict supersolution of L in D.
(c) The operator L satisfies the strong maximum principle in D, in the sense that, for every h ∈ [Cν(D̄)]n,

u ∈ [C2+ν(D̄)]n and w ∈ [C2+ν(∂D)]n satisfying

Lu = h ≥ 0 in D, u = w ≥ 0 on ∂D,

with some of these inequalities strict, one has that u ≫ 0 in D.

Using Theorem 2.1, one can easily show the monotonicity of the principal eigenvalue with respect to the
potentials λi( ⋅ ) and the coefficients aij, 1 ≤ i, j ≤ n. Actually, this result was established by [30, Theorem3.2].
As a result, if we assume that

λi(x) ≤ λ̄i(x) and aij ≤ āij for all x ∈ Ω̄ and 1 ≤ i, j ≤ n,

with some of these inequalities strict, then, setting

(Lu)i := −∆ui − λi( ⋅ )ui −
n
∑

j=1,j ̸=i
aijuj , (L̄u)i := −∆ui − λ̄i( ⋅ )ui −

n
∑

j=1,j ̸=i
āijuj ,

we find that
σ[L, D] > σ[L̄, D]. (2.1)

Next, for everyw ∈ [C2+ν(∂Ω)]n,w > 0,we consider the non-homogeneousDirichlet boundary value problem

{{{
{{{
{

−∆ui = λi(x)ui +
n
∑

j=1,j ̸=i
aijuj − ai(x)u

pi
i in Ω,

ui = wi on ∂Ω, 1 ≤ i ≤ n.
(2.2)

Using Theorem 2.1, the results of [34–36] can be easily adapted to obtain the next one.

Theorem 2.2. Suppose (2.2) admits a subsolution u ∈ [C2+ν(Ω̄)]n anda supersolution ū ∈ [C2+ν(Ω̄)]n satisfying
u ≤ ū. Then (2.2) possesses a solution u ∈ [C2+ν(Ω̄)]n such that u ≤ u ≤ ū. Actually, (2.2) possesses a minimal
and a maximal solution in the interval [u, ū].

Using Theorems 2.1 and 2.2, the abstract results of [2, Section 3] can be easily adapted, almostmutatis mu-
tandis, to get the next one.

Theorem 2.3. Problem (2.2) has a unique positive solution, θ[Ω,w]. Moreover, for every positive subsolution u
(resp. supersolution ū) of (2.2),

u ≤ θ[Ω,w] (resp. ū ≥ θ[Ω,w]).
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Proof. Adapting [2, Theorem 3.7], it suffices to construct a supersolution ū such that ūi > 0 for all 1 ≤ i ≤ n.
In the special case ai(x) > 0 for all x ∈ ∂Ω and 1 ≤ i ≤ n, one can take ū = (M, . . . ,M) for some M > 0 suffi-
ciently large. In general, we may proceed as follows.

Since ∂Ω is smooth, ∂Ωpossessesfinitelymanycomponents, Γk, 1 ≤ k ≤ m. For each ε > 0and1 ≤ k ≤ m,
denote

Ωεk := {x ∈ ℝN : dist(x, Γk) < ε}.

Let
λ := max

1≤i≤n
‖λi‖∞ + 1, a := max

1≤i,j≤n
aij ,

and let L̄ be the operator

(L̄u)i := −∆ui − λui −
n
∑

j=1,j ̸=i
auj .

Thanks to (2.1),
σ[L, Ωεk] > σ[L̄, Ω

ε
k] for all ε > 0 and 1 ≤ k ≤ m.

On the other hand, by the uniqueness of the principal eigenvalue,

σ[L̄, Ωεk] = σ[−∆ − λ − (n − 1)a, Ωεk] = σ[−∆, Ω
ε
k] − λ − (n − 1)a, 1 ≤ k ≤ m.

Thus, since
lim
ε↓0

|Ωεk| = 0, 1 ≤ k ≤ m,

where |Ωεk| stands for the Lebesgue measure of Ωεk, the Faber–Krahn inequality, going back to [11] and [18],
yields

lim
ε↓0

σ[L, Ωεk] = +∞, 1 ≤ k ≤ m

(see [21, Theorem 5.1]). Therefore, ε can be shortened, if necessary, so that min1≤k≤m σ[L, Ωεk] > 0. Fix ε > 0
satisfying the last inequality and, for each 1 ≤ k ≤ m, let

φk := (φk,1, . . . , φk,n)

be a principal eigenfunction associated to σ[L, Ωεk]. As φk ≫ 0, it is apparent that

min{min
Γk

φk,i : 1 ≤ i ≤ n} > 0, min{ min
Ω∩∂Ωε/2k

φk,i : 1 ≤ i ≤ n} > 0 for all 1 ≤ k ≤ m. (2.3)

Subsequently, we consider the auxiliary function Φ defined through

Φ :=
{{{
{{{
{

φk in Ω̄ε/2m , 1 ≤ k ≤ m,

g in Ωint := Ω \ (
m
⋃
k=1

Ω̄ε/2k ),

where g is any C2+ν-extension of the function φ1 ⊗ ⋅ ⋅ ⋅ ⊗ φm to the open set Ωint with the special requirement
that infΩint g > 0. Such a function exists because of (2.3). Then τΦ is a supersolution of (2.2) for sufficiently
large τ > 1. Indeed, by (2.3), there exists τ0 ≥ 1 such that

τΦ > w on ∂Ω for all τ > τ0.

