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Abstract

We construct Darboux transformations for the super-symmetric KP hierarchies of Manin—Radul and Jacobian types. We
also consider the binary Darboux transformation for the hierarchies. The iterations of both type of Darboux transformations
are briefly discussed. © 2000 Elsevier Science B.V. All rights reserved.

1. Introduction

The first super-symmetric KP (SKP) hierarchy
was introduced by Manin and Radul [5] more than a
decade ago. Another relevant super-symmetrization
is due to Mulase and Rabin [8]. These systems have
been subject of extensive studies from both mathe-
matical and physical viewpoints. In particular we
stress the possible applications in two dimensional
super-symmetric quantum gravity [1]. There are now
many results for SKP hierarchies such as the descrip-
tion of their solution space in the framework of the
universal super-Grassmann manifold [12], the con-
struction of their additional symmetries [6] and tau
functions [7].

In our previous papers [3,4], we constructed the
Darboux transformations for the Manin—Radul’s su-
per-symmetric KdV (SKdV) hierarchy and its reduc-
tions. We found that, as in ordinary case, Darboux
transformations constitute a very efficient tool for
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the generation of solutions. The SKdV hierarchies
are reductions of SKP hierarchies, so a natural task is
to construct Darboux transformations for SKP hierar-
chies itself. It should be remarked that such general-
ization is not so straightforward as one may suppose.
The reason is that the SKP hierarchies incorporates
both even time and odd time flows while the SKdV
hierarchy only has the even time flows. Very re-
cently, Araytn et a. have pointed out that the natural
candidate for the Darboux transformation does not
preserve the odd flows [2].

The purpose of the paper is to present proper
Darboux transformations for the SKP hierarchies.
For that aim we must recall, following Ueno and
Yamada [12], that there two SKP hierarchies, say
SKPR,, k=0,1. In fact, by reversing the signs of the
odd times we go from SKP, to SKP,. We will show
that the natural candidate for elementary Darboux
transformation is a map SKB, — SKP, ., ;, mod2; thus,
when composed with a reversion of odd times gives
new solution of the SKR,. Observe also that when
this elementary Darboux transformation is composed
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twice we get a transformation SKB, — SKR,. We
also consider the binary type of Darboux transforma-
tion for these hierarchies.

The paper is organized as follows. In the next
section, we recall all the relevant facts and formulae
for the Manin—Radul and Jacobian SKP hierarchies.
In Section 3 the reader may found our main results.
We construct both the so called elementary and
binary Darboux transformations. We show that while
the binary one has a rather straightforward general-
ization, the elementary one needs to be modified. We
discuss the iterations of both type of Darboux trans-
formations briefly.

2. Super-symmetric KP hierarchies

In this section we remind the reader the basic
aspects of the two man SKP hierarchies: the
Manin—Radul and Jacobian hierarchies.

The proper setting for the SKP hierarchies is the
Sato’'s formalism which we now recal [7,8,11,12].
We consider the algebra 22 of super pseudo-dif-
ferential operators in the following form

P= Y a(x,0t7r)D", NeN

n<N
here the coefficients a,, are taken from a super-com-
mutative algebra

y=C[[xt]] ® A(6,7) ® %

where x is an even variable, 6 an odd variable,
t=A{t)f_,, 7={r)_,, and & is afinite or infinite
dimensional Grassmann algebra over C. The super-
differential operator D is given by

J 0
D=60—+—
ax a0
which satisfies
] a(a\?
D?=9==—, D '=0+——]| .
ax d0 \ dx

For any operator L = ¥;a,D' € 2 we denote the
truncations to various orders by

L,=)Y aD', L.=) aD,

i~0 i<0

Lo=2a

and its super-residue is
res(L) =a_,.

We aso follow the convention:

- Parentheses is intended to indicate that an opera-
tor has acted on an argument.

- Juxtaposition of operators to indicate an operator
product.

