SUBFIELDS OF A REAL CLOSED FIELD OF COUNTABLE
CODIMENSION

J.M. GAMBOA

ABSTRACT. Given a real closed field R we provide an elementary method to construct directed

systems {K,, : n € N} of subfields of R of countable codimension, that is, the dimension of R

as Kp-vector space is No, such that R = lim K,,. Next we deduce some properties of the family
—

of subfields of countable codimension of a real closed field.

1. INTRODUCTION

Artin and Schreier’s solution to Hilbert’s 17th problem [1] led them to introduce the key
notion of a real closed field and to prove the existence and uniqueness of the real closure of any
ordered field. These fields are unavoidable in real algebraic geometry for much the same reason
as algebraically closed fields of characteristic zero are unavoidable in algebraic geometry over C.

René Thom regrets, as late as 1972, the piteous state of neglect of real algebraic geometry
compared with the sophistication and formal perfection of complex algebraic geometry. Some
years later Jean Dieudonné [3] wrote with scepticism: In principle, in “abstract” algebraic
geometry, algebraic equations with coefficients in any field whatsoever can be taken; but the
experience of real geometry, where it is possible that no point of R™ satisfies a polynomial
equation of positive degree, shows that it would not be possible to have workable geometric
statements without being over algebraically closed fields.

Fortunately, Dieudonné erred his forecast and nowadays real algebraic geometry, that is, the
study of the geometry and the topology of semialgebraic subsets of R™, where R is a real closed
field, is a subject established over firm grounds. The book [2] by Jacek Bochnak, Michel Coste
and Marie-Francoise Roy is the recommended reading to study the fundamentals of real algebraic
geometry, even for those only interested in the knowledge of algebraic subsets of R™.

As Dieudonné pointed out, the main difference between algebraically closed fields and real
closed fields is that polynomial equations of positive degree have solutions over the first ones
and may have no solutions over the second ones. This has important topological consequences;
for example irreducible real algebraic varieties may be non-connected, contrary to the situation
over the complex field, see [11]. But this note is concerned with algebraic aspects of the theory
of real closed fields, so we must put in evidence some differences among the algebraic behaviour
of algebraically closed fields and real closed fields. Among other facts it seems worthwhile
mentioning the following.

Every field isomorphism ¢ : E — F extends to an isomorphism @ : E — F between their
algebraic closures E and F, but this extension is by no means unique. As opposed, every iso-
morphism between two ordered fields extends in an unique way to an isomorphism between their
real closures. This is due to the rigidity that the order structure imposes on real closed fields.
Along the same line recall that the field R of real numbers admits a unique field automorphism
whereas the field C of complex numbers admits 920 automorphisms, although just the identity
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and complex conjugation are continuous. As far as we know the first proof of this result was
given in [7].

The next difference seems deeper. Steinitz’s theorem states that two uncountable algebraically
closed fields are isomorphic if and only if they have the same characteristic and the same car-
dinality. The uncountability is a necessary condition in the statement above; for example, the
algebraic closures in C of Q and Q(t) are both countable of zero characteristic but they are
not isomorphic because Q(t) cannot be embedded inside an algebraic closure of Q since t is
not algebraic over Q. A proof of the above result for fields of characteristic zero appears in [9,
Prop. 2.2.5]. On the other hand there is exactly one ordering in R(t) such that t is positive
and smaller than any positive real number. Its real closure R is not isomorphic to R although
both have zero characteristic and the same cardinality. Note that this last implies that their
algebraic closures are isomorphic.

We fix along this note an algebraic closure K of a given field K. Recall that K is real if —1
is not a sum of squares in K. This is equivalent to say that K admits an ordering, that is, K
admits a total order relation compatible with sums and products in the obvious way. The real
field K is said to be real closed if it is real and if any algebraic extension of K which is real must
coincide with K.

Given a field extension E|F we call the codimension of F' (with respect to E) the dimension
[E : F] of E as F-vector space.

