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Wide classs of explicit solutiors of the Manin-Radliard Jacobia supersymmetric
KP hierarchies are constructd by using line bundles over complex supercurves
basel on the Riemam sphere Their constructio extend severhideas of the stan-
dad KP theory, sud as wave functions,d-equatios and r-functions. Thus, super-
symmetrc generalizatioa of N-soliton solutions including a new purely odd
“solitino’’ solution as well as rationd solutions are found ard characterized.
© 199% American Institute of Physics [S0022-248806)02112-3

I. INTRODUCTION

The mog appealig aspecs of the theowy of the KP hierarcly hawe arich geometrichcontent
ard it is likely that this fact is at the heat of the relevane of integrabé systens in modern
theoretich physics'? For example a comman featue of the explicit methods of solutiors is that
they frequenty involve geometrt object sud as Grassmannianslgebrat curves Abelian func-
tions, and holomorpht line bundles’=° This also happes to be true in the contex of supersym-
metric KP (SKP) hierarchie$*!! ard it is expectd tha sone of thes integrabé systens are to
find applicatiors in string theoly ard quantun gravity 2=4 The aim of this article is to shav how
line bundles over complex supercurve can be usal to provide efficiert method of solution for the
SKP hierarchis formulatel by Manin ard Radd (MRKP)!® ard Mulase ard Rabin (JKP).1%1!
Both hierarchis hawe attractel much attention becaus of their importart mathematiclcontent.
Apart from sharirng mary of the standad integrability propertiesamory their reductiors they have
a supersymmetd generalizatio of the KdV hierarcly with arich Hamiltonian structuré®=*’ and
they are relevar from the point of view of superconformiaalgebrat®2° A bast god of our study
is to generaliz sone of the standad method of solution arising in the KP theol ard to charac-
terize the classe of solutiors they determine In particula we wart to investigae solutiors of
soliton type and their relationshp with the standad KP solitons To this end we exterd some
strategis of the Grassmannia approabt for constructig severa types of solutiors ard apply
them to the SKP hierarchies.

This work is basel on the concep of super-wae function for a systen of Sab equatiors of
supersymmetd type As it is known from our experiene with the KP hierarchy the notion of
wave function is wha allows us to derive method of solution base& on the resolution of analytic
problems Despie the seemingy gred diversily of these methods they exhibit a comma ingre-
dient the presene of holomorph line bundle§=8 whose sectiors turn to be the wave functions.
Actually, the wave functiors are speci& types of sectiors satisfyirg certan conditiors as functions
of the spectr& parameter These conditiors are formulatal in severa forms dependig on the
particula approab which is being adopted For example they may be expresseé by mears of a
d-equatiod™?? or by selectimy a subspae of an infinite-dimensionaGrassmaniaf.In this article
we characterie the super-wae functions as certan sectiors of deformatiors of holomorphc line
bundles over complex supercurve basel on the Riemam sphee togethe with the corresponding
pointsin the super-Grassmanniahinally we al offer a 9-equatian description of them Then we
compue severafamilies of solutiors including supersymmetc N-soliton solutiors possessig an
interestig composié odd structure and a genuire supersymmetd family of solutiors without a
bosont counterpartunrelate to arny class of solution of the standad KP theory, tha we call
solitino solutions They exhibit a remarkabé nonlinea superpositia principle and a Fourier-like
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dependeneon the bosonc variables It is worth mentionirg tha the solutiors found in the present
work can also be determinedalthoudh in a less straigthforwad way, throuch the bilinear formal-
ism proposéd in Ref. 23.

The first patt of Sectio |l is concernd with a brief review of SKP hierarchis in terms of
pseudodifferentiaoperators including the formulation of Sab equations The notion of super-
wave function is analyzel in the secoml pat of this section In particular we descrile in detal the
derivatin of the correspondig expressios for the vacuum super-wae functions The character-
ization of super-wae functiors as sectiors of (supej holomorphc line bundles over complex
supermanifold is describd in the first patt of Sectia Ill, ard finally in Sectio IV we relai the
abowe constructios to the supergrop ard bilinear formalism.