The parity of a super quantity s is denoted by |s|;
i.e., if the quantity is even, |s| = 0, otherwise |s| = 1.

To work out the so called binary Darboux trans-
formation, we need the adjoint operation *, which is
defined as

n(n—1)

2 pn

D*=-D, (D" =(-1)

(fg) =(-1)"%g"f

for any f,ge 2.
The super-vector fields on 2 generating the SKP
flows are given by

for the Manin—Radul SKP,

— for the Jacobian SKP.

The action of g, on an object f is sometimes written
as f, . They generate a Lie super-algebra with rela-
tions

[6,,40]1=0, [8,.Dn]=0,

—28,4 m—, for the Manin—Radul SKP, (1)

D, D.,}=
{Dn.Dn) {0 for the Jacobian SKP,

where [, ] denotes the usual commutator and {-,- }
the anti-commutator.
Now we introduce Sato’s operator

W=1+ Y w(x,6,t7)D", (2)
n=1

where the parity of the field w, is given by (1—

(=DM /2; i.e, w,, are even and w,,_, are odd, so

that W is a homogeneous even operator.
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Sato’s eguation for the SKR, hierarchies of type
k= 0,1 are given by
qW=—We"W1)_w,
DW=—(-1 (WAW 1) _w,

D?""! nx>1 for the Manin—Radul SKP,

ith Agi=¢ 9
W A a_GDZ”*Z, n>1 for the Jacobian SKP.

Two observations are in order now: Notice first that
given a Sato operator W(x,6,t,7) for SKPR, the
operator W(x,6,t,— 7) is a Sato operator of SKP,,, ;
(mod 2); i.e. both are essentialy the same hierarchy.
Secondly, for the Jacobian hierarchy we have A, =
D2n— 1_ 0 D2n.

An essential ingredient in our forthcoming consid-
erations are the wave functions, which are solutions
¢ € Z — & of the following equations

ahe=Pye, (-1)“Dye=Q,0, (3)

where P, and Q,, are defined in terms of the dress-
ing operator W as follows

Po=(Wo"W™ )., Q,=(WAW™),,

and accordingly we aso have their adjoint counter-
parts

he' = —Pe", (~1)'Dye"=-Que". (4

A second equivalent formulation of the SKP hier-
archies is the Zakharov—Shabat formalism [12],
which can be regarded as the compatibility condition
of the linear systems Eq. (3)

& Pn—0,P,+ [Pm'Pn] =0
(9an— (_1)kDmPn+ [Qm'Pn] =0

(—1)"DpQy + (—1)*D,Qn — {Qn.Qu)
_ { —2P,, ., for the Manin—-Radul SKP,
0 for the Jacobian SKP.
For the Manin—Radul SKP hierarchy there is a
third formulation: the Lax form. It is obtained by

dressing the operator D with W, getting thus the Lax
operator

L=WDW =D+ Y u,D "*!

n=1

and the corresponding Lax representation
b= =[] = [(2). 1],
(-D*D,L= —{(>" Y1)

={(" )., L) -2

3. Darboux transformations

In this section, we discuss the Darboux transfor-
mations for the SKP hierarchy. We first consider so
called elementary Darboux transformation. We will
see that the naive candidate does not qualify as a
proper one, but by examining the failure we show
how to remedy it and obtain a meaningful Darboux
transformation. The iteration of such transformation
leads us to super ‘Wrohski' determinant representa
tion for the solution of the susy KP hierarchies. This
is the generalization of the one found by Ueno et al.
[12] in the framework of the universal super-Grass-
mann manifold.

Next we discuss the binary Darboux transforma-
tion. We show that unlike the elementary one, the
binary Darboux transformation does enjoy a straight-
forward generalization. As in the SKdV case, the
iteration of such transformation provides us the solu-
tion of the SKP hierarchy in the form of super-
Gramm determinants.

