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Abstract

We construct Darboux transformations for the super-symmetric KP hierarchies of Manin–Radul and Jacobian types. We
also consider the binary Darboux transformation for the hierarchies. The iterations of both type of Darboux transformations
are briefly discussed. q 2000 Elsevier Science B.V. All rights reserved.

1. Introduction

Ž .The first super-symmetric KP SKP hierarchy
w xwas introduced by Manin and Radul 5 more than a

decade ago. Another relevant super-symmetrization
w xis due to Mulase and Rabin 8 . These systems have

been subject of extensive studies from both mathe-
matical and physical viewpoints. In particular we
stress the possible applications in two dimensional

w xsuper-symmetric quantum gravity 1 . There are now
many results for SKP hierarchies such as the descrip-
tion of their solution space in the framework of the

w xuniversal super-Grassmann manifold 12 , the con-
w xstruction of their additional symmetries 6 and tau

w xfunctions 7 .
w xIn our previous papers 3,4 , we constructed the

Darboux transformations for the Manin–Radul’s su-
Ž .per-symmetric KdV SKdV hierarchy and its reduc-

tions. We found that, as in ordinary case, Darboux
transformations constitute a very efficient tool for

Ž .E-mail address: manuel@darboux.fis.ucm.es M. Manas .˜

the generation of solutions. The SKdV hierarchies
are reductions of SKP hierarchies, so a natural task is
to construct Darboux transformations for SKP hierar-
chies itself. It should be remarked that such general-
ization is not so straightforward as one may suppose.
The reason is that the SKP hierarchies incorporates
both even time and odd time flows while the SKdV
hierarchy only has the even time flows. Very re-
cently, Araytn et al. have pointed out that the natural
candidate for the Darboux transformation does not

w xpreserve the odd flows 2 .
The purpose of the paper is to present proper

Darboux transformations for the SKP hierarchies.
For that aim we must recall, following Ueno and

w xYamada 12 , that there two SKP hierarchies, say
SKP , ks0,1. In fact, by reversing the signs of thek

odd times we go from SKP to SKP . We will show0 1

that the natural candidate for elementary Darboux
transformation is a map SKP ™SKP , mod2; thus,k kq1

when composed with a reversion of odd times gives
new solution of the SKP . Observe also that whenk

this elementary Darboux transformation is composed

0370-2693r00r$ - see front matter q 2000 Elsevier Science B.V. All rights reserved.
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twice we get a transformation SKP ™SKP . Wek k

also consider the binary type of Darboux transforma-
tion for these hierarchies.

The paper is organized as follows. In the next
section, we recall all the relevant facts and formulae
for the Manin–Radul and Jacobian SKP hierarchies.
In Section 3 the reader may found our main results.
We construct both the so called elementary and
binary Darboux transformations. We show that while
the binary one has a rather straightforward general-
ization, the elementary one needs to be modified. We
discuss the iterations of both type of Darboux trans-
formations briefly.

2. Super-symmetric KP hierarchies

In this section we remind the reader the basic
aspects of the two main SKP hierarchies: the
Manin–Radul and Jacobian hierarchies.

The proper setting for the SKP hierarchies is the
w xSato’s formalism which we now recall 7,8,11,12 .

We consider the algebra XX of super pseudo-dif-
ferential operators in the following form

PPs a x ,u ,t,t Dn , NgNŽ .Ý n
nFN

here the coefficients a are taken from a super-com-n

mutative algebra

w xYYsC x ,t mL u ,t mAAŽ .

where x is an even variable, u an odd variable,
� 4` � 4`ts t , ts t , and AA is a finite or infiniten ns1 n ns1

dimensional Grassmann algebra over C. The super-
differential operator D is given by

E E
Dsu q

E x Eu

which satisfies

y1E E E
2 y1D sE[ , D suq .ž /E x Eu E x

For any operator LsÝ a Di gXX we denote thei i

truncations to various orders by

L s a Di , L s a Di , L saÝ Ýq i y i 0 0
iG0 i-0

and its super-residue is

res L sa .Ž . y1

We also follow the convention:

Ø Parentheses is intended to indicate that an opera-
tor has acted on an argument.

Ø Juxtaposition of operators to indicate an operator
product.