Il. SUPER KP HIERARCHIES

A. Sato equation s for super KP hierarchies
The MRKP ard JKP hierarchies can be describe in a unified way with the help of an algebra
# of super-pseudodifferentimperators*

X= 2, a,(x,6,t, \D"~ Nel, 1)

n=<N
whete the coefficient a,, are elemens of a supercommutati algebra
=[x t]]®eA(0,7® 4.

Herg x is an even variable, ¢ is an odd variablet={t,},_, and 7={r,},_, are infinite ses of
even ard odd variables respectivelyand . Z denote a given complex Grassman algeba of finite
or infinite dimension The superdifferentinoperato D is defined as the derivatian on.&” given by

D= i +6 i
90 T ox’
satisfyirg the identity
d
2: =—
D=4 "

We will denoe by X=X, +X_ the decompositia of elemens X  # into positive (n=0) and
negative (n<0) powes D" of D.
Both algebra.”” and # hawe naturad Z,-graduations

S=S0® S E=50D L.
An operato (1) is sad to hawe parity p if and only if (Vn<N) the coefficiens a, hawe parity

n+p mod 2. We may also introdue body mapse on.”” and ¢ (Ref. 29 and, in particular, the
body of an operato (1) is given by

e(X)= > e(a,)D"

n even

Notice that e(X) is not the even part aX.
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The Sab equatiors for the SKP hierarchie can be written as

K
—=—(Ka"K 1)_K,

Mty
2
DK
=—(KAK™H_K,~ n=1,
Tn
foraneven K e & of theform
K=1+ 2, Wy(X,6,t,HD "~ )
n=1

Notice tha p(w,,) =0 and p(w,,41)=1 so tha p(K)=0.
For the MRKP hierarcly the superderivatioa D/D 7, ard the operatos A, in (2) are

D d d

S

= Tm
D7y 97 m=1  dtaim-1

- A,=D*""1
while for the JKP version

D d d
= — 4 = — 2\p2n—2_ 2n—-2
Dr. o7’ A,=(D—-6D°)D 0719D .

Thes hierarchies generalie the standad KP hierarcly in the seng that, as one easiy shows the
body €(K) of a solutionK of (2) satisfies the Sato equations for the KP hierarchy in the variables
t,.

By identifying the coefficiens of the powess of D in the systen (2) one finds infinite systems
of superdifferentib equatiors involving the superfunctios {w,}. Simple equatios can be ob-
tained by imposirg areductia condition of the type®

"o 4
a_tr_ v ( )

for sone r=2. Indeed if one introduces the operator

©

L=KDK =D+ 21 uyD "t - (5)
n=

the constrain (4) is equivalen to
(L*)_=(KD*K™1)_=0,

ard it turns out that the operator

=L
satisfies the Lax equations
9L o nir [
LA R A (6)
n
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The coefficiens of the expansia of (# "), in powes of D are differentid polynomiak in the

coefficiens of % (Ref. 15), so tha (6) leads to a systen of superdifferentibequatiors for the

coefficiens of £ which constitute a supersymmetd generalizatia of the rth KdV hierarchy.
For exampe if we asssura (4) for r=2, then the operato #=L* is of the form

#=D*+0v;D+vy,
where vy ard v, can be expresse in terms of the coefficiens of K as
U0=_2[&W2+((9W1)W1],_| 01=_2£7W1._| (7)

