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Abstract The Regge trajectory of an elastic resonance can
be calculated from dispersion theory, instead of fitted phe-
nomenologically, using only its pole parameters as input.
This also provides a correct treatment of resonance widths in
Regge trajectories, essential for very wide resonances. In this
work we first calculate the Kj(1430) Regge trajectory, find-
ing the ordinary almost real and linear behavior, typical of gg
resonances. In contrast, for the K (800) meson, the resulting
Regge trajectory is non-linear and has a much smaller slope
than ordinary resonances, being remarkably similar to that of
the fp(500) or o meson. The slope of these unusual Regge
trajectories seems to scale with the meson masses rather than
with scales typical of quark degrees of freedom. We also cal-
culate the range of the interaction responsible for the for-
mation of these resonances. Our results strongly support a
non-ordinary, predominantly meson—meson-like, interpreta-
tion for the lightest strange and non-strange resonances.

1 Introduction

There is growing evidence for the existence of hadrons that
do not follow the ordinary quark—antiquark classification of
mesons or the three quark classification of baryons. One of
the most remarkable features of these ordinary resonances
is the observation that, to a very good approximation, most
hadrons can be fitted into linear Regge trajectories with an
almost universal slope of about 0.9 GeV~2 in the spin versus
mass squared plane. Regge trajectories are due to the analytic
constraints of amplitudes in the complex angular momentum
plane. Always subject to these constraints, different dynam-
ics give rise to different Regge trajectories relating the angu-
lar momentum and the parameters of poles associated to res-
onances. In particular, linear relations between the squared
mass and the angular momentum are characteristic of rela-
tivistic confining interactions like a relativistic rotating rigid
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bar, flux tubes, string dynamics, etc. or those between quarks
in QCD. The slope of such linear trajectories is related to the
“string tension” or energy density of the tube connecting the
various quarks in the hadron. However, different dynamics
do not necessarily lead to linear Regge trajectories.

Let us remark that, due to the analytic properties of ampli-
tudes in the complex plane, in certain cases Regge trajecto-
ries can be calculated from the properties of just one res-
onance [1,2], instead of fitted to several resonances assum-
ing that a straight line should describe them. This approach
relies on dispersion relations and unitarity constraints for
Regge trajectories and residues [3-7] and is more funda-
mental and predictive than a pure straight line fit. Actually, it
does not assume a priori a particular functional form for the
trajectories. In addition, it includes a consistent treatment of
resonance widths, which are usually neglected in the usual
phenomenological fits of Regge trajectories. This allows for
a clear identification of wide resonances, instead of using,
incorrectly, the width as a source of uncertainty in the fits.

The method has been described and applied recently in
[1,2]. On the one hand, four ordinary linear Regge trajecto-
ries were found from the p(770), f2(1270), f;(1525) and
K*(892) resonance poles. The slopes obtained are fairly
close to 0.9 GeV~—2, expected to be universal for all ordi-
nary trajectories. This is just a confirmation of their well-
established ordinary nature, although the observed partners
in their Regge trajectories can be understood as predictions of
the approach, since the input only comes from the above four
particles. On the other hand, for the controversial fy(500) or
o meson, whose position has recently been determined accu-
rately in [8,9] using rigorous and model-independent disper-
sive formalisms, a non-linear Regge behavior with a much
smaller slope and a much larger imaginary part was found [1].
Its Regge trajectory was strikingly similar to that of a Yukawa
potential, at least below 2 GeV?2. Moreover, by imposing a
linear Regge trajectory on the o pole position the disper-
sion relations yielded an amplitude that was at odds with the
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scattering data, even qualitatively. This justified the omis-
sion of f(500) from (J, M 2) “quarkonia” linear fits in [10],
and provided strong support for the generally accepted non-
ordinary nature of this meson, which may contain a large,
or even dominant, meson—meson component (see [11] for a
recent review).

In this work, after briefly reviewing the method in the next
section, we extend this research further into the scalar strange
sector in Sect. 3. As a further check of the reliability of the
approach in the strange sector, we study first the K (1430)
in Sect. 3.1. The elastic formalism is a good approximation
because, following the Review of Particle Properties (RPP)
[12], the Kg(1430) branching ratio to K is (93 + 10)%.
Our calculation gives rise to an almost real and linear Regge
trajectory, with a slope very consistent with the universal
value.

In contrast, in Sect. 3.2 we show that the controversial
« or K*(800) meson results in a non-ordinary trajectory,
whose imaginary part is larger than the real part, which is
not linear and whose slope is much smaller than the univer-
sal slope of ordinary trajectories. This is a new piece of evi-
dence supporting the non-quark—antiquark nature of this state
(tetraquark, meson—meson “molecule”, different admixtures
of these, etc.) which has been suggested from many other
approaches [13-22]. The existence of this state has been the
subject of a long debate and it is still listed under “Needs con-
firmation” in the RPP. However, by means of a rigorous dis-
persive analysis in [23], based on Roy—Steiner partial wave
dispersion relations, it has been confirmed that a pole associ-
ated to that state exists. This pole, below 800 MeV, is found
by many other approaches based on chiral symmetry and/or
dispersion relations [15-19,22,24], in analytic extractions of
poles without model-dependent assumptions [25,26] or very
recently on the lattice [27] (although given the high quark
masses used in the calculation it appears as a virtual state, as
suggested in [28] from dispersion theory and effective chiral
Lagrangians).