Let R be a maximal proper subfield of an algebraically closed field C' of zero characteristic.
It is easily seen using Zorn’s Lemma that R is real closed and the codimension [C : R] = 2. In
addition, this field R is by no means unique. The situation changes dramatically for subfields of
a real closed field because real closed fields do not admit proper subfields of finite codimension.
The main goal of this paper is to prove, see Theorem 2.6, that given a real closed field R and
a proper algebraic field extension R|K, there exists a countable family of fields {K,, : n € N}
with K C K, C R such that every K, is a subfield of R of countable codimension (which is
the smallest possible codimension.) In addition, K, C K,, if m divides n. Our proof just uses
elementary methods.

Section 3 is mainly devoted to study the family F5 of all subfields of a real closed field R with
countable codimension and, in particular, the subfamily {K, : n € N} constructed in Section
2. We prove in Remark 3.2 that no K, is real closed, but each K, is an euclidean field, that is,
each positive element of K,, with respect to the ordering inherited from R, is a square in K,.
We prove in Corollary 3.4 that 5 does not contain maximal elements and in Proposition 3.7
we show that the intersection of all these subfields is Q.

2. STATEMENT AND PROOF OF THE MAIN RESULT

Fix in what follows i := +/—1. A useful characterization of real closed fields is the following,
(see e.g. [8, Ch. XI, Prop. 3]).

Proposition 2.1. Let R be a non algebraically closed field whose algebraic closure R satisfies
the equality R = R(i). Then R is a real closed field.

A deeper result is the next one, due to E. Artin [1], that the reader can see also in [8, Ch,
VIII, §9, Cor. 2].

Proposition 2.2. Let K be a field and assume that [K : K| > 1 is finite. Then K = K(i). In

particular K is a real closed field and [K : K| = 2.

It follows immediately from Propositions 2.1 and 2.2 that real closed fields do not admit
subfields of finite codimension as it was announced in the Introduction.
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Given a field extension E|F we denote Aut(F) the group of automorphisms of E under
composition, and let

Gal(E|F) :={oc € Aut(E) :o(x) =2 Vx € F}

be its Galois group, that is, the group of F-automorphisms of E. Moreover, the fized subfield of
a subgroup H of Gal(E|F) is the field

Fix(H):={x € E:0(zx)=x2 Yo € H}.
We will use the following corollary of Proposition 2.2.

Corollary 2.3. Let K be a field with ch(K) = 0 and let H 757{id} be a finite subgroup of the
absolute Galois group Gal(K|K) of K. Then ord(H) =2 and K = F(i) where F := Fix(H).

Proof. Notice that K ¢ F C K, so K C F C F = K; in particular 1 < [F : F]. In addition,
since ch(K) = 0 and H is finite,
[F: F] =K : Fix(H)] = ord(H) < +oc.
This implies, by Proposition 2.2, that F = F(i) and i ¢ F. Thus, the only nontrivial F-
automorphism of F' is conjugation:
k:F > F, o+iy— o — iy
and H C Gal(K|F) = Gal(F|F) = {id, k}, which implies that ord(H) = 2. O

Next we prove a lemma about the Krull topology in the Galois group G := Gal(K|K).
Recall, see e.g. EO, §17], that the closure in this topology of a subgroup H of G is the subgroup
Clg(H) = Gal(K|Fix(H)), where Fix(H) is the fixed field of H.

Let xi,...,%, be indeterminates and let s1,...,s, € Z[x1,...,%,] denote the elementary
symmetric forms

81 :=X1+--+Xp,, 8= E Xip X, & spi=xpcc-x,,
1<ii << <n
where 2 < k <n—1.

Lemma 2.4. Let S and T be two subgroups of G := Gal(K|K) such that S C T and the index
[T : S] is finite. Denote H := Gal(K|Fix(S)) and H' := Gal(K|Fix(T)), respectively, the
closures of S and T in G with respect to the Krull topology. Then,

(1) H is an open and closed subgroup of finite index of H'. In addition, [H' : H| < [T : S].
(2) Suppose that T is cyclic. Then H is a normal subgroup of H'.

