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Summary. Ws presont here a (better yet, the problems invelved with s } Eenat-
alizatinn of classical utility theory when basic preferences are stated by means of
“rational” fuzzy preference reletions. Rationality of fuszy preference relations will
be meanured according to general fuzsy rationality measures. A utility Fanction i
proposed and introduced by using & "boosting” procedure on the fuzzy preference
relations which may assure & linearization of the alternatives, stil] maintaining or
improving rationality,

Mathernatics i o Iﬁﬁgungs in which one connol
eFpress unprecise or nebulons thoughis.
H. Poincaré

Whet execlly i Mathesnalics? Many have tried but

nobedy haa really succeeded in defining molhemakios
it U slways something elre,

8.M. Ulam

{Adventures of & mathematician)

1 Intmductiun

Furzy logic is nﬂwa.dag.ra a ranmlmbly well formalized mathematica! frame-
work for dealing in s precise and formal way with concepta deriving from
unprecise knowledge or thoughta. This is particularly true in the general area
of decision making. Wherever a finite collection of alternatives must be an-
alyzed, compared &0 to pick one, it is often the case the human beings tend
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to Joose;pfeEiaion atid elarigy,of mind: Although they are pretty able to pair-
wigs compare the alternati Fuzzy preference relations represent a good
formal methodﬂiog}’f&fprzt?amng algorithmic soluticns to decision making
problems, ‘g;u;gy tHeoty has been traditionally formalized and used in such
BT, Itﬂ Anpmatic foimdation, though, relien upon non fuzzy and non con-
trad.mgm;pppfqrqnug relaticoa. Nut very human-like in many applications
mdmm Er S B Luan”

Fopinatance, th,&ammnggmwthufthslutamat sod the WWW, the
socidl andsconcinic issuea involved with it have caused an enormous interest

in- thﬂﬂdaﬁwmhng and production of software systems which are able to
h:al;f*mﬁ:l"i.ﬁtm with buman particlpants in the {virtually handlad) eco-
up:ﬂlc*uﬁrlﬂ’*ﬁurh software systerma are commonly denoted hy "Intelligent
Eysteaim" &ndhgﬁamlved in body (implementation leval}, mind (inferentlal
and scape Trom cla.aamal ‘expert systems.
T muat do o good job bf acting on their environment
A ?fq w&nt t.o define them to be *raticpal agents” or "ideal
#n m pp.mble Aequence of inputs, an ideal mtional agent
LRETGE ,ﬁn fg:pdchtj to mazimire its performance maasure, on the
. pﬂ! pmmded by the :nputa and whatever built-in knowledge

%ﬂﬂmﬂg&m - i
gﬂ:‘ﬂ m%mpla of mtalllgent agent is given by one of the as-
; e-CO[merce. -:ompan}r who s plmning ta have a.ma.rlnetmg activity
using iteuwol server would neﬂd a software system which !

dapn: B i e 0

+# kegps track nft.'lmnu:t.nmeru requests

» Dlocalizes™ the requests to the customer profiles a0 to offer specific infor-

matiod' tol specific customers (commen advertisiog activity done already

—on a. aunpla huls using "cookies™)
¥ Cuitoiner preforences from statiatical dats
“_.- da‘“ﬁ*ﬁh’ﬂ"‘hmtmner requests what new products could be of
r-.,-.._-*'-' and'feiisible to offer given the company rescurces and interests;
M ,ﬁ'ﬁﬂmﬁh{cuﬁtﬂmm o uthur ll.uks {friendly company linka) when |t
"4l I],H- ujl.g..

qval:mfur m.fumla.tlun on mmp-er.it.nrs activitles
pl,‘-ral advma and suggestione to the company managers, ete.

- 1, -{-EI i ENL P

Erample g;;ﬁ second: example can be derived by the growing interest om
distancesedueation vaing; the web. Many higher education ingtitutions are
- ypeking op it and have, started offering degrees which are almost
euqrel_'; one, on, the 3 wal:n In sucl: 8.8cenarlo, one eould think nfmtelhgent.
agenta whigh act aa. tubqra for specific disciplines. For instance, an "interactive
mathematiea tutor”, would ‘check  typed formulas and results, would offer

—————
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suggeations and corrections, would understand the student preferences in
terms of material and timing. The agent would have to decide which topics
to stress, what exercise to agsign, what suggestions to give, ete. 0O

In both of the examples described above, decisions must he made under
probabilistie uncertainty yging an well approximate reasoning techniques.