Moreover, in Sect. 3.2 we will discuss the striking simi-
larities of the « trajectory calculated at low energies with the
trajectory of the o meson as well as with Yukawa potentials.
In particular, we show that the range of a Yukawa potential
that would mimic the trajectories of this resonances seems
to scale with the reduced mass of the system, suggesting an
important role for meson—meson dynamics in the formation
of these resonances. The range of this Yukawa potential is a
well-defined and intuitive measure of the scale involved in
the o and « formation, in contrast to the conventional mean-
squared radius, which is ill-defined for resonances since they
are non-normalizable states. The spatial scale of a resonance
is of interest to discuss its nature as a composite or compact
object, and the scales we find are somewhat smaller but com-
parable to typical meson—meson scattering lengths. In Sect. 4
we will present our conclusions.

@ Springer

2 Dispersive calculation of Regge trajectories

Following [1,2], let us briefly recall the notation and the
derivation of the dispersion relations that determine the
Regge trajectory and residue of an elastic resonance just from
its pole parameters. The partial wave expansion of the kaon—
pion scattering amplitude 7 (s, t) is

T(s.1) =32m Y (2 + Di(s) Pi(zs (1)), (1)
l

where z,(¢) is the cosine of the s-channel scattering angle. In
the elastic region the partial waves can be parameterized as

1(s) = 9 sind;(s)/p(s), p(s) = 2q(s)//s, )
4(5) = /s — (mg +mo)?)(s — mg —mo)?)/ds, (3)

where [ is the angular momentum, &; (s) is the phase shift and
q (s) is the center-of-mass momentum. Thus the partial wave
has a branch cut from threshold to infinity. Near the pole of
a resonance with spin / the partial wave reads

0(s) = %H(z,s), )

where f (I, s) is an analytic function around ! = «/(s). The
complex function «(s) is called the Regge trajectory of the
resonance and S(s) its residue. Both functions satisfy the
Schwartz reflection symmetry also satisfied by the partial
wave, L.e., a(s*) = a*(s) and B(s*) = B*(s). If we now
consider a region where the pole dominates the partial wave
behavior, then the unitarity condition Imz#;(s) = p(s)|#;(s) |2
implies that

Ima(s) = p(s)B(s). (©)

Moreover, the elastic unitarity condition determines the ana-
lytic continuation of # (s) through the cut to the second Rie-
mann sheet, where resonance poles may occur. Similarly, Eq.
(5) determines the analytic continuation of «(s) [6,7].

Let us now recall that near threshold partial waves behave
as 1;(s) o g%, therefore if the resonance pole dominates the
partial wave, then B(s) o ¢>*®) in that region. Moreover,
the Regge contribution to the amplitude is proportional to
(2 + 1) P, (z5), hence, in order to cancel the spurious pole
of the Legendre function Py (z5) o I'(a 4+ 1/2). The residue
must vanish in that region of energy whenever a(s) + 3/2 is
a negative integer, i.e., it is convenient to write

B(s) = y()5*/ T (als) +3/2), (6)

where § = 442 /so and in order to have the right dimensions,
we have introduced a scale sg, which we conveniently set
to so = 1 GeV? without losing generality. The so-called
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reduced residue, y (s), is a real analytic function. Hence, on
the real axis above threshold, since B(s) is real, the phase of

y is
arg ¥ (s) = —Ima(s) log(s) + arg I'(a(s) + 3/2). (7)

Consequently, we can write for y (s) a dispersion relation
using an Omnés function:

y(s)=P(s) exp <c0+c’s—i—i
T (mK“‘mrr)z

o /arg)/(sl))
ds'——— |,
s'(s" — )

®)

where P (s) is an entire function. The large-s behavior is not
determined from first principles, but linear Regge trajecto-
ries are expected for ordinary mesons and thus we allow «
to behave as a first order polynomial at large-s. Thus we
only need to use two subtractions to obtain a dispersion rela-
tion [3-5]:

, Ima(s’)
s'(s’ —s)"

a(s) =ozo+0/s+i/ 9

T J(mg+mz)?

Let us remark that in [2] it was shown that considering three
subtractions lead to almost indistinguishable results. There-
fore linear trajectories are not imposed a priori and, actually,
a non-linear behavior was found for the f;(500) resonance
[1].

From Eq. (5) it then follows that ¢’ = o’(log(a’sg) — 1)
and that P(s) can only be a constant. Therefore, we arrive
at the following equations [1,2,6,7] describing the Regge
trajectory of a resonance pole when it dominates a partial
wave as in Eq. (4):

, s o0 , Ima(s”)
Rea(s) =ag+a's + —PV -
T (mx +my)? s'(s" — )
(10)
b aapta’s
Ima(s) = 'O(S)O—s3
IT(e(s)+35)]
s o0
X exp ( —a's[1 — log(a'sg)] +—PV/
T (mkmﬂ)z
Ima(s’) log & + arg T' (a(s’) + 2
s'(s" —5)
b0§a0+a’s
B(s) p

= ————¢Xx
T(a(s) +3)

X (— a's[1 — log(a'so)] + i/
¢

T mK+mn)2

Ima(s’) log & 4+ arg T (a(s") + 2
s'(s" =)

where PV denotes the principal value. For real s, the last
two equations reduce to Eq. (5).

The dispersive approach to calculating Regge trajectories
consists on solving those three equations numerically with
the free parameters fixed by demanding that the pole on the
second sheet of the amplitude in Eq. (4) reproduces the posi-
tion and residue of the pole associated to the resonance under
study. As already commented in the introduction this proce-
dure yields almost real and linear Regge trajectories with a
universal slope of ~0.9 GeV~2 for the p(770) [1] f2(1270),
f>(1525) and K*(892) resonances [2]. In contrast it leads
to a very unusual non-linear trajectory for the f,(500) or o
meson.

