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Nonequilibrium dynamics in quantum field theory at high density: The “tsunami”
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The dynamics of a dense relativistic quantum fluid out of thermodynamic equilibrium is studied in the
framework of thed* scalar field theory in the larghl limit. The time evolution of a particle distribution in
momentum spacé&he tsunaniis computed. The effective mass felt by the particles in such a high density
medium equals the tree level mass plus the expectation value of the squared field. The case of negative tree
level squared mass is particularly interesting. In such a case dynamical symmetry restoration as well as
dynamical symmetry breaking can happen. Furthermore, the symmetry may stay broken with a vanishing
asymptotic squared mass showing the presence of out of equilibrium Goldstone bosons. We study these
phenomena and identify the set of initial conditions that lead to each case. We compute the equation of state
which turns out to depend on the initial state. Although the system does not thermalize, the equation of state
for asymptotically broken symmetry is of radiation type. We compute the correlation functions at equal times.
The two point correlator for late times is the sum of different terms. One stems from the initial particle
distribution. Another term accounts for the out of equilibrium Goldstone bosons created by spinodal unstabili-
ties when the symmetry is asymptotically broken. Both terms are of the order of the inverse of the coupling for
distances where causal signals can connect the two points. The contribution of the out of equilibrium Gold-
stones exhibits scaling behavior in a generalized sense.
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I INTRODUCTION whered(x) stands for a\N-component scalar field with self-
) o ) ~_ couplingA.

Physical phenomena in high energy density situations \ye see that the quantum fluctuations of the scalar field
cannot be treated with the usual perturbation methods. Se';Iirectly contribute to the effective mass. We shall consider
consistent nonperturbatl\_/g f.“e”‘OdS are necessary m_order Sr simplicity translationally invariant situations. That is, in-
describe the out-of-equilibrium dynamics of relaxation of ~ . . ; .

variant under spatial translations. Therefore, the effective

guantum fields in such situations. The latgdimit is a par- . . '
ticularly powerful tool for scalar models. The need for amass and all one-point expectation values depend on time

self-consistent method stems from the fact that the particl@Ut N0t on space coordinates. .
propagation in such situations depends on the detailed state OPViously, these are not realistic descriptions for the vast
of the system. a_nd complex problems in uItrareIat|V|s§|c h_gavy—mn CO||IT
Relevant physical situations at high energy densities aris&ion. However, the physics of such a simplified problem is
in the hadron(quark-gluon plasma as in ultrarelativistic fich enough to get understanding of more involved situa-
heavy ion collisions, in the interior of dense stars, and in thdions.
early universg1,2]. We work in the small coupling regime<1. The reason
We consider a dense relativistic quantum gas out of therbeing that the different dynamical time scales are well sepa-
modynamic equilibrium. We investigate the nonperturbativerated in thex<1 regime. For larger couplings the dynamical
dense regime in which the energy density is of the ordetime scales become of the same order and different physical
m‘F‘q/)\ where\ is the scalar self-coupling amdg the physical phenomena get mixed up.
massI i(rj] \;]acuum. In tlhese c?fnditions, even for ver()j/ Weaklt))/ We choose as initial conditions a Gaussian wave func-
coupled theories non-linear effects are important and must be - > .
treaFt)ed nonperturbatively. We thus use thpe laxgemit that ~ tonal and(®)(0)=(®)(0)=0. The calculation of correla-
provides a nonperturbative scheme which respects the intefion functions is done in the general cgse)(0)+0.
nal as well as the space-time symmetries, is renormalizable As initial distribution of particles we will choose a “tsu-
and permits explicit calculations. More precisely, we con-nami” [3,4]. That is, a distribution of particles in momentum
sider theO(N) vector model with quartic self-interaction and space that we choose for simplicity spherical. Typically,
the scalar field in the vector representationagiN). such distribution is a shell peaked in a wave numiggewith
We study the physics of the in-medium effects at higha large density of particles mﬁ/)\.
energy density. In such out of equilibrium regime the effec- We have seen that these conditions do not determine com-
tive mass felt by the particles is time-dependent and differenpletely the initial state, and that the remaining degrees of
from the tree level mas®3. In the largeN approximation, it ~ freedom can be interpreted as the quantum coherence be-
takes the form tween differentk-modes. We choose two highly coherent
\ initial states that we will call case | and case |I.
2iev 2 N 2o As we see in Eq(1.1]) the in-medium effects give a posi-
MAO=mg+ 2N (@5, @D tive contribution to the effective mass. In general, this con-
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tribution to the effective mass initially oscillates with time. equilibrium situation. Namely, the effective squared mass

These oscillations can produce parametric resonance which1?(t) asymptotically vanishes when the symmetry is as-

is shut off here after a few oscillations by the damping of theymptotically broken.

oscillations due to decoherence. This resonant effect is neg- The equation of state for asymptotically unbroken sym-

ligible for small \. (Parametric unstabilities are shut off by metry[Eqgs.(7.7)] has the cold matter and the radiation equa-

the back reaction for no particle initial conditiof@—11]). tion of state as limiting cases. We explicitly compute the two
We present analytic solutions for initial particle distribu- point correlation functions.

tions narrow in momentum space. Such self-consistent solu- For late times, the two point correlator at equal times

tions express in close form in terms of elliptic functions, andC(|X|,t) expresses as a sum of two or three terms:

reproduce the numerical solutions with very good accuracy

till the damping of the oscillations becomes importédiie C(IX],0) = Corigin([X]) + Cp([X[,) + C&([X],1). (1.2

to decoherence phenomen@he narrower is the initial dis- ) o . .

tribution in momentum, the longer in time this effective so- There is the time-independent pieCg;iqin(|X|) concentrated

lution holds. around the origin. The pulse terr@,(|X|,t), is due to the
We investigate in the present paper the case whege particles in the initial distribution that effectively propagate
>0 as well as the case whemg<O0. as free particles with mask..
The more interesting case correspondmﬁx 0. We have 1
in such case spontaneously broken symmetry for low density Co(|%],t)= WF(M —2u4t—c),

and low energy states. For large initial energy density, the

positive definite term )(/2)((132>(t) may overcome the nega-
tive squared mas®><0 in Eq.(1.1) and the symmetry may
be restored:M?(t)>0 (see Table I\.

This happens at=0 for the case we call Il provided the
energy densitye satisfies

whereuv 4 is the group velocityv ;<1 for unbroken symme-
try and vy=1 for dynamically broken symmetry where
M., =0]. F(u) is nonzero only around=0.

The last term in Eq(1.2) is only present for dynamically
broken symmetry,

E> | mR|2 k(z) R K |)'(’|
AR Cs(|X|,t)—mQ Tk
::lor rlgf/? dtérges the symmetry is restored in both cases, | ana/hereK is a constant. The functio®(u) is of the order
P O(1) only for O<u<1 due to causality. When the order
|mg|* |mg|? 5 parameter((f))(t) is identically zero we haveQ(u)=6(1
R R

When the order parameter is nonzef@(u) oscillates

Moreover, we find in case Il an interval of energies wherewith u. At a given timet, the number of oscillations &®(u)
the symmetry is initially unbrokehM?(0)>0] and where it in the interval 6<u<1 equals the number of oscillations

is broken for asymptotic times: performed by the order parame(@)(t) from timet=0 till
Imel? Imlt [ mgl? timet. That is, scaling exists faid)(0)+0 in a generalized
)\R kS<E< )\R +2 )\R k%. sense since the functio®(u) changes each tim(a(f))(t)
R R R

performs an oscillation. This is due to the appearance of an

That is, we have a dynamical symmetry breaking for theseextra length scale, the initial value of the order parameter.

situations(see Table I\
We compute the asymptotic equation of state for this out

of equilibrium system. That is, we derive for late times ex-  \we consider theD(N)-invariant scalar field model with

plicit formulas for the pressure as a function of the totaly artic self-interactiofi3—5] with the scalar field in the vec-
energy. The equation of state we obtain explicitly depends, representation 0®(N).

on the initial state) andmg (see Table Ill. Notice that even The action and Lagrangian density are given by
for asymptotic times the system does not thermalize. In par-
ticular, the distribution functions reach nonthermal limits for
t—oo, S:f d4X L‘,,

When the symmetry is asymptotically broken, the equa-
tion of state takes the radiation form

Il. THE MODEL

1. 1 ... N .
—_ 2 _ T 2H2_ 2\2
L= 510,801~ 3 mPd?— o (82)2. 2.2

The canonical momentum conjugatedgx) is

in spite of the fact that the system is out of equilibrium. R -
Moreover, the Goldstone theorem is valid here in this out of I[I(x)=d(x), (2.2
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and the Hamiltonian is given by

1]. A
hei(t)= §[¢Z(t>+mz¢z(t)+ de‘(t)}.
H=f dSX[%ﬁZ(xH%[V@(x)]Z

1
5 ¢2<t>+ﬁ<ﬁz(x>>}-

we(t) =k*+m?+ A
(432)2]. 2.3 (2.9

+>mPh2+

. ) The functional Schrdinger equation is then given byi (
In the present case we will restrict ourselves to a transla-_ 1)

tionally invariant situation, i.e., eigenstates of the total mo-

mentum operator. In this case the order param(efe(o?,t)) A
is independent of the spatial coordinafeand only depends == HW. (2.9
on time.