Furthermoreit is eay to find

3 3 3 3
(£3?) =D%+ 501D3+ §v0D2+ 701D+ 7vo,

so that the equatim correspondig to (6) for n=3 read (t=t3)
o 1

"2 [ Pvg+3v1Dug+3v3)],

)
vy 1 2
W: Z[&(a vl+3levl+6U0U1)];

which is the supersymmetd Korteweg-a@ Vries (SKdV) equatio of Manin-Radul*®

B. Super-wav e function s for super KP hierarchies

The notion of super-wae function for a SKP hierarcly requires the introductian of a spectral
paramete (z,«), wherez denotes a complex variable amdis a new Grassmann variable. The
superparamete(z,«) represents local supercoordinates on a complex superctirysee for
instance Ref. 25, ard referencs theren for the notiors of supergeomeyrusel in the following)
with structue shed 2 and nat being necessanl a super-Rieman surfa@ (SRS. Let p be a point
in the body of %" and D a disk containirg p. We shal denok by @ * the restrictian of shed of
superfunctios @ to D —{p}.

Definition 1:172%24 A vacuum super-wae function is asuperfunctio f, € @ * ®./ that sat-
isfies

oo,
. =3d ™o,
©)

D,

:)A\nfo,_| n>l.

Hence a super-wae function f, depend on the variables (z,a;X, 6,t,7), and is a solution of the
linear systen (9). We can find solutiors of (9) using the ansazt,

f0=VeZX+a0,- (10)

with V a super-pseudodifferentimperato in # and satisfyirg the initial condition V|;—q ,=o=1.
Then V mug verify

&V_

n
— ="V
o, OV
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—DV A,V 1
=A..V.a n=1.
Dr, " n

It is eay to see tha for the MRKP hierarchy

1+ TnDZ“—l}
n=1

V=exp{ > t,"
n=1

and

f0=ex;{zx+a0+2 "t (a—20) >, 2" ir,|.
n=1 n=1

Respectivel for the JKP hierarchy

oo o0 ﬁ
V=expg >, t,d"+ >, 7,—D?""2
n=1 n=1 00
and

f0=exr{zx+ ab+ 21 2"t + aEl 2" 17,
n= n=

Henceforh we will write both expressios of the vacuun super-wae function f, as

fo=exr{zx+2 Z"(ty+ 07+ (a—N\)| 6+ 2, z“‘lrn”,—' (11)
n=1 n=1

wher N =\(z,0,7) denotes a function which for the MRKP hierarchy is
Nz 60, 7)=20— 2, pA 12
n=1

ard for the JKP hierarcly is given by
\(z,0,7)=20. (13

For brevity's sake we will often omit the argument of the superfunctios which are irrelevart or
clea from the context.
It shoutl be noticed that

Dfoz()\_a)fo,_l DZfO:Zfo,_' (14)
so that the action of inverse powess of D on f, may be definal as
D fg=D-D 2%fp=(A—a)z fg.n (15)

It is now evidert that we can “dress” the vacuum super-wae function to obtain solutiors of
Sato’ equatiors (2) introducirg the notion of a super-wae function.

Let H(L) denot the sd of comple valuad holomorphe functiors of z on a certan region
Q) of the complex plane ard @, =H(Q)® A(«) the superalgebra of superfunctions of the trivial
(1|1)-superspagover .
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Definition 2: Let ) and @, as before A super-wae function for a SKP hierarchy is an even
elemen f=1(z,a;Xx, 6;t,7) of the algebra

0@ C[X]®A(0,7)®. 72,

which satisfies the properties:
(P2 f is asolution of an infinite systen of equations:

il =P,f
"
(16)
Df ; 1
— = - n=
D7, Qnf,~ n=1,
with P,,,Q, € & being superdifferentihoperators
(Pn)—:(Qn)—ZO-
(P2 f can be decompos@as a product:
f=f"-1g, (17
where f’ admits alLaurert expansio on r<|z|<r’ of the form:
f'=1+ >, Wpnz "+ (a—\) >, Wyp_1Z " (18
n=1 n=1

withw,, e .“for all n=1.

Then a super-wae function f is obtainal by dressiig the vacuum super-wae function f
using an operato K satisfyirg Satos equations.

