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Abstract

In this paper we study existence, uniqueness, and integrability of solutions to the Dirich-
let problem —div(M (x)Vu) = —div(E(x)u) + f in a bounded domain of RY with N > 3.
We are particularly interested in singular F with divE > 0. We start by recalling known
existence results when |E| € LY that do not rely on the sign of divE. Then, under the
assumption that divE > 0 distributionally, we extend the existence theory to |E| € L.
For the uniqueness, we prove a comparison principle in this setting. Lastly, we discuss
the particular cases of F singular at one point as Az/|z|?, or towards the boundary as
divE ~ dist(x, dQ) 27, In these cases the singularity of F leads to u vanishing to a certain
order. In particular, this shows that the strong maximum principle fails in the presence of
such singular drift terms E.

1 Introduction

It is well known that many relevant applications leads to the presence of a convection term in
the correspondent model which, in its simplest formulation, leads to a boundary value problem
for linear elliptic second order equation of the following type:
—div(M (2)Vu) = —div(uE(z)) + f(z) Q
{ '
u=20 9.

Here Q ¢ RN, N > 3, is an open, bounded set and we assume that M € L>(Q)V*¥ is elliptic
M(2)¢- € > alé?, vé e RY and a.e. z € Q.

According to the regularity of the right hand side datum f(x) it is natural to search the solution
in the energy space W,>(Q) (case of f € H1(Q): see, e.g. [18, 15, 1]), or in a larger Sobolev
space if f is singular (see [1]); when f € L'(Q), see, for instance, [8], or when L'(£, ) with
§(z) = d(z,090), see, e.g., [7, 13].
In the mentioned references it assumed that the convection term is regular (for instance
E € W1°(Q)) and that it satisfies an additional condition which helps to have a maximum
principle:
divE >0 a.e. on Q. (2)
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More recently, some effort has been devoted to get an existence and regularity theory under
more general conditions on the convection term E were carried out by different authors (see, e.g.
[1], [5] and their references). For instance, solutions in the energy space can be considered under
the conditions |E| € LN (Q) and f € L% (2). In [13]) and [12] the authors study the case in
which |E| € LN () and divE =0in Q and E-n =0 on 99, f € L1(€,6).

In this paper, we will show that (2) makes div E behave like a non-negative potential in the
Schrodinger case, and we can apply techniques from that setting. See, for example, [12, 13, 14, 16].
We focus on the case where (2) holds in distributional sense.

The paper is structured as follows. First, in Section 2 we review known results for the
case |[E| € LY and f € L%(Q) which were published in [1], were show there is a unique
weak solution of (1) that can be constructed by approximation. In Section 3 we show that if
|E| € L*(Q), divE >0, and f € L™(Q) for some m > 1 then the same approximation procedure
converges to a weak solution of (1), and we give some a priori bounds for this solution. In
Section 4 we show that, if we also assume f € L%(Q), then this constructed solution is the
unique weak solution of (1).

Then we move to discussing interesting examples that follow out this setting. In Section 5

we focus on the case T

E(z) = A—— 3
(@) = Ay, 3)
which is somehow in the limit of theory since it is not in LY (£2) but it is in L"(Q) for » € [1, N).
In [5] the authors examined the more general class case

Al

B < = (4)

||
The authors show existence of solutions u, where the summability is reduced as |A| is increased.
Their results indicate that the sign of A should play a role, but the application of Hardy’s
inequality (which they use in a crucial way) is not able to detect this fact. In Theorem 16 we
show that if N > 1, f € L™(Q) for suitable m, and A > 0 then we can use the sign of div E to
deduce that

ug — 0in Ll(Q) as A — +o0.

By the contrary, when A < 0 we cannot improve the result in [5]. Notice that this is similar to
the equation L(up) + Bup = f, where as B — oo we have up — 0.

Lastly, in Section 6, we discuss the case where E is singular only on the boundary. We present
an example showing that if div E behaves like 6 =2~ for some v > 0 and f is bounded, then the
solutions are flat on the boundary, i.e.

|u(z)| < Cdist(z, 9Q)* for some a > 1.