The Heisenberg equations of motion for the field operato

K .
take the form More explicitly,

)Y 2
74+ m? %&)Z(x) B(x)=0. ea T |NVO-gy| 2 "‘k>)
1 2 1, . . .
The coupling\ is chosen to remain fixed in the lardeimit. + [— 257007 - Tk 774 Vo],
It is convenient to write the field in the Scldimger picture k T 07—k
as (2.10

@(x):(a(x),ﬁ(x))z(\/N¢(t)+x(x),77(x)), (2.5 which then leads to a set of differential equationsAg(t).
The evolution equations fok;(t) and \(t) are obtained

with (7(X,t))=0 where 7 represents thé\—1 “pions,” by taking the functional derivatives and comparing powers
and ¢(t) =(o(x)). Thus,(x(x))=0. of », on both sides. We obtain the following evolution equa-
tions:

A. The wave functional (Schrodinger picture) L 2 2

| | oer P AKD=AHD — 0F(1), (210

We shall consider Gaussian wave functionals of the type
[3,5-7.9

AIZ(t) L 2NthI(t,)

N(t)zN(O)exp{ —i ftdt’
‘1’[‘13(-1)]=N1/2(t)nﬁexl{—Tﬂk'ﬁE}- (2.6 °

> (e o))
k

2
+NY Ag(t')”
k
(2.12

A
where 4N

0= [ dxienets @7
with Ag(t) = Ari(t) +iA £(t).

) ) ) The time dependence of the normalization factdt) is

[Hence, we can assurie (t) =Ay(t) without loss of gen-  ;ompletely determined by that of tig(t) as a consequence

erality | _ , of unitary time evolution. Notice that the first two terms in
As shown below, such Gaussian wave functionals are sqy,q right-hand sidéRHS) of Eq. (2.10 were missing in Ref.

lutions of the Schrdinger equation in thé=c limit. The 3] a5 well as the corresponding first two terms inside the

Hamiltonian (2.3) in the largeN limit is essentially a har- phase in Eq(2.12.

monic oscillator Hamiltonian with self-consistent, time- Using the expression for the wave functior@l6) we

dependent frequencies: have
A Lo L) Dice ARIVTG 1-3( Fe. 7~
H(t)=NVhy(t) - g > <77E'77E>) <77E'77—12=”qu77qe V7 ?(7?k 777k): N |
‘ [JTgDge rdtmama — 2Agg(1)
+E{ 1 & +1 2 7. 7 } (2.13
T 5 a5- oo - T LWp Nk N—k|»
K 2 81 61— 2K and
wherehg(t) stands for the classical Hamiltonian (k- ) =T 1—1) Ok —kr » (2.149
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leading to the self-consistency condition in the infinite vol-
ume limit,

(7o) L d% oo dk 1
NN (277)3“7““)"7k“))‘f(zw)?zARa(t)'
(2.15

The expectation value of the Heisenberg equation of mo
tion (2.4) yields the equation of motion for the order param-

eter ¢(t) [3]:

(7°(x))

PO+

. A
PO +m*p(t) + 5

}¢(t)=0,
(2.19
where we used thaty)=0 and(7?7)=0.
Equations(2.1)—(2.12 together with Eq.(2.16 define
the time evolution of this quantum state in the infiniie
limit.
B. The field modes(Heisenberg picture)

The Ricatti equatior{2.11) can be linearized by writing
Ag(t) in terms of the functiongpi(t) as

G
A =—i——, (2.17
e (1)
leading to the mode equation3]
or+wi(t) ot =0, (2.18

The relation(2.17) defines the mode functiong; up to an
arbitrary multiplicative constant that we choose such that th
Wronskian takes the value

W= iy, — by = 2. (219

The functionsei have a very simple interpretation: they

PHYSICAL REVIEW 53 045021

7’ 1 d%
<772>(t)5<7]|£|)()>=§fW|<p|z(t)|2. (2.22

C. Definition of the particle number

Since in a time dependent situation the definition of the
particle number is not unique, we choosedifinethe par-
ficle number with respect to the eigenstates of the instanta-
neous Hamiltoniar{2.8) at theinitial time, i.e.,

1 1 6
Nog| 2 07 67—

1

> L

77—k_2

1,
Q+§w'z77k.

A

(2.23

Here, wy is the frequency2.8) evaluated at=0.
The expectation value of the number operator in the time
evolved state is then

ng(t)=(W[Ag¥)
[ARKD — o2 HALD AL+ S
- AwpAri(t) CA[LHALD]

(2.29

whereA((t) and §g(t) are defined through the relations

(2.29

In terms of the mode functiong(t) and ¢g(t), the expec-
tation value of the number operator is given by

AR =l 1+ A ], A(t) = odi(t).

) 1 o PN 1
nk(t):4_[|(Pk(t)| + o] e(t)] I=5. (226

Wy

é:or initially broken symmetry the frequencies in Eg8.23

are modified for lowk according to Eq(3.17).

D. Initial conditions

We will take initial conditions for the field expectation
value of the form

obey the Heisenberg equations of motion for the pion fields

obtained from the Hamiltoniaf®.3). Therefore, we can write
the Heisenberg field operators as

ko= |

I L I
wheredy,d, are the time independent annihilation and cre-

30
T %

agcpg(t)e‘”‘"’z].

m[éwﬁ(t)eig';Jr
(2.20

ation operators with the usual canonical commutation rela-

tions. Thus, thepi(t) are the mode functions of the field.
From Eq.(2.17) we obtain the following useful relations:

1d
oD A(t)=— > &|n|¢k(t)|2-

(2.21

Then, using these relations and Eg8.15 we express the
fluctuation in terms of the mode functions:

Ari(t)=

04502

$(0)=do, $(0)=0, (2.27)
since we can make(0) to vanish by a shift in time.

The initial quantum state defined by E@®.6) is deter-
mined giving Ari(0) and A (0) for all k or equivalently,
using the relations(2.25, giving Ay=Ay(0) and &
= 6¢(0):

Ar0)= o[ 1+A¢],  Ak(0)=wide.  (2.28
We can invert Eq(2.24) expressing\i(t) in terms of 5g(t)
and the particle number(t),

ni(t) = \/nE(t)+n.;(t)—

(This formula was derived in Ref3] for the case where
o (t)=0.)

S(t)

k
4

Ap(H)=2 (2.29

1-4
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The = sign in Eqg.(2.29 is not the sign ofm%. The = case | case
possibility is due to the fact that the valuesmgf# 0 and 5 m 9 m ¢q
do not fix completely the initial state for the modes. We shall
call case | to the upper sign in E(R.29 and case Il to the
lower sign.

Thus, we can express the initial conditions in terms of the
initial distribution of particlesng(0), thephase of the wave Re ¢ Re ¢,
functional §; and the choice of sign in E¢2.29. For sim-
plicity, we will consider spherically symmetric particle dis-
tributions and with Gaussian form,

ng(0)= T eX (2.30  times and initial conditions;~ 1/g>1, 8g=0. Case | is on the left
and case Il on the right. The dot and the arrow represents the initial
values ofg, and its derivative, respectively.