Theorem 1: Let f be asuper-wae function for an SKP hierarchy and f the vacuum super-
wawe function (11), then there is an operata K sud that

f=Kfg. (19)

and K verifies Satos equatiors (2). Converselyany solution of Satos equatiors (2) provides a
super-wae function f for a SKP hierarchy by mears of Eq. (19).

Proof. To prowe this fact, we obsenre tha as aconsequereof properties (14) and (15) of
fo, the operato K in (19) has the requira form (3) with the coefficiens w,, beirg the sane as
thos of the expansia (18) of f'. On the othe hard (16), (19) ard (9) imply

dK
_f0+ KO')nfOZ Pano,
at,

so tha we deduce

K 1=py— KK
dtn " '

But this equatio obviousl leads to
Py=(Kd"K 1),

and
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K _ Kd"K™1) _K
En— (Ko )_K.

In the same way one shows that K satisfies the Sab equatiois for the flows associaté with the
variablesr,, . Thus we hawe obtainel in this way a one-to-or corresponderebetwea solutions
K of Satos equation and super-wae functiors f,.

Converselyif f=Kf,, then becaus of (2), ard (9), f verifies (16) with P,,=(KJ"K 1), and
Q,=(KAK™ 1), . Moreover becaus of the expansia (3) of the operato K follows the expan-
sion (18) of the transitin superfunctia f’.

It isworth noticing that, as it shoul be expectedthe body of a super-wae function for a SKP
hierarcly constituts a wave function for the standad KP hierarchy.

[ll. LINE BUNDLES AND EXPLICIT SOLUTIONS OF THE SKP HIERARCHIES
A. Super-wav e function s as section s of line bundles

Contray to the situatian in the bosont case the descriptio of the SKP flows mud be done
nat on line bundles over a supercure but on line bundles over a family of supercurve param-
etrized by 6, 7. To be precise, we are going to consider a fami( 6, 7) of compact complex
supermanifold of dimensiom (1,1) parametrizél by the sa of globd Grassman variables
(0,7). We will describe this structure in detail. Le¥=(U;z,«) and z2'=(U";2",a’) be two
charts where the pair {U,U’} is a coverirg of the Riemam sphere for instance,

U={zeC

zl<r},~ U'%={zeC

zl>r'}, o<r’<r,

with the two systens of coordinate beirg related through the equations
1
ZI:E’ a'=a—\(z,0,7). (20

Here \(z,6,7) is the function defined if12) and (13) and the transformatiom— ' will be
called a super-Schiffe transformation Notice tha these supermanifold are of extendd type in
the seng of Roger4® becaus superfunctios on. #( 8, 7) depend not only on the local coordinates
(z,a) of the supermanifold but also on the global variabléss. In general, the equatiof20) for
the super-Schiffe transformatiorn— «' does not extend holomorphically throughditt, generi-
cally it has apole of orde 1 at «, and the supermanifd structure definal by the transition
superfunctios (20) are not equivalen to the trivial super-Riemam sphere.

Thus we can think on the supermanifal structure definal by the (6,7)-dependent transition
functiors (20) as tracing a path on the modul spae of complex supercurvesSee Ref. 27 for the
descriptia of universé deformatiors on the supermoddlspae of supercurvesWe could consider
further deformatios of our complex supercurve but we will simplify the description of super-
wave functiors by considerig only the supercurve parametrizd by 6 and 7 by means 0f20).

We shal conside then the family 4(x,t) of holomorphc line bundles over .Z(6,7) with
transitian function given by the vacuum super-wae function f, of a SKP hierarchy Our purpose
now will be to characterieg holomorphc sectiors of thes bundles Sud sectiors will be deter-
mined by pairs

(7.¢), (7',¢"),
definal on the patchs U ard U’, ard where ¢ and ¢’ are even superfunctions
dpeM(U)RA(a)([[Xt]]OA(0,7)®. 7,

' eM(UNA(a")RC[[Xt]]QA(6,7)®. 2,
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verifying the overlappirg condition,
¢=¢'-fg,m YzeUNU' .~ (21

Here M(U) and M(U") denoe the ses of complex valued meromorpht functions of z on U and
U’, respectively.

