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Abstract

We put forward a unimodular N = 1,d = 4 anti-de Sitter supergravity theory off
shell. This theory, where the Cosmological Constant does not couple to gravity, has a
unique maximally supersymmetric classical vacuum which is Anti-de Sitter spacetime
with radius given by the equation of motion of the auxiliary scalar field, ie, S = % .
However, we see that the non-supersymmetric classical vacua of the unimodular theory

are Minkowski and de Sitter spacetimes as well as anti-de Sitter spacetime with radius

14L.
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1 Introduction

The N = 1,d = 4 supergravity theory whose maximally supersymmetric classical vacuum is
Anti-de Sitter (AdS) spacetime was introduced in reference [1]. Today, supergravity on Anti-
de Sitter spacetimes modulo some compact space play an important role in the gauge/gravity

duality [2, 3] program.

Unimodular gravity is a geometric theory of gravity which furnishes a Wilsonian solution
to the problem of the huge discrepancy that exists between the experimental value of the
Cosmological Constant and the theoretical value of the latter as obtained within the quantum
field theory framework. Indeed, in unimodular gravity the vacuum energy does not gravitate

—see references [4] to [25], for further information.

A chief feature of unimodular gravity is that its gauge group is not the group of diffeo-
morphisms but a subgroup of it, namely: the group of transverse diffeomorphisms. Currently,
gauge symmetries are viewed not as fundamental concepts but as redundancies introduced so
that locality is manifest in the Lagrangian formalism. These redundancies give rise to unphys-
ical degrees of freedom and one has to show that they do not contribute to the observables of
the theory. From this point of view, unimodular gravity has fewer redundancies than General

Relativity and, hence, one has to deal with fewer unphysical degrees of freedom.

It has been shown in reference [26] that there is a unimodular counterpart of N =1,d = 4
Poincaré supergravity such that the supergravity algebra closes —off-shell- on transverse diffe-
ormorphisms, Lorentz transformations and unimodular supergravity transformations. As seen
in [26], AdS is a non-supersymmetric vacua of the unimodular supergravity theory introduced
in [26]. This is, of course, at odds with the situation that one finds in the standard —ie, non-
unimodular— N = 1,d = 4 Poincaré supergravity theory. It is thus interesting to see whether
a unimodular N = 1,d = 4 supergravity theory can be formulated so that Anti-de Sitter

spacetime be a maximally supersymmetric vacuum of that theory.

The purpose of this note is to show that there is a unimodular supergravity theory that is,
clearly, the unimodular counterpart of the N = 1,d =4 AdS supergravity theory introduced
in [1]. Our starting point will be the unimodular gravity theory in [26] —to keep the number of
fields the same as in its standard counterpart, although there exist alternative formulations of
unimodular N = 1,d = 4 supergravity —see references [27, 28], which involve the introduction
of additional fields. In [28] de Sitter spacetime occurs as a supersymmetry breaking vacuum.

The coupling of 3/2-spin fermions to unimodular gravity has also been discussed in reference



[29] —see reference [30] for Dirac fermions.

2 Off-shell unimodular N =1,d =4 AdS supergravity

Let e, and ¢, be the graviton vierbein and the gravitino field, respectively, which satisfy the
following constraints

e=dete, =1, ", =0. (2.1)
We define the action, Syagssuara , of the off-shell unimodular N = 1,d = 4 AdS supergravity
to be

Svadssucra = Svusc + St (2.2)

where
Suse = — skt el Reb (e, 0,)] — 4[d5T,1#7 D, [w(el, v, — Lt [S? + P2+ AA,]

S = & Jate S + 500,
(2.3)

In the previous equations S, P and A, are the auxiliary fields and ~#1#2#3
%ZW (=1)57 AHr)kr@ ~Hns) o g being the signature of the permutation 7. S is a scalar

field. P is a pseudo-scalar field and A, is a pseudo-vector field.

