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Abstract

Let A= (Ao, A1), B = (Bo,B1) be Banach couples, let E be a Banach space
and let 7' be a bilinear operator such that [|T(a,b)(|r < M;|alla,|bllB, for
a € ApNA, b€ BoNBy, j=011IT: A x B — E compactly for
7 =0 or 1, we show that T' may be uniquely extended to a compact bilinear
operator from the complex interpolation spaces generated by A and B to E.
Furthermore, the corresponding result for the real method is given and we also
study the case when E is replaced by a couple (Fy, E1) of Banach function
spaces on the same measure space.
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interpolation; interpolation of compact bilinear operators among L,, spaces.
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1. Introduction

The problem of interpolation of compact bilinear (multilinear) operators was
considered for the first time by Calderén [6] in his seminal paper on the complex
method and it is receiving attention by several authors in recent years. See the
papers by Fernandez and Silva [12], Ferndndez-Cabrera and Martinez [13, 14]
and Cobos, Fernandez-Cabrera and Martinez [7]. Moreover, quantitative results
in terms of the measure of non-compactness have been established by Mastyto
and Silva [20] and Besoy and Cobos [5]. A motivation for all these investigations
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is the fact that compact bilinear operators arise rather naturally in harmonic
analysis. See, for example, the papers by Bényi and Torres [3], Bényi and
Oh [2] and Hu [15]. In particular, commutators of Calderén-Zygmund bilinear
operators acting on L,-spaces are compact (see [3] and [7]).

For the case of linear operators, the famous results established by Lions and
Peetre [19] play an important role in the proofs of all compactness theorems (see,
for example, [9, 10, 8]). Lions-Peetre results refer to the degenerate situations
when one of the Banach couples reduces to a single Banach space. Similarly,
for bilinear operators, Lions-Peetre type results are also important tools in the
research on interpolation properties of compact bilinear operators.

Working with Banach couples A = (Ag, A1), B = (B, B1), E = (Ey, E1)
and bilinear operators 7', often the starting assumption is that

T:(Ao+ A1) x (Bo+ B1) — Eog+ E1  boundedly with the restrictions

T:A; x Bj — E; being also bounded for j =0,1. (1.1)

However, sometimes in applications T' does not satisfy (1.1) but only that there
are constants M; > 0 such that

IT(a,b)[|z, < M;alla, [blls,, a € AgN Ay, b€ BN By, j=0,1.  (1.2)

Under the assumption (1.1), Lions-Peetre type theorems have been estab-
lished in [13, Theorems 5.1 and 5.2]. Note that if Ay = A; and By = By, then
(1.1) and (1.2) are the same. However, if Ey = E; but Ay # Ay and By # By,
then (1.2) is weaker than (1.1). Ferndndez-Cabrera and Martinez have shown
by means of examples (see [13, Example 4.2] and [14, Counterexamples 4.2 and
4.3]) that under the assumption (1.2), compactness of the interpolated operator
can fail in some cases where assuming (1.1) the interpolated operator is com-
pact. In fact, under assumption (1.2), it is not known a bilinear Lions-Peetre
compactness result for £y = F;. Accordingly, we prove in this paper such a
theorem.

We start by recalling in Section 2 the most familiar interpolation methods.
Then we establish the bilinear Lions-Peetre compactness result. We proceed
with the help of duality, using the results of Ramanujan and Schock [21].

Finally, in Section 3, we study the non-degenerated case Ey # FE; but as-
suming that (Ep, E1) is a couple of Banach function spaces on the same measure
space, with Fy having absolutely continuous norm, and we prove a compactness
theorem under assumption (1.2). In particular, the results applies to couples of
L, spaces with (Ey, E1) = (Ly, (), L, (Q)) and 1 < ry < co. We conclude the
paper with a result for the case ro = co when the measure space (2, 11) is finite.

2. Bilinear compactness results of Lions-Peetre type

In what follows the scalar field is C, the set of complex numbers.

Let A, B, E be complex Banach spaces. We put Uy = {a € A : |la]|a <1}
for the closed unit ball of A and define Up similarly. Let T: Ax B — FE be a
bilinear operator. We say that the operator T is bounded if

IT|axp,e =sup {||T(a,b)||r : a €Ua, b Up} < oc.



