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Complementarity and certainty relations for two-dimensional systems
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Very simple duality relations assessing complementarity for two-dimensional systems are obtained by in-
troducing a measure of fluctuations derived from dispersion. These relations fully explain the enforcement of
complementarity in situations in which the standard position-momentum uncertainty relation plays no role.
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I. INTRODUCTION served system, maybe altering variables different from posi-
tion and momentunp8].

Complementarity and uncertainty relations are at the con- In this context, the finite dimension of the system space
ceptual heart of the quantum theory since both of them arétroduces a conceptual difficulty concerning uncertainty re-
direct consequences of the superposition principle. Compldations of the Heisenberg kind and the use of variance as a
mentarity means that quantum systems possess propertiggasure of uncertainty. This is because for finite systems the
that are equally real but mutually exclusive: the observatiorfommutators between complementary observables are opera-
of one property precludes the observation of the other. Th&rs instead of numbers, and this obscures the analysis of the
best known example is the wave-particle duality. problem. It would be very interesting to remove this diffi-

The question of the proper relationship between Comloleg:ulty since two-dimensional systems offer the simplest para-

mentarity and uncertainty has been extensively discusse(yglm of the quantum theory and provide the basis for the

. ost promising application of quantum ideas.
from the early stag(_as of the quantum theor_y until the presenm Thig difficult%/ ispgircumventeqd by the measure of fluctua-
day. Currently, a vigorous and con_troyerS|aI debate is OPeflons introduced here. It contains as much information as
concerning whether complementarity is always enforced b ariance and leads to very simple inequalities bounded by
uncertainty relations or whether they are logically indepen

. ‘state-independent constants. In particular, we show that this
dent quantum featurgd]. Classic examples of complemen- 5n5144ch provides a very simple explanation of complemen-

ta_rity were explained_ in terms (_)f position-momentum UNCerarity in an operational approach to this concept.

tainties involved via the disturbance caused by the |y sec. I, we discuss a proper definition of complemen-
observation. However, there is a rapidly growing number ofary observables in two-dimensional systems and we intro-
very subtle observation arrangements where the apparatdgice a measure of fluctuations. In Sec. Ill, we study the
introduces minimal disturbances, even avoiding any signifienforcement of complementarity when the simultaneous
cant exchange of energy or momentum with the observegheasurement of complementary observables is attempted.
system2,3]. This implies that the usual position-momentum We show that the definitions introduced in Sec. Il provide a
uncertainty relation no longer explains how complementarityremarkably simple explanation of the origin of complemen-
arises in these examples. It is argued that complementaritrity by means of operational duality relations. Finally, in
would be the consequence of quantum correlations betwee®ec. IV we compare these results with previous approaches
object and detector without any uncertainty relation at workdiscussing their main advantages and drawbacks.
Consistently, quantitative measures of complementarity di-

vorced from uncertainty relations have been proposed and [l. COMPLEMENTARY OBSERVABLES IN

tested experimentall3,4]. TWO-DIMENSIONAL SYSTEMS

We think it is worth pointing out that these refined ex- We begin by recalling the definition of an observable

amples of complementarity are actually taking place in . . .
finite-dimensional systems, more specifically, in systems de(_:omplementary to a given quantigy The observablé will

scribable by a two-dimensional Hilbert space. For example?heedeg'sr;?gngy g;vcr)eog?:igontﬁle\r/r?ggﬁg.eiW:nt]/g\c/teo?slvg?fc')me
this is the case of the interferometric wave-particle duality, p. X y -9 g ) 9
where the effective dimension of the system space is thEl€rmitian operatoA (the eigenvalues will play no roleThe
number of interfering paths. Therefore, we will focus onStates|A.) can represent very different practical situations
two-dimensional spaces since they encompass all theoretic8fCh as interferometric path, spin projection, or the internal
and experimental approaches to the problem. electronic state of an atom, among other possibilities.