Proof. (1) Since the index [T : S] := n is finite, T' = (J;_; ¢;S for some g1,...,g, € T. Each

gi : G — G, g — g;g is a continuous map, because G is a topological group. Hence g; is a
homeomorphism, since its inverse is multiplication by g;” L. Therefore,

= Clg(T Cb(Um)=0b<O@@D U Clo(@(s)

=1

UﬁCb =UJaiH U%
i=1 =1

and this shows that [H' : H] <n = [T : S]. On the other hand, H is closed in G, so it is closed
in H'. To see that it is open in H', pick a set {071, ...,0.,} of representatives of the right cosets
of H' with respect to H, where o1 :=id. Then

H=0HU---Uo,H,
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and each coset 0;H is a closed subset of H' because it is the image of H under the homeomor-
phism ¢; : G — G, g — 0;g. Thus,

m
H=H\||o;H
j=2

is also open in H'.

(2) Since [T : S] = n we can suppose that S := (y") where v € G is a generator of T. We must
prove that given f € H and g € H then f~'ogo f € H. Notice that

sk(,7(x),...,7" " (x)) € Fix(y)
for each x € Fix(y"™) and each k = 1,...,n, because

{z,7(2),....7" @)} = {7(2),...,7" " (2),7" (2)}

Since f|pix(y) is the identity it follows that

Sk(f(‘r)af(’)/(x»: .- '7f(7n_1($))) = f(sk(x77(x)7 s 7’}/”_1(1'))) = Sk(x7’7(x)v s 77n—1($))_

Therefore,

n—1
H(t — =t"+ Z Sk z 'Y ) 'v’)/n_l(x))tn_k
j=0
n—1
= S D), @) F ) = T[ (- F ).
k=1 ‘770

Thus there exists an index i = 0,...,n — 1 such that f(z) = 7 (z), so fL( :

also that 7! (x) € Fix(9), because 7*(v!(z)) = 7' (v"(z)) = ~i (= ) Hence, g('yz(:zr) = ~"(z) and
(ftogof)@)=(fTog)(f(2)=(fTog)(y(x) = Fe(v' (@) = f(¥

which shows that f~logo f € H. O

Lemma 2.5. Let v € G := Gal(K|K) and for each positive integer n consider the subgroup
Gn = (") of G generated by v™. Let H, := Gal(K|Fix(G,)) be the closure of Gy, in G with
respect to the Krull topology. Then (), oy Hy = {id}.

Proof. Since H; is a Hausdorff space, it is enough to check that H := {H,, : n € N} is a basis of
open neighbourhoods of the identity in H;. But it follows from [10, §17] that the family
B :={U : U is a normal closed subgroup of finite index of H;}

is a basis of open neighbourhoods of the identity in H; and, by the previous lemma, H C B.
Hence it suffices to see that each U € B contains some member of H. Let g1,...,g9r € H; such
that H; = |_|]Z:1 geU. Since v has infinite order and

k
(v)=Gi1 C H = |_|geU>

there exist an index ¢ with 1 < ¢ < k and two positive integers 0 < r < s such that 4", ~* € g,U,
so v*7" € U. Hence

id € Hy_, = Cly, (*™")) Cc Clg, (U) = U,
as desired. ]

We are ready to state and prove the main result of this note.
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Theorem 2.6. Let R be a real closed field and let R|K be a proper algebraic field extension.
Then,
(1) There exists a countable family of subfields { K, : n € N} of R containing K such that every
K, is a subfield of R of countable codimension, that is, [R : K,| = Ny.
(2) In addition, K, C K, if m divides n. Consequently, {K, : n € N} is a directed system of
subfields of R with respect to inclusion, and R = J,cny Kn = @Kn
Proof. Let « € R\ K and let f be the minimal polynomial of « over K, whose roots in the
algebraic closure R = R(i) of R are simple because ch(K) = 0. In particular there exists a
root B € R of f with a # 3, and let ¢ : K(a) — K(f3) be the unique K-isomorphism that
maps a onto 3. Since R is an algebraic closure of K(a) and K (3) there exists an automorphism
0 : R — R such that 0|k () = ¢. In particular ¢ is a K-automorphism and o(a) = 8. Consider
the involution

k:R(i) — R(i), z + iy — x — iy,
which is different to o since k() = a and o(a) = 8. Note that K = R, so 0,k € Gal(K|K). We
claim the existence of an element of infinite order v € Gal(K|K) such that either Koy =yox
orkoy=~"tok.