Let us introduce the following infinitesimal transformations

0c€y = —15€Y Yy, Vi = Vaky,

Octhy = Dulwil(eg, vo)le + §7u(S — s P)e + 575(8), — 577" )eAv,

0.5 = —1ev, RH, (2.4)
6P = teysy, RH

€
5A = 39525 — 1) RY,
where
R = 97D,
Duthy = Dylws (e, o)y — 157,(S — 15 P)tby — i575(8) — 57,7 )¥udn,
Dyfwit(€5,%0)] = O + jw(es: Vo), Vab-

The symbol w®(e¢,1),) denotes the spin connection with torsion:

ab( ¢ _ ab( ,c ab( ¢
wp, (60’¢0') _wu (60) +Kp, (60’¢0)’
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K, (e, ) = i% ($,770° = B 3t® + T 1",);



w,"(e5) being the Levi-Civita spin connection for the vierbein ef.

It has been shown in reference [26] that the transformations in (2.4) preserve the constraints
in (2.1) provided the infinitesimal parameter e satisfies the following equation:
2

KT a 2K : Ko,
YWD, w(es, Vy)]e + z?(evbwa)v (s Zg(S —ivsP)e + 5y €A, =0. (2.6)

From now on we shall assume that ¢ in (2.4) satisfies (2.6).

Let us show that Spyagssugra in (2.2) is invariant under the transformations in (2.4). We
have to show that the variation, 6.5 of S, under these transformations vanishes, for it has
already been shown in reference [26] that S in (2.3) is invariant under the transformations in

question.

In the sequel we shall take advantage of the identity

= %6“””"%% (2.7)
where €' =1 and v = 1[y*,~"].
It is not difficult to show that
. / d S = —i / ' 7 sy, D by — zg / &' Eys* A, (2.8)

Next, taking into account that d0.(y*¢,) =0, one gets

Oc [d's fpHep, = =5 O, [dw ", =

. _ (2.9)
— 5 Jd'w e (D) 5oty — 5 [d'e e (e ) (s aothy) + 15 [d'r eysit Ay
From (2.3), (2.8) and (2.9), one concludes that
2 i UVpo = c c\ d '%2 4., _prvpo (= A "
0eSL = AV d'w P &5 y00(Dpuey — Dpes,)eq)t, — 3 dw P (&7 ) (s Va0 thn) -
The previous equation boils down to
1 — n vpo (= 7
551 = [k [ @) Gnty) + @ ) Gsnat)], (210)

after using

2
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Finally, applying a Fierz rearrangement to the second summand in (2.10), one gets that
0.5 =0,

upon some Dirac algebra. We thus have shown that the transformations in (2.4) leave the
unimodular N = 1,d =4 AdS action in (2.2) invariant provided the infinitesimal parameter

€ is a solution to equation (2.6).

It can be shown —the reader is referred to reference [26] for the proof- that if F denotes
generically the fields in the transformations in (2.4), and €; and €, are infinitesimal parameters
satisfying (2.6), then

[6c1, 8e,) F = 0D F 4 607 F + 6y F. (2.11)
Here 5§Dif D) is a transverse diffeomorphism with parameters &, 55607“6"'&2) denotes a Lorentz

transformation with parameters A% and Jy, is given by the supergravity transformations in

(2.4) with parameter ¥ instead of €. £, A% and ¥ are given by the following equations
E* = L&y e,
A%y = gpwpab + 5€7 (S — s P)er — ;3€{7%, Y sa A, (2.12)
Y = 0c, €2 — O, €1 — KE Y,

&M is such that 0," = 0 and X satisfies (2.4). It is thus clear that the transformations in
(2.4) can be rightly called off-shell unimodular N = 1,d = 4 supergravity transformations.



3 Unimodular N =1,d =4 AdS supergravity and its classical solu-

tions

The equation of motion of the auxiliary fields S, P and A, in the action in (2.2) read
3

S:/-f_L’ P=0 and A,=0, (3.1)

respectively. Let us remove the auxiliary fields S, P and A, from the action in (2.2) by

imposing their equations of motion. Thus, we obtain the following action

SOV = — o [ (Rt )+ 20] = 5 [abe B, Dl vl [ 07, (32

2K?
where the A = —3/L? and e = 1 and ~"¢, = 0. Notice that the Cosmological Constant

does not couple to gravity as befits a unimodular theory of gravity.