We will now deseribe a formal framework (see [7.8]) to solve {at least par-
tially) such kind of decision problems. We will start from the classical aeioms
of utllity theory and then we will describe a possible extension by introducing
fuzzy preferences and rationality of preforences. To deflue rammuaht.;r we will
make use of general fuzzy rationality measures {see [4]).

2 The fuzziness of rationality

Ratlonality of individuale is elearly a fozey concept, therefore the closer an
intelligent agent s to & buman being the fuzeier will be its associated concept
of raticnality. Rationality can be seen as consistency of (degree of) prefer-
ences, Such a consistency of preferences is in fact a combination of explict
and implicit consistency. Explicit consistency ix the absence of explicit contrs-
dictions, i.e. statements of type P A -F, and implictt consfatency is related to
the judgment criteria (and thelt use} upon which the opintons are ultimately
based.

To each individual one ¢an assign a value of rationality betsesen O (ab-
gojute irrationality} and 1 (abeclute rationality). This value (degree) of ra-
tiooality can he assigned in many different ways, and each of these different
assignments corresponda to a different criterion for messuring the rationality
of an Individual. These criteria are called fuzey radionality messurer. Fuzzy
retionality meagurea have been introduced and formalized in {2-51.

2.1 Fu=zy prefersnces

Fuzzy preference relations were introduced by Zadeh [25] in arder to capture
degrees of preferences (see also [10,13,14,19,26] for an extensive introduction).
Two different alternatives may be considersd to be better than s third ooe,
but one preference may not be a8 intense as the other. Io this way, given
a finite set of alternatives or atetea X, & fuzzy binary preference relation is
defined aa a fuzey set over all pairs of the cartesian product X x X, so that
its membership function; p : X ® X — [0, 1], associates to each pair (z,y)
the strength or intensity of preference p{x,y) between £ and 3, measured
in the unlt interval. More intuitively, u(z,y) gives the degree to which x
iz oot congidered to be worse than y. That la to say, p is understood as
the tweak fuzzy preference, with a sfrict and an indifference part. Reflexivity
{siz,x} = 1 for all x} is therefore Implied. Morecver, we shall be assaming
here that such a measure of intennity of preference o is defined on an absolute
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sca]e.ﬂhjﬂ:t;iqﬁu;dmal tramework is indeed & strong assumption, but it has

bisthévpuptsbyrsome n.uthum mthm BeRIe p.a.rt.lcular comtext
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ch emmagsimption; many nperntmna on ]:-wfermws may not

"}; A dition et subtraction on intensities of preference

NRERHEAF | et i ialtiplication requires that intensities are
atio d;‘afd‘[aee [IBEM}'MHI extanawe dlscusswu on
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haau:m? tha.t. the fumy bm.nr:,r preﬁerenca relations

fl:n mure thnt tha set of states is feasible
pis, for an axiomatic discussion). Then,

ol Nﬂlﬁﬁl .+ #4#!-1 3

& VDL

_..um = (z 1) - mtz,u}
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'}i- m ﬂmpﬁa}ncﬁ ppefmanm of = over ¢ {mBy, i
Werid ﬂggrp&g{ atrict preference of y over z (zWy, = i
Y3 . preference, between two-alternatives = and y will
ﬁﬂfﬂ}m three intensity values {xBy, Ty, zWy), each

: 'pnaaihlafcﬁsp relnﬂnn betwaen hnrth nlbamavtwaa in such
' Feu'Hv 1.
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in order to captyre the degrees of possitive Indifference and negative indiffer-
ence (incomparabillty). Notice, in particular that pspr(z, ) is the Lukzsiewicz
T-norm representing in thiz case £ > y apd ¢ > 2z (see [16,13]). It is then
obvisue that the meaning of the sxpressions

pelzy) = plz, ¥} — ppriz ¥)
twlz,y) = uly, =) - pprlz,y)

iz kept. Obviously, this model is based on the assumption that both posi-
tive and negative indifference are basically indiferences, so that standardizad
{complete) preferences can be defined

2 {x, v} = pla, ) + pivr(z ) = 1 = pwly, )

The px* will be called the completion of u.
Moreover, each value

olz,y} =1 — pnriz, ) = mio{u(z, ) + ply, 2),1} (1)

can be assoclated to the degree to which the comparison betwesn the pair of
alternatives x. {7 is being supported.