< <The parity of a super quantity s is denoted by s ;
< < < <i.e., if the quantity is even, s s0, otherwise s s1.

To work out the so called binary Darboux trans-
formation, we need the adjoint operation ) , which is
defined as

Ž .n ny1

) 2
) n nD syD , D s y1 D ,Ž . Ž .

) < < < <f g
) )fg s y1 g fŽ . Ž .

for any f , ggXX .
The super-vector fields on YY generating the SKP

flows are given by
E

E [ ,n
E tn

E E°
y t for the Manin–Radul SKP,Ý m

Et E tn nqmy1mG1~D [n E
for the Jacobian SKP.¢Etn

The action of E on an object f is sometimes writtenn

as f . They generate a Lie super-algebra with rela-tn

tions
w x w xE ,E s0, E , D s0,n m n m

y2E for the Manin–Radul SKP,nq my1� 4D , D s 1Ž .n m ½ 0 for the Jacobian SKP,

w x � 4where P,P denotes the usual commutator and P,P
the anti-commutator.

Now we introduce Sato’s operator
`

ynWs1q w x ,u ,t,t D , 2Ž . Ž .Ý n
ns1

Žwhere the parity of the field w is given by 1yn
Ž .n.y1 r2; i.e., w are even and w are odd, so2 k 2 ky1

that W is a homogeneous even operator.
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Sato’s equation for the SKP hierarchies of typek

ks0,1 are given by
E W sy WE nWy1 W ,Ž .yn

k y1D W sy y1 WA W W ,Ž . Ž .n n y

D2 ny1 , nG1 for the Manin–Radul SKP,
Ewith A [n 2 ny2½ D , nG1 for the Jacobian SKP.
Eu

Two observations are in order now: Notice first that
Ž .given a Sato operator W x,u ,t,t for SKP thek

Ž .operator W x,u ,t,yt is a Sato operator of SKPkq1
Ž .mod 2 ; i.e. both are essentially the same hierarchy.
Secondly, for the Jacobian hierarchy we have A sn

D2 ny1 yu D2 n.
An essential ingredient in our forthcoming consid-

erations are the wave functions, which are solutions
wgYY™AA of the following equations

k
E wsP w , y1 D wsQ w , 3Ž . Ž .n n n n

where P and Q are defined in terms of the dress-n n

ing operator W as follows

P [ WE nWy1 , Q [ WA Wy1 ,Ž . Ž .qn n n q

and accordingly we also have their adjoint counter-
parts

k
) ) ) ) ) )E w [yP w , y1 D w [yQ w . 4Ž . Ž .n n n n

A second equivalent formulation of the SKP hier-
w xarchies is the Zakharov–Shabat formalism 12 ,

which can be regarded as the compatibility condition
Ž .of the linear systems Eq. 3

w xE P yE P q P , P s0n m m n m n

k w xE Q y y1 D P q Q , P s0Ž .n m m n m n

k k � 4y1 D Q q y1 D Q y Q ,QŽ . Ž .m n n m n m

y2 P for the Manin–Radul SKP,nqmy1s ½ 0 for the Jacobian SKP.

For the Manin–Radul SKP hierarchy there is a
third formulation: the Lax form. It is obtained by
dressing the operator D with W, getting thus the Lax
operator

`

y1 ynq1LsWDW sDq u DÝ n
ns1

and the corresponding Lax representation

2 n 2 nE Lsy L , L s L , L ,Ž . Ž .y qn

k 2 ny1y1 D Lsy L , L� 4Ž . Ž .yn

s L2 ny1 , L y2 L2 n .� 4Ž .q

3. Darboux transformations

In this section, we discuss the Darboux transfor-
mations for the SKP hierarchy. We first consider so
called elementary Darboux transformation. We will
see that the naive candidate does not qualify as a
proper one, but by examining the failure we show
how to remedy it and obtain a meaningful Darboux
transformation. The iteration of such transformation
leads us to super ‘Wronski’ determinant representa-´
tion for the solution of the susy KP hierarchies. This
is the generalization of the one found by Ueno et al.
w x12 in the framework of the universal super-Grass-
mann manifold.