This is in contrast to the case E = 0, where the solution have non-trivial normal derivative.
Again, we use the fact that div E/ acts as a potential. However, in the Schrédinger equation is
sufficient that V' (x) > C6~2 to get flat solutions, whereas for E we need a strictly larger exponent
(see Remark 21). Questions of this type are quite relevant in the framework of linear Schrodinger
equations associated to singular potential since they can be understood as complements to the
Heisenberg Incertitude Principle (see, e.g. [10, 11, 12, 13, 17, 14]).

We conclude with some further comments and open problems in Section 7.



2 Known results when |E| € LY

For m < N we define the Sobolev conjugate exponent

m' = ——— m™* =(m*) = ———
T N-—-m’ N —2m
We have that m** € [1, o0] for NLJFQ <m< % Notice that m* > 2 if and only if m > ]\2[12 =

(2*)". Notice that, since m > 1 we have m* > m. In order to compute explicit a priori estimates,
we use the Sobolev embedding constant S, such that, for 1 < p < 400

Spllull e+ @) < IVullLr(a)- (5)

We point out the relevance of the constants, for N > 2 of (2*)' = ]\2112 This constant can be take

uniformly for RY. Since we are going to require the Sobolev embedding for p = 2, we assume
that N > 3. In [1] the author proves the following existence theorem with a priori estimates.

Theorem 1 ([1]). Let f € L%(Q) and |E| € LN (Q). Then, there exists a unique weak solution
u in the sense that

u € Wy(Q) is such that / M(z)VuVov = /
Q

uE(x)~Vv+/ flz)v(z), Yve W, Q).
Q Q

and it satisfies:

1. Logarithmic estimate

([ iosts i) < gy [1m2 2 [ 191,

2. Gradient estimate: there exists C = C(a, N) such that

2 < 2N 2 2N .

2N N
N+¥2° 2

[ullme= < Cll fllm- (7)

3. Stampacchia-type summability: For m € [+
N, ||E||~) such that

) there exists a constant C = C(m,«

. Stampacchia-type boudedness: Let r > N and m > Y. There exists C such that
74 yp 2

ullzoe < Clm,ry o | fllm, [|EllLr). (8)

Remark 2. The natural theory for this problem in energy space is precisely |E| € L™ (2), since
in the weak formulation we need to justify a term of the form FuVwv, where u,v € Wol’Q(Q).
This means that u € L?" whereas Vv € L2. So we always have that uE € L?(Q).

Since the construction is done of solutions in the proof of Theorem 5 is achieved by approxi-
mation, we have that

Corollary 3. The solutions constructed in Theorem 5 satisfy (7) and (8).



In [1] the main tool to study the linear problem (1) are the auxiliary non-linear Dirichlet
problems

AN V) = — v (S Be) ) + fule) 0

u=0 09,

(9)

where the authors take f, = T5,(f) a truncation of f through the family

T,(s) = ° sl <&
" ksign(s) |s| > k,

and B, = HLLE We will take advantage of a similar approximation.

Remark 4. Since the problem is linear, for t € R we have that tu is solution of
—div(M(2)V[tu]) = —div([tu]E(x)) + t f(z),

and that E does not change. Thus

& [ 1Vl <C (BN + BN + 2l + 111 g
Q LN+2

Dividing by ¢t=2 and taking the limit as t — oo gives

[ 1vu < ClsI? g (10)

Notice that in Theorem 12 we will prove this fact for the case div E > 0.

3 Existence theory when |E| € L? and divE >0

The structural assumption in this section is the following:
E belongs to the Lebesgue space (L?(92))Y
div E > 0 in D'(Q2), that is / E-V¢<0,Y0<¢eW, Q).
Q
Theorem 5. Assume (11) and
N
ferLm™), 1<m<3,
and let p = min{2,m*}. Then, there exists a weak solution u in the sense that

we WyP(Q) is such that A M(z)VuVv = /QuE(x)-Vv—i— A f@)v(z), Voe W, Q). (13)

Furthermore, it satisfies

[l .0 g < Con 151, i1 <m < 2 .
0l 12 g + Tl < CulfI, i 2 <m<



Remark 6. Due to the gradient estimates, we can extend (13) to all v € W, %(Q) by approxi-

mation, where ¢ = p'.