2.4 Fuzzy rationality measures

Given now a complete {or the completion of a non complete one) fuzzy pref
erence relation p, we must assign to 4 a degree or rationality. In the contesxt
of fuzzy binary prefarence relations, & standard assumption to characterize
consistency or rationality is max-min transitivity (see [25] and [10,26]). Un-
der this hypothesis if x is better than y with intensity p(z,y) and y is better
than z'with intensity p(y, 2) then the degree to which 2 is better than z, Le.

352, z), can never be lower than both values u(z, v) and uly, ). The intuitive
meaning of this property which extends transitivity is clear. As pointed out
in [10], the strength of the link between two elements must be greater than
or ¢qual to the strength of soy chain inmlvmg other elements. However, the
property of being max-min transitive is crisp, that is, each relation either is
or ig pot max-min transitive. Therefore, assuming max-min transitivity as
key property for consistency a.m:l therefore rationality, does not allow a fuzzy
tlassification.

General fuzzy ratlonality measures, that is to say functions ¢ which map
fuzzy preference relations into the interval [0, 1] and which allow a fuzzy
classification bave been introduced in- [4] Let us recall the axiomatic definition
of any fuzry ratmna.litq.r measure 5,

(R1) Foundntlon: I X ise ﬁmle set of alternatives, then p{p) =1 for any
crisp bingry preference p being o sirict chain on X,



34

(R2Y- Nameslovariance: -Given o : X x X — [0,1] ond a permutation
o TRy BN i .
nr g LB R et T o p(aT) = plp)
where WilETy) = dle(e), <) Jor i oy € X.

R3i"g T A tﬂ’ S i, ok
IR

whﬂ:ﬂ.-gg;_ i -
acey Aad SEdE et o soep{ELp =g{y,z].
A mm_:ign gy T :
inﬁwr:rm;gmexp?ﬁ;ﬁimm degree of rationality Let ¥ be & non-
i emptimimitengtol glternatives gnd fet 2 be un eztra alternative not be-
+ . Tongin 7ioEat ua. consider o fumy preference p: Y x Y = [0, l] tuch
at piyre) = 1,8z, 4) = 0,¥y € ¥1,¥2 € Y3 for tome Y1, ¥; portition of
¥, gnd g0 exension i’ such that

R on & 0SB e €Y
_ ’!h‘.im#qm.mumﬁi}: Fiihs F'{a’ti":’ ~h¥reh.
. Hlmn=lLpnz=0Veels

it pf{:l:,z:]..r=. 1 )

DX b
Wil .
P

Then it must be -
braf qot{ann atiquen o - () 2op(). -

! -"i HEEL 101 maih Ll

i offuzzyicationali 1w.pp;ﬁtiou& tha set of rationality
T rinormel! pessimistic and optimistic.

Sl 15 4o lined oves X, (2,5 arbiteary

Dveg, 165 B @l', mjt:;thgmllfemon of pair of real numbers

i
.,, m J.Eil’l '-;,_..-:--J
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o REBERRRR G 5 a5 e 9L
...'.J] -1 Wﬂﬁ lon F'J.!:'.I.r.'l _'{.h LD dFI {'-ﬂ"lﬂll{a:’ b‘}}
b :f} i ke ;
v 1¢he) Hlfz} reférénte relation dsfined a3 follows

© o WM i e : 5
R s pantn etlen o e s 0 (B g i Em.y:; = E;ry:;
T Au((2, ) (e, )z ) = § wliT) 0 () = (5.2).
n.ﬂ ). {e.b))iz. ¥} e
gk Do Oy methoashiinneen in e i

Let p be & fumy ratignality meaaurs, then

{1} 5 is normal i
AlAL{E, 5, (e, . 24, (2,8} (a, -a)l), 2lau(2.4). (s, al})

are monctone functicns of a.

{2) p is pessimistic if there exists a value o £ [0, lg such that
(2.1) o (12,5, (.00 oLl 5. (o O3]
(2.2) p(Au{(E, 3, (b, -0))) > p{ A, (2, 1), (e, =c)))

[(2-3} ol2a((Z,7), (b, 0))) 2 {4, ((2.5), (e, e}))
or all &,c such that either a > b> cora < b < o,

{3) p is optimistic If there exists a value a Eg{},l] auch t;hat.
3.1} p{du((2,5), (8,0))) < plAu{(z, 1), (c,0))
?32] p{d#[EEr ﬂ]: {b: _b}” 5 P[dy{l:f, ﬁ]l {cr —C”}

8.3) p(Au((£,5). (b,5))) < p(AL((Z,8). (e, 0)))
or all b,ceuch that sitherc > b3 carg< b < ¢

2.6 Some examples

We will now give some examples of fuzzy rationality measutes. The proofs
that they satiefy the appropriate axioms can be found in [4].