3.1. Elementary Darboux transformations

We first introduce odd gauge operator

T:=¢D¢ '=D— ¢ *(Dg) (5)

where ¢ is an even invertible wave function of the
linear system (3). Indeed, as shown in previous
papers [3,4], this very operator supplies us the Dar-
boux transformation for the SKdV equation. We first
observe

Lemma 1. The gauge operator T satisfies
(T = —(TR,TH)_,
(=D (BT = (TQT ).
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Proof. First observe
HT=—3a(¢ *(D¢))=—D(¢ %0)
= —D(¢ 'P,¢)

and

(TPR,T')_=(¢D¢ 'P,eD % *)_
= ¢(De 'P,eD7!) o7t
= ¢(De *P,0)D Nt

Second,

D,T= -D,(¢ *(D¢)) =D(¢ *(D,¢))

and

(TQ.TY)_=(¢De QD %7t _
= ¢(De 'QeDY) o7t
= ¢(D¢™'Q,¢)D Y.

|

This gauge operator allows us to define, in the
realm of the standard Darboux transformation, the
transformed Sato’s operator

W:=TWD . (6)

The susy KP flows on this transformed operator are

Lemma 2. The operator W satisfies

W= —(Wo"W~1)_W,

(-1 'DW= — (WA W) W,

Proof. For the even evolution we have

W= —(TP,T™1)_TWD - T(Wo"W~*)_wD"*

(TP,T°%), TWD ™! — TWe"D*

= (T(Wo"W %), T7), TWD~* — TWo"D *

(TWe"W-1T-1), TWD ! — TWe"D ?

—(Wa"W 1) _W,

while for the odd time evolution
(-1)“DW=(TQ,T™})_TwD*
+T(WAnW‘1)7WD‘1
= —(TQnT’1)+T\ND’1 +TWA,D !
= —(T(WAW 1) T 1), TWD*
+ TWA, D *
= —(TWAnW‘lT‘l)+TWD‘l

+TWA, D!

(WA ) W,
O

We see then that while the even evolutions are
preserved by the suggested transformation the odd
time evolutions are not.

At the level of wave functions for any given
solution ¢ of Eq. (3) a new function ¢ as

J=Ty, PB,=(TP,TY),,

Qu=(TQ,T), (7)
then

Proposition 1. The new function 1/3 satisfies

aih =P,

(_1)k+and’;= énlz

Proof. We first compute

= ((6T)TH+TPT 1)y

(TP,TY), o
and then we calculate

(-1 D= ((-1) (DT T *=TQ,T~ )¢
—(TQ.T™Y), ¥

a

Hence, we observe that is true that the SKB, odd
flows will not be preserved because there is a change
T,— — 7, involved within the transformation. In

fact, this Darboux transformation generates a map
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SKB, — SKPB,, ; from solutions of the SKR, to solu-
tions of SKR,, ;, kmod2. That is:

Theorem 1. Given a Sato operator W of the SKP,
hierarchy then W is a Sato operator of the SKR, | ;
(kmod?2).

Moreover, for
W(x,0,t,7) =W(X,0,t,—7)

we have

Corollary 1. Given a Sato operator W of the SKB;
hierarchy then W is again a Sato operator of the
SKPB, hierarchy.

Let us remark that, on the level of Lax formula-
tion of the Manin—Radul SKP, hierarchy, this point
is treated in Section 3 of [2]. Their observation is that
the Darboux transformation does preserve only the
bosonic flows. But, as we have seen this can be
remedied by reversing the sign of the fermionic
flows. However, there is even another solution to
this problem: the idea is that the single step of the
transformation preserves the even flows but changes
the odd flows in the way 7, — — . Therefore, we
do successively two steps of such transformation
which do preserve the odd flows as well.