We say that u,, weak solution of (9) if u € W, *(Q) is such that
/ M (2)Vu, Vv = / -V +/ fa(@)v(z), YveWy*Q).  (15)

The existence of a weak solution if E,, € L%(Q)" is a consequence of the Schauder theorem. The
proof of Theorem 5 is based on the following approximation lemma

Lemma 7. Assume E, = E, (11), (12), and f, = T,(f). Then, for any weak solution u, of
(15) we have that

lnllyy s ) < G £ if1<m< g; 6)
; N
Junll gy + nl, oo < 71 i 5 << &
where
Cyn does not depend on E. (17)

Proof. Our proof is the same of [4], since we will see that the contribution of new term on FE is
a negative number. We use Ty (un)|Tk(un)[*72 as test function in (15), v = Z—; we repeat it
is possible since every T} (u,) has exponential summability. Note that 2y — 1 > 0 since m > 1.

Thus we have

M (2)Vur V (Tio(un) | Tk (un)[*77%) = /Q 1+ Lju,|

o o B() - V(T ()| T () [272)

+ [ Fo () T o) T ) 272,

To study the second integral, we define the function

¢t 2
H. (s :/ dt
/() o 1+t

It is easy to check that H,(s) > 0 for all s € R. Thus, using the sign condition on div E we have
that

/sz T+ Lug| E(x) - V(T (un )| Tr(un) 77 77)

B oy D) [T () 772 o
_/9(27 1) 1+%|Tk(un)| E( ) VTk( n)

= [ 1)) B@) - V() = [ (@) - VI (Teu)] < 0.

Hence, we have that

M (2)Vun V(T () | Tio (un)[*772) S/fn(x)Tk(un)lTk(un)IQ%Q,
Q Q

which is the starting point of [4] and we get the estimates

1T (uan) | Wi (@) m||f|| ifl<m< N+2;
HTk(un)HW(},Z(m Tl < Gl 62 << &
Letting k — oo we recover (16). 0



With this lemma, we can pass to the limit to prove Theorem 5.

Proof of Theorem 5. Up to subsequences, the sequence {T(u,,)} constructed above, weakly con-
verges (in Wy™ (Q) or in Wy 2(Q) N L™ " (R)) and it is possible to pass to to some u (note that
u € L™ (). Recall that E € (L?)N. To pass to the limit in

Unp
—F FE(x)-Vv
/(21+%|un| (>

we need to assume 1 > % + #, that is precisely the assumption % + % > % Thus we pass also
to the limit in (16). O

Remark 8. Note that, once more it is possible to develop an approximate method in order to
prove the existence when E € L". Indeed, let Ey € L™, » > 1 and E,, € L? converging to Fy in
L". Define now u,, in the corresponding way, we can use the statement of (17), so that we can
say that estimates (14) still old for this new sequence {u,} and once more we can pass to the
limit and we prove the existence if

1> 1 n 1 2
- r m N
We can provide further a priori estimates when div £ > 0

Proposition 9. The solutions constructed in Theorem 5 satisfy the following additional esti-
mates:

1. (L' estimate) If div E € L' () then we have that

[uldive< [ 51 (18)

2. (LY estimate) If divE > ¢y > 0 and m > 1 then

s < 0Ll
“q-1 ¢

(19)

Remark 10. Notice that (19) blows up as m — 1. In fact, it is known that that the case m =1
does not satisfy such an estimates.

We prove a priori estimates under the assumption of sign for bounded (or even smooth) E,
which we now know will hold for approximations.

Remark 11. It could seem that approximations of E might loose the sign of the divergence.
Nevertheless, when E € L'(Q) with div E > 0 we can construct and approximating sequence
such that E,, € W1>(Q) and div E, > 0. For example, take E,, = p, x E, where p,, are some
positive mollifiers. Then div E,, = p,, xdiv E > 0.