+ A fuzzy preference relation 4 is maz-min transitive whenever

w2,y 2 min{ulz, z), plz, ¥}

for all 2 and for any fixed pair of alternatives 2, y.
Let us define '

W N { I1] if 4 is m:x-rruu transitive
The abeve is a pessimistic fuzzy rationality measure.
* Next example is based upon Orlovsky's choice set of unfuzey nondomi-

nated allernatives. Let us define for any arbitrary non-empty subset Y of
- alternatives

Yino = {2 € Y|n(z,3) 2 sy, z),Vy € )

for any given fuzzy preference x: X x X - [0,1). Then the following
© map ia an optimistic fuzzy rationality measure: :

| .P;;r(g}. = {mm{lvl}_lwn.'n Yowp # B} if Yinp #0.YY C X,Y # 0

0 otherwise

Note that gy will take value 1 if and only if there is just one unfuzzy non-
dominated alternative for each non-empty set, of alternatives. Moreover,
vilue () is reached if and only if there axists some subset with 0o un-
fuzzy nondominated alternatives. In between these two cases, the larger
the choice sets are, the lower s the degres of rationality. Therefore, this
rationality measure captures the fact that usuaily & unique final decision
rust be chosen, and the bigger is the choice the more complex will be
the procedure required to select an alternative.
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o« Ifwa junt mgn value 1 whenever all choice seta ¥y are not empty
d value 0 , we will get the following nermal fuesy rationality
s “(iae [t‘ﬁi Tor & necessary dud suficient condition for the existence

of Drlmrnk}' :§ chwm aet}

FaeT b

l:fYUND;EHWCXY#E
I]otharwwe .

| p:mn{#i {

If we consider the dunl but uf t.hs set of unfuzzy epondominated alterna-
tivea, ia thﬂet:nﬂun,fusﬂr dnmina.t.ed alt.ema.tivea defined as followe:

: ' Ef{ﬂl' |'|'|,i‘ et
: ’ . L
s *4;: M. :: :r‘ ,; s [-FJ'.'-':= {..-q ExYl;:[z,y} { o), Yy e Y}
fﬂ " by se : rpam&tlvaCX Then the following mapping
'"“'ﬂﬁﬁmrnﬂpmﬁw:

) l' md’ph&f-n; e :;; '}:_ 1 X NDUXUD?&H
.'e.Faqul-'.ﬂ H:::Ma:npﬂg!u not.hm-wme

. ra.tmna.li maasure ca.pt.um the fart that from a decislon
point 'ff‘ Rrzy 'I'ﬁﬂa.ry preference relatlon will become a decision
‘aid pmmdura whenever., mthm' .96t of alternatives which is equivalent
from a decision puint ‘of ¥ haa[been given, or we are able to choose 8
amaller subset {bmt T WO a]terna.twea'_i, in such & way that the pumber

0§ alternatlves to be mnaldered in l;he next gtep is reduced.
e m“ﬂ'ﬂﬂﬂ I AL

2.4 Hmﬁn mnre nommantu on l'u.ﬂy ratmn.ullty [EeARUTSS
S pd =. t%;;pll&ﬁ'é;:;na} pmh]rem related with fuzzy ra.t.muallty
y T pﬂmiemibﬂ;tr ‘of their usein.real life applications. Indeed, some
of t,heimj.}pmht.r measires proposed, though intuitively (and sxicmatically)

ammd, appw -:iult.a mmple:x &om & computatlmw.l point of view (see
BlYL 3 e i
LE J et paint out'the importnnm of the completeness sssump-
ti ,uﬂnﬂonahty mensurea;ad, considerad. in this paper,-de not.apply to non
' cn:a A P I? though, incomparable alternatives in-
pﬁ%&ﬂ Br qh\jm {'«f for a genara.l approach to valued pref-
armc& bimr}f rel.a.t.inna whie'wéak and strict intensity preferences, together
incomperability, are simultaneonsly mndeled} Ratlo-

B Sl

r L aLs ‘zﬁi (Hlﬁlbdﬁlad in [12]] appears then to be a very

ugm'mmww ST BT il TR

3.1 Theraxiomsrof 'I.lt-lllt-}’ theur}r

||,J|/I1'b'bimq".upl [FIH M [H .