For scalars like fp(500), studied in [1], or K5(800) and
K 6‘ (1430), which will be studied here, the method is slightly
modified [1] to factor out explicitly in the residue the Adler-
zero of the partial wave required by chiral symmetry, namely,
B(s) o (s —s4). For our purposes here it is enough to place it
at its leading order position within Chiral Perturbation The-
ory, which for kaon—pion scattering is at s4 = 0.236 GeV?.
Then, since we do not want to spoil the large s-behavior,
we need to replace I'(a 4 3/2) by I'(e + 5/2). A spurious
pole appears now at « = —3/2, but this is far away from the
resonance region and hence becomes irrelevant from the cal-
culation. In summary, for K;(800) and Kj(1430) the right
hand side of Eq. (12) should contain an (s — s4) factor and
all instances of 3/2 in the I" functions should be replaced by
5/2. Then by has GeV 2 dimensions.

Before discussing our numerical results let us recall the
relation between the coupling g of the resonance to its dom-
inant decay channel and the residue of the pole | Z|:

g = 167 (21 4 12),|Z| (13)
124(sp)|

Note that by calculating «(s) from the pole of one elas-
tic resonance, we are not only obtaining the real part of the
trajectory, which predicts the mass of the next partner in
the trajectory, but also the imaginary part, which can be
naively converted into a prediction of the width. In par-
ticular, for Breit—~Wigner resonances that have just a sin-
gle dominant decay mode, their width can be related to
their Regge trajectory as I' = Ima/(MRea’). There are
several caveats here: first, that we have assumed a Breit—
Wigner form. Second, that the next partner of the linear
trajectory found for the K (1430) is heavy enough to lie
beyond the strict applicability limits of our approach (the
elastic or almost elastic region). Thus, being obtained from
the extrapolation of our results to high energies, this I" can
only be considered as an estimate. Third, that, being in the
inelastic region, the partner does not have to decay predom-
inantly into a single mode, so that the I" above should only
be interpreted as the partial width to K. With these caveats
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in mind we will see that the partial-width estimate is fairly
reasonable.

In practice, it is the full elastic amplitude, including the
background, the one that satisfies elastic unitarity. Therefore,
our approximation that the pole contribution alone satisfies
elastic unitarity is only valid in the region where the pole
dominates the partial wave. However, dispersion relations
are integrated from threshold to infinity. There are two pos-
sibilities now: to restrict the integrals to the region where the
resonance pole dominates, or to use the one-pole approxima-
tion in the whole energy region. In the results we describe
in the next section we have opted for the second one but we
have checked that the results change little if we use the first
option. In particular, about 90% of the integral comes from s’
within roughly one width of the resonance in the s region of
interest (again within roughly one width of the resonance).
We will then compare our results in the surroundings of each
resonance, where they are to be trusted, and cover with a
mesh the areas where our approximation is not expected to
hold.

3 Numerical results

Strictly speaking, the method described in the previous sec-
tion is suitable for resonances appearing in the elastic scat-
tering of two mesons. In the strange sector this is fulfilled by
the vector K*(892), already studied in [2], and the K (800)
to be studied below in Sect. 3.2, since in practice both have
a 100% branching ratio to Kw. However, it was shown in
[2] that the method is also able to reproduce the ordinary
behavior of the f>(1270), f;(1525) resonances, which are
almost elastic, each with a dominant decay whose branching
ratio is larger than 84%. For this reason, we are confident
to extend the approach here to K5(1430), whose branching
ratio to K is (93 & 10)% according to the RPP [12]. Thus,
we will consider this small inelasticity as a source of sys-
tematic error and include an additional 7% uncertainty in the
K5(1430) residue.

For each resonance we obtain the best values for «g, o’
and by by fitting the pole in Eq. (4) to the parameters of the
observed associated pole, where «(s) and S(s) are numerical
solutions of Egs. (10) and (12). Hence, the inputs to calculate
each Regge trajectory are just the pole position s, and residue
|g?| of a single resonance.

In practice, at each step in the fitting procedure a set of
ag, ' and bg parameters is chosen and the system of Egs.
(10) and (11) is solved iteratively. The resulting Regge ampli-
tude for each ag, o’ and by is then continued to the complex
plane to find a pole. From this pole we define a x2 func-
tion by calculating the differences between the mass, width
and coupling observed values of the pole under study and
the pole obtained from the above equation, divided by the

@ Springer

uncertainties. The best values for «g, o’ and by are obtained
by minimizing this x? function.

3.1 K;j(1430) resonance

According to the RPP, K5(1430) is a well-established reso-
nance, whose parameters are obtained both from K scat-
tering and decay from production processes. Note, however,
that our formalism is based on scattering amplitudes (par-
ticularly due to the use of the unitarity condition in Eq. (5),
and when looking at scattering data the nearest peak to 1430
MeV actually occurs at a somewhat lower energy. In addition,
even taking into account that it is only approximately elastic,
the amplitude does not follow a typical isolated Breit—Wigner
shape. These two features can be seen in both panels of Fig. 1,
where we have represented as a dotted line the modulus of the
amplitude obtained in a recent reanalysis [29] of scattering
data [30,31] constrained to satisfy Forward Dispersion Rela-
tions (FDR). The reason for such a behavior can be attributed
to the presence of backgrounds, possibly from other reso-
nances. In particular they may come from the still contro-
versial K(*)‘ (800), whose width is of the order of 600 MeV,
and maybe also from another still disputed Kj(1950) reso-
nance, with a with of the order of 200 MeV. Thus, in this case,
although the presence of the resonance is undisputed, there
is some spread in its parameters, particularly on the width.