Proof of Proposition 9. Assume first that £ € (L)Y, and f € L™ for m > ]\2,—12 Then,
we can deal with the unique solution u € WO1 2(Q) that exists by Theorem 1. Due to the
construction by approximation in Theorem 5 the estimates pass to the limit in the construction.
Take h € WH°(R) such that h(0) = 0. We take v = h(u) as a test function we can write

a/Qh’(u)WuFg/QM(:c)vu-Vh(u):/QuE-Vh(u)+/th(u).



We can write
uVh(u) = uh'(u)Vu = VF(u)

where F(s) = [; 7 h/(7)dr. Hence

a/h’(u)|Vu|2§/E-VF(u)+ fh(u).
Q Q Q

We can integrate by parts again to deduce

a/Qh'(u)|vu|2+/QF(u)divEg/th(u). (20)

Now we prove both items

o [tem 1. Let us consider he(s) = Tc(s)/e. Then h. > 0 and |h.| < 1 and, hence, in (20)

/QFE(U)divE < /Q £l

It is clear that F.(s) — |s| a.e. as € = 0. Then,

/|u|divE§/|f|.
Q Q

e Jtem 2. Let us take, for m > 1, h(s) = |s|™! then

s -1
F(s)=(m-— 1)/ |7|™ 2 sign(7)rdT = = —gm,
0 m

Hence, going back to (20)

—1 —1
o . <&

Co /|U|mdivE§ / Flul™ = < I fllpmllull g
Q Q

m
Hence, we simplify
m_ || fllLm

m < —— O
Jullm < 52

4 Comparison principle and well-posedness
To show uniqueness of solutions we prove a weak maximum principle.

Theorem 12. Let f € L%(Q) and (11). Then, if u € Wy*(Q) is a solution of (13) then

1
V0t < oI 1,

N+2
Hence, there is, at most, one solution of (13). Furthermore, if f > 0 then u > 0.
We first prove the following lemma

Lemma 13. Let m > 1, E € L™ (Q) with 0 < div E € D'(Q). Then, we have that

f/szo V0 <ve W, (Q). (21)
Q



Proof. By definition of having a sign in distributional sense, for 0 < ¢ € C°(Q2), we have that
—/ EVy = (divE,p) > 0.
Q
For 0 < v € Wy (2), we can find a sequence sequence 0 < ¢,, € C°(2), and @, — v in Wy ().

In particular, Vi — Vv in L"(€2). We can pass to the limit in the estimate. O

Proof of Theorem 12. Let u be a solution. Take v = u™" as a test function. Then, applying the
previous lemma

u? 1
o [1vatP < [ EVEE 4 [t <l lutlle < G ey IVt
Q Q 2 Q S

We recover the estimate. O

Theorem 14. Let f € L™(Q) and E € L™(2) such that 0 < divE € D'(?) and

1 1
- - 42«1 gD ccm<X
min{2*, m** + r i N2 >M> 35 (22)
1 1
—+-<1 otherwise
2* r

Then, taking ¢ = min{2,m*} there exists a solution of
ue Wy 9(Q)  such that / M(z)VuVv = / uEVv —|—/ fv, Yve Wg/’OO(Q). (23)
Q Q Q
Furthermore, if m > 2N and r > N it is the unique solution of (13).

N+2

Proof. Let fi, = Ti(f) where T}, is the cut-off function. By considering
Ey=prxE

as point out in Remark 11 the sign condition is preserved. Since the mollifiers are non-negative
and integrate to 1, we even have min Fy > min E.

By Proposition 9 there exists a unique weak uy, solution of (13). Since the -* operation is mono-
tone, then ¢* = min{2*, m**}. The sequence wuy, is uniformly bounded in Wy*¢(€2). Therefore,
by the Sobolev embedding theorem, it is uniformly bounded on L9 Q).

Up to a subsequence, there exists u € VVO1 1(2) such that

Vur — Vu in L9(Q)
up —u in L9 (Q).
Since M € L>=(Q)N*N_ E, — E € L"(Q)Y strongly and (22) we have that
M(z)Vur, = M(x)Vu in L9(§2)
upFy — uF in Ll(Q).