Comparimg our lag equatian (21) with the factorization propery for a super-wae function
(17), we immediatey see that wide classs of super-wae functiors for the SKP hierarchis can be
obtainal from speci& sectiors of 4(x,t). We will seart) for the conditiors defining subsets

7'CTMU)@A(a)C[[Xt]]®A(0,7)®. 7, (22

whos elemens will be super-wae functions.
Definition 3: A subspae 7 of the the superalgeba M(U)®@A(a)9C[[X,t]]®A(0,n)®.7Z
will be called an asympott super-modué if it verifies:
(C) 7 is aleft-moduk ove the algebra of superdifferentiboperatos generate by D and
{(dlaty), (8] d7,) }n=1 With coefficiens in ..
(C2) Therisonly orne even sectian of the line superbundd 4(x,t) given by the local expres-
sions

(2,8)~ (%' '), (23

suc that fe 77" and ' is holomorphe on U’ with f’|{zzw}=1.

In Sectin Il we will construt explicitly severd example of asymptott super-moduls for
comple supercurve with body manifold the Riemam sphere For more genera complex super-
curves .7 with body manifold an arbitraly compat Riemam surfa@ 3., the previows character-
ization works similarly. To construt¢ the subspace 77" we shoutl choog first a line bunde -~
over .7 sud tha dim HO(_7, %)=dim H'(_.#, %)=0. Then fixing apoint p € ¥ ard alocal
trivialization in a neighborhod of it, we defire the new bunde “® 7, possessig the required
propertiesNotice tha the cohomologicarequiremergon 4 impliesthat deg E=0 wher E isthe
underlyirg comple line bundk over the Riemam surface For the Riemam sphee case this
implies tha deg #= —1 ard the complex supercure is nat a SRS.

We can prove now the following theoren characterizig super-wae functiors using asymp-
totic super-modules.

Theorem 2: Given an asymptott super-modwé 77, the superfunction

f=f'-fy,~ zeUNU’,

definel by the unigue section associatd to it is a super-wae function for the associatd SKP
hierarchy.
Proof. To see this, obsere tha from (C2) in Def. 3 we deduce

o © o0 oo

fr=14 D Wan(Z)"+a’- X Wan 1(Z)"=14 > Wpnz "+(a—N\) D, Wpy 12 ™
n=1 n=1 n=1 n=1

Therefoe f satisfies the condition (P2) for super-wae functions On the othe hand by using (14)
wege thaforz e UNU’

D®f—w, D Y =[2"+ 02" Y)]f,,
(24
D2 +w,D2"f=[—(a—\)Z"+0O(z" ) ]f,.
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As aconsequenceve may determire superdifferentiboperatos P,,,Q,, € < sud that
of 1

Rn - PanO(E) . va

(25

Df

D,

1
—anzo(z) f9,m N=1.
Then it is eay to see tha (C2) implies tha both of/dt,,— P,f and Df/D 7,— Q,f,n=1, vanish,
ard therefoe f satisfies the condition (P1) for super-wae functions.

Solutiors to a reduce hierarcly (4) can be obtaina by imposirg on 77" the additional
condition

VW~ (26)
Indeed in tha cas the super-wae function f associatd with 77" satisfies

of

—=7f,
at,

so tha f’ and K are independenon t, .

B. Soliton s and solitinos

We will now construt severd example of asymptott super-modulgand the corresponding
super-wae functions.