NO L{ (k—kO)T FIG. 1. The mode functions in the complexplane for short

6_2

whereNO is the total number of particles per unit volume and

| is a normalization factor. We shall always considés
>ms. As we shaAII see beloWSec. IV A) it will be conve- o(t) = icos{wkt)—i ﬂsin(wkt),
nient to consideNy~m3/X. VO, W

That is, our initial distribution of particles is a spherical
shell in momentum space peaked around a momergim which describes an ellipse in the complexplane(see Fig.
However, as seen in Ref3] and below features of the dy- 1). The ratio of the half-axis of the ellipse goes as
namics contain essential ingredients even for this simplified
problem. [Nonspherically symmetrical distributions can be Wi 1
also treated in this scheme. Just the number of equations is 0. 1A
doubled or tripled and the momentum integrals in 422 K K
become double or triple integrals to be computed numeri-_ o ,
cally at each time step. This ratio is<1 (>1) in case I(Il) whenn,>1 as follows

As the initial conditions are spherically symmetric and theffom Ed.(2.29 and as can be seen in Fig. 1. _
evolution equations are invariant under rotations the solu- 12king 8.#0 keeps the elliptic trajectory with the addi-
tional effect of rotating its axis clockwise for increasiag.

tions will be spherically symmetric. So, the dependenc& on S 4 ; " .
is only through the moduluk. For an initial state with no particlesA(=0, §,=0), the

The initial conditions on the mode functions follow from Titial conditions become:. ‘F,’k_(o): 1/@ and ¢,k(o)
the relation(2.17) and the initial condition$2.28 on A (t) = —iVoy. These were the initial conditions used in Refs.

plus the Wronskian constraif2.19. Thus, the initial condi- [9-11.
tions on the mode functions are
IIl. EVOLUTION EQUATIONS
1 X iQk+ wkﬁk ) . )
o (0)=—, o0)=——F+—, (2.3) The evolution equations for the expectation value of the

VO, VA, field ¢(t) and for the mode functiong,(t), Eq. (2.16 and

with O, defined by Eq. (2.18, respectively, are:
D=Ar0) = o[ 1+ A]. (2.32 d?a(t) A

ARl LA S M ST+ (D] (=0, (3.1

We consider initial conditions with
8(0)=0. (2.33  d?eu(t)

2 2 A 2 2
gz 1Kt met S [e()+(n >B(t)]+¢k(t)=0,

The effect of takings, # 0 is discussed below. (3.2

We then see from Eq.2.29 that for modes with large
occupation numbern>1), case | corresponds to initial with the self-
conditions with|¢,(0)|<1 and|¢(0)|>1; while case I
corresponds tdp,(0)|>1 and|p,(0)|<1. See for more de- 10 ok
tails Secs. IV A and IV B. 2 = —— 2

That is, the physical meaning of the signs in Eq(2.29 {(7)s(t) 2 f (277)3|(Pk(t)| : (3.3
for n,>1 and§,=0 is as follows. The upper signt+) cor-
responds to an initidd-mode with small initial amplitude and The above evolution equations must be renormalized.

consistent condition

large initial velocity and vice versa for the lowér) sign. This is achieved by demanding that the equations of motion
If we neglect the interaction during early times we canbe finite. The divergent pieces are absorbed into a redefini-
write tion of the mass and coupling constant:
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) s N, ) the fact that it is independent of the initial number of par-
MG(t)=mg+ 5[(’7 Ye(t)+ ()] ticles. The present choice yields much simpler expressions
for the final results.

» AR, 5 The initial conditions become in dimensionless variables
=mi+ 5 (79O + (D] B4  for M?(0)>0:
A detailed derivation of the renormalization prescriptions re- £(0)={¢o, £(0)=0, (3.11
quires a WKB analysis of the mode functiongg(t) that
reveals their ultraviolet properties. Such an analysis has been 1 Q4+ wqdq
performed in Refs[3,5,9). In summary, quadratic and loga- ¢q(0)= \/—T ¢q(0)=— \/—T 312
q q

rithmic divergences are absorbed in the mass term while the
coupling constant absorbs a logarithmically divergent piecegyith
[5,8]. The renormalized quantum fluctuations take the form

Qq=w[1+A,], 0= aZ+M?(0),

5 _1f d3k , 1 0(k—K)M2
(7)r(=75 2 PO+~ Mg(t) \/ ) %
= + _—
3.5 Aq=2|ng(0)= a(0)+ng(0) b
with « an arbitrary renormalization scale. 313
We define now dimensionless quantities choosing thg- Egs.(2.33 and(2.30 we have
physical mass in vacuufmg| as unit of mass:
‘ 2 No (d— o)
q= ) 7-_|m |t g (7-)— R¢ (t) 5q:0, nq(O)zl—ex —T, (314)
Mgl A 2[mg|*
with No=Ny/|mg|® and o= &/|mg|.
eq(7)=VImgl@i(1); Therefore,
AR wi(t) Q- 6(q—1)
9=g 2 @q(1= e QqE_|mR|’ g2(7)= gJ q?dai |eq(7)|? ——+—q3—/\/12(r)].
\ (3.15
R
g (n)= 2|mR|2<’72>R(t)- (3.6 7o perform the numerical evolution, we have introduced a

momentum cutoffA. The quantum fluctuations become for
In terms of these dimensionless quantities the equations dinite cutoff,
motion (3.1),(3.2) become

1 A 2 2 g 2
[dz - " e 03 (n=———! | @ ddlggI>- A
1+ + . _2
P () +gx(7) |{(1)= 1-SlogA
d2
2 2 —0N- g 2 g
[W—I—q *1+9(1)+92(7) |@q(7)=0; (3.8 +§|OgA[a+§ (T)]]+O A—g) (3.16
= , 1 6(g—1) Mi(7) This is a positive quantitjup to O(g)]. a=sgnmg)==*1.
QE(T)ZQJO q°day [eq(7)] “at T2 e In the case where the symmetry is initially broken

(3.9 (M?(0)<0) the only change in Eq$3.11)—(3.16 is that
the initial frequencieso, are modified for lowg as follows

where we have chosen the renormalization seatémg| for ~ [10]:

simplicity and the sign- corresponds here to the signmﬁ.

In Egs.(3.7,(3.9), _ Va2 +[M3(0)] for g?<1+|M*0)],
2(1) | JogZ+ M%) for g?>1+|M?(0)|.
M2(7)= |—“|2— at+(N+g3(r)  (3.10 317

plays the role of a time dependent effective squared mass. V. EARLY TIME DYNAMICS

aEsgnmﬁ):il. We study now the time evolution of a narrow particle
Depending on whethek1%(0) is positive or negative the distributionn,(0) peaked atj=q,. We show below that we
symmetry will be initially unbroken or broken. can approximate the dynamics for early times using a single

In Ref.[3] a different definition for the mass unit and for mode ¢.(7). We solve the time evolution af.x(7) in close
3(7) were used. The advantage to Us®| here stems from form in terms of elliptic functions. Moreover, we compare

045021-6



NONEQUILIBRIUM DYNAMICS IN QUANTUM FIELD . ..

these analytic results with the full numerical solution of Egs.

(3.7—-(3.9.

For m§< 0, we only consider initial particle peaks with
q3> 2. Thus, they are well outside possible spinodally res
nant bands. For simplicity, we considg=0 in this section
and in Secs. V, VI, and VII.

A. Case |

In this case, we have\,=2[ny(0)+ \/nq2(0)+ ng(0)].
We see from EQq(3.13 that the modes withm (O)<1 have
Qq=wq. Therefore,py(0) and¢y(0) are of ordery® [see
Eq. (3. 12)] Thus, their contribution tag>(7) will be of
orderg for early times.

On the other hand, we have for modes wity(0)
=0(1/g) [asg<1 this impliesny(0)>1]

Aq=4n4(0)>1, Qq=4wyng(0)>1. (4.
Therefore, Eqs(3.12 imply that these modes havVe,(0)|
<1.

Thus,

92,(0)=0(9), (4.2

M?(0)=a+0(g)=*+1+0(g), 4.3

where azsgnmzR)zil. For these modes wittny(0)

=0(1/9), |¢4(0)[>1. Therefore, these modes will then

grow and their contribution will dominatg>(7) for early
times.

We always consider that,(0)=0(1/g) for some inter-
val in g. Hence, its contribution tg> (7) will be of order
one and will have an important effect on the dynamics.
such conditions, the total number of particldg per unit
volume is also of the ordeD(1/g).

For the initial conditions considered, E¢3.14), these
dominant modes are in a small interval centered|atyg,

and they are in phase at least for short times. More precisely,

the g-modes will stay in phase forgqg)7<<2w. The
modes which are in phase contribute coherentlygy( 7)

(each one with a contribution proportional to its occupation

numbey.

Hence, for smallr a good approximation is to consider

that all the particles are in a single mode withk-qq. This

approximation will apply as long as the modes with large

occupation number stay in phase.
In these conditions Eq3.16) yields

93(7) =90 ¢er(7)|?Aq+0(g) +O(go), (4.4

whereAg~o [see Eq.(3.14)]. Thus

d’e
2+ whoeer(7)+ 9AAGE| e 7) 2pen( 1) =0,

(4.9

with wqe= \/q02+ a [recall a=sgn(an)=i1 and we choose

q0>2]
We also have

PHYSICAL REVIEW D 63 045021

14

i

8 H

O- 4o

2]
o

FIG. 2. Case 1. m3>0. Unbroken symmetrygNy=250, g,
=5,{,=0, andg=10"". Comparison between numerical solutions
and the early time approximatiqd.?).