Thus, we are going to deal with the pole of the K 6"(1430)
resonance following two different approaches. Within the
first, more conservative approach, we will use a very simple
description using a Breit—-Wigner (BW) functional form. The
parameters of this “BW-pole” are obtained from the RPP and
read

Sk; =M —iT/2 = (1431 £ 50) — i (135 4 40) MeV,
|gk; > =22.0 £ 6.2 GeV™. (14)

The resulting BW line shape is shown on the left panel of
Fig. 1 as a dashed line. Note that, despite dominating the
amplitude in that region, this BW form does not describe the
data accurately, which implies the existence of a background.
Fortunately, for our approach only the pole parameters are
needed.

Within the second approach we will use a recent pole
determination [26] that does not assume a particular func-
tional form or model for the pole, but uses a sequence of
Padé approximants with powerful convergence properties in
the complex plane. This sequence is calculated from the val-
ues of the amplitude and its derivatives at an energy point near
the resonance. The values of the amplitude are taken from
the recent analysis of scattering data [29] constrained with
forward dispersion relations. This approach is meant to min-
imize the model dependence. In this case the “PFDR-pole”
parameters are:
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Fig. 1 The dotted line, labeled “FDR-data”, corresponds to the modu-
lus of the K7 scattering partial wave in the scalar—isospin 1/2 channel,
obtained from a fit to data constrained with forward dispersion rela-
tions [29]. On the left panel, the dashed line is the Breit—Wigner shape
obtained using the resonance parameters in the RPP. Note that the Breit—
Wigner peak is displaced from the peak in the data. The continuous line
is the result of our method, with a Regge pole consistent with that of
the Breit—Wigner parameterization, but satisfying the dispersive con-

\/% = (1431 £6) —i(110 £ 19) MeV,

|gK§|2 = 14.6 £5.6 GeV>. (15)

Still, one might be concerned about the description of data
and try to get a more accurate parameterization in terms of
more Regge poles. Actually, the parameterizations in [29] do
have several poles [26] and describe the data very accurately.
However, if one tries to implement a dispersive formalism
with more Regge poles, each one has three more functions
to determine (Rew, Ima and B), but still just one elastic
unitarity condition for the whole partial wave. Thus, one does
not obtain a closed system of integral equations. It is only
because we assume that elastic unitarity is good for each
pole separately that we can derive the powerful system of
two integral relations provided in Sect. 2, relating the real
and imaginary parts of each pole trajectory.

Therefore the input for our equations are just the pole
parameters of each resonance, and these have to be extracted
by isolating each pole contribution, as we have just done
in the previous paragraphs. The pole itself does not have to
describe the data perfectly, since there is a background to
complete the description. For the trajectory of a given reso-
nance only its own pole is relevant, everything else is back-
ground, no matter whether it comes from another resonance.
In particular, K;(800) and the K;(1430) are fairly well
separated. Thus, when extracting the parameters of one of
them, the contributions of the other one should be considered
background.

1 12 14 16 18 2 22 24 26 28 3 32
s(GeV?)

straints on the Regge trajectory Eqs. (10) to (12). On the right panel
we show similar results, but avoiding a Breit—Wigner or other particu-
lar model. The resulting Regge-pole shape is also somewhat displaced
with respect to data but slightly narrower than when assuming a Breit—
Wigner formalism. In both cases the gray bands cover the uncertainties
due to the errors in the input pole parameters. The regions covered with
a mesh correspond to s < (M — F/2)2 and s > (M + F/2)2

Hence, we assume that 8 and « are related by elastic uni-
tarity. For this approximation to hold, elastic unitarity should
be a good approximation for #; (which is indeed the case as
shown in [29]) and the pole should dominate the partial wave
in a certain region. The method is then valid in that same
region. This is why we provided the curves in Fig. 1, just
to show that the pole contribution (extracted in [26] from
a parameterization that describes the data accurately) domi-
nates the amplitude in that same region. One might be wor-
ried that the peak is somewhat displaced, but we will also
make the calculation with a Breit—Wigner functional form,
which by construction satisfies unitarity, and we will check
that the results are compatible with those obtained from the
pole extracted in [26].

We then apply the method explained in the previous sec-
tion to these two determinations of the pole. For the “BW-
pole” approach, its values Eq. (14) are well fitted, resulting in
\/s?af = (1431 £51) — i(139 £ 65) MeV and a coupling of

lg K; | = 21.649.1 GeV?. The larger errors obtained for the
width and the coupling are caused mostly by the systematic
uncertainties included for the branching ratio, since it has a
7% inelasticity. Then, on the left panel of Fig. 1, we show as a
continuous line the Regge-pole amplitude resulting from our
method. We see that even though we have just fitted the pole,
which is the only relevant feature for the Regge trajectory,
this amplitude is rather similar to the Breit-Wigner form.
The gray bands cover the uncertainties in the Regge-pole
amplitude arising from the errors of the input.