If T is bounded, we write T' € L(A x B, E). The operator T is said to be
compact if
T(UAXUB):{T(G,I)) ZCLEUA,bEUB}

is relatively compact in E or, equivalently, if for any bounded sequence (z,) C
Ax B, the sequence (T'z,) has a convergent subsequence in E (see [3, Proposition
1]). Examples of compact bilinear operators can be found in [21, 3, 2, 15, 14, 7].
See also [16] for same examples of non-compact bilinear operators.

As it is show in [3, Proposition 3], the set of all compact bilinear operators
from A x B into E is a closed subspace of L(A x B, E).

Let E* be the dual space of E. If T € L(A x B, E), following Ramanujan
and Schock [21], we define the adjoint operator T* of T as the linear map

T* : E* — L(A x B,C)

given by
(T f)(a,b) = f(T(a,b)).
It turns out that || T||axp,e = || T%]

E+,C(AxB,C)- Furthermore,
T is compact if and only if T is compact (2.1)

(see [21, Theorem 2.6]).

Let A = (Ao, A1) be a Banach couple, that is, two Banach spaces A; which
are continuously embedded in the same Hausdorff topological vector space. We
write A;? for the closure of Ag N A; in the norm of A;. The Banach couple A
is said to be regular if A7 = A; for j = 0,1. If this is the case, the dual couple
A* = (A, A7) is a Banach couple because A% < (Ag N Ay)* for j = 0,1. Here
— means continuous embedding.

Consider the closed strip D = {z € C : 0 < Rez < 1} and define F(4) to
be the space of all functions g from D into Ay + A; such that g is bounded and
continuous on D, analytic on the interior of D, with g(j +it) € A, for all t € R,
j =0,1, and the functions t — g(j+it) are continuous from R into A; and tend
to zero as [t| — co. The space F(A) becomes a Banach space with the norm

91l 7(ay = max{sup [[g(j + it)| 4, }-
J=0,1 "teR

For 0 < 6 < 1, the complex interpolation space [Ag, A1]p consists of all a €

Ap + A; such that a = ¢g(0) for some g € F(A). We endow [Ag, A1)y with the
norm

lallag.a,00 = inf{llgll 72y : 9(0) = a, g € F(A)}.

See [6, 4, 22, 18].
For 0 < § < 1and 1 < g < oo, the real interpolation space (Ag, A1)g,q 1S
formed of all a € Ag + A; having a finite norm

o3} P dt 1/q
Jeliapann, = (| K1)

(the integral should be replaced by the supremum if ¢ = co). Here

K(t,a) = inf {||lag||a, +tllailla, :a=ao+ a1, a; € A;}



is the Peetre’s K-functional. See [19, 4, 22, 1].
Is turns out that

(Ao, A1)g,1 — [Ao, Ailg = (Ao, A1)g,00-

The space Ag N A; is dense in [Ag, A1]p, and also in (Ag, A1)g,q if ¢ < 00
(see [4, 22]).

Let B = (By,B;) and E = (Ey, E;) be other Banach couples. By T :
A x B — E we mean that T is a bounded bilinear operator T : (Ag + A;) x
(Bo + B1) — Eo + E4 whose restriction to A; x B; defines a bounded bilinear
operator from A; x B; into E; for j = 0,1. We write ||T||; for the norm of
T: AJ X Bj — Ej.

The following compactness results of Lions-Peetre type are consequence of
[13, Theorems 5.1 and 5.3].

Theorem 2.1. Let A = (Ag, A1), B = (By, B1) be Banach couples and let E
be a Banach space. Assume that T : (Ag+ A1) X (Bo + B1) — E is a bounded
bilinear operator such that the restriction T' : A; x B — E is compact for
j=0o0rl. Let 0<0,n<1andl<p,qg<oo. Then the following holds.

(i) T : [Ag, A1]g x [Bo,Bl]n — E is compact.
(1t) T : (Ao, A1)gp % (Bo, B1)y,g — E is compact.

