Kybernerer -
1987, Vol. 16, pp. 241243

@ Thales Publicatlon (W.0:) Lid
Printed in Clread Britade

SOCIAL WELFARE FUNCTIONS IN A
FUZZY ENVIRONMENT

F. J. MONTERO
Depto. Estadiztica ¢ 1O, Far. CC. Matemiticas, Universidad Complutense, 28040 Madrid (Spain)

(Recried Orcinber 27, 1988}

In \hls pwper, Nazzy preference relatons ars comaidered wad the concpr of “furey scychty™ W defined in ordor (o measore
tbelr rwtioowiity, Sxch & eomewpit B applied 10 study the properties of socisl wellfnre Tuncticn o & fiuey enviconment. Tn
particabhr, the cxdwonos of non-irrational eggragation rules {n axsored, in soch & way that they can be uaed a2 & group

decidon ald

INTRODUCTION

The axiomatic approach to 3ocial Welfars Func-
tions propessd by Arrow!' showa that pome desirable

opertigs Tor yorial choice are incompatible. Such
Errels::lt i kmw&ﬁ imporathility Theorem® and,
in spite of ok pomdbility results, Arrow’s negative
philosophy remaine valid.!

[n his clrsical work, Arrow considered tne aggre-
gation problem: of preferences in"a group. [t is
assimed thal epch individual defines & profcrence
ordering over e yivén set of aclions, and the problem
i how to: deflne Bocial Welfare Funclions assigning
& group preference ordering to cach conceivable
individual prefecesics orderings. For example, lor-
malization of fhe following conditions leads us 1o
contradiction in non-trivial cases', as follows:

(1} Unretricted Doiain: a social welfare function
ig defined for avery possible set of individual ordet-
ings.

(2} Mon-negatlve Response: social ordering re-
sponds positively—or at leas not nsgatively—to
alerations in individusl valuss,

(3} [ndependance of Irrelavant ahwtnatives: social
ordering from any glven set of aliernntives depends
only on the orderings of individuals among those
allermatives.

(4} Citizen Soversign: any possible ordeting can
be reached by varying individual orderings.

(5} Men-Dictatorahip: there is no individual such
that social ordering is always his individual order-
ing, independently of other individuals,

These ethical conditions seemn valid at firs- sight,
and many eforts have been done te discuss whers
doss the difficult lie. We will prove that such a
conflict lies in the previous concepr of rationality;

EYT Wi—H

Fa

each individual—or group—is considersd “‘ratio-
nal” if and only il its preferenee relation K is an
ordering relation (g complete, reflexive and trans-
dve relation). [t 13 well known that one way to
oveteoms Arow's Impassibility Theotem is to diop
the requirement of transitivensss, For example, if
collective preference & supposed to be quas-
transitive (atrict prefersnces are transitive) an oli-
garchy cmerges; ilit is only acyelic, eligarchy can be
avoided, bul decisicn rules are poorly decisive,

The aim of this paper is to study the cobcspr of
Social Welfare Functions when preferences aré sta-
blizshed as Puzzy Preference Relations. We musi
remember that Fuzzy Set Theory was introduced by
Zadeh* in order 1o generalize classical Set Theory. A
Fuzzy 5S¢ is defined hrough a “mermbership” func-
tion over & given family of objects, p: x —[0, 1), in
such & way that plx) mecans the degres in which
element x belongs to such a fuzzy set. Wheo
pixie {0, 1} for all x in X, such a s¢i is calied “crisp”
set or unfuzzy set, and p: X ~ {0, 1] is the eharacter-
istic function of some classicat st A cX{z A If
and only if p{x)jm 1),

Fuzry Binary Relations in a given family of
objects X are defined through a membership Minc-
tion p: X s X [0, 1] We will call “Fuzzy Preftr-
cnce Pelation™ auy Fuzzy binary relation verfying
plE v+ pip xta L for all x, =X, Such & fuzzy
binary relztion i1 called “completc” by Basu® and
“potnected” by Dutta of al* Hach vahue pix, ) will
represent the degroe in which alermative x 8 nol
worst (han alternetive y. From now on, we will
assume that ezch individual defines a fuzzy preler-
ek reladon over the given set of alternalives, in
such & way that the problem is how to Jdefine o
growp fuzzy prefersnce redalion for any conceivable
individual fuzzy preftrence relations.
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FUZZY ACYCLITY