Nowqo

No=47q2AqNes= Q
0 QoA g Nest eff = quq

(4.9

Solving the nonlinear differential equati¢4.5) with the ini-
tial conditions(3.12 and (4.6), we obtaingx(7). We find,
from Eq. (4.4,

9% (1) =(g5+a)| 1+ m)
1
X > -1/, 4.7
Jota
N 1—k25n2< \,—Zl_zk T,k)
with sn(z,k) the Jacobi sine function and
k= ! 1 ! (4.9
A2 Y Tl :
14 g 2| max
O+

The function (4.7) is non-negative and oscillates between

zero and
\/1+—2—g 0 1
7o+ a)¥?
) 1-2k Kk
N o KK,

0

gzl max:(q(2)+a)

} , (4.9
with period

T

(4.10

whereK (k) stands for the complete elliptic integral of the
first kind. [Notice that Eq.(4.8) implies 1—2k?>0].

The elliptic solution(4.7) correctly predicts the amplitude
of the first oscillation and the oscillation peridd the initial
distribution of particles is not too wide aroumg=q,). See
Fig. 2.

The amplitude of the numerical solution is well repro-
duced by the elliptic solution(4.7) till damping becomes

045021-7
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important. The oscillation period keeps well reproduced by 1 ®
Eq. (4.7) for longer times than the amplitudéSee Fig. 2. Ag=—1+
We see from the numerical solution of the exact equations
(_3.7)—(3.9) that gE(T)_ exhibit significantly damped oscilla- Thus, for7=0,
tions after a few periods.
The integral over for g2 (7) [Eqg. (3.19] gets damped
with time due to the loss of coherence between the different gNg
g modes in the distribution peak. We can apply here the 92 (0)=——+0(g) +O(go), (4.12
adiabatic approximatiofisee Appendix A In the late time a0
limit, g () therefore tends to the valu,, ,,./2. In addi-
tion, the narrower is the peak, the slower the oscillations in M?(0)=a+g3,(0), (4.13
g2 (7) are damped. See Fig. 2.
The time scale where the numerical and the early times
solution deviate in amplitude, essentially depends on thavherea=sgn¢n§)=i1.
width o of the initial distribution. The smaller ig, the latest Equation (4.12 is a third degree equation igX(0)
the early time solution(4.7) holds. Notice that Eq(4.7)  sincewqo= a3+ a+ g%, (0). Theexplicit solution is given
givesgX(7) to zero order ino, whereas the damping of the in Appendix D. We find, in the limiting cases,
oscillations is given by higher orders i In addition, we
have seen from the numerical resolution that the early time
volution n nly throughgN redi 2. 312
Eq?s,.u(tA,(.)B),(i(.eS.e ds og only throughgN, as predicted by g3, (0)INo> (@ +a) (
When there is particle production through parametric
resonance, particles in the initial peak distribution are anni- 2. 32 gNp
hilated (in order to conserve the total enejgiyrhis reduces g3, (0)9No=(do* @) >
the contribution of the initial peak tg3 (7) whereas the TG+ a
oscillations due to the created particles give a contribution to (4.14
g2(7). These oscillations are due to the coherence betweefy early times Eq(3.16 becomes
the created particles at differegt
Such changes in the distribution of particles influence the
asymptotic value o3 (7) for late times. Contrary to the 93(7)=0g05A0| eer(7)|?+0(9) +O(go).  (4.15
vacuum initial conditions, parametric resonance shuts off
here by the damping of the oscillations and not due to back-
reaction as in Ref9]. Therefore, for smaly the influence of ~ Therefore,
parametric resonances is highly suppressed. When paramet-
ric resonance is appreciable, it makes the dynamics to de- o
pend ong and not only through the combinatigiN, . 5+ (02 + @) @er( T) + 9G2+ AQ| @ert( 7) | 2@ 7) =O0.
In case |, as/\/lz(O):azsgnhﬁ)zil. The symmetry is dr 4.16
initially spontaneously broken or not depending on whether '
m% (the squared tree level mass negative or positive.

—_ Qq
4n4(0) 4ny(0)

<1. (41D

oMo
o

qg+ a) 2/3

gNo

2/3 1 )
— §(q0+ a)+(9

gNo 2

qg—l—a

Using the initial conditions given by Ed3.12 and 5.4(0)

B. Case Il =0 we get from Eq(4.11),
In this caseAq=2[ny(0)— \/nq2(0)+nq(0)]. As in case
I, g=(7) is dominated for short times by the modes with TrqﬁAqwqo
large occupation numbers which are in phase at smdile eff:N—O' (4.17)

to the initial conditions(3.14). Thus, we can do the same

approximation as in case I, considering that all particles arevhere we have used thagﬁzNO/47rq§Aq.

in a single mode witlg=q;. Thus, the solution of Eq4.16) with the specified initial
We have for the modes with=q,, ny(0)=0O(1/9)>1, conditions can be written as

93 (1) =03 (7+T/2)=(g5+a)

1 ) 1
1+ -1 (4.18
1-2k? 2.,
1—Kk?sr?

e T/2),k)
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In case Il, M?(0)=a+03 ma- [Recall a=sgnfrg)
=+1.] As g2 max=0, for m§>0 the symmetry is initially
unbroken. Instead, fom3<0, the symmetry is initially un-
broken forg, mac1. FOrg,, ma<1 the symmetry is ini-
tially spontaneously broken.

08 V. INTERMEDIATE AND LATE TIME DYNAMICS

We discuss here the intermediate and late time behavior
of the quantum fluctuations and the effective squared mass.
We mean by late time, times later than the spinodal time and
than the damping time. We considg=0.

We observe from the numerical results the following
common features in the late time behavior for a wide range
of initial conditions. The asymptotic constant values of the

FIG. 3. Case llm%<0.g3(7) as a function of~. Dynamically  magnitudegmass, pressure, number of partizldspend on
broken symmetrygNo=4.478, qo=1.3083,0=0.05233, and/, g, for small g, only through the combinatiogN, (except
=0. Comparison between numerical solutions and the early timgyhen parametric resonance is imponarEnergy is con-
approximation(4.18. For late timesgX(7) tends to 1, thus\Z  served to one part in 10confirming the precision of our
=0 (see Fig. 6. numerical calculations.

We have also seen that the mass tends to its limiting value
wheresn(z,k) is the Jacobi sine functiofi,is the real period  gcillating with an amplitude that decays at least-ddr. A
similar asymptotic decay has been found in this model for

1-2k? zero particle initial conditions ang(0)+ 0 [10]. In Sec. VII
T=2+/=——K(K),
o

0.6

0.4

0.2

0

0

a5+ we derive the asymptotic equation of state.
K (k) stands for the complete elliptic integral of the first kind A. mZ>0 (a=+1)
and We have for cases | and Il that
1 1 M?(7)=1+9%(7), (5.1)
1+ w althoughg (7) has a different expression in each case. As
dota g2 (7)=0 the symmetry is unbroken for aH
_ _ The adiabatic approximation holdsee Appendix A
The expression fog | may is since parametric resonance is negligible in the weak cou-
pling regime considered here. Hence, the asymptotic value of
aNp g2 (7) is g2 mad2 and the asymptotic squared mass goes to
3 =g%,,(0)= . 4.2 ;
9211 max=9211(0) 77 qo+a+92”(0) (4.20 (see Fig. 2
Notice that the relatiorg, (7)=9%,(7+T/2) is true for M2=1+ 922”“"‘&0_ (5.2)

given values ofyy, «, andk.