Next we discuss the binary Darboux transforma-
tion. We show that unlike the elementary one, the
binary Darboux transformation does enjoy a straight-
forward generalization. As in the SKdV case, the
iteration of such transformation provides us the solu-
tion of the SKP hierarchy in the form of super-
Gramm determinants.

3.1. Elementary Darboux transformations

We first introduce odd gauge operator

T[wDwy1 sDywy1 Dw 5Ž . Ž .
where w is an even invertible wave function of the

Ž .linear system 3 . Indeed, as shown in previous
w xpapers 3,4 , this very operator supplies us the Dar-

boux transformation for the SKdV equation. We first
observe

Lemma 1. The gauge operator T satisfies

E T Ty1 sy TP Ty1 ,Ž . Ž .n n y

k y1 y1y1 D T T s TQ T .Ž . Ž . Ž .n n y
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Proof. First observe

E TsyE wy1 Dw syD wy1E wŽ .Ž . Ž .n n n

syD wy1P wŽ .n

and

TP Ty1 s wDwy1P wDy1wy1Ž . Ž .n ny y

sw Dwy1P wDy1 wy1Ž .n y

sw Dwy1P w Dy1wy1 .Ž .n

Second,

D TsyD wy1 Dw sD wy1 D wŽ . Ž .Ž . Ž .n n n

and

TQ Ty1 s wDwy1 Q wDy1wy1Ž . Ž .n ny y

sw Dwy1 Q wDy1 wy1Ž .n y

sw Dwy1 Q w Dy1w .Ž .n

I

This gauge operator allows us to define, in the
realm of the standard Darboux transformation, the
transformed Sato’s operator

ˆ y1W[TWD . 6Ž .
The susy KP flows on this transformed operator are

ˆLemma 2. The operator W satisfies

ˆ ˆ n ˆy1 ˆE Wsy WE W W ,Ž .n y

kq1 y1ˆ ˆ ˆ ˆy1 D Wsy WA W W .Ž . ž /n n y

Proof. For the even evolution we have

ˆ y1 y1 n y1 y1E Wsy TP T TWD yT WE W WDŽ .Ž . yn n y

s TP Ty1 TWDy1 yTWE nDy1Ž .n q

s T WE nWy1 Ty1 TWDy1 yTWE nDy1Ž .Ž .q q

s TWE nWy1Ty1 TWDy1 yTWE nDy1Ž .q

ˆ n ˆy1 ˆsy WE W W ,Ž .y

while for the odd time evolution

k y1 y1ˆy1 D Ws TQ T TWDŽ . Ž .n n y

qT WA Wy1 WDy1Ž .n y

sy TQ Ty1 TWDy1 qTWA Dy1Ž .n nq

sy T WA Wy1 Ty1 TWDy1Ž .Ž .n q q

qTWA Dy1
n

sy TWA Wy1Ty1 TWDy1Ž .n q

qTWA Dy1
n

ˆ ˆy1 ˆs WA W W .ž /n y

I

We see then that while the even evolutions are
preserved by the suggested transformation the odd
time evolutions are not.

At the level of wave functions for any given
ˆŽ .solution c of Eq. 3 a new function c as

ˆ ˆ y1c[Tc , P [ TP T ,Ž .n n q

ˆ y1Q s TQ T 7Ž .Ž .n n q

then

ˆProposition 1. The new function c satisfies

ˆ ˆ ˆE csP c ,n n

kq1 ˆ ˆ ˆy1 D csQ c .Ž . n n

Proof. We first compute

ˆ y1 y1 ˆ y1 ˆE cs E T T qTP T cs TP T cŽ .Ž . Ž .n n n n q

and then we calculate

k k y1 y1ˆ ˆy1 D cs y1 D T T yTQ T cŽ . Ž . Ž .Ž .n n n

y1 ˆsy TQ T c .Ž .n q

I

Hence, we observe that is true that the SKP oddk

flows will not be preserved because there is a change
t ™yt involved within the transformation. Inn n

fact, this Darboux transformation generates a map
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SKP ™SKP from solutions of the SKP to solu-k kq1 k

tions of SKP , kmod2. That is:kq1

Theorem 1. GiÕen a Sato operator W of the SKPk
ˆhierarchy then W is a Sato operator of the SKPk q 1

( )k mod2 .