Indeed, suppose first that x o 0 = o o k. If o(0) is finite then, by Corollary 2.3, 0% = id,
and H := {id, k,0,k 0 o} is a finite subgroup of Gal(K|K) with 4 elements. This contradicts
Corollary 2.3. Hence v := ¢ has infinite order in this case and kK oy = vy o k.

Suppose now that x oo # o o k, and define 7 := koo ok oo € Gal(K|K) \ {id}. Then,

fyflom:a*lonoaonz:Uflomoa:/io’y.

If o() is finite then 42 = id, by Corollary 2.3, and the last equality says that yox = s oy, which
implies that H' := {id, x,7, kov} is a finite subgroup of Gal(K|K) with 4 elements. Again, this
contradicts Corollary 2.3, so  has infinite order and Koy =~y~! o k.

For later purposes let us see that koy" =" ok for every r € Z, wheree =1 if koy=7v0k
and e = —1 if Koy = v ! o k. This is evident for r = 0 and we have proved it for » = 1. Let
r > 1 and suppose that ko ~"~! =~k Then,

HO’}/T — Rofyril oy = ,Ye(rfl)ﬂo,y — ,}/s(rfl) O,Ys oK = ,.YETK.
This proves the statement for positive exponents r, and if r < 0 we denote s = —r > 0 and
7ok =9 okoy " = (ko) oyt =k,

that is, ko y" =" 0 k.

For each positive integer n consider the cyclic infinite subgroup G, := (") of G := Gal(K|K)
generated by 7" and let H,, := Clg(G,) = Gal(K|Fix(Gy)) be the closure of Gy, in G with
respect to the Krull topology. Let us see that each union S,, := H, U kH, is a closed subgroup
of G. Since the map k : G — G, g — kg is a homeomorphism, we have

Sp = Clg(Gr) UR(Clg(Gr)) = Clg(G, UR(Gy)) = Clg(G, U KG,),
so it suffices to see that G}, := G,, U kG, is a subgroup of G. But given integers m and ¢,
(koy"™) L =4 ok =Koy ™™ € kG, ™o (koy™) =koy"HM c k@, &
(koy"™) o (roy™) ="M € Gy,

We check now that each G, is a subgroup of finite index of G). As G,, C G], C G, it is enough
to prove that G, is a subgroup of finite index of G}. But G = U::ol v Gy, thus

n—1

kG1 = U (koy")Gp,
r=0
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which implies that
n—1 n—1
Gy =G1UkG = 7" GnU | (k09"
r=0 r=0

and, consequently, [G] : G,,] < 2n.

By the Fundamental Theorem of Galois Theory, [6, §IV], the subfield K,, := Fix(S,) of K
contains K and Gal(K|K,) = S,. Note that each K,, C R = Fix(k) since k € Sy, and K1 C K,
because S, C S;. Indeed K,|K is a finite extension because, by Lemma 2.4 and the inequality
just proved,

(K, : K] = [Fix(S,,) : Fix(S1)] = [S1: S,] < [G) : GL] < 2n.
Notice also that K, C Ky if £|m, so the union Ko, := (J,,cy Kn is a subfield of R that contains
K. Let us show that K., = R. Observe that for every n € N,

id, x € Gal(K|Ks) C Gal(K|K,) = Sy,
and in fact [,y Sn = {id, k}. Given o € (G'\ {id, x}) both o # id and ko # id and, by Lemma
2.5, pen Hn = {id}. Thus, there exist n,m € N such that ¢ ¢ H, and ko ¢ Hy,. Hence
0,60 ¢ Hpyy, that is, 0 & (Hpp U KHppn) = Spp. Consequently,
Gal(K|Kw) = {id, s} = Gal(K|R),

and R = K.