Theorem 2.2. Let A, B be Banach spaces and let E = (Ey, E1) be a Banach
couple. Assume that T : A x B — EyN Ey is a bounded bilinear operator such
that any of the restrictions T : A x B — Ej; is compact for j = 0 or 1. Let
0<0<1andl<qg<oo. Then the following holds.

(i) T : Ax B—> [Ey, E1]g is compact.
(i1) T : Ax B — (Ey, E1)g,q is compact.

Sometimes in applications we do not have that 7' : A x B — E but only
that the bilinear operator T is defined on (Ag N A1) X (Bo N By) with values in
Eo N Ey and that there are constants M; > 0 such that

IT(a,b)| g, < Mjllalla, |blls,, a € AgN Ay, be BoNBy, j=0,1.  (2.2)

We denote by B(A x B, E) = B(A x B, (Ey, E1)) those operators which satisfy
(2.2).

Assumption (2.2) was the one used by Calderén [6, 10.1] for establishing the
bilinear (and multilinear) interpolation theorem for the complex method (see
also [4, 4.4]).

If T € B(A x B,E), it is not difficult to check that 7" may be uniquely
extended to a bilinear operator T; : A7 x B — Ej;, j = 0,1. We write
T = ||TjHA§xB;7E]- = Mj;, j = 0,1. We say that T' : A x B} — Ej is
compact if 7} does it.

Note that in the case of Theorem 2.2 where Ag = Ay = A and By = B; = B,
the fact that T € B(A x B, E) coincides with T': A x B — E. Hence Theorem
2.2 does not change working with the weaker assumption. However, Theorem
2.1 fails if we replace

T:(Ap+ A1) x (By+B1) — E boundedly



by o

T e B(Ax B,(E,E)).
Indeed, the example given in [14, Counterexample 4.2 and Remark 4.4] with
the couples A = (£,,£,(27™)), B = ({,y (2™),4y), 1 < p < o0, 1/p+1/p =1,
0 <n, 8 <1, the space E = C and the operator

T(ﬁﬂl) = Z Em27 " N_m, &= (fm) y 1= (nm) (2'3)

m=—0o0

shows that T € B(A x B, (C,C)) but Theorem 2.1/(i) and (ii) fails if n # 6.
On the other hand, as it is pointed out in [13, Example 4.2] working with the
same operator T as in (2.3), even though n = 0, if T € B(A x B, (E, E)) then
Theorem 2.1/(ii) may fail if 1/p+1/q < 1.

Next we establish the corresponding version of Theorem 2.1 for
T € B(A x B, (E, E)) in the remaining range of parameters.

Theorem 2.3. Let A = (Ag, A1), B = (By, By) be Banach couples and let E
be a Banach space. Assume that T € B(A x B, (E,E)) and T : A} x B} — FE
compactly for j =0 or 1. Let 0 < 8 <1 and 1 < p,q < oo with 1/p+1/qg > 1.
Then the following holds.

(i) T may be uniquely extended to a compact bilinear operator from [Ag, A1]g ¥
[30731]9 to E.

(i1) T may be uniquely extended to a compact bilinear operator from (Ao, A1)g pX
(Bo, B1)g,q to E.

Proof. According to [4, Theorem 4.2.2], we have that [Ag, A1]e = [A§, AS]s.
Hence, in order to establish (i), without lost of generality we may assume that
A is a regular couple, and also that B is regular.

By the bilinear interpolation theorem for the complex method [4, Theo-
rem 4.4.1], T may be uniquely extended to a bounded bilinear operator from
[Ao, A1]p x [Bo, Bi]p to E. Hence, having in mind (2.1), to conclude that
T : [Ag, A1]p X [Bo, B1]l9y — E compactly, it suffices to show that the linear
operator

T : E* — L([Ao, A1]g X [Bo, B1]s,C) is compact (2.4)

Put Xj = L_‘,(A] X Bj,(C), ] = 0, 1. Since X]‘ — ,C((A(] ﬂAl) X (B() ﬂBl),C),
we have that X = (X, X;) is a Banach couple. Using the diagram of bounded
bilinear operators