Let us conside the subsé of superfunctionsp which are analytic for alz € U, with the
possibe exceptiam of simple poles containel in a fixed subse{qi}i’\‘zl, ard sud tha the corre-
spondimy residue satisfy

Res(¢,qi) =(Ci+ aw)- ¢(pi, @), i=1,...N, (27)

where {c}lL, € .7 ard {w;}{L, € .7, are given ard {p;}|_, is afixed subse of points of U
differert from {qi}iNzl. This subspae will be denotel by 771(q,p;c,®), whereq=(q4,...,dn),
etc.

Theorem 3: The subspae 77(q,p;c, w) is an asymptotic super-module and its elements are
super-wae functiors for a SKP hierarchy,

Proof. In orde to prove tha 771(q,p;c,w) verifies the required condition€1) and (C2) of
Def. 3, let us note that the correspondig superfunctio f mug be of the form

1+E ai+(a_)\):8i

i=1 Z—Q;

f= fom (29)

where the unknown coefficiens a; and B; are even ard odd elemens of ./, respectively Thus
computirg the residues(27) implies

ait+(a—N Q) Bi=(bi+ay) (29

N a-+(a—>\(P-))ﬁ}
1 ] | J -
+121 Pi—Q; '

foralli=1,..,N,wherb;,y, € .7 aregiven by

bi=e(p)cie(a) ™", yi=e(p)| @it X (B! —al ) e(a) Y,

n=
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ard with e(z) denotirg the superfunction

0+ E Zn_lTn> .

n=1

e(z)=exr{zx+ 21 2"(ty+ 07,) — N (2)

From (29) the following linear system for the coefficiens a; and 3; follows

B by - i _bi)\(pi)} n
> |4 nq@ 2 AN~ o B=b,
(30
Yi yin(pi)—bi|
; pi_Qj.ajJr; %t Pi—q;j Bi= %

This is a uniquely solvabk systen since the body of the matrix of coefficiens is the invertible
numeric& matrix,

5 _ o)
. Pi—d;
(b)) 3
0 2 e
Pi—q;

Therefoe we concluck tha (28) is a super-wae function.

Theoren 1 allows the identification of the coefficiens of the expansia of the super-wave
function with the coefficiens of the expansia of the operato K solving Satos equatiors (2).
Obsenre then for f given by eq (28), the first two coefficiens of the expansio of the associated
solution K of Sab equatiors are

N N
Wi=2, B W= 2, 8o (32
We conside the following two differert case for the systen (30).

1. Supersoliton solutions:  e(c))=0Vi#1,...,N

From (30) it is eay to see tha the body of f is the wave function associatd with the
N-soliton solution of the KP hierarchy Therefoe the solution of the SKP hierarcly provided by
f is a supersymmetd generalizatio of the standad multisoliton solutions For example it is
rathe simple to derive the explicit solution for N=1. In this case the constrains (27) redue to

Res(¢,q)=(c+aw)d(p,a).

Then one finds

[1_’_ M} . fo’
z—q
with
(@—pb  N(p)b+(g—p)\(q)

= + —p)%y,
app T @oprpr P

_ (p—)? %9
P la—p+b?”
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FIG. 1. Composie structue of a single supersoliton(h,(x,t),g=1x,=1).

If we take p= —q, then it follows tha z?>- 77’C 7, o tha f become a super-wae function for
the supersymmetd KdV hierarchy In particular it provides a solution of the SKdV equatia (8).
To simplify the expressia of this solution we s& t,=0, Vn#3, and r,=0, Yn=1. Thus from
(7), (32) ard (33), we find

U0:2

3 3
o+ 0w%>5ecﬁ[q(x—xo+ q’t)]— 36@% sech[q(x—xo+g°t)],

- (34

U= w% sini q(x— X+ g%t)]sech[ q(x— X0+ g°t)],

where

_ 1I c

xo—aog ﬁ

The expressia of vy may be describe as asupersymmetcd dressirg of the standad soliton
of the KdV equation Writing v o= hg(X,t) +h(X,t) fw andv;=h,(x,t) w, in Fig. 1 we show the
composie structue of hq, the 6w component of the superfunctian,.