Moreover, for every 1 ≤ k ≤ m and 1 ≤ i ≤ n, we find that, in Ωε/2k ∩ Ω,

−∆(τΦi) − λi( ⋅ )τΦi −
n
∑

j=1,j ̸=i
aijτΦj = (L(τΦ))i = τ(L(φk))i = τσ[L, Ωεk]φk,i > 0 ≥ −ai( ⋅ )(τΦi)pi .

Lastly, in Ωint, we have that, for every 1 ≤ i ≤ n,

−∆(τΦi) = −τ∆gi ≥ λi( ⋅ )gi +
n
∑

j=1,j ̸=i
aijτgj − ai( ⋅ )(τgi)pi

for sufficiently large τ > 1, because ai and gi are bounded away from zero in Ωint and pi > 1 for all 1 ≤ i ≤ n.
This ends the proof.
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Theorem 2.3 entails that the mapping

(0, +∞) → [C2+ν(Ω̄)]n , m Ü→ θ[Ω,m⃗],

where m⃗ := (m, . . . ,m), is strongly increasing, in the sense thatm1 < m2 implies θ[λ,Ω,m⃗1] ≪ θ[λ,Ω,m⃗2]. Hence,
the point-wise limit

θ[Ω,∞](x) := lim
m↑+∞

θ[Ω,m⃗](x), x ∈ Ω, (2.4)

is well defined. In fact, the next result holds.

Theorem 2.4. There exists a minimal and a maximal positive solution of (1.1), Lmin and Lmax, respectively, in
the sense that any solution, L, of (1.1) satisfies

Lmin(x) ≤ L(x) ≤ Lmax(x) x ∈ Ω.

Moreover, the point-wise limit (2.4) provides us with the minimal solution

Lmin = θ[Ω,∞],

while the maximal solution is given by
Lmax = lim

δ↓0
θ[Ωδ ,∞],

where we have denoted
Ωδ := {x ∈ Ω : d(x, ∂Ω) > δ}, δ > 0.

3 Two Pivotal Technical Results Under Radial Symmetry
In this section, for every R > 0, we consider the auxiliary problem

{{{
{{{
{

−ψ��
i −

N − 1
r

ψ�
i = λψi +

n
∑

j=1,j ̸=i
aijψj − bi(R − r)γiψpii , 0 < r < R,

ψ�
i (0) = 0, ψi(R) = +∞, 1 ≤ i ≤ n,

(3.1)

where λ ∈ ℝ, γi ≥ 0, pi > 1, aij > 0 and bi > 0 for all 1 ≤ i, j ≤ n. Without loss of generality, we can assume
that the equations in (3.1) have been reordered so that

0 < μn ≤ μn−1 ≤ ⋅ ⋅ ⋅ ≤ μ1,

where, as in (1.4), for each 1 ≤ i ≤ n, μi is defined by

μi :=
γi + 2
pi − 1 .

As in (1.6), we consider
{{{
{{{
{

I+ := {i ∈ {1, . . . , n} : μi + 2 − μ1 > 0},
I0 := {i ∈ {1, . . . , n} : μi + 2 − μ1 = 0},
I− := {i ∈ {1, . . . , n} : μi + 2 − μ1 < 0}.

(3.2)

Let k ≥ 1 be such that
IM := {i ∈ {1, . . . , n} : μi = μ1} = {1, . . . , k},

and set

αi :=
{{
{{
{

μi if i ∈ I+ ∪ I0,
μ1 + γi
pi

if i ∈ I−,
(3.3)
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and

Āi :=

{{{{{{{{
{{{{{{{{
{

(
μi(μi + 1)

bi
)

1
pi−1 if i ∈ I+,

[
1
bi

k
∑
j=1
aij(

μ1(μ1 + 1)
bj

)
1

pj−1 ]
1
pi

if i ∈ I−,

Ā0,i if i ∈ I0,

(3.4)

where Ā0,i stands for the unique positive solution of

bixpi − μi(μi + 1)x =
k
∑
j=1
aij(

μ1(μ1 + 1)
bj

)
1

pj−1 .