First of-:a.llf,l'#e w'lll 1utruduoe a remmdar abc:-ut the adomes -::f utility theory,
following [21]. * o
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Let us sasume & "rational” agent and a set of basle alternatives or states,
Ay, ..., A,. Such states can be combined to obtain new ones which are ba-
sma.lly Int.t.eries In details, f we have the stntea Az, Az, .0 Ar then for any
probebility value py,pg, ..., 5 such that E‘_l »=1we ohtaﬂn the lottery

(..Ti E) , that is to say, the state where with probability p; we have

A;. The axioms of utility theory which would follow, will not be concerned
with utility but with preferences. Preferences can be modeled as a binary
relation {4y, 4;) € {0, 1} defined over the set of states. In particular,

s if #{A;,AJ} - p{Aj,Ai} W sy that the agent strictly prefers 4, to A.h
e A = Ay;

o if u{Ai, d;) = p(d;, A)) we say that the agent is indifferent to the two
states, i.e. A; ~ Ay; {and such an indifference could be either *pogitive”
or "nﬁgﬁu“ﬂ"};

w §f (A, Ag) = p(4;, A} we say that the sgent does oot prefer 4; over
Ay, e Ap » Ay, Such a preference is denoted aa " weak™ preferennq.

The agent rationallty can be characterized, for example, with the absence
of (either strict or wenk) preference cycles (see [20]). If the binary relation fs
complete {i.e. (A, A;) =1 or {4y, A7) = 1 holds for every pair 4, 4; € X)
weak soyclity condition is equivalent to clessical crisp transitivity of weak
binary relations. Classical crisp binaty order preference relstions, that is,
those relations verifying reflexivity and transitivity, represent ideal examples
of congistent crisp preference relatlons. An alternative weaker proposal of
conaistency for crisp binary relaticns based on the idea of quasi-transitivity
tias been given in [22], by sspuming transitivity just for the associated strict
preferences. This alternative assumption can be justified from a theoretlcal
point of view becaose it is well known that transitivity does not in practice
hold for indifferences (see also [20]).

The above tonsiderations are formally translated into the first two ax-
ioma below. The remaining four axioms are, instead, related to the way the

preference relation evolves when we move onto lotteries bullt from the given
states.

(Al) Orderability: given sny two states A, A, it must be true
' (A > AV (A~ AV (41 < 4;)
{A2) Transitivity: given any three statea A;, A;, Ay it must be true
{Ai = Aj) A4 > An) - (A= Ab)

(A3) Continnity; this axiom expresses the fact that if (4, = 4; = A)
then there existe a probability value p such that the agent is indifferent
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4 The axioms of fuzzy utility theory

Let Ap,..., Ay be a set of basic alternatives or states. Since our intelligent
agent 8 supposed to be rational, we suppose that its preference relation o
deflned over the set of basic alternatives must verify p(u) > 0, for some fuzzy
rationality measure 5. Buch s property is abviously the extension to the fuzzy
case of the axioms (A1) and (A2) of utility theory, above described.

{FAL) Rationality:
plp) >0
4.1 Extendlng the st of alternatives

Next question we need to address is the following: how do we extend g when
1= ;

e lottery ( j' A_;P ) ia added to the set of alternatives, in such a way that

the rationality value does not decrease ¥ Let A, be a basic atate, then

¥ 1-p
san (2107
must clearly be equal to

o u{ds, A p=1
- F{Ahij} ffp=0

In general, we will agsume

{FA:;LT!‘an for any probability value p, and basle slternatives 4,, Ay,

min(u(4n, A0, wAn A) < witn, (21 1P Y)

s, (2 12 S max(utn, 40, A A7)
Analogously,

minul s ). st A S W £ 177 e

and

“l:(j;i IJLF) vAn) € max{u{A;, An), p{A;, 45))

In particutar, we bave
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. ior- n[d.-,.«h} =1andforanyp, -+
W M o

1_
s v i) S gl (B0 P Y <
' mm m‘urd&m I P THCRRR N L

As %mnpeqqkmm, 1!' p{An.Ai} ﬁpl{..lli,ah} =1

1-—
;“#:E&,Aﬂ *‘-?m[-*iu.( A A}_p)_}‘

i e LT NI
JEAR Ly mv:ﬂiﬁ#ﬂ“ the axiom of perumtent ratmnahty Indeed, if

alof Basld alfsvndtives into Y, and ¥ such that

S 2y SovAe v YA e Ty

; fe— 1 2
th -ih“‘am;nptiun :ﬂﬁgummrae s that the ratiooality of the ex-
t.mdgql_, i niot decrease.