Given two distinct solutions of the system Eq. (3)
6, (even) and 6, (odd), we construct an operator

T,=d+aD+a (8)

where the coefficients « and a are given in terms of
0, and 0,

Dinsdet & et 7 9
=DInsdet¥, a= —
* et 7 ©)
with the super-matrices & and F defined as
o [0 b Fo 0, 09,

D6, De, |’ D6, D6, |’

Here sdet means the super-determinant or Berezian
of a super-matrix.
We define as well

W= T\ ! (10)

o that
Wi=w; +a, W,=w,—aw,+a,

A

IWn 4l
Wn+2:=Wn+2+(_1)W 1aWr1+1+a‘\Nn
+ a(DwW,) +W,,, (n>1).
Then

Theorem 2. The operator W defined by Eq. (10)
satisfies the SKP, hierarchy

W= —(Wo"W1)_W,
DW= —(WAW™!) W, (n=1).

S0 in the SKP case, the proper elementary Darboux
transformation is generated by the compound opera-
tor T,.

This Darboux transformation can be iterated and
the solutions can be formed in terms of super ‘ Wron-
ski' determinants as in super KdV case.

Proposition 2. Given 2n distinct solutions 6, (i =

0, --,2n— 1) of the linear system (3) with parities

|6, = (—1)', then the new Sato’s operator is given

by

" 2n—-1

W=T[n]Wo", TJ[n]=d"+ ) aD' (11)
i=0

where the coefficients a, of the operator T,[n] are

given by solving the linear equations

T[n](6)=0, i=0,---2n-1. (12)

To obtain the explicit transformations between
fields, one has to solve the linear algebraic system
Eq. (12) first, then compare the coefficients of the
different powers D' of Eq. (11). The system Eq. (12)
can be solved easily as we did in [3,4]. To this end,
we introduce new variables

a9 = (29,8, 8n-2),
a® = (a8, 8n-1),
0© = (901021 T 102n—2)!
0D = (01,05, ,05_1),

o

(i)
b =99, 7= ao.l , 1=01
o190
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so that the linear algebraic system Eq. (12) can be
reformulated as

(a(O)'au))y/: —(b(o),b“)) (13)
where

R AL A0
7= D7® Dy

Then, we obtain
det(%(io) — 7 O(D7 D)"Y D7/<°’))

Witz = det(%(o) — D%(l))_l( DW(O)))
et
T i=1---,n—1, (14)
i1
det( (D7), — (D7 @), (7 ) 7 ®)
o det( Dy — (D%O))(%‘O))fl%(“)
i=1,---,n. (15)
where the matrix 7, isthe 7" with its i-th row
replaced by b’ and 7 = %%'(0(;) z;'(l()l) , the

matrix (D7 @), is the matrix D7 with its i-th
row replaced by b® and the matrix (D7), is the
matrix D7 @ with its i-th row replaced by b©.

By considering Eg. (11), we obtain the genera
formulae

2n j-k

Won_ = 2 ) )y Cij—x-i,j k=1,---.2n,
j=k =0
2n J

Wanse = 'Zoaj'zoci,jﬁ-k—i,j' k=01,---
J: =

with wy=a,,=1 and the & are given by Eq.
(14)—Eq. (15) and

| k IWil(k=1)( i
I PR (CE R G
where [ ) ] denotes the super-binomial coefficients.
3.2. Binary Darboux transformation

In this section we consider the extension of the
well known binary Darboux transformation for the
KP hierarchy to its super-symmetrizations.

For an eigenfunction ¢ and an adjoint eigenfunc-
tion ¢ * satisfying the linear system Eq. (3) and Eq.
(4) respectively, we may introduce a potential opera-
tor 2 as follows

DQ(¢",¢)=¢"p,0,02= res( D %~ anoD_l),
D,2=res(D %" Q,¢D 1) (16)

where we choose ¢ as an even quantity and ¢ * as
an odd one, so that our potential operator (2 is even.
By lengthy calculation one can show that (2 is
well defined, i.e., Eq. (16) are consistent.
In terms of (2, we introduce the gauge operator

T=1-N D %" (17)

where we assume the invertibility of (2. The formal
inverseof T is

Tl=1+¢D 0 %", (18)

It can be proven that

Proposition 3. The gauge operator T solves
(40T =—(TRT ),
(D,T)T = —(TQnT’l)f. (19)

This property qualifies T for generating a Darboux
transformation [9]. Given a Sato operator W we
introduce its transformed W as follows

Wi=TW. (20)

Proposition 4. The operator W is again a Sato
operator.