The concepl of rationality has iraditionally been
explained in terms of an acyclic binary preference.!
In & few words, an acyclic relation i & complete
binary relation such that there i3 mo sequence
Xy X1e-- .. X (8 “cyck”, being x. = x) with
xRx, ¥ =1,. ...k Iothis paction we will trans-
lale tflu- jdea of acyclity to furzy prefersnce relations
in order to measurc their raticeality. [n this way, it
will be proposed &n alieenative defioiven of fuzzy
ratiomality to that of Basu.”

Letp: X x ¥ =[0, 1] be fuzzy preforince relation
over & Tamily of alterpatives X, in such & way that
sach value g (x, ¥} = gy, x)mplx, p) +plp, ) = 1
can be viewed a3 the degree of indifference (x5}
between both aliematives, and psfx, ») =pix, ) =
prix, =1 =piy x) means the degree Inf
vation of strict proferance (xSy}). We will denote
Palx, ¥)=pix, v} the degree of weak preference
tzfy}, wnd it iz olesr that polx, v}+pdx r)+
pSGX)= 1. |

Let us consider a cyck (. %, .., %) with ¥
distinet cloments in X, being x,,, =x. Given
any pair of comscoutive altematives, they can be
connected by any basic  relatiom:  xSx, .,

xdx,, of  x,,5x% And  given & path
{mx R Rx, . oxlxm, it seems natural to
define its weight

«
W= [-[iﬁ'a,{xj- Frerh
'L

[t i3 clear that euch a path is non-acyclic if and only
iz, Ry, %, or Xy, RN, with some strict prefer-
ence. Thetefore, we can define the value which adds
the woights of all acyclic pathy It a given eypele:

A,I:x,.x;, cen X E nP.n, {xjs xjn}
LT
where addition ranges over all acydlic paths
(R...., R in the given cyele. ,
THEOREM | —Let {x,, ..., %) be cycle with &
distinct elements. Theo

[
Al ) =1 -[ TT #wix. 2uad

Ll

3 ¥
+ H_Pl{xjt = zjnl PrlXp %oy |.1||:|

I=1

Proef: Let 4° e the 9¢t of all pon-acyclic paths in
the given cycle. Since

t
lm ],_[ (six. %) + %, 5.0 + pelxy 1.
J=1

. m X + {x!xv}
w%‘l:[.ﬂp,.{-’ﬁ Gy 1) m,.]E-'A'[;IF*" tr Xivd

we ohrain

. M TP Y §

=1- z HFIJ{-’-}-%H]

)

=T ( H Lpel= 1}+1} + Pl 3000
I
+ [;[ [P‘{x.l'l %+ I} +.F.5‘[-:‘14 [ L] xj}]

—I-I:[p;{xj,x”,})

from the previous considerstions aboul non
acyclic paths. Morsover, it s chear that
A,{x,....,xﬂe[ﬂ.l].

For example, given & fuzzy proferemce p, we Maoreover, other messures of acyclitj', it

obtain
A () m | = (W(xSx)+ WixTx})

m | — (pslx FY+ pelds X1}

= prix, x)

= Wixix)

Afx ph= 1~ { R (il Sx -+ WinSwix)

+ WixipSx] + WixlpTx)
+ WxBYIx) + WOxTyTe))

= 1 — A pele yhipsly, X)
+ pil 1 ples XD+ 2R, 1o 00

= pklx, y} + pixn ) + P3lr x)

= B{xSyTxY+ Wichde) + WixTySx}y

where xTp means pSx, and both £lements arc as-
gumed as different. Analogously, :

“y{xr.}'- Ij= 1- (palz ) pelys I palz. x)
+ Palz Py Paly, X pala. 1}
—2-plx, pY plF 2 ) g2, X))

for ell dlstinet =, ¥, 1,

Therefore, given any fuzzy preference rlalion, we
can defloe its “Acyelity™ as the value of the cycke
with lowest degrae of acyclity in the previous sense:

DEFINITION |.—Let #{X) be the family of-ill
fuzzy preference relations defived over X. The “acy-
clity” is & Muzzy property with membership Musciion
A: @X)—[0, 1] which essigny te each preferance
relation p the value

Alpl -1 min  Ap{x,.. ., X}
1

----- )

which minimuin elong 2l cycles in X with distinct
elements.