On the othe hand it is worth noticing tha the odd superfunctio v, is proportion to a
function h, of (x,t) which represerst also a composie structue (see Fig. 2) which propagates
without deformatian along the x axis.

2. Solitino solutions: ¢ ;=0¥Vi=1,...,N
In this ca® (29) ard (30) reduce to

a=Na) B,
) (35
A(pi) —A(q;)
= Sii — 1.
=2 ity p—a; |7
This systen can be solved in terms of the nilpotert matrix
A(pi)—A(q))
Aj=——————7y; .~ 36
ij Pi— Yi (36)

Indeed as ANy=0 the solution of (35) is
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FIG. 2. Odd componenof a supersolita (h,(x,t),qg=1x,=1).

N—-1

B= go Ay, (37)

where 8= (B1,....8x) and y=(vy,...,yn). It mug be observe tha the body of f vanishesso
tha this class of solutiors is not related to ary class of the standad KP theory We will refer to

thes solutiors as solitino solutions The single solitino solution correspondto N=1 ard takes the
form

f=|1+
—q

a-l—(a—)\)ﬂ}
—2q |

w;=pB=w expr, wy=a=\(q)w expr,

where
expr=e(p)e(q l=exr1[(|o—q)X+ n;l (P"—=q")(ty+ O7) —(N(P)— N (1)) 0

—n; (MP)P" =N (@)q" ) 7y |- (39

If we take p;=—0q;, Vi=1,...,N, then z2- 7’C %" and we obtan a solution of (8). It adops a
conveniehway by setting as we did before t,=0,¥Yn# 3 and7,=0,Yn=1. Thus the matrix (36)
reduce to

Ajj= 0w; exd —2q;(x+ att)]

and

2
Yi= o e 20;(x+qit)],
J. Math. Phys., Vol. 37, No. 12, December 1996
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FIG. 3. An even componehof a bisolitino solution.

ard we find the following multisolitino solution of the SKdV equatia (8):

vo=462 dfe exr[—20|i(X+qi2t)]+4iEj giwj; exd — 2q;(x+aft) — 2q;(x+qt)],
(39

v1=42, qo; exd —2g;(x+g?t)].~ (40)

In particula the single solitino solution takes the form
vo=409%0w exd —2q(x+g?t)],~ v;=4qw exd —2q(x+g%t)].

It is not a localized solution as afunction of x. In fact, for imaginay q it is aplare wave.

The multisolitino solution (39) represers a superpositia of solitinos which is of a nonlinear
characterasit is shown by the presene of quadratt terms in the expressia for v 4. See Fig. 3 for
a representatio of a componenh of the even pat of a bisolitino solution.

C. Rationa | solutions

A solution K of the SKP hierarcly (2) is sad to be rationd if the coefficiens w,, of its
expansia (3) are rationd functiors of the even coordinats (x,t). Solutiors of this kind can be
derived by mears of asymptott super-modulg similar to those usel for solitors and solitinos by
imposirg insteal of the conditiors (27) constrains of the type

0 o m

a—— — &+ Cim | $(pi,a)=0.

For example let us take 77" to be the se of superfunctionsp analytic onU with the possible
exceptio of a simple pole at a given point g # 0, and suc that

d¢
a-— E(O,a)-l—cﬁ(o,a):O. (41
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It is straightforwad to get

B at+(a—\)B
with

ae _9(o+7y)
=9, B= 1+q(x+t;+1)°

As z2- 77'C 77" this constructio leads to a solution of (8) which turns ot to be given by

20°%(0+ 17)
C[1+q(x+t 1))