@ Springer
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We follow the same steps for the “PFDR-pole”. Its
values in Eq. (15) are well fitted, resulting in /SK;; =

(1431 £ 6) —i(110 £22) MeV and a coupling of |gK§ |2 =
15.01“? 236 GeV~2. Once again the larger errors obtained for
the width and the coupling are caused mostly by the estima-
tion of systematic uncertainties due to the 7% inelasticity.
This time we show on the right panel of Fig. 1 the resulting
Regge-pole amplitude, whose peak is somewhat narrower
than that of the Breit—-Wigner shape in the left panel. The
gray bands cover the uncertainties in the Regge-pole ampli-
tude arising from the errors of the input.

In the process of fitting to the observed values the pole in
Eq. (4), with the constraints in Egs. (10)—(12), we obtain the
by, ap and o’ parameters. For the BW-pole they are
ao = —1.101091 o =0.7870Y] GeV %

bo = 4.08739% Gev 2, (16)

whereas for the PFDR-pole trajectory we find

ap = —1.28T0%: o = 081100} GeV 2,
by = 2.5} Gev=2. (17)

With these parameters the trajectory «(s) is fully deter-
mined as a solution of the integral equations. Thus, in Fig. 2
we show the resulting trajectories for the BW-pole (thick
lines) and the PFDR-pole (thin lines). The real part of the
trajectories is shown as a continuous line and the imaginary
part as a dashed line. Both pole determinations yield very
similar trajectories. In the figure we have covered with a
light mesh the regions that lie beyond three half-widths of
the K (1430) mass, where we do not expect our method to
give accurate results and the curves should be considered a
qualitative extrapolation. Within the applicability region, we
find that the real part of the trajectory is almost linear and big-
ger in modulus than the imaginary part above the resonance
mass. In other words, it comes out as expected for Regge
trajectories of ordinary mesons.

Nevertheless, in Fig. 2 we show the resulting Regge tra-
jectory up to s = 5 GeV?. The reason for such an extrap-
olation is to show the position of the KJ(1980) mass at
MK§(198()) = (]973 + 8 + 25) MeV []2], which could be
the next state in the Regge trajectory. It should be noted that
this resonance is listed in the RPP, but omitted from the sum-
mary tables, because it “Needs confirmation” [12]. No other
JP = 2% candidate is found nearby in the RPP, particularly
not with a slightly higher mass. This resonance is fairly close
to our extrapolated trajectory. This can be considered as fur-
ther support for its existence. However, it should be noted
that it is somewhat lighter than expected from our results,
although one should take into account that the mass listed in
the RPP is not the pole mass that we use in our calculations.

@ Springer
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K ,(1980)

s(GeV?)

Fig. 2 Real (solid) and imaginary (dashed) parts of the K;j(1430)
Regge trajectory. The gray bands cover the uncertainties due to the
errors in the input pole parameters for the Breit—Wigner pole, which
central values are the thick lines, the values obtained for the PFDR-pole
are the thin lines. The area covered with a mesh is the mass region
starting three half-widths above and below the resonance mass, where
our approximation that K r is elastic and dominated by K (1430) does
not longer hold and where our approach should be considered only as a
mere extrapolation. We show the K5 (1980) resonance listed in the RPP
that seems a good candidates for a K5 (1430) partner in this trajectory

It is worth remarking that K5 (1980) is not only slightly
off our trajectory, but also off from standard linear trajecto-
ries. In particular since forcing Ka‘ (1430) and the K5 (1980)
to lie on the same straight trajectory J = ao + o’ M?, yields
aslope o’ =~ 1.07 GeV~2, which is somewhat larger than the
usual value of 0.9 GeV~2. This small tension with the uni-
versal slope could be due to the fact that, although K (1430)
is generally accepted as an ordinary quark—antiquark meson,
it might also have some small mixing with other meson con-
figurations [32-36]. This would be rather natural since such
non-ordinary mesons candidates, which as commented in the
introduction include the K j(800), are relatively close. In par-
ticular, K, 6‘ (800), having a width of the order of 600 MeV and
a pole mass around 700 MeV, is less than one width and a
half away from the K (1430).

Moreover, since K3 (1980) seems to be a good candi-
date for the next partner of K§(1430), we can estimate
Crra980)>k7 = 97MeV by approximating the width as
I' = Ima/(MRea'), assuming K§(1980) can be described
by a Breit—Wigner form. Unfortunately, no estimate of this
partial width is given in the RPP, but at least our result is
smaller than the total width I';,; = (373 &+ 33 &+ 60) MeV.

As a final remark on Fig. 2, we want to comment on the
apparent cusp seen at threshold in the K (1430) trajectory,
even if it lies beyond the strict applicability region of our
method (since it lies in the area covered with a mesh). It
is just an artifact of our approximation due to our assump-
tion that the Regge pole dominates the amplitude. But as
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seen in Fig. 1, for K (1430) this dominance is only a good
approximation in an energy region of the order of the reso-
nance width around the nominal mass. Being a Regge pole
in the complex-/ plane B(s) must carry a ¢>**) factor. Right
at the pole this becomes exactly g%, as expected from par-
tial wave kinematics. However, the pole does not dominate
at threshold, where «(s;;) # [. Therefore at threshold the
approximation g ~ ¢ is not so good.