Therefore, we can pass to the limit in the weak formulation for v € Wy>™(Q). If m > ]\2,—12 and

r > N, then uE € L?*(Q) and it is a solution of (13) by approximation. O



5 Convection with singularity at one point

With the approach developed in this paper we are able to study the special situation

E_

= A0 where A > 0 (24)
x

which is somehow in the limit of theory since it is not in LY (£2) but it is in L"(Q) for » € [1, N).
In [5] the authors examined the framework of drifts such that

Al
|E| < (25)
||

The authors show existence of solutions u, where the summability is reduced as |A| is increased.
They prove

Theorem 15 ([5]). Let f € L™(Q) and |E| < |A|/|x|. Then

1. If|4] < % and m € [1\2[—1_‘\_[2,%) then u € W2 (Q) N L™ (Q).

2. If |A| < w and m € (1, 13—12) then u € Wol’m* Q).

3. If Al < a(N —2) and m = 1 then Vu € (M%(Q))N and u € Wy'(), for every
4< w1

Above, M ¥-1 denotes the Marcinkiewicz space (see [5] for the definition and some properties).
The argument in [5] is based on Hardy’s inequality

N —2\? 2
— / [l < / |Vul?. (26)
N v |z[? RN
We are able to extend this result to distinguish depending on the sign of A. Our result is the

following

Theorem 16. Let f € L™(Q) for some m > 1 and (24). Then, there exists a solution of (23),
and it satisfies the estimates in Proposition 9. Furthermore, ua — 0 as A — oo in the sense

that | ( )| )
ualx
L < awy L

We point out that, if m > ]\2,—12, we have furthermore uE € L?(Q).

Proof. Since N > 3 we know that |E| € L?() and that

A(N —2)

divE = Tlng(TNflArfl) = FE

or (27)

is non-negative and it is in L'(2). Then, we have satisfies the existence theory of Theorem 5.
Due to Proposition 9 and (27) the estimate follows. O



6 Convection with singularity on the boundary

The aim of this section is to understand the case where E is regular inside €2 but blows up
towards 0€2. For the sake of simplicity we present and example, which as mentioned in Section 7
can be generalised, but the computations become quite technical. Let us consider ; the first
eigenfunction of —A with Dirichlet boundary conditions, i.e.

—A(pl = )\1@1 n Q,
w1 =0 on 0f.
We normalise it so that ||Vi||L~ = 1. It is known that there exists C' > 0 such that
0 < Cdist(x,09) < ¢1(x) < C~tdist(x, 09), Vo € Q.

and near 00 we have that
[Vo(z)| > C > 0.

We focus our efforts on the particular case
E=—¢;' 7V, for some y > 0, (28)

and f € L°(£2), the space of functions bounded with compact support in 2. The aim of this
section is to prove

Theorem 17. Let E be given by (28), M = I and f € LX (). Then, there exists a unique
w € HE(Q) N L>®(Q) such that uE € L*>(Q) and u is a weak solution in the sense that (13).
Furthermore, u is flat on the boundary in the sense that

for all « > 1 we have that lu(z)| < C,dist(x,0Q)%, for a.e. x € 9. (29)
It is immediate to compute that
divE = (1+7)¢; Vil — o1 7 Ap
= 1+ 7)1 Ve + Ay

Hence div E(z) > cdist(x, Q)27 near the boundary. Notice that E and div E are not in
L' (). We start the proof with a lemma

Lemma 18. In the assumptions of Theorem 14, assume furthermore that div E € L}, (). Then
udiv E € LY(), still satisfying estimate (18).