Uo:O,_‘ V1=

Anothe simple exampe is obtainal by replacirg (41) by

d
ﬁ—f(o,a) =0, (43

then the superfunctios a and 8 in (42) take the form

1 r7'2
1——+—3
S S

a=(

, BEz

where for the MRKP hierarchy
s=q(x+ty+70)+ 1~ r=g%(0— 1),
ard for the JKP hierarchy
s=q(x+ty))+1- r=q26.
The condition z2- 77°C 77" keegs on beirg satisfiel and the correspondig solution of (8) is

2092 . 69°r 7, _4g’r,

7 U= .
2 o 1773

Vo=

We notice that this solution is asupersymmetd dressiig of the elementay rationd solution

__
U7 (gx+1)2

of the KdV equation.
IV. SUPERGROUP THEORETICAL DESCRIPTION
It is well known the use of J-equatiors to obtan wave functiors for the KP hierarchy?!22

This theoly was extende to the supersymmetd situatian in Ref. 23.
We shal conside solutiors of the g-equation,

J
ﬁ—_t(z,a;x,e;t,r)=f d’z'da’a(z’,a’;z,)f(Z',a’;X, 0;t,7), (44)
z
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with a(z’,a’;z,a) a given distribution of odd parity. We shall denote.Bythe space of solutions
of Eq. (44) having an asymptott expansionz—oe, of the form

N M
F=| > u,z2"+(a—\) 2 v,2"|fo,
n=-—wx

N
with coefficiens u, ,v, in.”"

By using the properties (9) of the vacuum super-wae function f, ard the isospectraly of the
d-equatim (44) (the kernd a of the equatim (44) does not depeml on x,t), it is immediag that
7 is aleft moduk for the algeba of superdifferentinoperatos #. Then if a unique even solution
f of Eq. (44) with the asymptott expansio Eq. (18) exists then by Thm. 2, it will be asuper-
wave equatia for a SKP hierarchy. L

It was shown in Ref. 23 tha solutiors of the 9-equatia are related with the 7-function of the
SKP hierarcly generatd from the action of the element

1
g=exp;j d?z'da’d?zdaB(z',a")a(z’ ,a';z,a)C(z,a) (45)

of the supergrop GL(|«) on the vacuum The quantum fields B, C form a superghassystem
with commutatian and anticommutatia relatiors given by

[B(z,@),B(Z',a')]={C(z,a),C(Z’,a')}=0; [B(z,a),C(z’,a’)]=(a—a’)3y(z—z’),

and 37(2) denote the delta function with suppot on the circle y acting on test functions as

f dzzAé,/(z)¢>(z)= fﬁyzq&(z).

Onre of the advantags of the ~-function formalism for integrable systems is that it allows us
to classify the solutiors in terms of orbits of symmety groups For the SKP hierarchia considered
in this pape a 7-function description is already available which exhibits their invariance under the
supergrop GL(|»).2® We can thus conclude form the abowe discussia that the 7-function of
the SKP hierarcly generatd from the action of (45) on the vacuum is associate with the super-
wave function which satisfies the corresponding equation. L

As for the solutiors analyzel in this paper it is eay to derive the g-equatia verified by their
associatd super-wae functions For example the solutiors tha arise from the constraing (27)
ard (41) give rise to the kernels

N
a(z’,a’;z,a)=7721 (a'—a)(ci+a'w)8(z—q;)8(z' —pi) (46)

and
a' —a

o(z—q) a |- ,
7/ - W) 572(2 )

2i

a(z',a';z,a)= Tr(a’—a)éyl(z’)-F - (47
respectivelyHere §(z—q) is the usual delta function on the plane ah};i:Kz), i=1,2 denotethe
delta functiors with suppot on the circles y; (|z|=r;), with r;>|q|>r,. Consequentlywe have
provided two additiona differernt characterizatiomfor our solutiors of the SKP hierarchiesFirst,
from Eq. (45) evey solution is associatd with an elemen of GL(x|*). Second Eq. (44) shows
that the kerné a supplies the spectra descriptia of the solutions.
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