Here g3 (7) oscillates between zero am® |, nax, While
the effective squared masgs(?(7) oscillates between its ini-
tial value M?(0)=*1+g3, maxand its tree level value- 1
at the minima ofg> (7). We see that this approximation
gives us correctly the amplitude of the first oscillation and
the oscillation period; but not the damping of the oscillation
that is due to the dephasing of the initial particle distribution.
The broader is the initial particle distribution, the more ef-

This result is in good agreement with the numerical calcula-
tions (see Table)L

We find that the mass tends to this value oscillating with
an amplitude that decays at least-at/7. The initial peak of
particles becomes lower and wider, and the total number of
particles slightly decreases compared to its initial value.

fective the dephasing works and the faster the damping oc- B. mi<0(a=-—1)
curs. S o . We have for both case | and case Il that
As in case |, the smaller is (width of the initial particle
distribution), the later the early time solutio.18 holds MA(7)=—1+g3(7). (5.3

(see Figs. 2 and)3Recall that the damping of the oscilla-

tions is given by higher orders i while Eq. (4.18 gives  Recall that in case | the symmetry is initially broken since
g2 (7) to zero order ins. These higher orders i will also ~ 3,(0)=0. In case I,2,,(0)=3, nax @and the symmetry is
break the relationg(7)=0%,(7+T/2); that we have initially broken (unbroken for g2 max<1 (O max>1)-

found at zeroth order. We have two different asymptotic regimésee Table I\.
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TABLE I. Initial and late effective mass and symmetry m@
>0.

mz>0 Case | Case Il
MZ(O) +1 +1+gzll max
Initial unbroken unbroken

symmetry
Mi +1+ gzl max 1+ gzll max
2 2
Late time
symmetry unbroken unbroken

(@ 92 ma/2>1. Asymptotically unbroken symmetry. In

this regime the results are similar to those in the previous

subsection V A, with

m

h)
Mi=—1+ g 5 0.

(5.9

This is indeed the value we obtain numericalyge Fig. 4.

We find that for smallg there is no appreciable spinodal .

resonance here. This is so becaugé(r) oscillates around
the positive valueM?2, although for some intervals of time

M?(7)<0. In this regime the symmetry is restored for late
times due to the presence of a high density of particles. In
particular, we have already noticed that for case\12(0)
=—1. This does not change appreciably the dynamics an
the symmetry gets restored providgd ,,,/2> 1.

(b) 92 na/2< 1. Asymptotically broken symmetry. In this
regime for intermediate timgg&mes earlier than the spinodal
time ) M?(7) oscillates around the negative value,

2
g 2max< 0,

—ul=-1+ (5.5

giving rise to spinodal resonance§ee Figs. 3, 5, and 6.

The dynamics turns to be similar as for a constant squareﬁ

mass— 2. That is, the spinodally resonant band is in the

2 T T T T T T

0.5

M(r)

w

0.5

4 1 1 1 1 1 1
10 20 30 40 50 60

70

FIG. 4. Case IIm§<O M?(7) as a function ofr. The symme-
try is unbroken.gNy=67.96, qo=7.071, 0=0.4243, and{,=
Thus, g3, max=3.000[see Eq.(4.20] and M2=—1+g3,, ma;z
=0.5000[See Eq.(5.9)].
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08

o

0.6

0.4

0.2

0.6
T

) 1
0.8

0

FIG. 5. Case I|m§<0. g2 (7) as a function ofr. Dynamically
broken symmetry;gNy=5.101, qo,=1.5336, 0=0.2191, and{,

=0. Comparison between numerical solutions and the early time
approximation(4.18. For late times(not shown in the figune

g2 (7) tends to 1.

g-interval from q=0 to g=u and the spinodal timerg
is the same as for a constant squared mass pf (see
Appendix Q.

We can further distinguistil) whengs <1, M?(7) is
always negative for times<r7s, and (2) when g3 .«
>1 M?3(7) can be temporarily positive due to oscillations.
Jhis happens in case | where(?(0)=—1.

In case I, M?(0)=—1+0g3 .0, but after a time of
order T/2, M?(7)<0, and M?(7) continues to oscillate
around the negative value given by E§.5). Thus, in case Il
we have dynamical symmetry breakifgpe Table ).

At time 74 the spinodal resonance has created enough par-
ticles[of the orderO(1/g)] to give an important contribution
to g2 (7). This finally makesg(7) oscillate around 1.
Thus, M?(7) oscillates around zero and the spinodal reso-
nance stops. The particles created by the spinodal resonance
re coherent. This gives new oscillationsAd?( 7). These
oscillations get damped and the squared mass goes for late
times to its asymptotic value,

0.8 T T T T T

0.6
0.4

0.2

“IIHM.JH‘ bttty

Y i ll""l'leHl”'

0

MZ(r)

-0.2 H

-0.4

-0.6

-0.8

1 1 1 1 1 1
0 2 4 6 8 10
T

12

FIG. 6. Case Ilm<0. M?(7) as a function of. The symme-
try is dynamically brokengNy=4.478,0,=1.3083,0=0.05233,
and {,=0. (The same initial conditions anglas in Fig. 3)
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TABLE II. Initial and late effective mass and symmetry imé<0.

m3<0 Case | Case |l
MZ(O) -1 _1+92II max
Initial broken ifO3 ) max<l if 9% maxc>1
symmetry broken unbroken
b 3 2 py
if g2 ma><<l if g2 max>1 if g2 ma><<l if g2 max>1
2 2 2
M2 0 _1+gzl max 0 _1+gEII max
- 2 2
Late time broken unbroken broken unbroken
symmetry
Change of no change dynamical no change dynamical no change
symmetry symmetry symmetry
restoration breaking
M2=0. (5.69  This equation gives the energy in terms of the initial data.

e—1/4(1- a)/2 is always positive because we considgr

The vanishing of the effective mass is accompanied by thé 0 and{o=0.

presence of Goldstone bosons out of equilibrium &3ja].

Particles created by spinodal resonances remain in the

g-interval from O tou. This creation of particles depletes the
initial peak of particles keeping the total energy conserved.
For 7<r¢ the dynamic depends og, for small g, only
through the combinatiogN,. However, 75 depends explic-
ity on g.

VI. ENERGY

After renormalization, taking dimensionless variables and

A. Case |

Let us consider an initial narrow distribution of particles
which is peaked afj=q,. Thus, we can use Eg&.1) and
(6.3) and consider all particles in a single mode witk g
as in previous sectiongRecall that in this casez)é(,:qg
+a.) The energy is then given by

introducing a momentum cut-off, the renormalized energy

can be written a$9]

2|mgl*
_Zmel 6.1
ren )\R ( )
1. 1 11-
62552(7)‘*'%52(7)‘*'Z§A(T)+ZTa
g (A .
+§fo 0 def | ¢q(7)|*+ wg()] 9g(7)]] |
1
—zlg2(n1*+0(g), (6.2

where a=sgn(rd). '

One can easily check that the energy is conserved usi
the renormalized equations of moti¢8.7)—(3.9).

Using the initial conditiong3.11), (3.12), (3.14), and{,
=0 we obtain for the energy at=0

w2
_a

Qg

1
- 3[92(0) 12+ 0(9).
(6.3

045021-

_ Mo LI og+o 6.4
G—E(%JFCY)JFZTJF (9)+0(go). (6.9
B. Case Il

Under the same approximatiofisow using Eq.(4.11)],

+| 2O,

the energy is given by

g2(0)
2

g2,,(0)
2

1l-«
4 2

e=(95+a)

+0(g9)+0(go), (6.5

wherewZ,= g5+ a+g2(0) andgs (0) is given by the re-

ation (4.12), i.e., gEH(O):gNO/m/qOZJr a+g2,(0).

C. g3 max in terms of the energy

The energy angX. ., have different expressions in cases
and Il [see Eq(4.9) vs Eq.(4.20]. However, it is important
notice thagX . has the same expression in terms of the

n
?nergy both for cases | and I,

92 max= \/(Q?f" a)2+4

l1l-« )
(6.6)

We have verified that Eq$6.4)—(6.6) are valid numerically
for initial particle distributions with widtho<<1.

11
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VII. EQUATION OF STATE We consider narrow distributions of particles centered at
g=(o. To obtain the equation of state, we make the approxi-
mation of considering all particles in a single mode with

and we express the pressure as a function of the en-

We derive here the equation of stdie., the pressure as
a function of the energyfor asymptotic times. As shown
below, the asymptotic equation of state depends on the initial Yo.

state. We considefo=0 and ,=0. Notice that/,=0 and The equation of state is the same for case | and case Il

{o=0 implies {()=0 for all 7. We have to distinguish between unbroken and broken
symmetry forr=oo.
A. Sum rule (1) M2>0

A further expression for the energy follows by evaluating N this regimegZ...=g3 /2 with g% o, given by Eq.
the right-hand side of Eq6.1) in the 7— limit. Using Egs.  (6-6). Thus, the equation of stat&.6) becomes
(B10) and(B13) yields

1 o ) ) l1l-«a )
11—a (A P-=3€"% (Qota)+4{e-7——|—(Gta)
e=——+f q*dg MZ() + MZg3.,
42 g
l1l-«o
1 375 (7.7
—7(92.)*+0(g). (7.9)

This equation givep.. as a function ofe for an initial

[The cosine terms in Eq¢B10) and (B13) for late time are momentum distribution centered @§. Therefore, the equa-

fastly oscillant inq and thus they do not contribute to the ion of state explicitly depends on the initial conditions.
grintegral in the infinite time limif, Let us consider some limiting cases.