S rdat:inn to be axim'na.tmally Juatlﬁﬂd

- sy Waf] Foo any probability value p, and alternatives A, Ay,

mﬁﬂt P )JHP#{A.-; 4+ (1 - Bulde, A7)

ey i = pum A8) -+ (1~ PIlAss An).
L, il o2
DW ey 9Ky r.”xk a.lt.amat.:m and pr,...,pu Buch that

< yw fpos follows &

: Bu
; -Ei: W ;nbnbihty value g let

5('#&.( 'ﬂm {1-5!}?1.)'

X

then f ‘;{ﬁk,tﬁm {1 g A R X '
: -q ~Th=
g J".*E'f.. \ F‘[(A B ) ) = plL, ( B )} .

From [F-def} it follows that

|
erthn, (2 12 )) = portids A + (L B, )
It also follows that the decomposability axiom s properly extended. _
Notice that in case p ia criap, and 4; - 4, = A, then we may suppose
that pufdy, (Aq IA p)] = 1if p £ 1/2 and D otherwise. Analogously, we

may suppose that ""{(A 1;:) An) =1ifp 2 1/2 and § atherwise. That

Is to gay, we put 1/2 as a threshold and we increase i to 1 if it is at least
1/2, whereas we decrease to 0 if it less than 172, In this case, for p = 172,

we obtain 4y ~ (‘i: 1; p) whiich, without differences in intensity of

preferences, seems to be the only appropriate understanding of axiom (Ad)
of continuity. We can conclude then that axiom (FA2) ss extended by {F-def)
ia also 1 fuzgy extension of mdom (A3).

4.2 The prnhlam of indifference

: ~f{r 1-py_ _f{» 1-p -
Ln‘zt.ru:nr'm.r)f--(Ai Ah)nm:ll’ (4‘11‘ a‘in) I pr{Ai,4) =1 can

we automatically claim that pr{X,Y) = 1 7 The answer is no! Indeed, we
must take into account the preference values which relate 4; and 4, to 4.
Fu]lowmg {F-def) we have

o for p=1, urfX, Y} = ur(As, 4))
v for p= G, pp{X ¥} =1

In gemeral, we have

XY} = p'ur{A A7) + (1 - 0 (e (A, Ai) + pr(Ay, An)) + (1 - p)?

4.3 Monotonicity _
The monotonicity condition ls implied by (F-def). Specifically, suppose that
1- -

#ldi, 4;) > p{dy, A;) and Jet X = (-:i A;P) Al yes (i lﬂiq)

then for all probability values p, § we have :
M) = pg + (1 = plau(dy, 4 + p(1 - @Ay Ag) + (1 - p)(1 - g)

© BX) =P+ (1= @il Ay, A) + q(1 - Pl Ay, A7) + (1 - p)(1 — q)

BX,Y) — ul(Y, X} = alp{4;, A} — 545, AD)
where a = p(1 — ¢) — {1 — p)g and it is clear that & > 0 if and only if p > g.
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4.4 How do we define a utility function?

W uge th? Q;th. -:}Iﬁ.it axiom of fum.:,r ra.tamm]jt.y Measures
We have the f

Thuuram“’l‘“tBndhti Thanrem} If p is either o normal or an optimistic
firrfriITHERES wieasurd; by teing the regularity axiom we can obtein from

p:a Mﬁmnﬁmﬂw j5* auch that
-
ﬁ- ML :Ell ﬁf'hﬂamnhuu {x,y‘j sm:h that p{z1 ¥} < ey, x) toe have

""" l Tl '-?'hl]]l’
ﬁ‘.'ﬂr JHED -unIJ T t':‘hll'j < .l-l “ :r.llI

w janmu-g:pmu u_f altérnativasi (2, ). either

£,5) = ulf, 5] :
' i Sﬂ 4 rat'tha;t. ' pormal. Smc:e frﬂm the ragulmty mnd:tmn we
' ¥ -nﬁ] 13 2 mmmt.nne fu.nct.mn of a then

E I ([.% ﬁ'} {b, =a))) does not decrense we
Preath Lﬂ&ﬂ?ﬁé ﬁe‘EA rE'{a.m (@, ~a))(Z.§) = 1'or the value
: "!.'1.,,. o, = =0
o m igr a féi& have that H{A,0(2: 8}, (a, —n}]‘_i decreases then b:..r
choosing 6 = ~{u(2,§} — u(F, £))/% < 0 we have that ;
= A068 5); (6, —a))(Z,3) = A,{(2,§), (8, —a)}{F: ).
- plB,((%,1), (8, —a))) incrensed.
He SR [T e T
Inhuthmt thememiaprovmwhmpm normal.
supposa that 5 is optimistic. We know that there exists a value
s &[0, lliauchm% . :
rrﬂ'*m welaatioond -1 o
{ u+sw]= ﬂH»[{ﬂﬂ].{ﬁ um wtdﬁuf £, (a 0

fnrn]lb,,csucht.hatmtharu}b},cnrn{b{c.