The first result of this section reads as follows.

Lemma 3.1. For each ε > 0, there exists a constant C := C(ε, n) such that the function ψε := (ψε,1, . . . , ψε,n),
defined by

ψε,i(r) := (1 + ε)Āi(R − r)−αi( rR )
2
+ C, 0 ≤ r < R, 1 ≤ i ≤ n,

provides us with a supersolution of (3.1).

Proof. By definition, ψε is smooth and satisfies the boundary conditions. Hence, ψε is a supersolution of
(3.1) if, and only if,

− (
r
R )

2
(1 + ε)Āiαi(αi + 1)(R − r)−αi−2 − (N + 3)r

R2
(1 + ε)Āiαi(R − r)−αi−1 − 2N

R2
(1 + ε)Āi(R − r)−αi

≥ λ[(1 + ε)Āi(R − r)−αi( rR )
2
+ C] +

n
∑

j=1,j ̸=i
aij[(1 + ε)Āj(R − r)−αj( rR )

2
+ C]

− bi(R − r)γi[(1 + ε)Āi(R − r)−αi( rR )
2
+ C]

pi
(3.5)

for every 0 < r < R and 0 ≤ i ≤ n. Now,multiply (3.5) by (R − r)αi+2 if i ∈ I+ ∪ I0, and by (R − r)−γi+αipi if i ∈ I−.
Then, ψε is a supersolution if, and only if, for every 0 < r < R,

− (
r
R )

2
(1 + ε)Āiαi(αi + 1) − (N + 3)r

R2
(1 + ε)Āiαi(R − r) − 2N

R2
(1 + ε)Āi(R − r)2

≥ λ[(1 + ε)Āi(R − r)2( rR )
2
+ C(R − r)αi+2] +

n
∑

j=1,j ̸=i
aij[(1 + ε)Āj(R − r)αi+2−αj( rR )

2
+ C(R − r)αi+2]

− bi(R − r)αi+2+γi[(1 + ε)Āi(R − r)−αi( rR )
2
+ C]

pi
(3.6)

if i ∈ I+ ∪ I0, and

− (
r
R )

2
(1 + ε)Āiαi(αi + 1)(R − r)−γi+αipi−αi−2 − (N + 3)r

R2
(1 + ε)Āiαi(R − r)−γi+αipi−αi−1

−
2N
R2

(1 + ε)Āi(R − r)−γi+αipi−αi

≥ λ[(1 + ε)Āi(R − r)−γi+αipi−αi( rR )
2
+ C(R − r)−γi+αipi]

+
n
∑

j=1,j ̸=i
aij[(1 + ε)Āj(R − r)−γi+αipi−αj( rR )

2
+ C(R − r)−γi+αipi]

− bi(R − r)αipi[(1 + ε)Āi(R − r)−αi( rR )
2
+ C]

pi
(3.7)

if i ∈ I−.
Let us show that

αi + 2 − αj > 0 for all i ∈ I+ and 1 ≤ j ≤ n, j ̸= i. (3.8)
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Indeed, if i ∈ I+ and j ∈ I+ ∪ I0, j ̸= i, we have that

αi + 2 − αj = μi + 2 − μj ≥ μi + 2 − μ1 > 0,

by the definition of I+ (see (3.2)). When j ∈ I−, we may proceed as follows. According to (3.2),

γj + 2
pj − 1 < μ1 − 2, j ∈ I−.

So, multiplying by pj − 1 we deduce that γj < pjμ1 − 2pj − μ1, j ∈ I−, and dividing by pj yields

γj
pj

+
μ1
pj

< μ1 − 2, j ∈ I−.

Equivalently,
αj < μ1 − 2, j ∈ I−, (3.9)

and therefore
αi + 2 − αj = μi + 2 − αj > μi + 2 − μ1 + 2 > 2 > 0

for every i ∈ I+ and j ∈ I−.
Analogously, the following estimates hold:

{
αi + 2 − αj = 0 for every i ∈ I0, 1 ≤ j ≤ k,
αi + 2 − αj > 0 for every i ∈ I0, k + 1 ≤ j ≤ n, j ̸= i.

(3.10)

Indeed, by (3.3), αi = μi for all i ∈ I0. Similarly, since {1, . . . , k} ⊂ I+, we have αj = μj for all 1 ≤ j ≤ k. More-
over, μj = μ1 for all 1 ≤ j ≤ k. Thus,

αi + 2 − αj = μi + 2 − μj = μi + 2 − μ1 = 0

for all i ∈ I0 and 1 ≤ j ≤ k, which shows the validity of the identities of (3.10). In order to check the inequal-
ities of (3.10), we can argue as follows. Pick i ∈ I0 and j ∈ {k + 1, . . . , n}, j ̸= i. Suppose j ∈ I+ ∪ I0. Then, by
(3.3) and taking into account that, by construction, μj < μ1 for all k + 1 ≤ j ≤ n, we find that

αi + 2 − αj = μi + 2 − μj > μi + 2 − μ1 = 0,

because i ∈ I0. Now, suppose that j ∈ I−. Then, thanks to (3.3) and (3.9),

αi + 2 − αj = μi + 2 − αj > μi + 2 − μ1 + 2 = 2 > 0.