. 2
Equation (7.1) allows us to express the integral over In the limit, e—1/4 (1-a)/2<(d+a)?, we have the
M2(=) in terms of known quantities: the initial data and €quation of state

M, 1( ll—a)( @ | llte o
Pre==|€—— — - .
AL 11-a 3\ 4 2 QGtae 4 2
J gq*dq Mq(00)=e—ZT—Mm92m 2 . .
0 For a=+1 (mg>0) this equation reduces to
? 3l -
This sum rule holds fof,=0 andé,=0. and interpolates between a cold matttar q,<1), and a
radiation(for gy>1) equation of state.
B. Pressure and equation of state In the opposite limite— 1/4 (1— a)/2>(g3+ a)>>1 we
The renormalized pressure can be written as ha\(/g) fi\/rlazld'a(;'on type equation of stgte=1/3e.
_2|mR|4 This can only happen ifa=—1 (mi<0). M2=—
Pred 7)= Mr p(7), (7.3 +93..=0 impliesg3.=1 and we have a radiation type
equation of state,
w2 A 2 . 2 q2 2
=—e+ %+ +35 €
p(r)=— e+ 2+ | a2l leg I+ T 1) ot 710
+0(Qg). (7.4

The pressure is continuous at the boundary between bro-
&en and unbroken symmetry, but its derivative with respect
to the energy have a discontinuity 1/30,3& 1). [See Eq.
(7.10 vs Eq.(7.7).]

4 (A We see that the equation of state is determined by the
P=—€+ §f q*dg Mi(2)+ M2gS... (7.5  energy, the momentur, around which the initial peak of
0 particles is centered and the sign of the physical mass in
vacuummg. But it does not depend whether we are in case |
or Il. (See Table Il

We analogously evaluate the pressure in the infinite tim
limit with the result

Using now the sum rul¢7.2) and M2=a+g3.., yields

B 1 @ s ll-«a 26
p@—ge—gg =" 375 (7.6 VIIl. THE INFINITE TIME LIMIT
The spectral distribution does not take here the Bose-
[Recallazsgn(nﬁ).] Einstein form in the infinite time limit. This was already the
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TABLE lll. Asymptotic equation of state in the different situations.

M2=0 M2>0
m3<0 mZ>0
1
Equation p= e -1 Hemg 1 e g3+l L 4e L
of state E P e L Y @ s P-m3 e | VI g

case in Refd.3,9—11 in the infiniteN limit. It is not obvious  The initial conditions are specified in Eq8.11)—(3.14); and
that subdominant ¥ corrections can render the spectral dis-as they are rotationally invariant,

tribution of the Bose-Einstein type since the distribution
functions in theN=-oc limit differ from Bose-Einstein distri-
butions on an amount of order one.

On the other hand, the quantum modes do interact be-
tween themselves for all finite times in the high energy den-
sity situations considered here and in R¢&, [9-11]. We
are in a different situation than for quantum modes aroundn this section we considef,=0 and{y#0 with /,<1.
the vacuum where the modes are free inkhew limit. That
is, in the vacuum case equilibration cannot be achieved un-
less 1N contributions are included. A. Early time

One may think that the lack of asymptotic thermalization \y/e have the same results fo5=0 and forZ,<1.
is linked to the translationally invariant character of the
states considered since an infinite number of conservation 1. Case |
laws holds in such situatiofl2]. Then, the equilibration
time scale can be infinity in thBl=c limit. That is, it can

grow with N, and being infinity forN=cc, it cannot be re- ) : _
covered by IN corrections. |¢q(0)[°<1 for the highly occupied modes, see H4.1).]

However, classical calculations in a two-fields scalar field=0" the highly occupied modes we hajigy(0)|?=0(1/g).

theory averaging over space-dependent plane-wave-type spuS, for early times7=0(1) these modes will have

lutions yielded also nonthermal distributions for late times| ¢q(7)[*=0(1/g). This makes the correlation function be of
[13]. These distributions ressemble qualitatively to theCrder 1g near the origin for early times, as we see in Fig. 7.
asymptotic distributions in the largd limit [9—11]. In the

other hand, quantum calculations with inhomogeneous states 2. Case |l

for fermions in 1+1 dimensions yielded approximately In this case at-=0, the modes havkp,(0)|?2=0(1/g)
1 q .

Fermi-Dirac d|str|but|on$15]. Hoyve\./er,.as noticed in a dif- This makes the correlation function be of ordeg tkear the
ferent context, Boltzmann-like distributions do not necessar-

ily imply thermal equilibrium[16]. origin for =0, as we see in Figs. 10 and 12.

Last but not least, a model may reach for late times a
stationary situation which is nonthermal but turbulent as ex-  *% ' ' ' ' ' '
plicitly shown in Ref.[14]. The issue of late time thermali-
zation or nonthermalization is clearly very important and we %% ]
hope to deal with these deep problems in the future.

1 o0
Cirr= 4o | addegnlsinan.  ©2

At 7=0 the correlation function is of order one, because
|0q(0)|?=<1. [|¢4(0)]*~1 for the nonoccupied modes and

0.02 1

IX. CORRELATION FUNCTIONS Ni 0
AND BOSE CONDENSATE 2
The equal time correlation function is given for an arbi- -9 ]
trary time 7 by
-0.04 4
(7*(F,7)n°(0,7)) — (7, 7))(7"(0, 7)) 06 . . . . . .
0 20 40 60 80 100 120 140
= 8*PC(F,7) '
d3q FIG. 7. Case Im2R>0. Unbroken symmetrygrC(r,7=2) for
o —10°7 it i o — —
:5a,bf |qo (T)|2e' a3 (9.1 g=10" " and initial conditions:{o=0, gNy=250, gp=4.0, ando
2(2m)3'7d =0.3.
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005 - - - - - - Asymptotically, the correlation function becomes the sum
008 _ of two terms
003 T C(F,T):Corigin(r)+Cp(r,T), (9.9

0.02 -
where Cyigin(r) is the correlation function near the origin.

This term is asymptotically time-independent.
0 ! The pulse contribution to the correlation function,
Cp(r,7), has approximately the asymptotic form

0.01 B

arC(r, v=10)

-0.01 4

-0.02 1 1
Cp(r,T)ZaP(r—ngT—C). (9.5

-0.03 4

004 ” m pos P o = o Herec is a constant of order one, am(u) is of the order
' O(1) only for —L/2<u<L/2 wherelL is the width of the
FIG. 8. Case |_m§>0. Unbroken symmetrygrC(r,7=10) pulse(i.e., the pulse is localized aroume= 2Ug’T+ C).

with the sameg and initial conditions as in Fig. 7. The pulse term is due to the particles in the initial distri-
bution that effectively propagate as free particles. This is so
B. Late time since the effective mass in the mode equati@?2) becomes

The late time behavior of the correlation function dependsasymptotlcally constant and hence the modes effectively de-

whether the symmetry is dynamically broken or not. |_|0W_couple from each other. The pulse term is absent when there

ever, its behavior is the same for both cases, | and Il. are no particles in the initial stat&l].
We have to distinguish the two regimes. In summary, the correlator is of orde&P(1/g)>1 for

2vgT+C—L2<r<2v47+c+L/2 whereas causality makes
1. M2>0 it to fall to O(1) values forr>2vy7+c+L/2.

In this regime we have the same results fg+=0 and for 2. M2=0
Lo<l.

We observe that at intermediate times a spherical pulse
develops. This spherical pulse propagates with a constant’
radial speed given by the radial group velocity épt g, and
an amplitude that decreases as. IThe radial width of the
pulse,L, remains approximately constaisee Figs. 8 and)9 oo(T)="""L+Kr. (9.6)

The group velocity is asymptotically given by

In this regime the symmetry is broken and there were
inodal resonances for earlier times.