H > 0 then p{A{(2, 5, (b —0))) i8 & non
mﬁ@mﬂﬁ&iﬁ:}b }qa and o :;E c:.u reach either the value

f-"-;.{{f- 7,8, -0}, 0 =1 Oaﬂl! ;BEI;N 4;‘;3;1[: v (B, bilfﬂ :::1 0
. z, 2.0 increases when b decreases
{E:mﬁil- ;ﬁ{‘f ;ﬂhm{g{f}"— u(E,§). 50 we reach a situation where
Au{(2, ), (b, 0))E#) = pld. £).
. Analmuau:fp(t:'m}-anu v
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Rewiork 1. The proof of the theorem s quite easy although technically te-
dicus. It can be done locally by taking twe alternatives at a time 2,y and
either decreasing (alt. inereasing} pulz, ¥} and/or increasing {alt. decreasing)
pify, =). For pessimistic f.r.m. our intaition suggests that it is possible to take
two alternatives, increase on one hand and then readjust things all over so to
have a higher degree of rationality. It can be easily seen by considering some
examples with max-min transitivity which i3 a pessimistic fuzay rationality
measyre. Therefore, It can be also somehow generalized to the pessimnistic
caee, altheugh we have oo formal and definite proof yet.

We can now pick the best and worst alternatives by respectively rnaxi-
ralzing and minimizing the function

u(z) = 3 palz,u) ~ 3 uwiz.v)
¥tz yeix

Whenever, the bousting theorem: allows us to partition X in several subsets
X,y Xy such that forevery 2z € X, and g € Xy f i < 7 then either
ulx, y}l =1and gy, 2] < 1, 0r plr,y) > U and uiy, z) = 0, the shove choices
are in some scnee the reuult of a knegrizetéion of the alternatives. Note also
that the above definition is consistent with the famous Debren's thesrem {[4]
that for mutual preferential independent preference values {i.e. for each pair
{2,4) the value s(z,y) does not depend on the cther siternatives) the utility
function can be seen as a linear combination of utility values dependent only
on the single alternative.

Finally, once we find the sliternatives of maximal and minimal utillt.}r we
can ar.'t as in t.hn crisp case. . 3

5 A mmple example

Cﬂnmdar the follewing fuzey prefersmes values over 2 set of four alternatives.

[T]0.2[0.8[0%
[0.9] 1 [o5l04
[08[06[ T 03

0.6[0.7]0.8] 1
Suppose the antr_v (i, 1} of the array gives ua the value s(z;,x;). It can be
easily soen that s (g) = D since Yy =8 for Y = {z1, 22, 23}
We now try to boost the preference walyes hoping to linearize and im-
proving the raticnality.

For instance, if we put u(zz, 23) = 0.6 then {z1,2;, 23}y p = {72} and
enlu} =12
Now, we remamber that
prlz,y) = wz,y) + ply.z) - 1
paly) = u(z.y) - wiley)
tiw (2, 1) = py, 7) = priz,p)




a8

and we have' the following table for the values {u;, pg, sw)
e T OB, 0.5, 0.2]0.3, 04, 0.4
08010, |02, 04, 040.1,0.3, 0.6
T Fj""“*' o '2.ll£{ﬁ _-Frﬂ-;iﬁﬂ-ﬂ T ﬂl, ﬂi, 0.7
e asinpbip R 2n0 4, SA10:T, 0.6, 0.310.1, 0.7, 03]
: I ﬁ“ g5 :I'J:I:._'j...,.‘;._,_'_.uj,.:.p-ju_lg T
:Iﬁflauﬂht.&']'él .‘H!.J at |.--n\'i|,:.|:1:|"::. e
* et T gyl - Les —04
St GRS e i) = 1.5 - L1 = 0.4
2o 8 w(zy) = 0.8 -16=~-0.8
U Iy elme) = L7~ 08.=08
AT L - TR 1
T &l 18 the alternative of maximal utility whereas za is the alterna-
LAl L P