Therefore, (3.10) holds.
Next, we will see that

− γi + αipi − αi − 2 > 0 for all i ∈ I−. (3.11)

Indeed, by the definition of μi and since i ∈ I−,

γi + 2
pi − 1 + 2 < μ1, i ∈ I−.

Thus, adding γi at both sides of this inequality and taking common factor γi + 2 yields

(γi + 2) pi
pi − 1 < μ1 + γi , i ∈ I−.

Hence, by (3.3),
γi + 2
pi − 1 <

μ1 + γi
pi

= αi , i ∈ I−,

whence (3.11).
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Lastly, we will establish that

{
−γi + αipi − αj = 0 for all i ∈ I−, 1 ≤ j ≤ k,
−γi + αipi − αj > 0 for all i ∈ I−, k + 1 ≤ j ≤ n, j ̸= i.

(3.12)

By (3.3), −γi + αipi = μ1 for all i ∈ I−. Thus,

−γi + αipi − αj = μ1 − αj = μ1 − μj = 0

for all i ∈ I− and 1 ≤ j ≤ k, whence the identities of (3.12). Now, pick i ∈ I− and k + 1 ≤ j ≤ n, i ̸= j. Suppose
j ∈ I+ ∪ I0. Then, due to (3.3),

−γi + αipi − αj = μ1 − αj = μ1 − μj > 0,

and hence (3.12) holds in this case. Now, suppose j ∈ I−. Then, by (3.9),

−γi + αipi − αj = μ1 − αj > 2 > 0,

and therefore (3.12) is satisfied.
By (3.3) and the definition of μi,

αi + 2 + γi − αipi = μi + 2 + γi − μipi = 0 for all i ∈ I+ ∪ I0.

Thus,
lim
r↑R

(bi(R − r)αi+2+γi[(1 + ε)Āi(R − r)−αi( rR )
2
+ C]

pi
) = bi(1 + ε)pi Āpii (3.13)

for all C ≥ 0 and i ∈ I+ ∪ I0. Hence, thanks to (3.8), (3.10) and (3.13), we can extend (3.6) to r = R by letting
r ↑ R. Similarly, (3.7) can be extended to r = R by (3.11) and (3.12). More precisely, at r = R, (3.6) provides
us with

{{{
{{{
{

−(1 + ε)Āiαi(αi + 1) ≥ −bi(1 + ε)pi Āpii , i ∈ I+,

−(1 + ε)Āiαi(αi + 1) ≥
k
∑
j=1
aij(1 + ε)Āj − bi(1 + ε)pi Āpii , i ∈ I0,

(3.14)

while (3.7) at r = R becomes

0 ≥
k
∑
j=1
aij(1 + ε)Āj − bi(1 + ε)pi Āpii , i ∈ I−. (3.15)

Due to (3.4) and using that (1 + ε) < (1 + ε)pi (since pi > 1 for all 1 ≤ i ≤ n), it is easily seen that (3.14) and
(3.15) are true. In the derivation one should note that αj = μj = μ1 for all 1 ≤ j ≤ k, by construction. Actu-
ally, all inequalities in (3.14) and (3.15) are strict, because (1 + ε) < (1 + ε)pi . By continuity, this entails the
existence of δ := δ(ε, n) > 0 such that (3.6) and (3.7) are satisfied for all r ∈ [R − δ, R). Therefore, choosing
a sufficiently large C > 0, we can assume that (3.5) holds in (0, R), because, for each 1 ≤ i ≤ n, the function
bi(R − r)γi is positive and bounded away from zero in [0, R − δ]. The proof is complete.

The next result provides us with a universal subsolution on an annulus.