Moreover, for

˜ ˆW x ,u ,t,t [W x ,u ,t,ytŽ . Ž .
we have

Corollary 1. GiÕen a Sato operator W of the SKPk
˜hierarchy then W is again a Sato operator of the

SKP hierarchy.k

Let us remark that, on the level of Lax formula-
tion of the Manin–Radul SKP hierarchy, this point0

w xis treated in Section 3 of 2 . Their observation is that
the Darboux transformation does preserve only the
bosonic flows. But, as we have seen this can be
remedied by reversing the sign of the fermionic
flows. However, there is even another solution to
this problem: the idea is that the single step of the
transformation preserves the even flows but changes
the odd flows in the way t ™ yt . Therefore, wen n

do successively two steps of such transformation
which do preserve the odd flows as well.

Ž .Given two distinct solutions of the system Eq. 3
Ž . Ž .u even and u odd , we construct an operator0 1

T sEqaDqa 8Ž .e

where the coefficients a and a are given in terms of
u and u0 1

ˆsdet FF
asDln sdet FF , asy 9Ž .

sdet FF

ˆwith the super-matrices FF and FF defined as

u u Eu Eu0 1 0 1ˆFF[ , FF[ .ž / ž /Du Du Du Du0 1 0 1

Here sdet means the super-determinant or Berezian
of a super-matrix.

We define as well

ˆ y1W[T WE 10Ž .e

so that

w [w qa , w [w ya w qa,ˆ ˆ1 1 2 2 1

< <w nq 1w [w q y1 a w qawŽ .ˆnq2 nq2 nq1 n

qa Dw qw , nG1 .Ž . Ž .n n x

Then

ˆ ( )Theorem 2. The operator W defined by Eq. 10
satisfies the SKP hierarchyk

ˆ ˆ n ˆy1 ˆE Wsy WE W W ,Ž .n y

ˆ ˆ ˆy1 ˆD Wsy WA W W , nG1 .Ž .ž /n n y

So in the SKP case, the proper elementary Darboux
transformation is generated by the compound opera-
tor T .e

This Darboux transformation can be iterated and
the solutions can be formed in terms of super ‘Wron-´
ski’ determinants as in super KdV case.

(Proposition 2. GiÕen 2n distinct solutions u isi
) ( )0, PPP ,2ny1 of the linear system 3 with parities

< < ( )iu s y1 , then the new Sato’s operator is giÕeni

by
2ny1

yn n iˆ w x w xWsT n WE , T n sE q a D 11Ž .Ýe e i
is0

[ ]where the coefficients a of the operator T n arei e

giÕen by solÕing the linear equations

w xT n u s0, is0, PPP ,2 ny1. 12Ž . Ž .e i

To obtain the explicit transformations between
fields, one has to solve the linear algebraic system

Ž .Eq. 12 first, then compare the coefficients of the
i Ž . Ž .different powers D of Eq. 11 . The system Eq. 12

w xcan be solved easily as we did in 3,4 . To this end,
we introduce new variables

aŽ0.[ a ,a , PPP ,a ,Ž .0 2 2 ny2

aŽ1.[ a ,a , PPP ,a ,Ž .1 3 2 ny1

u Ž0.[ u ,u , PPP ,u ,Ž .0 2 2 ny2

u Ž1.[ u ,u , PPP ,u ,Ž .1 3 2 ny1

Ž .iu
Ž .iEuŽ i. n Ž i. Ž i.b [E u , WW [ , is0,1...� 0

ny1 Ž i.E u
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Ž .so that the linear algebraic system Eq. 12 can be
reformulated as

aŽ0. ,aŽ1. WWsy bŽ0. ,bŽ1. 13Ž . Ž . Ž .
where

Ž . Ž .0 1WW WW
WWs Ž . Ž .0 1ž /DWW DWW

Then, we obtain
y1Ž .0 Ž1. Ž1. Ž0.det WW yWW DWW DWWŽ . Ž .ž /i i

a sy2 iq2 y1Ž . Ž . Ž .0 1 1 Ž0.det WW yWW DWW DWWŽ .Ž .ž /
sdet WWi

sy , is1, PPP ,ny1, 14Ž .
sdet WW

a2 iy1

y1Ž .1 Ž0. Ž0. Ž1.det DWW y DWW WW WWŽ . Ž .Ž . iž /i
sy ,y1Ž . Ž . Ž .1 0 0 Ž1.det DWW y DWW WW WWŽ . Ž .ž /