A()XBO

X
E
>
A1XB1

and going to adjoint operators, we get the diagram



ﬁ(Al X Bl,(C) = Xl-
In addition, T : E* — X, is compact provided T : A; x B; — E is so.
Therefore, we can apply the Lions-Peetre compactness theorem for bounded
linear operators [4, Theorem 3.8.1/(i)], obtaining that
T : E* — [Xo,X1]p compactly. (2.5)
We claim that
[Xo,Xl]g ‘—)E([Ao,Al]g X [Bo,Bl]g,C). (26)

Embedding (2.6) is a consequence of the abstract result [20, Theorem 2.1].
For completness, we include the arguments. Consider the bilinear mapping ®
assigning to any a € AgNA; and R € XoNX; the functional ®(a, R)(b) = R(a,b)
where b € By N B;. Since

1®(a, R)|

B; =sup {|R(a,b)| : b5, <1,b€ BonBi} < |R|x,lall4,,

we have that ® € B(A x X, B*). By [4, Theorem 4.4.2], we get that ® may
be uniquely extended to a bilinear mapping from [Ag, A1]g X [Xo, X1]g to
[Bg, Bf]? with norm at most 1. The space [Bg,Bf]? is the so-called upper
complex space (see [4, p. 89]). The duality theorem [4, Theorem 4.5.1] gives
that [Bg, Bf]® = [Bo, B1]j . Therefore, for any a € Ag N Ay, R € XoN X; and
b € By N By, we obtain

[R(a,b)] = |2(a, R)(D)] < [ Rl|(x0,x116 [@lla0. 4116 1l B0, 511 -

This shows that R € L([Ag, A1]g X [Bg, B1]p,C). Since X N X; is dense in
[Xo, X1]o, embedding (2.6) follows.

Combining (2.5) and (2.6) we derive that T in (2.4) is compact and, there-
fore, T : [Ag, A1]e X [Bo, B1]s — E compactly. This establishes (i).

Since (A07A1)9’1 — [A07A1]9 and (B(),Bl)g’l — [Bo,Bl]g, when p=q= ].,
statement (ii) is a consequence of (i). For the case 1 < 1/p+1/¢ < 2, the proof of
(ii) follows the same steps as for (i) but using now that (A§, AS)e, = (Ao, A1)ep
[4, Theorem 3.4.2/(d)], the bilinear interpolation theorem for the real method
[14, Theorem 4.1] with 1/p+1/r' =1+1/¢ and 1 <r < oo, 1/r+ 1/ =1
and duality formula (Bg, B)e,y = (Bo, B1)j, [4, Theorem 3.7.1]. This time
the required embedding between operator spaces read

(X07X1)9’T/ - E((AO’ Al)gv[’ X (BO, B1)97Q7C) ) 1/1" + 1/7", =1.
This completes the proof. O

Remark 2.4. Note that in Theorem 2.1 (as in Lions-Peetre compactness results
for linear operators) the case of the complex method is a consequence of the



case of the real method because we have the the following factorization for the
operator

[Ao, A1]o % [Bo, Bi]y = (Ao, A1),00 X (Bo, B1)y,c0 L 5 E

However, in Theorem 2.3, the complex and real cases are independent because
1/p+1/q=1.

3. Bilinear operators with target in Banach function spaces

Let (Q, ) be a o-finite measure space. We denote by M the collection of
all (equivalence classes of ) scalar-valued p-measurable functions on € which are
finite p-almost everywhere. The space M becomes a complete metric space
with the topology of convergence in measure on sets of finite measure.

Following [1, 11], we say that a Banach space E of functions in M is a
Banach function space if the following four properties hold:

(a) Whenever g € M , f € F and |g(z)| < |f(x)| p-a.e., then g € E and
lgle <[ flle-

(b) If fr, = f prace,, and if liminf, o || fn]lg < 00, then f € E and ||f||g <
liminf, o || full&-

(¢) For every I' C Q with u(I") < oo, we have that x. € E.

(d) For every I' C Q with u(I') < oo there is a constant ¢, > 0 such that
JolFdp < e | fls for every f € E.

Examples of Banach function spaces are the Lebesgue spaces L,, Lorentz
spaces Ly, , and Orlicz spaces L (see, [23, 18, 1, 11]).