Now, for trajectories of scalar particles Re « is negative
between threshold and the pole. Consequently, in the first
step of the calculation, g>* diverges at threshold and so does
B(s). If 0 >Rea > —0.5 this spurious divergence is com-
pensated in Ima = p(s)B(s) by the p(s) ~ g factor. Thus
the artifact due to extending our approximation to threshold
goes unnoticed. This will be the case of the light K;(800)
(or the o resonance studied in [1]). However, for K (1430),
Re a can become close or smaller than —0.5 at threshold,
making Imo — +o0 there. But recall that our equations are
solved iteratively. Then, if at any step of the calculation we
feed in the equations a huge positive Ima(s”) near thresh-
old, the resulting Re «(s) changes sign becoming positive
near threshold. With further iterations the solution at thresh-
old always stabilizes at values of Rea(s) > —0.5. Beyond
threshold it can be negative until it reaches the value of « = 0
at the resonance mass. Therefore the spurious behavior of the
trajectory around s = sy, is not due to the presence of another
Regge pole like K5 (800), but just to assuming that at thresh-
old the amplitude is dominated by the K (1430) pole.

One might then worry that this artifact may spoil our cal-
culation, but we have also checked explicitly that the part of
the integral around threshold is negligible for the result of
the trajectory in the applicability region. As explained above
we could have restricted the integrals to the region around
the resonance and the result would have changed little.

3.2 K;(800) resonance

This is a very interesting state, because, as commented in
the introduction, it is a firm candidate to be a non-ordinary
meson together with the other members of the light scalar
nonet. There is also a longstanding debate on its parameters
and even its very existence, and in the RPP it is still listed
as “Needs Confirmation”. However, all sensible implemen-
tations of chiral symmetry and unitarity obtain a pole for this
state, which is also necessary for the understanding of several
heavy meson decays (see, for instance [37]). Within unita-
rized chiral perturbation theory it was shown that this state
does not follow the N, behavior of ordinary mesons [21,22]
and that for heavy quark masses it would become a virtual
state [28], which has been recently confirmed on the lat-
tice [27]. The most rigorous determination of its parameters
was obtained from the dispersive analysis in [23] using the
Roy-Steiner equations with unitarity and low-energy chiral

constraints. In that work the pole position is given explic-
itly, but unfortunately not the residue, which is needed for
our approach. For this reason we will use the parameters
obtained in [29], in which a conformal expansion with the
correct analytic properties was fitted to K scattering data
constrained to satisfy forward dispersion relations up to 1.6
GeV. The pole parameters we will use are thus

V3¢ = (680 £ 15) — i(334 £ 8) MeV,
lge|? = 25.0 + 0.6 GeV?, (18)

which are fairly consistent with the position provided in [23]
and the RPP.

As in previous sections, the pole parameters above are
then fitted with our Regge amplitude in Eq. (4), neglecting
the background and with the Regge slope and residue sat-
isfying the dispersive representation in Eqgs. (10)—(12). The
pole obtained from this fit is located at /s, = (680 & 15) —
i(334 £ 8) MeV, with a coupling |g,|*> = 25.1 = 0.5 GeV?,
very consistent with the input values. The parameters of the
fit are

ap =0.28+0.02; o =0.15+0.03 GeV~?;
bo = 0.44 +0.04, GeV 2, (19)

and the corresponding trajectory «(s) is shown in the left
panel of Fig. 3. It is clearly not an ordinary Regge trajectory,
since it is not predominantly real, the real part is non-linear
and the slope (at the Kj(800) mass) is almost one order of
magnitude smaller than the usual o’ >~ 0.9 GeV 2 slope for
ordinary mesons.

In Fig. 4 we compare the one-pole partial wave of Eq. (4),
when the pole follows this non-ordinary trajectory (contin-
uous line and dark error band), with the dispersive data fit
from [29] (dashed line). It can be seen that the non-ordinary
Regge-pole amplitude consistently dominates the amplitude
in that region, even though we have only fitted the pole posi-
tion and residue deep in the complex plane.

To check the robustness of our results we have performed
some further tests. First, we have also used the pole obtained
in a recent work [26], which also used the constrained data
analysis of [29], although the pole was not obtained from the
conformal fit there, but from a sequence of Padé approxi-
mants. The pole parameters thus obtained were

V5 = (670 + 18) — i(295 + 28) MeV,
gl = 20.0737 GeV?. (20)

Note that the uncertainties in these parameters are more
conservative than those in Eq. (18). Once again we fit this
pole with our single-Regge-pole amplitude. The resulting
pole is at /s, = (670 & 18) — i(295 & 28) MeV, with
lgel> = 20.01';:; GeV?2, almost identical to the input. The
parameters obtained for the Regge trajectory associated to
this pole are

@ Springer
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Fig. 3 Real (solid) and imaginary (dashed) parts of the K{(800)

Regge trajectory for both FDR [29] and PFDR [26] results. The real
part is smaller than the imaginary part in the whole energy region. The

slope of the Regge trajectory is almost one order of magnitude smaller
than the usual ones. In addition there cannot be any candidate for this
resonance since the real part is below 0.25 up to s = 5 GeV 2

S

12
— Imt; "(s)

-- Imtol/z(s)-data

12, | .
- Imt; (s)-linear

r 12 ]
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0 == Ret, (s)-data b
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s(GeVz)

Fig. 4 Real and imaginary parts of the partial wave t(;/ 2(s). Dashed
lines represent the constrained fit to data in [29]. The solid curves repre-
sent the single Regge-pole partial wave determined using the dispersive
representation of the Regge trajectory. The estimated uncertainties are

ao=0.27£0.03; o =0.11£0.9GeV 2
by = 0.45704!, Gev~2, 1)
very consistent with the determination in Eq. (19), although
more conservative. Once again we see on the right panel of
Fig. 3 that the resulting trajectory is very different from that
expected for an ordinary meson and very consistent with the
trajectory in the left panel, although with more conservative
error bands.