is1, PPP ,n. 15Ž .
where the matrix WW Ž j. is the WW Ž j. with its i-th rowi

WW Ž0. WW Ž1.
i iŽ j.replaced by b and WWs , the
Ž0. Ž1.ž /DWW DWW

Ž Ž1.. Ž1.matrix DWW is the matrix DWW with its i-thi
Ž1. Ž Ž0..row replaced by b and the matrix DWW is thei

matrix DWW Ž0. with its i-th row replaced by bŽ0..
Ž .By considering Eq. 11 , we obtain the general

formulae
jyk2 n

w s a C , ks1, PPP ,2 n ,ˆ Ý Ý2 nyk j i , jykyi , j
jsk is0

j2 n

w s a C , ks0,1, PPPˆ Ý Ý2 nqk j i , jqkyi , j
js0 is0

with w sa s1 and the a are given by Eq.0 2 n i
Ž . Ž .14 –Eq. 15 and

< <Ž .k w kyi ijC s y1 D wŽ . Ž .i , j ,k jky i

Pwhere denotes the super-binomial coefficients.
P

3.2. Binary Darboux transformation

In this section we consider the extension of the
well known binary Darboux transformation for the
KP hierarchy to its super-symmetrizations.

For an eigenfunction w and an adjoint eigenfunc-
) Ž .tion w satisfying the linear system Eq. 3 and Eq.

Ž .4 respectively, we may introduce a potential opera-
tor V as follows

DV w ) ,w sw )w ,E Vs res Dy1w )P wDy1 ,Ž . Ž .n n

D Vs res Dy1w ) Q wDy1 16Ž .Ž .n n

where we choose w as an even quantity and w ) as
an odd one, so that our potential operator V is even.

By lengthy calculation one can show that V is
Ž .well defined, i.e., Eq. 16 are consistent.

In terms of V , we introduce the gauge operator

T[1ywVy1Dy1w ) 17Ž .
where we assume the invertibility of V . The formal
inverse of T is

Ty1 s1qwDy1Vy1w ) . 18Ž .
It can be proven that

Proposition 3. The gauge operator T solÕes

E T Ty1 sy TP Ty1 ,Ž . Ž .n n y

D T Ty1 sy TQ Ty1 . 19Ž . Ž .Ž .n n y

This property qualifies T for generating a Darboux
[ ]transformation 9 . GiÕen a Sato operator W we

ˆintroduce its transformed W as follows

Ŵ[TW . 20Ž .

ˆProposition 4. The operator W is again a Sato
operator.

Proof. We begun with

ˆ y1 n y1E Wssy TP T TWyT WE W WŽ .Ž . yn n y

s TP Ty1 TWyTP WqT WE nWy1 WŽ .Ž . qn nq

yTWE n

s T WE Wy1 Ty1 TWyTWE nŽ .Ž .n q q

s TWE nWy1Ty1 TWyTWE nŽ .q

ˆ n ˆy1 ˆsy WE W WŽ .y
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and

ˆ y1 y1D Wsy TQ T TWyT WA W WŽ . Ž .n n ny y

s TQ Ty1 TWyTQ WqT WA Wy1 WŽ . Ž .n n nq q

yTWAn

s T WA Wy1 Wy1 TWyTWAŽ .Ž .n nq q

ˆ ˆy1 ˆsy WA W Wž /n y

Therefore, the transformed Sato’s operator indeed is
the solution of Sato’s equation.

The explicit transformation is

w sw qwVy1w ) ,ˆ 1 1

w sw ywVy1 Dw ) qw ) w ,Ž .Ž .ˆ 2 2 1

j y1 ) jŽ .w sw q y1 wV wŽ .ˆ 2 jq1 2 jq1 ž
jy1

jyky1Ž .k
)q y1 Dw wŽ . Ž .Ý ž 2 kq1

ks0

jyky1Ž .
)y w w ,Ž . /2 kq2 /

jq1 y1w sw q y1 wVŽ .ˆ 2 jq2 2 jq2

=
jŽ .jŽ .