Since the effective mass vanishes asymptotically the
mode withq=0 behaves as

The Wronskian guarantees that neither of the complex coef-
d v qo ficien;s L',K can vznish[ll]. Thisf Iinea}lr_bgrowth wit:\ ftime f
=55 V4 - = T can be interpreted as an out of equilibrium novel form o
do dq q=dg qS”LMi Bose Einsteiﬁ condensation. We anqalyze below the contribu-
(9.3 tion of this condensat€4(r, 7) to the correlation function.
We have studied botli;=0 andy#0 (with {;<<1).
We recall that heré\12 = a+ g3 ,,/2> 1 [see Eqs(5.2) and (@) £,=0. For late time > 7), the particles created due
(5.9)]. [azsgnhﬁ)zil.] to the spinodal resonance contribute to the correlation func-
tion with a termCg(r,r) of order 1§ whenr is in the inter-

0.05 ; . T T T T val (0,27). This term decays asrl/

04 J There is in addition a pulse ternG(r,7), in the cor-
relator that moves away from the origin with unit velocity
[remember Eq(9.3) and thatM2=0]. See Figs. 10 and 11.
002 7 Thus, the correlation function is asymptotically given by

_dwqx,
vg= dq .

0.03 -

0.01 -

C(r,7)=Caigin(r) + Cs(r,7) + Cy(r, 7). 9.7

g r C(r, 1=50)

0 W WW
Here, Cqigin(r), the correlation near the origin is asymptoti-
cally time-independent.

002 . The contribution of the pulseZ,(r,7), has the form

-0.03 B

1
s 2|o 4'0 elo ) alo 1<Im 1éo 140 Cp(l’,T)ZaP(I‘—ZT—C). 9.8

-0.01 4

FIG. 9. Case I.m4>0. Unbroken symmetrygrC(r,7=50)  The contribution from the particles created by spinodal reso-
with the sameg and initial conditions as in Fig. 7. nance,Cq(r,7), has the form
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0.006 T T T T

0.004 —

0.002 R b

g r C{r, 1=0)
o
T

-0.002 | B

-0.004 - —

-0.008 L L L L
0

FIG. 10. Case II.m§<0. Dynamically broken symmetry.

grC(r,7=0) for g=10"" and initial conditions: {,=0, gN,
=4.478, qu=1.3083, and 0=0.07850. For r>5, we have
grC(r,7=0)=0.

C _X [ 9.9
S(rvT)_aQ E_ ’ ( . )
whereK is a constant an@(u)=6(1—u).
Introducing the dynamical correlation leng#{r)~27
and defining the variabla=r/&(7), C4(r,7) can be written
in the form

K
Cs(r,T)Zmﬂ(l—u).

Using the customary notation for the scaling regime

(9.10

1
Cs(r,T)Zwl(U), (91])

with the anomalous dynamical exponent 1/2 (the naive
scaling length dimension of the field i9.1n this case the
scaling function is given by

0.008

0.006

grcC, )

0.004

0.002

-0.002 ! ! 1 1 1 1 1

449

FIG. 11. Case II.m§<O. Dynamically broken symmetry.

grC(r,7) for 7=7.850 andr=26.17 with the samg and initial
conditions as in Fig. 10. We see that for late tingCq(r,7)
=K@(1—r/27) [see Eq(9.9)].
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0.006 T T T T T

0.005

0.004

0.003

0.002

0.001

grC(r, 7=0)

-0.001

-0.002

-0.003

-0.004

-0.005 1 1 1 1 1
0

FIG. 12. Case II.m2R<0. Dynamically broken symmetry.
grC(r,7=0) for g=10"" and initial conditions: {,=0.2617
X 1075, gNy=4.478,0,=1.3083, andr=0.2617. For>1.5, we
havegrC(r,7=0)=0.

I(u)=%0(l—u). (9.12

An analogous spinodal ter@4(r,7) in the correlator have
been obtained for initially broken symmetry and no particles
in the initial state in11].

The spinodal ternC4(r,7) can be interpreted as follows.
For timesr later thanrg there is a zero momentum conden-
sate formed by Goldstone bosons travelling at the speed of
light and back-to-back. That is, massless particles emitted
from the points(0,7) and (,7) form propagating fronts
which at timer are at a distance— 75 from the origin and
from r, respectively. These space-time points are causally
connected for 2£— 75)=r. Otherwise Cq(r,7) is not of or-
der 14 but of order one.

An alternative interpretation of the causality step function
goes as follows. Signals are emitted at the speed of light
from all points in the condensate. We have causal connection
between the points 0 arrdonce signals starting from a given
point arrive to both points. The earlier this happens is for the
signals emitted from the half-away point @2. These sig-
nals need a timer=r/2 to reach both points. Hence, the
correlator is of the order @/for 27>r.

Moreover, the analytical derivation of E(R.12) from the
low-g behavior of the mode functions given in REE1] also
applies here. Notice that the scaling contribution of the Gold-
stone bosons to the correlator is different from a free mass-
less propagator. We have here a fdlloff whereas a free
massless scalar field has a?falloff.

(b) £o#0 (with {y<1). For late time {>17,), the par-
ticles created by spinodal resonance give a contribution
Cq(r,7) of order 1§ to the correlation function in the inter-
val 0<r<2r. See Figs. 12-14.

The correlation function is asymptotically given by

(9.13

where the time-independent pieCg;igin(r) is the correlation
near the originCy(r, ) is the contribution of the pulse,

C(r,7)=Corigin(r) + C(r,7) + Cp(r,7),
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0.014 T T T

0.012

0.01

0.008

0.008

0.004

grcCfr, 1)

0.002

-0.002

-0.004

-0.008 ! 1 1 ! !

FIG. 13. Case Il m§<0. Dynamically broken symmetry.
grC(r,7) for 7=104.66 andr=261.7 with the samg and initial
conditions as in Fig. 12. For timessuch that(7)=0 we see that
grCy(r,7)=KQ(r/27) [see Eq(9.19].

Cp(r,r)=$P(r—27-—c), (9.19
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Q.(u) changes each timg&7) performs an oscillation. This
is due to the appearance of the extra length s¢gleSee
Figs. 12-14.

As for unbroken symmetry, the pulse term is due to the
particles in the initial distribution that effectively propagate
as free particles. Both fafy=0 and{y,# 0 causality makes
the correlator of orde®(1) forr>27r+c. Forr<27+c the
correlations are of orded(1/g)>1.

X. SUMMARY AND OVERVIEW

We have studied the time evolution of strongly out of
equilibrium states in QFT of the tsunami type. That is, shell-
type distributions of particles in momentum space. We work
in the (®2)2 theory in the largeN limit.

We thoroughly explore the dynamics for all times as a
function of the initial state and of the tree level mass in the
vacuum. We concentrate on the dependence on initial num-
ber of particles for a thin shell momentum distribution. Be-
sides solving numerically the time evolution we found novel
analytic solutions for early times in the thin shell limit. These
solutions express in closed form in terms of elliptic functions
and they are valid till decoherence effects become important.
We show in this way the presence of a whole variety of

andCq(r,7) is the contribution from the particles created by possible evolution patterns including symmetry breaking

spinodal resonance,

Cyr,7)= (u), (9.15

1
(&P

with &(7)~27 the correlation lengthu=r/&(7), and z
=1/2.

I ,(u) is no longer given by Eq(9.12 when {y#0.
Q,(u)=ul_(u) now oscillates withu. At a given timer, the
number of oscillations ofQ,(u) in the interval G<u<1

equals the number of oscillations performed by the orde

parametet(7) from time =0 till time 7. That is, the scaling

exists for {,#0 in a generalized sense since the function

L L L L
80 100 120 140
T

FIG. 14. Case IIm§<O. Dynamically broken symmetnz()
with the sameg and initial conditions as in Fig. 12. For
€[100,263, ¢(7)=0.

and/or unbreaking or restoring of symmetry as depicted in
Tables | and Il. The driving mechanism in the symmetry

changes during time evolution is particle production through
spinodal unstabilities and/or decoherence of the quantum
modes.

The rich manifold of physical evolutions uncovered here
provide novel and nonperturbative mechanisms for particle
production and relaxation that are out of thermodynamic
equilibrium and cannot be described in the early stages by a
hydrodynamic evolution. These new mechanisms could be of
potential interest in the physics of ultrarelativistic heavy ion
Follisions.

Especially interesting in this context is the emergence of
generalized scaling behaviors in the late times correlation
functions as a landmark for the abundant production of Gold-
stone bosons out of equilibriufdue to the breaking of the
symmetry and the vanishing of the effective mass for
asymptotic times These new scaling behaviors generalize
the standard scaling found in previous wofl4]| and may
constitute physical signals for the presence of massless Gold-
stone bosons produced through spinodal unstabilities in these
out of equilibrium situations.