As a second test, we have performed the same analysis but
imposing an ordinary slope o’ = 0.9 GeV~2. Despite having

@ Springer
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s(GeV")

shown as gray bands. The dotted lines, which are completely at odds
with the data curve, represent the single Regge-pole partial wave when
imposing an ordinary linear Regge trajectory with &’ ~ 0.9 GeV~2, as
a solution from the dispersive equations of «(s) and S(s)

one less free parameter for the fit, it is still possible to fit the
pole position fairly well, finding /s, = 683 —i331 MeV,
with the coupling | g, |> = 25.1 GeV?. With o’ fixed we now
find a linear Regge trajectory and one could be tempted to
think that we could also consider « to lie in an ordinary Regge
trajectory. However, the resulting amplitude may describe
the pole, but fails completely to describe in the real axis the
amplitude fitted to data. This can be seen in Fig. 4, where
we show as dotted lines the real and imaginary parts of
the resulting amplitude when imposing an ordinary linear
Regge trajectory for K5(800), versus the partial wave fitted
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to data. Therefore the linear Regge trajectory with univer-
sal slope does not yield a pole that dominates the observed
amplitude.

Moreover, if one was to assume an ordinary linear Regge
trajectory J = oo + o’'M 2 for K(800) with the universal
value 0.9GeV~2, then taking M, ~ 0.68 GeV, one finds
ap >~ —0.42. Hence the first partner with J = 2 in this tra-
jectory would appear at 1.64 GeV. No J” = 2% resonance
is identified in the RPP with such a mass. The closest one
is the K§(1430), but that would require o’ = 1.26 GeV~2Z,
very inconsistent with the universal slope. The second closest
JP = 27 resonance is K} (1980), but we have already seen
in the previous section that this one would fit better in the
K(1430) trajectory. Actually, to make it the partner of the
K (800) in a linear trajectory, a value of o’ ~ 0.58 GeV~?2
is required, also rather different from the universal value.
A K (1630) resonance is listed in the RPP with unknown
JP, but it is not confirmed by more than one experiment, it is
omitted from the summary tables and has a surprisingly small
width of 16f}2 MeV, which makes its existence very ques-
tionable. Furthermore, even in QCD-inspired quark models
[38], only two J P — 2% states are listed below 2 GeV and
they can be nicely identified with K3 (1430) and K3 (1980).
Therefore, even from more familiar phenomenology there is
no natural candidate for a partner of Kj(800) if it lies in an
ordinary trajectory.

A third test is that we have also tried to fit the pole without
factorizing the Adler zero, but once again the result is at odds
with the data.

These results strongly support the non-ordinary nature
of the K(’;‘ (800) resonance, or k meson. Furthermore, a
rather similar non-ordinary Regge behavior has been recently
observed [1] for the f((500) resonance, formerly known as
the o meson. As commented in the introduction, there is a
rather general agreement in the literature that these two res-
onances would belong to the same light scalar multiplet. The
similarities between the trajectories of these two states is
shown in Fig. 5 where we plot Ima(s) versus Rea(s) for
Ka‘ (800) together with the results obtained for o in [1].
It should be noted that for f,(500) a very robust behavior
below 2 GeV? was found, which is qualitatively similar to
the one we also find for K(800). Namely, both f,(500)
and K (800) trajectories in this plane are almost exactly
real up to a value of Rea(s) between —0.5 and 0, where
both curves rise almost vertically developing an imaginary
part up to slightly above 0.2, without barely changing the
real part. This happens for values of s < 2GeV?, where
we expect our method to be valid, and we have plotted
this part of the curves with thick lines. It is worth noting
that this is the typical behavior of Regge trajectories of
Yukawa potentials V (r) = Gaexp(—r/a)/r at low ener-
gies [39-41], which we have plotted as dashed lines for
different values of G. Therefore, it seems that both the o

0.8 T T T T T
! \ 2
Imo |} \ — o (s),s<2 GeV
n \ 2 1
:'I," ‘\G:3 — OLU(S), s>2 GeV
m \ \ 2
06 5t i == o (s), s<2 GeV B
i \
1 \ | 2
---- >
' G o,(s), s>2 GeV |
/ \
i \
| \
04 | i B
1 \
1 |
i
i
I i
i
i
il
02|
L
S —> -c0 |
0
-1 -0,5

Fig. 5 At low and intermediate energies (thick lines), the trajectories
of o and « are similar to those of Yukawa potentials [39—41] V(r) =
Gaexp(—r/a)/r (thin dashed lines labeled with different values of G).
Beyond 2 GeV?, we plot our results as thin lines because they should
be considered just as extrapolations

and the « mesons have a Regge trajectory at low energies
that is qualitatively similar to Yukawa potential trajecto-
ries.

Above 2 GeV? our method becomes less reliable, but we
still show the results as thin curves for completeness. It should
be considered just a mere extrapolation. Moreover, given the
high energies under consideration, the comparison with non-
relativistic Yukawa potential does not make sense any longer.
The sigma presents two possible behaviors, in one of them
Imo reaches a value between 0.2 and 0.4 and then decreases
slowly while the real part starts increasing again. This is the
same behavior we find for the K;(800). However, within
uncertainties, f(500) has another possible behavior which
still follows the Yukawa trajectory above 2 Ge V2. In any case,
at those high energies these trajectories are still non-ordinary
as seen in Fig. 3 for K(800).