Let (T';,) be a sequence of p-measurable sets of Q. We put T, — @ p—a.e. if
the characteristic functions x,. converge to 0 pointwise p-a.e.

We say that a function f € E has absolutely continuous norm if || fx, ||z —
0 for every sequence (T',,) satisfying that T',, — () p—a.e. The space E is said to
have absolutely continuous norm if every function of E has absolutely continuous
norm.

The following criterion for compactness is useful (see [1, p. 31] and [17,
Lemma I.1.1]).

Lemma 3.1. Let FE be a Banach function space and let K C E a subset formed
by functions with absolutely continuous norm. Then K is relatively compact in
E if and only if K s relatively compact in M and for any T, — 0 u—a-e. and
any € > 0, there is N € N such that || fx,, ||g <€ for any f € K andn > N.

If E is a Banach function space then E — M (see [1, Theorem I.1.4]).
Hence, if Ey and E; are Banach function space on 2, we have that (Fy, E1) is
a Banach couple.

Let 0 < 6 < 1. If Ey or E; has absolutely continuous norm, then

[Eo, Erlo = {f € M : |f(2)] = |fo(=)|* 0| f1(2)|°, f; € Ej, j = 0,1}
and
IflE, 2170 = inf{max(|| foll g, [ f1ll2,) : 1F] = [fol'°1 /1%

(see [18, Theorem 4.1.14]). In particular [Ep, E1] is a Banach function space.
The next theorem complements the results of [14, Section 4].



Theorem 3.2. Let A = (Ag, A1), B = (By, B1) be Banach couples. Assume
that (2, ) is a o-finite measure space, let E = (Egy, FE1) be a couple of Banach
function spaces on Q, let 0 < 0 <1 and T € B(Ax B,E). If T : A3 x B§ —
Ey compactly and Ey has absolutely continuous norm, then T may be uniquely
extended to a compact bilinear operator from [Ag, A1]g X [Bo, Bile to [Eo, E1]e.

Proof. By the bilinear interpolation theorem [4, Theorem 4.4.1], the operator
T may be uniquely extended to a bounded bilinear operator T' : [Ag, A1]p X
[Bo, B1l9 — [Eo, E1]p. To check that the extension is compact we rely on
Theorem 2.3 and Lemma 3.1. Since T € B(A x B, (Ey + E1, Ey + Ey)) and
T : A x B§ — Ey + E; is compact, it follows from Theorem 2.3/(i) that T :
[Ao, A1]o % [Bo, B1]o — Eo+ E1 is compact. Let W = T'(Uja,, 4,1, X UiBoy,B1]s)-
Then W is relatively compact in Eg+ E; and so in M. Furthermore, [Ey, E1]g =
E(%*GE? has absolutely continuous norm because Fy does (see [18, Remark in p.
245]). Whence, the subset W C [Ey, E1]y is formed by functions with absolutely
continuous norm. Consider any sequence (I',,) C Q with T';, — 0 y—a.e. and
any € > 0. Let R, be the bilinear operator R,(f,g) = T(f,g)xy, . Clearly
R, € B(Ax B,E). Since T : A3 x B§ — E compactly, if follows from Lemma
3.1 that there is N € N such that | R,[jo < (”:ﬁ”? )1=% for any n > N. Moreover,
IR.|l1 < ||T||1. Hence, the bilinear interpolation theorem yields that if n > N
then

€ 0
HRn||[A0,A1]9X[BO,B1]9,[E0,E1]9 < ”THO ||T||1 =¢&.
1

In other words, for every h = T(f,g) € W and n > N, we have that
IT(f,9)xr, ligo,1)s < € Consequently, according to Lemma 3.1, we derive
that

T : [Ao, A1]e X [Bo, B1le — [Eo, E1]e is compact.