Lemma 3.2. Let R2 > R1 > 0 and consider the problem

{{{
{{{
{

−ψ��
i −

N − 1
r

ψ�
i = λψi +

n
∑

j=1,j ̸=i
aijψj − βi(r)(r − R1)γiψ

pi
i , R1 < r < R2,

ψi(R1) = +∞, ψ�
i (R2) = 0, 1 ≤ i ≤ n,

(3.16)

where all the coefficients satisfy the same requirements as in (3.1) and, for every 1 ≤ i ≤ n, the function
βi ∈ Cν[R1, R2] satisfies βi(r) > 0 for all r ∈ [R1, R2]. Then, for every ε ∈ (0, 1), there exists a negative con-
stant D := D(ε, n) < 0 such that the function

ψ
ε
:= (ψ

ε,1
, . . . , ψ

ε,n
),
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defined by
ψ
ε,i
(r) := max{0, (1 − ε)Ai(r − R1)

−αi + D}, R1 < r ≤ R2, 1 ≤ i ≤ n,

provides us with a weak subsolution of (3.1), as discussed in [1], where the constants αi, 1 ≤ i ≤ n, are given by
(3.3) and

Ai :=

{{{{{{{{
{{{{{{{{
{

(
μi(μi + 1)
βi(R1)

)
1

pi−1 if i ∈ I+,

[
1

βi(R1)

k
∑
j=1
aij(

μ1(μ1 + 1)
βj(R1)

)
1

pj−1 ]
1
pi

if i ∈ I−,

A0,i if i ∈ I0,

(3.17)

where A0,i stands for the unique positive solution of

βi(R1)xpi − μi(μi + 1)x =
k
∑
j=1
aij(

μ1(μ1 + 1)
βj(R1)

)
1

pj−1 .

Proof. As the maps r Ü→ (1 − ε)Ai(r − R1)−αi are strictly decreasing, taking any D satisfying

D < −(1 − ε)Ai(R2 − R1)
−αi = −min{(1 − ε)Ai(r − R1)

−αi : R1 < r ≤ R2}

for all 1 ≤ i ≤ n, there exist ϱi(D) ∈ (R1, R2), 1 ≤ i ≤ n, such that

ψ
ε,i

=
{
{
{

(1 − ε)Ai(r − R1)−αi + D if R1 < r ≤ ϱi(D),
0 if ϱi(D) < r ≤ R2, 1 ≤ i ≤ n.

Moreover, the mappings D Ü→ ϱi(D), 1 ≤ i ≤ n, can be chosen continuous, and

lim
D↓−∞

ϱi(D) = R1, 1 ≤ i ≤ n. (3.18)

Thus, ψ
ε
is a subsolution of (3.16) if, and only if, for every 1 ≤ i ≤ n and R1 < r ≤ ϱi(D),

− (1 − ε)Aiαi(αi + 1)(r − R1)−αi−2 +
N − 1
r

(1 − ε)Aiαi(r − R1)
−αi−1

≤ λ[(1 − ε)Ai(r − R1)
−αi + D] +

n
∑

j=1,j ̸=i
aij[(1 − ε)Aj(r − R1)

−αj + D]

− βi(r)(r − R1)γi [(1 − ε)Ai(r − R1)
−αi + D]pi . (3.19)

Next, we will adapt the proof of Lemma 3.1. Multiplying (3.19) by (r − R1)αi+2 when i ∈ I+ ∪ I0 and by
(r − R1)−γi+αipi when i ∈ I−, it becomes apparent that ψ

ε
is a subsolution of (3.16) if, and only if,

− (1 − ε)Aiαi(αi + 1) + N − 1
r

(1 − ε)Aiαi(r − R1)

≤ λ[(1 − ε)Ai(r − R1)
2 + D(r − R1)αi+2]

n
∑

j=1,j ̸=i
aij[(1 − ε)Aj(r − R1)

αi+2−αj + D(r − R1)αi+2]

− βi(r)(r − R1)αi+2+γi [(1 − ε)Ai(r − R1)
−αi + D]pi (3.20)

for all i ∈ I+ ∪ I0 and R1 < r ≤ ϱi(D), and

−(1 − ε)Aiαi(αi + 1)(r − R1)−αi−2−γi+αipi +
N − 1
r

(1 − ε)Aiαi(r − R1)
−αi−1−γi+αipi

≤ λ[(1 − ε)Ai(r − R1)
−αi−γi+αipi + D(r − R1)−γi+αipi ]

n
∑

j=1,j ̸=i
aij[(1 − ε)Aj(r − R1)

−γi+αipi−αj + D(r − R1)−γi+αipi ]

− βi(r)(r − R1)αipi [(1 − ε)Ai(r − R1)
−αi + D]pi (3.21)
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for all i ∈ I− and R1 < r ≤ ϱi(D). Thanks to (3.8), (3.10), (3.11) and (3.12), letting r ↓ R1 in (3.20) and (3.21)
yields

{{{{{{{{{
{{{{{{{{{
{

−(1 − ε)Aiαi(αi + 1) ≤ −βi(R1)(1 − ε)piApii , i ∈ I+,

−(1 − ε)Aiαi(αi + 1) ≤
k
∑
j=1
aij(1 − ε)Aj − βi(R1)(1 − ε)piApii , i ∈ I0,

0 ≤
k
∑
j=1
aij(1 − ε)Aj − βi(R1)(1 − ε)piApii , i ∈ I−.