B Fr

EECAPTTRTTY. PR T3

'_-'.|'J1i.;T!'M&ij:

ol

oy / "l:!r Do .o
8-s-Fitfdltcomments - - -
IR by e Tro s L SR T F T VRN 3 :
wém;mbh fuzey éxtension of thi classical axioms of utllity the-
ot ki i Mddbprovides framewark for decision making under up;uarta.mty
abd appbeimbieskivwledge tobe & part of any “intelligent system” Inferen-
tisl' cord. We would like to stress the fact that our formalization is certainly
not’{Hei Dily pekiible: cne: (for another formalization see for Instance [17]).
The novalty of this approach rests in the use of fuzzy rationality mesgures to
formaliza™reasonable orderings® of alternatives or lotteries and in the math-
smaticabdasibility to partially readjust the fuzzy preferences 5o to make the
decisiondl probler easier. Many questions about the propozed formalization
remiaimitSnewetéd and seem to'na'to be good topics for future investigationa.
Lst, uz mgntion two which are Pq?ralatadm the boosting theorers.

1.”Cldrify’ whist biappens wher' W' dre déaling with pessimistic fuzzy ratio-
- ' hality fhesgures. il _

2, Even when dealing with normal or optimistic fuzzy rationality rmeasures,
! kbe proposed| theorem is, not dn algorithm. How do we algorithmically

meﬁrhq* do. we stop.? :
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Hybrid Probabilistic-Possibilistic Mixtures
and Utility Functions *

[idiar Dubois!, Endre Pap?, and Henri Prade!

! LR.LT., Université Paul Sabatier, 118 route Narbonne, 31062 Toulouse Cedex
4, France, e-mail: duboie@irt.Fr, s-meil: pradeirit. fr

* Instityte of Mathematics, University of Novi Sad, 21000 Novi Sed, Yugoslavia,
e-mbil: papCunsim.na.ac.yn , papelbeunet.yu

Abetract. A basic buildiag block in the standard mathemutics of decision under
uncertalnty i3 the notien of probabilistic mixtors. In erder to generalize decision
theory to nom probabiliatic uncertainty, one approach is to generalize mixture sets.
[n the recent pest it has bean proved that generalized mixtuns can be non teivially
defined, aad they have bean jnstrumental in the development of possibilistic utility
theory. This paper characterizes the families of operations involved in generalized
mixtures, dus to & previous result on the characterization of the pairs of continwons
t-norer and i-conorm wuch that the frmer is conditionally distributive over the
lattar. What is obtained in & family of mixturea that combine probabiliatic sad
possibilistic mixturss vis a threshold. I is based oo a restricted family of tconarm/
t-norm pairs which are very special ordinal sume. Any prectically ueeful theory of
peeudo-additive measures must use such special peirzs of operations in order to
extend the sdditivity property, and tha notion of probabilistic independence.

1 Introduction

Utility theory is based on the notion of methematical expeciation. Its ax-
iomatic foundations, following von Neumann and Morgenstern [19] rely on
the notion of probahilistic mixtures, see [15]. It has been recently shawn by
Dubois et al. in [6] that the notion of mixtures can be extended to pseudo-
additive measures { sometimes called decompesable measures, see [9,16,20]),
including the case of possibitlty theory (see [12}]. Possibilistic mixtures strik-
ingly differ fram probabilistic measures, because they account for & noo-
convex structure. However, changing sum into maximum, and $he product
into a triangular norm, possibilistic mixtures have properties that parallei
those of probabilistic ixtures. In particular, possibilistle mixtures form the
underpinnings of possibilistic utility theory, as proposed by Dubois and Prade
in [11] and more recently sysiematized by Dubois, Godo et al. in [7].

The aim of this paper i to address the following question: what else re-
maine pesgible beyond pessibilistic and probabilistic mixtures? This question
ig addressed, from a mathematical point of view, by taking advantage of &

* The paper was written during the stay of the second anthor aa vigiting priafessor

at University Paul Sabatier, in Toulouse, in June, 1999.
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This valume is dedicated to Marc Roubens on the occasion of his sixtisth
ANMiversary.

Our distinguished colleague Mare Roubens is 60 this year. He has set high
standards in research and teaching, and many colleagues have benefited from
hiz deep and broad knowledge and have been infected by hiz enthusiastic
lecturing style.

His fundamental cootributions cover » wide raoge of fields of applied
mathematics, comprising the areas of prefersnce modelling, clustering and
control in fuzzy set theory, multleriteria decision aid in operations research,
and cata analysis in statistics,

Mare Reoubens' personal qualities of commitment, iotegrity, leadership
and initiate leave lasting impression on his colleagues, students and friends.
This volume 18 & token of their appreciation and friendehbip.
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