Proof. We consider the approximating sequence for Theorem 14. For the approximation we know

that
/|un|divEns/ £l
Q Q

/ |un|divEns/ £l
K Q

Since we know that div E,, — div E in L'(K), we have that, up to a further subsequence, the
sequence converges a.e. in K. Hence, applying Fatou’s lemma

[ laive < [ 1
K Q

Since this estimate in uniform in K, we can take Kj = {x € Q : dist(z,9Q) > h} and deduce, as
h — 0, that (18) holds. O

Let us fix K € Q2. We have that

10



The solution found in Theorem 17 is unique in a certain class. We provide a uniqueness result
extending Theorem 12, which can itself be generalised to a larger framework
Lemma 19. Assume that u € H}(Q), E € L2.(Q), u|E| € L*(Q), divE > 0 distributionally,
and f € LJ\?_%(Q) Then

N+2

1
IVut < ==
In particular, there is at most one weak solution of the problem.

Proof. We want to repeat the argument in Theorem 12, i.e. taking v = u in the weak formu-
lation and using that

—/uE-Vu+ZO.
Q

We prove this formula by approximation. Taken € C2°(€2). There exits K € Q and ¢,,, € C5°(K)
such that ¢, — uyn in H}(Q). We have that

¢2
— ¢mE~V¢m<divE,—m> > 0.
Q 2

Since E € L*°(K) we pass to the limit to deduce
- [ - BV > 0.
Now we expand
[ e Vun) = [ing-vo+ [ wopE- e,
Q Q Q
Now we take n,, 1. In particular n,, (z) = no(me1(z)) where 1 is non-decreasing, no(s) = 0 if

s < 1and no(s) = 1if s > 2. Clearly ||Vnm||ze~ < Cm. Since uy € HE(Q) then uy (x)/¢1(z) €
L?(Q) by Hardy’s inequality. And we compute

Y1 m ©1

/uinm-EVnm’ S/ u—+ﬂ|uE|Cm§C/ u—+|uE| =0
Q p1(z)< o p1(z)< oy

since —t|uF| € L'(Q) and the size of the domain tends to zero. We conclude, by Dominated
Convergence that

0> /(u+nm) - EV(usnm) — / urE-Vuy = / ul - ug. O
Q Q Q

We are finally ready to prove the result.

Proof of Theorem 17. The uniqueness claim is proven in Lemma 19. We now prove the exis-
tence and bounds by approximation. We can assume, without loss of generality, that f > 0. We
construct approximations of E given by

Ey=—(p1+ %)7177V<,01-

Clearly E; € L*°(2). These are well inside the theory of Theorem 5. Hence, there exists a weak
solution u, € H}(2). We compute

divEr = (1+9)(p1 + 7)1 Vear + Miler + )7

11



This is non-negative. Hence, due to Theorem 12 we have that
Vel < Ol fll e~

Splitting the behaviour near the boundary and away from the boundary, it is easy to see that
div Ey > ¢¢ > 0 uniformly. Therefore, due to Proposition 9 we have that

el < 112 (30)
Co

Now we must construct barrier functions. Select a single a > 0 and the barrier
1 1

We drop the dependence on ¢ and « to make the presentation below more readable. Plugging it
into the equation we get

AU + div(UE) = —~AU + VU - VE; + U div E;
= —(a= 1)1+ ) ?IVer P + M1 + )%
— (14 )7V
+ @+ + DTV + Mpr + )7 e

> (Y1 +H7 = (@=D)(pr + Ve

This is non-negative if ¢ () + — < (0‘—*1)7% There exists 7, > 0 small enough such that

f2)=0 and  ¢i(2) < L(2L)77, Ve such that dist(z, 8Q) < na.

We will use the neighbourhood of the boundary A, = {z € Q : dist(x,09) < n,}. Also, we
consider the candidate super-solution
a @ [ f]ze~ >

u(lx) =U(x - + :
(=) (=) (mlndist(z,aﬂ)_na e1(x)®  co MiNgige(z,00)>n. P1(T)*

We denote the constant on the right-hand side as C,,. Using the first term of Cy, uw > u when
dist(z, 9Q) = 1. Also, W= = > 0 = u on 9. Let us call

f=—Au+div(uEy).