(3.22)

As (1 − ε) > (1 − ε)pi for all 1 ≤ i ≤ n, all inequalities in (3.22) are strict. Hence, by continuity, there exists
δ = δ(ε, n) > 0 such that all inequalities in (3.20) and (3.21) hold in the interval (R1, R1 + δ]. Finally, by
(3.18), D < 0 can be taken sufficiently negative so that

max
1≤i≤n

ϱi(D) ≤ R1 + δ.

This ends the proof.

4 Proofs of the Main Results
As ∂Ω is smooth, the outward unit normal vector field to ∂Ω is well defined at every point of ∂Ω. We will
denote it by

n : ∂Ω → ℝN , z Ü→ nz .

Since ∂Ω ∈ C2, Ω satisfies the uniform interior sphere in the strong sense on ∂Ω (see [26, Theorem 1.9]). So,
there exists R0 > 0 such that for every x ∈ Ω with dist(x, ∂Ω) < R0, there is a point π(x) ∈ ∂Ω such that

t(x) := dist(x, ∂Ω) = |x − π(x)|, BR0(π(x) + R0
x − π(x)
t(x) ) ⊂ Ω. (4.1)

Moreover, R0 can be shortened so that for every z ∈ ∂Ω,

B̄R0 (z − R0nz) ∩ ∂Ω = {z} and B̄R0 (z + R0nz) ∩ Ω̄ = {z}. (4.2)

4.1 Proof of Theorem 1.1

Fix z ∈ ∂Ω and 0 < η < 1. By (1.2), there exist δ > 0 such that for every 1 ≤ i ≤ n,

(1 − η)bi(z)[dist(x, ∂Ω)]γi(z) < ai(x) < (1 + η)bi(z)[dist(x, ∂Ω)]γi(z) (4.3)

for all x ∈ Bδ(z) ∩ Ω. Choose R0 sufficiently small so that (4.1) and (4.2) hold, and 0 < R0 < δ. Set

Γ := B̄R0/2(z) ∩ ∂Ω.

It is rather clear that there exist R > 0 and ϱ0 > 0 such that

BR(y − (R + ϱ)ny) ⊂ Bδ(z) ∩ Ω

for all y ∈ Γ and 0 ≤ ϱ ≤ ϱ0. Figure 2 sketches this construction scheme.
According to (4.3), for every y ∈ Γ and 0 ≤ ϱ ≤ ϱ0,

ai(x) > (1 − η)bi(z)[dist(x, ∂Ω]γi(z) ≥ (1 − η)bi(z)[dist(x, ∂BR(y − (R + ϱ)ny))]γi(z), 1 ≤ i ≤ n, (4.4)

for all x ∈ BR(y − (R + ϱ)ny). Set

λ̄ := max{‖λi‖∞ : 1 ≤ i ≤ n},
yϱ := y − (R + ϱ)ny , y ∈ Γ, ϱ ∈ [0, ϱ0],
b̄i(z) := (1 − η)bi(z), 1 ≤ i ≤ n,
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Figure 2. Scheme of the construction.

and consider, for each y ∈ Γ and 0 < ϱ ≤ ϱ0, the problem

{{{
{{{
{

−∆ui = λ̄ui +
n
∑

j=1,j ̸=i
aijuj − b̄i(z)(R − |x − yϱ|)γi(z)u

pi
i in BR(yϱ),

ui = +∞ on ∂BR(yϱ), 1 ≤ i ≤ n.
(4.5)

By (4.4), any positive solution of (1.1),

L = (L1, . . . , Ln) := (u1, . . . , un),

is a bounded positive subsolution of (4.5) for every y ∈ Γ and 0 < ϱ ≤ ϱ0.
Let ε > 0. Applying Lemma 3.1 to problem (3.1) with λ = λ̄, γi = γi(z), bi = b̄i(z), ≤ i ≤ n, we get the func-

tions
ψ̄ε,i(r) = (1 + ε)Āi(z)(R − r)−αi(z)( rR )

2
+ C, 0 ≤ r < R, 1 ≤ i ≤ n,

where αi(z), Āi(z), 1 ≤ i ≤ n, are defined through (3.3) and (3.4). By the radial symmetry of (4.5), for every
y ∈ Γ and 0 < ϱ ≤ ϱ0, the functions

L̄yϱε,i(x) := ψ̄ε,i(r), x ∈ BR(yϱ), r := |x − yϱ|, 1 ≤ i ≤ n,

provide us with a supersolution of (4.5). Hence, by Theorem 2.3,

Li(x) ≤ L̄
yϱ
ε,i(x), x ∈ BR(yϱ), 1 ≤ i ≤ n,

for every y ∈ Γ and 0 < ϱ ≤ ϱ0. Consequently, we may infer

Li(x) ≤ (1 + ε)Āi(z)[dist(x, ∂BR(y0))]−αi(z)(
|x − y0|
R )

2
+ C (4.6)

for all y ∈ Γ, x ∈ BR(y0) and 1 ≤ i ≤ n.
On the other hand, for every x sufficiently close to Γ, we have that dist(x, Γ) = dist(x, ∂BR(y0)), with

y0 = π(x) − Rnπ(x). Thus, (4.6) implies

lim sup
dist(x,Γ)↓0

Li(x)
[dist(x, Γ)]−αi(z)

≤ (1 + ε)Āi(z), 1 ≤ i ≤ n.