Once the semiquantitative analogy with Yukawa poten-
tials has been established, it is possible to estimate the
Yukawa parameters that mimic best the ¢ and « trajecto-
ries. The trajectory of f((500) is almost equal toa G = 2
curve uptos = 2 GeV?2, while the curve with G = 1.4 is
rather similar to the Kj(800) trajectory. Using the parame-
terizations of Yukawa Regge trajectories in [39—41] we can
estimate the effective ranges of the Yukawa potential in the
o case [1]: axy = 0.5 GeV~! ~ 0.1 fm, as well as in the «
case: azx =~ 0.36 GeV~! ~ 0.07 fm.

The range of the interaction is a relevant quantity because
there is some interest in the literature in determining the size
of resonances and whether they are compact or extended
objects. If they are extended the “molecular” interpretation,
i.e. predominantly formed from a two-meson interaction,
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would be preferred over the interpretation where the bind-
ing force is between quarks. Unfortunately, the concept of
size is poorly defined for resonances, since the spatial part
of their wave-function is non-normalizable. In particular,
the simple extrapolation of methods that can determine the
compositeness of bound states [42—44] is not directly trans-
latable to resonances. Some efforts to generalize the con-
cept of size, radius or some compositeness criteria can be
found in [45-50]. For instance, in [50], the scalar radius
was generalized to a complex number finding: (rz)g’ =
(0.19 & 0.02) — i(0.06 £ 002) fm?, i.e., close in modulus
but smaller than a typical meson radius. In contrast, in our
case the range of the Yukawa potential that mimics the Regge
trajectory is a well-defined quantity, giving a very intuitive
picture of the range of the interactions responsible for the
formation of the resonance.

Returning to our values, the interaction range we have
found is somewhat smaller but of the order of typical val-
ues of meson—meson observables like the scalar scattering
lengths a(()l), where [ is the isospin in w7 or & K. Their val-
ues are a(()o) ~ a(()l/z) ~ 1.6 GeV~!' ~ 0.3 fm. Therefore
the range of interactions producing x and o seem compa-
rable but somewhat smaller than meson—meson interactions
themselves. Keeping in mind that the range of the interac-
tion is not directly the “size” of a resonance our interaction
ranges compare rather well with the modulus of the radius
V1(r?)9| ~ 0.45 fm obtained in [50]. Very naively one would
expect the interaction range to be smaller than any general-
ization of the radius, since after all the resonance is a quasi-
bound state that escapes from the typical interaction range.

Moreover, if the interactions is of the meson—meson type,
a rather natural mass scale for the system is the reduced
mass of the two mesons. If a naive a ~ 1/u proportional-
ity is assumed for the range, one would expect: ay /drx =~
Uz k /Mrzr = 1.56. Remarkably, from our previous estimates
of the effective range we find a, . /arx =~ 1.39, i.e. within
a 10% from that expectation. This would also be consistent
with the interpretation that both ¢ and k are predominantly
meson—meson resonances.

4 Conclusions

In contrast to the usual phenomenological approach of fitting
the spin and squared mass of hadrons into linear trajectories,
in this work we have applied a method to calculate Regge
trajectories without assuming a priori their functional form.
In addition, instead of using as input the parameters of sev-
eral resonances, the only input is the position and residue of
the pole associated to a single resonance. The method applies
to elastic meson resonances, i.e., those resonances that decay
almost completely into a single two-meson channel. In par-
ticular, the method has been previously shown to predict that
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the p(770), f2(1270), f2’(1525) and K*(892) Regge trajec-
tories are almost real and linear with a constant slope of
roughly 0.9 GeV~2, in good agreement with the expecta-
tions for a confining interaction between a constituent quark
and an antiquark, i.e. for ordinary mesons. In contrast, the
Regge trajectory of the controversial f(500) or o meson,
was found to be non-real, not linear and with a much smaller
slope than ordinary trajectories.

Here we have applied this method to the controversial
K;(800) or x meson and to the almost elastic and scalar
strange K;(1430) resonance. For the latter we have found
a rather ordinary trajectory which suggests that its nature
is largely dominated by confining quark—antiquark interac-
tions. The K7 (1980) is even a fairly reasonable candidate
to be its next trajectory partner with J = 2, although with
some tension in the parameters, so that it would not be too
surprising if the K(j(1430) had other subdominant, but siz-
able, non-¢gg components.

Of course, the most interesting result of this work is the
trajectory of the controversial K (800), which for long has
been considered a non-ordinary meson candidate. The Regge
trajectory we find for this resonance is not predominantly real
and its real part is not linear. This clearly supports the identi-
fication of this state as a non-ordinary meson. Moreover, its
Regge trajectory slope at the physical mass is much smaller
than the universal slope of ordinary trajectories. This also
seems to suggest that meson physics, more than interquark
interactions, might be responsible for its formation.

In addition, the trajectory of K, 3‘ (800) is very similar to that
already found for the f(500) or o meson, thus supporting
the widely extended view that both belong to the same light
scalar nonet. Furthermore, at low energies the trajectories of
these two resonances have very significant similarities with
the trajectories of Yukawa potentials between two mesons,
whose range has been estimated here: ~ 0.36 GeV~! for
and ~ 0.5 GeV~! for o. This is of interest because, being
non-normalizable states, it is very hard to define the concept
of “size” for resonances, whereas the range of the interaction
that produces the resonance is a well-defined and intuitive
concept. Incidentally, the interaction range seems compatible
with a scaling inversely proportional to the reduced mass
of the meson system, which also seems relatively natural if
the meson—meson interactions plays a dominant role in the
resonance formation.

Altogether, our results seem to support a predominantly
non-ordinary nature for K§(800) and suggest that its forma-
tion is mainly due to meson—meson dynamics.
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