O

For 1 < pg,p1 <00, 0< 6 <1and1l/p=(1-6)/po+6/p1, we know that
[Lpo (2), Ly, ()] = Lp(2) (see [4] or [22]). As a consequence of the preceding
result we have:

Corollary 3.3. Let (Q, u) be o-finite measure spaces for k = 0,1,2. Suppose
0<6< 17 1 < Pj, 45,75 < 00, ] = Oa17 and pUt l/p = (1 70)/p0+9/p17
1/¢g=(1-0)/q0+0/q1 and 1/r = (1 —0)/ro+ 0/r1. Suppose that

T e B(<LIJ0 (Qo)v LPl (QO)) X (LQU (91)7LQ1 (Ql))7 (LT‘O (QQ)’ L'f’l (92)))

If T : Ly (Q0)° X Lgy (21)° — Ly, (Q2) is compact and ro < oo, then T may
be uniquely extended to a compact bilinear operator from L,() X Ly($1) to
L.(Q5).

Corollary 3.3 complements the results of [7, Section 5]. We close the paper
with a result for the case rg = 0o

Theorem 3.4. Let A = (Ag, A1), B = (By, B1) be Banach couples. Assume
that (2, ) is a finite measure space. Let1 <r; <o0,0< 8 <1andl/r=0/r;.
Suppose that T € B(A x B,(L(), Ly, (Q))) with T : A x By — Loo(€)
compactly. Then T may be uniquely extended to a compact bilinear operator
from [Ao,Al]g X [Bo,Bl]g to LT(Q)



Proof. Applying the bilinear interpolation theorem [4, Theorem 4.4.1], T may be
uniquely extended to a bounded bilinear operator T : [Ag, A1]g X [Bo, B1]o —
L.(92). To show compactness of T we prove that T can be uniformly approx-
imated by compact bilinear operators. Take any ¢ > 0. Since T'(Uag x Upg)
is relatively compact in L (€2), we can find a finite set {hy, -, hp} C Loo(Q)
such that

T(Uag x Usg) € | J B(hj,e)
j=1
with B(hj,e) = {h € Loo() : ||h — hj|lL_) < €}. By [1, Lemma IV.2.8],

there is a partition of €2 into finitely many disjoint subsets I'; ---T,, each of
positive measure, such that the linear operator

Ph = ; (ﬁ /Fk hd,u)xrk

satisfies that
|7 _PthLm(Q) <e, j=1,---,n.

It is clear that || Pz (q),r.) < 1 for s =1 and s = co. Therefore, using the
Riesz-Thorin theorem, we also have that ||P| 1, o)z, < 1for 1 <s < oo .
Moreover, P : L,.(Q2) — L,(Q2) is compact because P has finite rank. Therefore,
the bilinear operator

PT : [Ag, A1]p X [Bo, B1]lg — L.(Q) is compact.

We estimate the norm of T'— PT by using the bilinear interpolation theorem.
Since

|PT || 4% B3 L., @) < 1Pz, @).z,, @ Tl < T,

we have ||T — PT||; < 2||T||;. As for the other restriction of T'— PT, given any
a € AyNA, be ByN By with a € Uy, and b € Up,, if we choose 1 < j <n
such that || T'(a,b) — hjl|z_ (o) < €, then we have

1T (a,b) = PT(a,b)||1.. ()
<[17(a,8) = iyl + b5 = Phyllaiey + [Py = PT(a,0)| (o)
< 2| T(a,b) — hjlln. ) + |7 — Phj|ln. o) < 3¢
Consequently,

IT = PTl(ap, asloxtBo.Balo. (@) < IT = PTlg~|T = PT|{ < (3e) (2 T|)".

This completes the proof. O

Corollary 3.5. Let (5, ;) be o-finite measure spaces, j = 0,1, and let (Qa, p2)
be a finite measure space. Suppose 1 < pj,qj,r1 <00, j=0,1. Let 0 < 6 < 1,

and put 1/p = (1 = 0)/po+0/p1, 1/g = (1 —0)/q0 + 0/q1 and 1/r = 0/ry.
Suppose that

T € B((Lpy (Q0), Lp, () % (Lgo (@), Lg, (1)), (Lo (Q2), Ly, (22)))-

If T : Lp,(Q0)° X Lgy(1)° — Loo(Q2) is compact, then T may be uniquely
extended to a compact bilinear operator from L,(Qo) X Ly(Q1) to L.(S2).
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