Next, let us prove that K; is a subfield of R containing K and [R : K| = Ny. First, each
K, is a finite dimensional K{-vector space, so there exists a finite subset ¥,, of K,, generating
it as Ki-vector space. Thus, ¥ := |J,,cny Xn is a countable subset of R = K, generating it as

K;-vector space, which shows that [R : K] < Y. Thus, we must just prove that the extension
R| K is not finite. Otherwise, by the transitivity of degree,

[K1:Ki]=[K:Ki]=[R:Ki]=[R:R]-[R: Ki]=2-[R: Ki]
is finite too and, by Proposition 2.2, [R : K] = 1, that is, Ko, = K;. Hence,
v € Gy C Hy C 51 =Gal(K|K;) = Gal(K|Kw) = {id, k},
a contradiction.
To finish, note that each index [K,, : K] is finite, so [R : K| = 8y for every n > 1. O

3. SOME CONSEQUENCES

Along this section we will use the notations employed in the previous ones; in particular those
introduced in the proof of Theorem 2.6.

Corollary 3.1. Fach real closed field R contains a countable family of subfields of countable
codimension. In addition, this family is a directed system with respect to inclusion and R is its
direct limat.

Proof. Let R be a real closed field and let f € Q[t] be an irreducible polynomial of odd degree.
Hence there exists a root @ € R of f and, by Zorn’s Lemma, there exists a subfield K of R which
is maximal among those subfields of R not containing . Since R|K is a proper extension because
a € R\ K, the result follows from Theorem 2.6 once we see that the extension R|K is algebraic.
Otherwise there exists a an element ( € R transcendental over K and, since K C K(¢) C R,
the maximality of K implies that o € K({). Notice also that ( is transcendental over K (a).
Therefore, there exist coprime polynomials g, h € K|[t]| such that a := ¢({)/h(() or, equiva-
lently, ¢ is a root of the polynomial p(t) := g(t)—ah(t) € K(«a)[t]. Thus p is the zero polynomial
and, in particular, 0 = p(0) = ¢g(0) — ah(0). Since a ¢ K this implies that g(0) = h(0) = 0, and
this is a contradiction because g and h are coprime. O



SUBFIELDS OF A REAL CLOSED FIELD OF COUNTABLE CODIMENSION 7

Recall that an euclidean field is an ordered field F' such that for every positive element z € F
there exists y € F such that 2 = 32. Real closed fields are euclidean fields, but the converse is
not true as it follows from our next remark.

Remarks 3.2. (1) We have proved in Theorem 2.6 that R := |J,cy Kn and K,|K; is, for
every positive integer n a finite extension. As [R : K] is not finite, the proper extension R|K,
is algebraic. In particular no K, is a real closed field because real closed fields do not admit
proper formally real algebraic extensions.
(2) For every n € N the field K,, endowed with the ordering inherited from the ordering in R is
euclidean. In fact, let € K, be positive. Then there exists y € R such that z = y?, and all
reduces to check that y belongs to K,, = Fix(S,). Let f € S, = H, UxH,,. We must prove that
fy) =y

Suppose first that f € H, = Gal(K|Fix({(y"))), i.e., Fix({(y")) C Fix(f). Since z € K,, we
have 7"(z) = =, that is, v"(y%) = y*. Thus y* € Fix((y")) C Fix(f), so y* = f(y*) = f(y)*.
After changing y by —y if necessary we may assume that y > 0 and, since R is real closed, there
exists z € R such that y = 22

Write f(z) = a + bi with a,b € R. Then y = f(2)? = (a + bi)? = (a? — b?) + 2abi and
y = a®> — b? with ab = 0. If @ = 0, then y = —b?, which is false because y > 0 and —b* < 0.
Thus b= 0 and f(z) =a € R.

Consequently f(y) = f(2)? = a®> > 0. Hence y and f(y) are positive elements of R and we
have proved that 32 = f(y)2. Thus, y = f(y), as claimed.

Suppose now that f € kH,. Then xf € H, and we have just seen that y = (xf)(y). But
y = k(y) because y € R, so

y=r(y) = k((kN) W) = (>N Y) = f),

as wanted.