By the previous computations, if ¢ > 2(0‘;1)%, we have f > 0 = f in A,, and clearly f €

L>°(A,). Hence, due to Theorem 12 we have that
0 < wue(x) <u(z), x € Aa.
Also, due to (30) and the second part of C,,, we have that
0 < up(z) < u(x), x €N\ Aq.
Eventually, we deduce that for any @ > 1 we that

0 < uw) < Sa(pr +1)%,  VoeQand > 22217,

12



In particular, picking a = v + 1 we deduce that

C C
lueEe| < I Ver|| e = ZHF

We deduce that, up to a subsequence,
ug — u a.e. and strongly in L? and up — u weakly in H(Q).

This implies that usFy; — uF a.e. And hence uF is bounded. Passing to the limit in the weak
formulation by the Dominated Convergence Theorem, the result is proven. |

Remark 20. Notice that the construction of the super-solution above can be done in any
dimension N > 1. However, most of the results in the rest of the paper are only available for
N > 3.

Remark 21. For Schrodinger-type equations —Au 4+ Vu = f, it is known that if the potential
V is greater than dist(x, 92)~2 and f is compactly supported, then u is flat the boundary, in the
sense that |u| < Cdist(z,0Q)!1T¢. This means that d,u = 0 on 9. This means that it satisfies
Dirichlet and Neumann homogeneous boundary conditions. And it can be extended by 0 outside
Q with higher regularity than H'. In contrast, the exponent v in the above result can not be
taken as v = 0 in order to get flat solutions. Indeed, the convection term E - Vi, in the above
computations, is more singular than the term ¢, div E. A very explicit example can be done in
one dimension: if we consider E = —Cx~! then this drift does not generate flat solutions since
if we take U(x) = 2 then

~U" +(BU) = (—az* ' = C2°7Y = —(a+ C)(a — 1)z 2,
and this is a supersolution only if o < 1.
Corollary 22. In the hypothesis of Theorem 17 replace f € LS () by
|f(x)| < Cdist(z, 0Q)* for some w € R.

Then
|u(z)| < dist(x, 0Q)* forallae (1,y+2—w).

Proof. We maintain the notation of the proof of Theorem 17. We have already shown that, on
a neighbourhood of the boundary,

AU +div(UE,,) > L

> §(<P1 + D)2V |? > erpr + 2)* 7277 > e £l

For « in the range (1, + 2 — w), we can take as a supersolutions for the approximating sequence

u(z) = Ux) (i + 2 +2 7]z ) . O

C2  Milgist(z,00)=n, P1(T)*  Co Mildist(x,00)>n, P1(T)"

And the rest of the proof remains as in Theorem 17.

7 Further remarks, extensions, and open problems

1. We point that the proofs of our estimates hold in many non-linear settings.

13



2. Theorem 17 admits many generalisations. For instance, one can consider the case |E| <
co dist(z,0Q) ™71 with div E > ¢; dist(x,0Q)~7~2 up to suitable conditions on the con-
stants. Also, the techniques in this paper could be extended to the situation where
dist(z,9Q) is replaced by dist(x,I') with a suitable part I' C 0. The case I' an inte-
rior manifold can also be studied.

3. Including a non-negative potential. The same analysis can be performed on the equation
—div(M (2)Vu) + a(z)u = —div(uE(x)) + f(z)

when a > 0. Furthermore, one will then obtain

[ i+ aivey< [ 151

Hence, one can reduce the hypothesis to a 4+ div £ > 0 in the whole analysis.
4. The study of a =1 is useful in the study of the evolution problem
up — div(M (z)Vu) + div(uE(z)) = 0.
For the study of this problem one can write u; + Au = 0 where
Au = —div(M (z)Vu) + div(uE(z)).

In order to obtain solutions in semigroup form in L? (where 1 < p < 4+00), following the
theory of accretive operators, it is sufficient that,

lullre < [Ju+ AAulze.

Letting f = uw 4+ AAu, this is precisely what we have proven above, where M = AI and
a=1. See also [6].

5. We point out that when |E| < [A|/|z|, we have that, if m > 255 then u|E| € L*(Q). It
seems possible to extend the uniqueness result (19) to this setting.
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