THEOREM 2—Lcl R bt a complete binary
relation on X and g its crisp membership functon
fptx. 31 |0, 11¥x, yeX). Then R is an ordeting
redation if and only il A(pym= L.

Proof: trivial, sipce reflexivity (xfx¥x € XY holkd
if amd only il A{x)=1¥zeX, in mch a sy
that reflexivity means that every cycle with oae
element iz acydic. Analogowdly, sntnymoricy
(xRy, yRx = zly) refers to acyclity of cychks with
twe clements, and transitivity (xRy, y8z o xR
means that every eycle with thres slements ia aofoli
Therefors, A(piefl 1} for any givin o4 :.
binary relation, and A{p)m= 1 if efid? S
reflexivity, antisymmetry and transivify fil}
Analogous treatment can be applied
quasi-acyelity as another fuzzy ol

aggregation opetation distinet of mi, < be
proposed {for instance, it scemz advisable to weight
Ax, .. ., x.) through the lzngth k of.seh .a:cxho).

EXAMPLE §
Let us consider X = [z, v, 2} and the fyzey opinion
p defined as follows:

playpl=07 plyx)umil

ply.z) =05 piz,p)m0b .
plz,x)=m04 pix, z)=m9

and
pix, x)=p(y.)=pi5,z)=1.
Henes
prlx, y)y=074+03—-1=05
A2 =054+06—1 =01
PALXI=04409 —1m03
and

P, x) =iy 1=z z)=1

Applying Lhe above considerations, we obtain, fur
sxample,
WixSx)=pylx, x] =1
BixSySx) = pslx, ¥1-ps(p, x)
= (7 = 0.5} (0.8 = 0.5%0.06
WixIpSzTx )= pix, ¥} pely, 1} Psix, I)
=005 -01)(09 - 03 =012

| {x8x and x5y Sz are non-acyclic paths, but xfv¥2Tx
i
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it an acyclic path) and morower,
A (Y= A,(7) = Ay fz) m )
A%, p) = (07— 057+ 0.5 + (0.8 — 0.5
=038
AL =05 -01)"+ 0.1+ {0.6 - a.d

= {42
Az xr= (0.4 =037 + 03 + (0.9 — 0.3)
- 044 '
A,y 2) e Ap(x, 2, ¥) = 1 —(0.7.0.5.0.4
+0.8.08.0.5 — 2.0.50.1.0.7)
=458

Therslfors, A(p)=0.38 and the lowesl acyclity is
reached in the {x, yJcyche.

EXISTENCE OF S0CIAL WELFARE
FIINCTIONS

Following Asrow's formulation, we can define a
furzy social wellfare Mancilon a3 e process or rule
which ansigns a social fuzzy. preference relation 10
each sat of fuzzy prefertnec relatons (one fuzzy
preference pelation for sach individual). Hore we
propose a family of lexy sthical conditions,
anakegows 1o Lhose of Arrow, which seern valid 1o
be assumed.

We will pe n finite =t of individusls
Dwm{l,2...,n} and & finite set of alteroatives X.
Lat #,(X7 be thwe lamily of all fuzzy preferttce
relatinas on X with no-zbsolute irvationalily, and
M(X) = By(X)z . .. xR(X) the Cartesian prodixt
(in othet words, each individual ¢ defines 4 Tuzzy
preference p'e S{X7) wch that 4(p") m ).

DEFINITION 2.—Any mapping
§: A5 LX)— R(X)

is called a Social Wellare Funcion.