Let R be a real closed field. Possibly there exist many subfields £ C R such that [R: E] = Rg
which are distinct to the ones found in Theorem 2.6. We are going to prove that it does not
exist a maximal one among them. For the sake of the reader let us recall some notions and
results introduced in [4] and [5].

Definition 3.3. Let K(t) be the field of rational functions over a field K. It is said that K
enjoys the extension property if every automorphism ¢ : K(t) — K(t) satisfies the equality
p(K) = K.

It was proved in Proposition 3.7 in [4] or, in a different way, in Proposition 3.1 in [5], that
real closed fields enjoy the extension property. On the other hand, let E be a field and let u
be transcendental over E. Then, the field K := E(u) does not enjoy the extension property
because the automorphism v : K(t) — K(t) defined by ¢|g = id, ¢¥(u) = t and ¥(t) = u
satisfies Y(K) # K.

Corollary 3.4. Let R be a real closed field. It does not exist a maximal subfield of R of
countable codimension.

Proof. Assume, by the way of contradiction, that there exists a maximal subfield £ among those
subfields of R with countable codimension. Pick u € R\ E. As E C E(u) C R the maximality
of E implies that [R : E(u)] is finite. As real closed fields admit no proper subfields of finite
codimension, we get R = E(u). In addition, since [R : E] is not finite it follows that u is
transcendental over F, and this is impossible because R has the extension property whereas
E(u) does not enjoy it. O
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Next we shall try to understand the intersection of all subfields of a real closed field with
countably codimension. First we need to introduce some terminology and to prove a technical
lemma.

Definition 3.5. Let R be a real closed field and let R|K be a proper field extension. We say
that an element o € R\ K is not totally real with respect to K, if either it is transcendental
over K or its minimal polynomial over K has a root in R(i) \ R.

Lemma 3.6. Let R be a real closed field and let o € R\ Q be such that it is not totally real with
respect to Q. Then, there exists a subfield K of R which is mazimal among those subfields F' of
R such that « is not totally real with respect to F. In addition, R|K is an algebraic extension.

Proof. The family ¥ consisting of those subfields F' of R such that « is not totally real with
respect to F' is nonempty because it contains Q. Let {K; : i € I} C ¥ be a chain. Then, its
union K := | J;c; K; belongs to ¥ because, if « is algebraic over K, then there exists an index
1 € I such that the minimal polynomial of o over K coincides with the minimal polynomial of «
over K;. Thus, Zorn’s lemma guarantees the existence of a maximal element K of Y. To finish
let us prove that R|K is an algebraic extension. Otherwise there would exist an element ¢ € R
transcendental over K. Since K C K({) C R, the maximality of K implies that K(¢) ¢ X,
hence « is algebraic over K ({) and its minimal polynomial over K (() splits completely in R[t].
This is false because, as ( is transcendental over K, the minimal polynomials of a over K and
over K(() coincide. O

Proposition 3.7. Let R be a real closed field, and let F be the non-empty family consisting of
those subfields of R with countable codimension. Then (per E = Q.

Proof. We must prove that for every a € R\ Q there exists £ € F such that o ¢ E. By Lemma
3.6 there exists a subfield K of R which is maximal among those subfields F' of R such that « is
not totally real with respect to F' and, in addition, R|K is an algebraic extension. Let f € K[t]
be the minimal polynomial of o over K and pick a root 8 € R(i) \ R of f.

In the proof of Theorem 2.6 we proved the existence of an automorphism o : R(i) — R(i)
satisfying o(a) = 8. We denoted

k:R(i) — R(i), z + iy — x — iy,

and distinguished two cases. Firstly, if K 0o 0 = 0 o k then 7 := o satisfies y(a) = 8 # «.

1

Suppose now that Koo # ook. Then the automorphism 7 := koo™ " o koo satisfies y(a) # a.
1

Otherwise (07 okoo)(a) = k() = a, i.e., k() = k(o(a)) = o(a) = B, and this is false because
B € R(i) \ R. Thus v(«) # « in both cases and, with the notations in Theorem 2.6,

E =K := FiX(S1) €F and ye€Gy C H CS5y,
soa ¢ E. O
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