Proof. We begun with
GW==— (TP,T71)_TW—T(Wo"W~ 1) _W

(TP,T 1), TW—TPRW+ T(Wo"W '), W
—TWe"
= (T(Waw 1), T7Y), TW—TWe"

(TWo"W~IT-1) , TW— Twe"

—(Wo"W1)_W
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and
DW= —(TQ,T™*)_TW-T(WAW )_W
= (TQ,T%), TW— TQW+ T(WAW 1), W
— TWA,

(T(WAW 1) W), TW—TWA,
(A W
Therefore, the transformed Sato’s operator indeed is
the solution of Sato’'s equation.
The explicit transformation is
Wy =w; + e %",
W, =w, — e ((De”) + ¢ W),

~ j -1 (]
Wojp1 =Wy +(—1) 02 @ o

ji—1

k . j—k—1
+2 (-1 (( De W2k+1)(l )
k=0

x (j—k-1)
—(¢ W2k+2)] ))!
- i1 o
W21'+2:W21'+2+(_1)JJr et

j :
+ X (- {(De wy) 7
k=1

* (Ifk
(@ Wapisg)” )))1

for j=1,2,--- and where ) = 8‘f/ax‘.
For any given solution s of Eq. (3) we define

b=y, By=(TRTY)., Q= (TQTY).
and as before

Proposition 5. The function 1/7 satisfies

For the Manin—Radul SKP hierarchy the transfor-
mation on the Lax level can be easily obtained as

L=TLT? X

and we found that L satisfies

L, = [0,

DL ={(L[2" %), 0} -2

Indeed, we have

L= [T Tt +T(m). T 4L
=[-(P,T )+ T(L2"), T4
=[P, L] = [Ty, L

= [( |:2n) . I:]
since (T(L2M)_T1H,=0
Likewise,
D,L={(D,T)T 1+ T(L2""Y), T4} —2[2
= {—(TQ,T ) _+T(L>" ), T, L} — 202
= {(T( LG_l)+T_1)+,|:} _ 2|:2n
_ {( |:2n—1)+’|:} —92[2n
because of (T(L""1)_T '), =0. The binary Dar-
boux transformation can be iterated. To do this, we
need to consider the effect of this transformation for
adjoint wave functions ¢ *. It is indeed not difficult
to find they are transformed as follows
=y e (20" .0) Q7 e).
Another important fact is the following
Q") =000 ¥) - 2" ,0)

XQ(e*0) (")
then as in the pure bosonic case [10], by iterations of
the binary Darboux transformation leads to the fol-
lowing result

Proposition 6. Let ¢, (i=1,2,---,n) be n bosonic
solutions of (3) and ¢ (i=12,---,n) be n
fermionic solutions of (4), let & = (Q(¢",¢;))be a
Gramm type of matrix and &, be the matrix & with

its i-th row replaced by (¢,, - - - ,¢,). Define
n det &
T[n]=1- Y. bD %, b=—"—.

i=1
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Then the new Sato’s operator is given by
W= T[n]w (21)

From (21) we obtain the explicit transformation on
the level of fields

n
Wy=w, + ) b ¢,
j=1

n
W,=w,— 2 b((De") + ¢ wy),
=1

. n )
Wojq =Wy, q + (-1’ Y b|es @

s=1

ji—1

k ) j—k-1
+ 2 (-1 (( Deg Wyii 1) )
k=0

(ot

A i+1
Wiy =Wy o+ (_1)J+

( D‘P: )(l) + ((P: Wl)(J)

ngE

X ), b

s=1

i .
+ ¥ (=) ((Dgy wy )7
k=1

+ (e whcY)

for j=12,---.
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