Therefore, letting ε ↓ 0 yields

lim sup
dist(x,Γ)↓0

Li(x)
[dist(x, Γ)]−αi(z)

≤ Āi(z), 1 ≤ i ≤ n. (4.7)
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Figure 3. Scheme of the construction. Figure 4.Magnification around y0.

Now, we will construct a subsolution of (1.1) with the appropriate growth on Γ. Due to (4.2) and taking
into account that Ω is bounded, there exist R2 > R1 > 0 and ϱ0 > 0 such that

Ω ⊂ ⋂
0≤ϱ≤ϱ0

AR1 ,R2(y + (R1 + ϱ)ny) and Ω ∩ ∂AR1 ,R2 (y + R1ny) = {y}

for all y ∈ Γ and ϱ ∈ [0, ϱ0], where, for every z ∈ ℝN and 0 < r1 < r2,

Ar1 ,r2 (z) := {x ∈ ℝN : r1 < |x − z| < r2}.

As before, we will denote
yϱ := y + (R1 + ϱ)ny , y ∈ Γ, 0 ≤ ϱ ≤ ϱ0.

Figure 3 sketches this construction.
Shortening R1 and ϱ0 if necessary, it becomes apparent that there exists ξ > 0 such that

AR1 ,R1+ξ (yϱ) ∩ Ω ⊂ (Bδ(z) ∩ Ω) for all y ∈ Γ and ϱ ∈ [0, ϱ0]. (4.8)

Figure 4 shows amagnification of Figure 3 in a neighborhood of y0. Using again (4.3) and thanks to (4.8), we
obtain that

ai(x) < (1 + η)bi(z)[dist(x, ∂Ω)]γi(z) ≤ (1 + η)bi(z)[dist(x, ∂BR1 (yϱ))]
γi(z) (4.9)

for all y ∈ Γ, ϱ ∈ [0, ϱ0], x ∈ AR1 ,R1+ξ (y0) ∩ Ω, 1 ≤ i ≤ n. For getting (4.9) in the entire Ω, we may proceed as
follows. Set

K := max
1≤i≤n

{
‖ai‖∞

(R1 + ξ )γi(z)
+ (1 + η)bi(z)},

and consider, for each 1 ≤ i ≤ n, the piecewise linear function

βi(r) =

{{{{{{
{{{{{{
{

(1 + η)bi(z), R1 ≤ r < R1 +
ξ
2 ,

K +
K − (1 + η)bi(z)

ξ/2 (r − (R1 + ξ )), R1 +
ξ
2 ≤ r < R1 + ξ,

K, R1 + ξ ≤ r ≤ R2.

Using the definition of βi and (4.9), we have that

ai(x) ≤ βi(|x − yϱ|)[|x − yϱ| − R1]γi(z), 1 ≤ i ≤ n, (4.10)

for all y ∈ Γ, 0 < ϱ ≤ ϱ0 and x ∈ Ω.
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Subsequently, we will consider the auxiliary problem

{{{
{{{
{

−∆ui = λui +
n
∑

j=1,j ̸=i
aijuj − βi(r)(r − R1)γi(z)u

pi
i in AR1 ,R2 (yϱ),

ui = +∞ on ∂AR1 ,R2 (yϱ), 1 ≤ i ≤ n,
(4.11)

where
λ := min{−‖λi‖∞ : 1 ≤ i ≤ n}, r := |x − yϱ|.

Pick ε ∈ (0, 1). Then, due to Lemma 3.2, for every y ∈ Γ and 0 < ϱ ≤ ϱ0, the function Lyϱε := (Lyϱε,1, . . . , L
yϱ
ε,n),

defined for every 1 ≤ i ≤ n by

Lyϱε,i(x) := ψε,i(r) = max{0, (1 − ε)Ai(z)(r − R1)
−αi(z) + D}, x ∈ AR1 ,R2 (yϱ),

provide us with a positive subsolution for (4.11), where Ai(z) is defined through (3.17) for every 1 ≤ i ≤ n.
By (4.10), the restriction Lyϱε |Ω provides us with a bounded positive subsolution of (1.1). Hence, by The-

orem 2.3,
Li(x) ≥ L

yϱ
ε,i(x), x ∈ Ω, 1 ≤ i ≤ n,

for all y ∈ Γ and 0 < ϱ ≤ ϱ0. Thus, we can infer that

Li ≥ L
y0
ε,i , 1 ≤ i ≤ n,

for all y ∈ Γ. The last inequality implies that

lim inf
dist(x,Γ)↓0

Li(x)
[dist(x, Γ)]−αi(z)

≥ (1 − ε)Ai(z), 1 ≤ i ≤ n.