The supergravity transformations that leave S©V) invariant are obtained by imposing the

equation of motion in (3.1) on the transformations in (2.4). Thus one obtains

5562 = —igey Yy, Y = %ez (3.3)
Oethy = £ D, [wi (€5, Vo)) + gopYue.
Of course, the infinitesimal parameter, €, in (3.3) satisfies now the equation
" a 2 K b a
PDfled, Yol + ize = —iT (e ) (3.4

The classical solutions ~the classical vacua— of the theory whose action is S©©V) in (3.2)
are those field configurations, (ef,1,), for which the action S (ON) g stationary and P, =0.
Hence, these field configurations (6Z> Y, = 0) are solutions to the unimodular gravity equations
in vacuum

1
R = 1R = 0. (3.5)

R,, and R denote the Ricci tensor and the scalar curvature for the unimodular metric
G = €€a , respectively. It is well known that the space of solutions to (3.5) is the space
of Lorentzian Einstein manifolds. Hence, Minkowski, de Sitter and Anti-de Sitter are classical
vacua of the theory with action S©N) in (3.2). However, both Minkowski and de Sitter space-
times break supersymmetry, whereas Anti-de Sitter with radius L is maximally supersymmet-
ric. Indeed, given a gravitational background, e}, ¢, = 0 is invariant under a supergravity
transformations with parameter e if and only if

7 7

ab( c _
5 T = Dylwy (€5, Vo) + 5 e = 0. (3.6)

0 = Kbethy = Dpuw (e, 1))e + L



Hence, ¢ must be a Killing spinor of the gravitational background in question. Notice that
when 1, = 0, the Killing spinor equation in (3.6) implies equation (3.4), so there is no clash
between them.

It is well known that for Minkowski and de Sitter spacetimes no e exists that solves the
killing equation in (3.6). Hence, they are not supersymmetric vacua. On the other hand, if
the gravitational background is Anti-de Sitter with radius L, there exists a maximal number
of independent solutions to (3.6). Notice that if the radius, 1, of the anti-de Sitter spacetime
is not L, we still have a solution to (3.5) —ie, a classical vacuum, but, this vacuum breaks
supersymmetry in a maximal way. Indeed, the integrability condition for the killing equation
in (3.6) reads

i a 1 a a
Y D, + ﬁ’}/y]f = [R;ub/ - ﬁ(eueg - 61/62)}7@1769 (37)

1
=D, + —

1

whereas we have R = 75 (efel

— eﬁei) for a d =4 Anti-de Sitter spacetime with radius L.

4 Conclusions and outlook

We have shown that there exists a unimodular N = 1,d = 4 AdS supergravity where the
supergravity transformations involve a length L. This theory has AdS with radius L as
its maximally supersymmetric classical vacuum. An yet, Minkowski spacetime, de Sitter
space-time and anti-de Sitter with radius [ # L are classical vacua of the theory, which —
spontaneously— break supersymmetry in a maximal way. Further, as in non-supersymmetric

unimodular gravity the vacuum energy does not gravitate.

It will be very interesting to develop a superconformal approach to unimodular supergravity
by adapting or generalizing the standard —see Chapter 16 of [31]- approach to supergravity.
Thus one will be able to properly compare the family of theories —parametrized by L, the AdS
radius— presented here with the family of supergravity theories constructed in [32, 33]. Notice
that the family of supergravity theories in the unitary gauge and parametrized by f and m —
see eq. (4.10) of [32]- presented in [32, 33] admits Minkowski and AdS as vacua, these vacua are
always maximally supersymmetric; wehereas in the unimodular supergravity theory introduced
in this paper, Minkowski spacetime and AdS with appropriate radius are vacua which break
supersymmetry. It would appear that the family of unimodular supergravity theories we have
put forward here is not altogether equivalent to the family of theories in [32, 33]. However, as

we have just said, to settle this issue properly will demand the construction of a superconformal



approach to unimodular supergravity and this lies outside the scope of this paper.
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