Although our investigations with translationally invariant
states clearly show a rich variety of physical phenomena, the
necessity of more realistic states to describe collisions is
fairly obvious. We defer for future research the very inten-
sive numerical work needed to deal with such problems.
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APPENDIX A: ADIABATIC APPROXIMATION
FOR THE MODES

In this Appendix we use the adiabatic form of the modes

to evaluate the quantum fluctuatiohér). The modesp,(7)
can be represented pB|

1 - -
@ (T)= —[a eflfodeq(x)_Fb eIdeX'Pq(X)],
q /—Pq(T) q q

(A1)

wherea, andb, are constants anff,(7) depends on time.
Inserting Eq.(Al) into Eqg.(3.8) yields the following nonlin-
ear differential equation foPy(7):

|

The initial conditions(3.12 combined with the Wronskian
conservation yields

2

3
F PR =q2+ M(7).

4

,bq( 7)
2Py(7)

7Dq( 7)
Pq( 7)

(A2)
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and

1
2(00)=§Emax. (A6)

APPENDIX B: SLOWLY VARYING PARAMETERS
IN THE LATE TIME MODE FUNCTIONS

Let us define the following slowly varying parameters
[10]:

1 — i wgeeT _i_'
Aq(m)=e 1o [cpqm o Bl B1)
_1 FiwgeT i g
Bq(7)=§e q (Pq(7)+w_qx99q(7') ) (B2
with
0= NP+ M2, M2=M?(). (B3)

|aq|2_|bq|2:1- (A3)

As long asPy( ) is a real function, we have for the squared
modulus

|‘Pq(7')|2: |aq|2+|bq|2+2|aqbq|

Pq( 7)

(A4)

Xcos( ZdeXPq(X)+ aq
0

wherea, is a time independent phase.
Whenq belongs to a parametric resonant bandr) gets

These slowly varying parameters are asymptotically con-
stant.

We can express the mode functions in terms of them as
follows:

an imaginary part. We consider here the case where such

unstabilities have a negligible effect.

We are interested in the modes with large amplitudes

lag|>1,|bg/>1. That is, those in an interval of widthr
around the peak momentuqy. For such modes, thanks to
Eq. (A3) we can approximatéa,| =|by|.

Inserting Eq.(A4) into the integral(3.15 for 2(7), and
approximating the slowly varying factor 2(7) by its av-
erage on a periotthat we will denote ]qu) yields

1+cos< ZJ'TdX’Pq(X)'f—aq
0

2
d

2(7):2j qA q|aq|2
D

! (AS)

It follows from here the bounds

2
d
OsE(T)s4j qA Ol|aq|252max.
Py
For late times the integral of the oscillating cosinus in Eq.
(A5) vanishes. Therefore,

@q(T)=Ay(T)E' =T+ By (1) “a=T, (B4)
Thus the squared modulus of the modes is
|‘Pq(7')|2:|Aq(7)|2+|Bq(7)|2+2|Aq(7)Bq(7)|
X CO$ 20 T+ (7)1, (B5)
where
Ay(7)Bg(7)* =|Aq(7)By(7)|€' %™, (B6)
The constancy of the Wronskian implies
2 2 1
|Bq(7')| _|Aq(7')| :w_’ (B7)

qee

plus terms with derivatives of the slowly varying parameters
that vanish asymptotically.
We define a slowly varying moduly4.0],

M o(7) =gV Aq(7)[Z+[B4(7)]%

The main contributions to the physical quantities comes
from the modes with occupation numbers of ordey, Ifor
these mode$A,(7)| and|By(7)| are of order 1/g. There-
fore, My(7) is of order 1 for these modes. Moreover, Eq.
(B7) implies that

(B8)

Bo(7)[?=]Aq(7)[*[1+0(9)], (B9)

and we can thus approximate the squared modulus as fol-
lows:

9l eq(MI?=Mq(1)*{1+c0§ 2047+ (T I}[1+O(9)].
(B10)
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We obtain from Eq.(B4) a similar formula for the
squared modulus of the derivative of the mode function,

Po(T) =i wgu[ Aq( 7)€ “a="— By (7)™ “a="]
+Ay(7)e" =T+ By(T)e e, (B11)

Using Ay(=) =By()=0 and the same procedure we have

used to derive the equation for the squared modulus, we

obtain
9l @q(7)|*= 05 M5(%){1—CO§ 2wqe 7+ (7)1}
X[14+0(g)][1+0(r Y. (B12)
Or equivalently,
9l @q(T)|?*= 0549l @q(7)|* = 2M (1) CO§ 204 T+ (7)1}
X[1+0(g)][1+0(7 H]. (B13)

APPENDIX C: CALCULATION OF THE SPINODAL TIME
IN THE PRESENCE OF THE TSUNAMI

PHYSICAL REVIEW 53 045021

The solution of Eq(C1) for these modes is

1
A S Q@+ M)
X[(VR= QP =i VaZ+ [MEO)erVs o

(W= Qg ME0) e ],
(€4

We thus obtain for the squared modulus neglecting the
exponentially decreasing term

1+ p? s
|(Pq(7-)|2~ 2 2 /; 2 eZT\M -
4(p?— %) Vg + | M*(0)]
2
— qg'—’_’u eZT/LZ\/l*qz/,LLZI
4,0«2(1—? VaZ+ [ MZ(0)]

(CH

Here, we obtain the early time solution for the modes inThe contribution of the spinodal band ¢&.(7) is given by

the spinodally resonant band, and we estimate the spinod

time, 75, both for cases | and Il. Recall that there is spinodal

resonance providem§<0 andg ;,,<2.

Let us assume that the time scale for the development of

spinodal unstabilitieszs, is longer than the time scale of
damping of the oscillations irg2(7), 74. This happens
when the particle peak is wide enough.

Before entering on the calculation af, let us remark
that the numerical calculations show that the main effect o
g2 () for 7< ¢ (and smallg) is giving a constant positive
termg2 ,,./2 to the effective squared mass. In fact, this turn
to be true in general, not only when the oscillationgf( 7)
are damped before.

We have forry<7<rg

gzmax

<0.
5 0

—p=MZ(r)~1+ (€Y

Hence, an approximate equation for the modes reads

|

Thus, the modes witly in the interval between 0 and are
spinodally resonant.

We consider initial peaks of particles centered well out-
side the possible resonant bands. Thus, for a sufficiently na

d2

sz—uz) ¢q(7)=0. (o]

S

al

34(1)= f:qquwq(ﬂlz- (C6)

Inserting Eq.(C5) into Eq.(C6) we obtain an estimation for
the spinodal growth of the quantum fluctuations.

To approximately evaluate this integral, we can make fur-
ther simplifications in Eq(C5). As g/u<1 and the contri-
pution of the modes witly~ u is exponentially suppressed,
we can expand i/ to second order in the exponential and
to zeroth order in the factor outside the exponential:

1+ u?
e
4uQ*+ [ MZ(0)]

In addition the integrand has its maximum at
=0(0.1x) and 0<u<1. Therefore we can do the approxi-
mations H u?~1 and \/q2+|M2(0) ~1 (for both case |
and case ) Thus,

2rng= (@711,

|‘Pq( 7')|2~ (o))

1 202
|@(7)|2~ 7 2 €7 e I, (&)
Then the integral oveq takes the value
\/;,LL eZT;L
2=~ (C9

r-

row initial particle peak there are no particles in the spinod- . . . o .
ally resonant band. Therefore the initial condition for modes The spinodal timers is by definition, the time where the

in the resonant band are

@q(0)= =(q%+|M*(0)))~¥4,

-

@q(0)=—iQq=—i(q?+|M2(0)|)V4

unstabilities are shut off for all€ q= . This happens when
the spinodal modes contributidiy(7) compensates the ini-
tial (negative value ofM2(7) [see Eq(CD)]:

g2 TS)~M2' (C10

Thereforerg is given by the following implicit equation:
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1 16 3 where
Ts=5—log| ——|+ —log(u7s). (C1y
T 2u lgyme 4w T 1 (gNo|2d  1(27\? dd+a)?
] e AT
The spinodal times given by this equation are in good agree- T’ gNo

ment with the numerical results. 2
q0+ [e%

3

A

For gNo/2m<[(g3+ a)/3]%? the positive solution can be

The quantum fluctuations at initial time are related withwritten as
the initial data through Eq4.12

277)2

311/3
aNo J

APPENDIX D: THE INITIAL QUANTUM FLUCTUATIONS
IN CASE I

2

Jota
34 (2 » [9No|? 9%,(0)= 3 (2 cosp—1),
(92, (0) P+ (a5+ a)[9%(0)]°— — -0.
with
For gNo/2m>[(q3+ a)/3]%? the positive solution of this
equation takes the form 3 \3/gNp)\2
cosP=2| | | 5—] -1
2+a Jota 2
_ Y
92n(0)= 3 ST In limiting cases we recover E¢4.14).
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