Hence, letting ε ↓ 0 yields
lim inf
dist(x,Γ)↓0

Li(x)
[dist(x, Γ)]−αi(z)

≥ Ai(z), 1 ≤ i ≤ n. (4.12)

Consequently, owing to (4.7) and (4.12), for each z ∈ ∂Ω and 0 < η < 1, there exists a compact neighborhood
of z ∈ ∂Ω, Γ, such that

Ai(z) ≤ lim inf
dist(x,Γ)↓0

Li(x)
[dist(x, Γ)]−αi(z)

≤ lim sup
dist(x,Γ)↓0

Li(x)
[dist(x, Γ)]−αi(z)

≤ Āi(z)

for every 1 ≤ i ≤ n. Therefore, letting η ↓ 0 yields

lim
x→z
x∈Ω

Li(x)
[dist(x, ∂Ω)]−αi(z)

= Ai(z),

because
Ai(z) = lim

η↓0
Āi(z) = lim

η↓0
Ai(z).

This ends the proof of Theorem 1.1.

4.2 Proof of Theorem 1.3

Let L := (L1, . . . , Ln) and M := (M1, . . . ,Mn) be two positive solutions of (1.1). Using (1.7) it is easily seen
that the quotients

qi(x) :=
{{
{{
{

Li(x)
Mi(x)

x ∈ Ω,

1 x ∈ ∂Ω, 1 ≤ i ≤ n,

are uniformly continuous in Ω̄. Thus, for every ε > 0, there exists δ > 0 such that

|qi(x) − qi(π(x))| = |qi(x) − 1| < ε if |x − π(x)| < δ, 1 ≤ i ≤ n.
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Thus, setting
Qξ := {x ∈ Ω̄ : dist(x, ∂Ω) ≤ ξ}, ξ > 0,

we find that
(1 − ε)Mi ≤ Li ≤ (1 + ε)Mi in Qδ , 1 ≤ i ≤ n.

Moreover, L is a solution of the problem

{{{
{{{
{

−∆ui = λi(x)ui +
n
∑

j=1,j ̸=i
aijuj − ai(x)u

pi
i in Ω \ Qδ ,

ui = Li on ∂(Ω \ Qδ), 1 ≤ i ≤ n,
(4.13)

(1 − ε)M is a subsolution of (4.13) and (1 + ε)M is a supersolution of (4.13). Therefore, by Theorem 2.3,

(1 − ε)Mi ≤ Li ≤ (1 + ε)Mi in Ω \ Qδ , 1 ≤ i ≤ n.

Letting ε ↓ 0 we find that L = M in Ω. This ends the proof.

4.3 Proof of Remark 1.2

Setting
μmax(z) := max

1≤j≤n
μj(z), z ∈ ∂Ω,

by Theorem 1.1, for every z ∈ ∂Ω and 1 ≤ i ≤ n, we have

αi(z) =
{{
{{
{

μi(z) if μi(z) + 2 − μmax(z) ≥ 0,
μmax(z) + γi(z)

pi
if μi(z) + 2 − μmax(z) < 0.

Pick z ∈ ∂Ω and 1 ≤ i ≤ n. Based on the continuity of μmax(z), it easy to check that αi is continuous at z if

μi(z) + 2 − μmax(z) ̸= 0.

Suppose
μi(z) + 2 − μmax(z) = 0 (4.14)

for some z ∈ ∂Ω, and let (zn)n≥1 ⊂ ∂Ω be a sequence such that zn → z if n → +∞ and

μi(zn) + 2 − μmax(zn) < 0 for all n ≥ 1.

Then, invoking (4.14) and (1.4), shows that

lim
n→∞

αi(zn) = lim
n→∞

μmax(zn) + γi(zn)
pi

=
μmax(z) + γi(z)

pi

=
μi(z) + 2 + γi(z)

pi
=

γi(z)+2
pi−1 + 2 + γi(z)

pi

=
(γi(z) + 2)( 1

pi−1 + 1)
pi

=
γi(z) + 2
pi − 1

= αi(z).

Therefore, αi is also continuous at z ∈ ∂Ω if (4.14) holds. This ends the proof.
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