Tt mwat be pointed ouwt that a condition of un-
reatricied domain is assumed in this deflpltion, in the
sense that if individual arderings p* are not abio-
jutely irréionzl, then the same must be true For
social ardering S(z'.....p"} [n other words,

AS(pY e NwO YL PN e
Far example, we can define the following social
wolfare functicn p:

Flxyl=1% plix.yn ¥x yelX
il

1t i3 clezar that such 2 mapping defines 2 sociel
fuzzy preferences for any given family of individual
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fuzzy preforences, since

Flx, phe (D 1] ﬁ'{xr}'} + Py El ¥xpeX
and A[(F}#0 always i verified. In fact: Let us
supposc a cyele {x,, - .., %) Then there £xists an
acydlic path (R;1e.4 such that

[ipw (5. 5410 >0 for any individual ;.
F

Thercfore,
EP‘@{IJH X } >0 ¥

and

]_Ll_’ﬁg. ':x;-l}u} =10

)
in such a way that

Aglxy. )= E H.F.:J-{x;: X, )=0
iNamaf
Hemee, A(F) =0 {since X is finite, the family of
cycles in X is finite tog)-
Moreover, it is easy to prove that the social

wellare function F verifics some ethical cenditione,
in such & way that it i& assurcd (he existence of

nof-irrational and ethical salutions For the problem
of aggregation of preferences:

THEOREM 3.—Let us cansider S(p', ... p"=p.
Then the following propertics are verified:

fI] Mom-ncgative vesponse:- Let ws euppese
{h .t igh oL T he FRLD such that

Pl iz giny) ¥ieD, Yiypek

with some strict inequality, Then
P2 dxy) ¥xyed

(2) Independence of irmelevant alternatives: Given
in & non-empty subset of alematlves ¥,

Pl =gilxy) Yiel ¥ryeY
=P(x y)=qx, ¥} ¥xpe¥

(3) Citizen sovercign: Givets any p € #,(X), there
exiate (p',....p")e WX} such that Fix,y)m=
Pl ) ¥x, Y EX. _

{4) Non-dictatorship: There ie no individual { such
that fix, 51 = p'(x, ¥) ¥x. ¥ € X, without taking inlo
agcount the prefercpces of other individuals in D.

In this way the aggregation rule § defings social
preferences nelations with no-absolute irrationality,
verifying & basic ethical condition of non-negative
responsivencss and independence of irtelevant alter-
nabives. A condition of unrestricted domain is
verified by the definitton of the Social Welfars
Function, and citizen soversigh can be deduced rom
unanimity: if piix, p) = plx, p) ¥,y e X for every
individual i, then F(*,¥)=p(x, ¥} ¥xy €X holds.
Moreover, it is cleat therz i3 no diclatorship—

lhauTgh dictatorship can be defined 8¢ 8 Mezy prop-
oIy,

In any case classical Socizl Welfare Funciiens
can be analyzed through definitlon 2, sinca elasgeal
preference relations on X are incuded in (X}
Morcover, classical ethical conditions can be
duced when the individual preferences ane sl
crisp relations (for example, ciassical WhLhitdlfy
means that if p'(x, ¥) = pix, P10, 1} vx, p BE
all individuals, then S(p", . .., 071 = p). Themfore,
Arrow's Thoorem can be explained in this copsxl kb
follows: There is na cthical social welfho¥ |
asvigning social preference relations with |
retionality. But we have proved Lhat we cay
absolutz irrationslity. 5,

It muist be pointed oul that it is not &Y
social weifare functions in our sense. For g

Bix, p)=max Plleyy Yo, yeX e

defltes @ mapping ontd A(X) such that
Fx, p)e[0,1] flx y) 4+ pn x1E1 Fryak
and it verifies ethical condition of Theorem 3, bt
A[(p1# 0 is not assured, and therefore § is aot &
mapping oate J; (X} For instance, given a g
wilh two individuals and p’, p7 their i
prefereness such that
Pl ) mpily, x) =03
Al ztmpifz piml
Pz, x)mpllz, ximl
Alipzy=plx =1
Pz = piy cim 3
p{x2)=plix, 2} =it

Aix, yi=1 prx)l=1
plpryml fzyi=l
flz,ximl AHrzimO

in such a way that i y)=fi,zim],
Aotz x)m | and A{F)=0.

CONCLUDING REMARES

The treatment here given is developed from a wel-
fare point of visw, not from a decision ongﬁm
the reanlts obtained in this paper should B

only a8 2 first afiempt of justifying some usual fuzzy
preference aggregation rules; our

are often vague, exact choices mudt be made in any
particular decision problem.™ [n any cas, non-
imationel riles can be usefol in group declsicn-
maldng problems.
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