) )Dw q w wŽ . Ž .1ž
j

jykŽ .k
)q y1 Dw wŽ . Ž .Ý ž 2 k

ks1

jykŽ .
)q w w ,Ž . /2 kq1 /

for js1,2, PPP and where f Ž i.sE i f E x i.
Ž .For any given solution c of Eq. 3 we define

ˆ ˆ y1 ˆ y1c[Tc , P [ TP T , Q s TQ TŽ . Ž .n n n nq q

and as before

ˆProposition 5. The function c satisfies

ˆ ˆ ˆE csP c ,n n

ˆ ˆ ˆD csQ c .n n

For the Manin–Radul SKP hierarchy the transfor-
mation on the Lax level can be easily obtained as

ˆ y1LsTLT
ˆand we found that L satisfies

2 nˆ ˆ ˆL s L , L ,Ž .qtn

ˆ ˆ2 ny1 ˆ ˆ2 nD Ls L , L y2 L .Ž .� 4qn

Indeed, we have
y1 2 n y1ˆ ˆL s T T qT L T , LŽ .qt tn n

y1 2 n y1 ˆs y TP T qT L T , LŽ .Ž . qn y

y1 2 n y1ˆ ˆs TP T , L s TL T , LŽ .Ž . qn q

2 nˆ ˆs L , LŽ .q

Ž Ž 2 n. y1 .since T L T s0y q
Likewise,

ˆ y1 2 ny1 y1 ˆ ˆ2 nD Ls D T T qT L T , L y2 LŽ . Ž .� 4qn n

y1 2 ny1 y1 ˆ ˆ2 ns y TQ T qT L T , L y2 LŽ .� 4Ž . qn y

2 ny1 y1 ˆ ˆ2 ns T L T , L y2 LŽ .� 4Ž .q q

ˆ2 ny1 ˆ ˆ2 ns L , L y2 LŽ .� 4q

Ž Ž 2 ny1. y1 .because of T L T s0. The binary Dar-y q
boux transformation can be iterated. To do this, we
need to consider the effect of this transformation for
adjoint wave functions c ). It is indeed not difficult
to find they are transformed as follows

y1
) ) ) ) )ĉ sc yw V w ,w V c ,w .Ž . Ž .Ž .

Another important fact is the following
)̂ ) )ˆV c ,c sV c ,c yV c ,wŽ . Ž .Ž .

=
y1

) )V w ,w V w ,cŽ . Ž .
w xthen as in the pure bosonic case 10 , by iterations of

the binary Darboux transformation leads to the fol-
lowing result

( )Proposition 6. Let w is1,2, PPP ,n be n bosonici
( ) ) ( )solutions of 3 and w is1,2, PPP ,n be ni

( ) ( ( ) ))fermionic solutions of 4 , let GGs V w ,w be ai j

Gramm type of matrix and GG be the matrix GG withj
( )its i-th row replaced by w , PPP ,w . Define1 n

n det GGiy1 )w xT n s1y b D w , b s .Ý i i i det GGis1
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Then the new Sato’s operator is giÕen by

ˆ w xWsT n W 21Ž .

Ž .From 21 we obtain the explicit transformation on
the level of fields

n
)w sw q b w ,ˆ Ý1 1 j j

js1

n
) )w sw y b Dw qw w ,ˆ Ž .Ž .Ý2 2 j j j 1

js1

n
j

) jŽ .w sw q y1 b wŽ .ˆ Ý2 jq1 2 jq1 s sž
ss1

jy1
jyky1Ž .k

)q y1 Dw wŽ . Ž .Ý ž s 2 kq1
ks0

jyky1Ž .
)y w wŽ . /s 2 kq2 /

jq1w sw q y1Ž .ˆ 2 jq2 2 jq2

=
n

j jŽ . Ž .
) )b Dw q w wŽ . Ž .Ý s s s 1ž

ss1

j
jykŽ .k

)q y1 Dw wŽ . Ž .Ý ž s 2 k
ks1

) jykŽ .q w w ,Ž . /s 2 kq1 /
for js1,2, PPP .
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