In this work, we show that even for two-dimensional sys- Two observables are complementary if precise knowledge

tems there are uncertainty relations that fully explain and®f ©ne of them implies that all possible outcomes of measur-
quantify complementaritf5—7]. Quantum mechanics im- "9 the other one are equally probable. We define the unnor-

plies that even the most careful observation disturbs the oghalized vectors

1 .
=——(|A_)+€e?AL)), (2.1
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where¢ can take any value in a2interval. Since({¢|A.)| p=wW, A NA [+w_|A_)A_|
is constant, any observable defined in terms of the projectors .
|¢)( | is complementary ta [5,6]. We will call such an Y AD(AZ[+ Y [ACKAL (2.6

observableg. Concerning the variable that this observable
represents, we have thatAfis a component of an angular where =w. =0, w, +w_=1, and|y|<w,w_
momentum,¢ represents the azimuthal angle, whileAf. ) direct computation, we find that
are interferometric paths) represents the phase difference.
On the other hand, ifA..) represent atomic levels) is the
phase of the atomic dipole.
The complementary observable need not be unjg.@. . ) o
In particu'ar' we have the poss|b|||ty of using different ab- Where, dea“ng with Certa|nt|es, we natura"y looked for an
stract representations such as positive operator measures Wiper bound forCaC, . This is a truly nontrivial certainty
self-adjoint operator@]. For example, Hermitian operators relation since it tells us thﬂA and ng cannot reach simul-
complementary toA can be obtained by singling out two taneously their maximum values, which are 1 gndespec-
orthogonal vectors within the spp) [5]. This possibility is ~ tively. We can also note that the certainty proddg€, is
followed in Appendix A. In the main body of the paper, we bounded by a state-independent number.
will describe ¢ by means of the nonorthogonal positive op- We can examine which states reach the equality in Eq.
erator measure (2.7 (maximum certainty statgsTo this end,p must be a
pure state |(y| = yw,w_) with w.=1—w- =co(#/8). In
A(p)=[o) (|, (2.2 such a case¢y=2C,=1/\2. These states are intermediate
betweenA. ) and|¢). This is clearly seen if we parametrize
w. asw,=1-—w_=sir? 9. The stategA.) correspond to
9=0,m/2, while the state$¢) are obtained wherd= /4.
The maximum certainty states are given By #/8,37/8,
which are angles halfway between @/4, and /2.

I
He
oY)

<

CaCy=IW, —w_]|y|=13, 2.7

where ¢ can take any value in a7 interval [10]. This
choice includes all vectorigp) at once without singling out
any pair of them. Nevertheless, it is worth pointing out that
we arrive at the same final results if we represeénby a
Hermitian operator, as is shown in Appendix A.

A suitable measure of fluctuations can be derived from

the dispersion defined §41] 11l. OPERATIONAL CERTAINTY RELATIONS
(5A)2:1_|<UA>|21 (5¢)2=1—|<U¢)|2, (2.3 The inequality(2.7) can be referred to as intrinsic in the
sense that it does not involve any joint measuremeatarfid
where ¢. Relations closer to the usual understanding of comple-
mentarity as the result of mutual disturbances during a joint
Ua=|A A=A XA, observation require measuring both observables simulta-

(2.9 neously on single systems. Our purpose here is to derive
operational certainty relations for a simultaneous measure-
ment of A and ¢ including the quantum nature of the mea-
suring process.

Uy~ | doeels)ol=Ia Al

represent the complex exponentialdfnd ¢, respectively. Although in the quantum theory there is no room for
Since 5A, 8¢ represent uncertainties, the quantities sharp joint measurements of noncommuting operators, noth-
ing prevents us from measuring them simultaneously with
Ca=l U, Ce=I(Uy)l (2.5 less than perfect accura¢y4]. This requires coupling the

) o system space( with auxiliary degrees of freedof,,, i.e.,
can be regarded as representiegtainties i.e., the degree of an apparatus. These auxiliary variables will carry informa-
certaiqty one can have concerning the value_of the correfon about a given observable of the system, for example
sponding observable. We have that0,<1 while 0<C,,  while ¢ is measured directly on th#/, variables. To this
< 3. For example, if5¢, 5A are close to Imaximum uncer-  end, the coupling is arranged to transfer information adout

tainty), C,,C are close to @minimum certainty. ~ from H, to H,, via the following unitary operator relating
The usefulness of measuring fluctuations via exponentialgitial and final states:

of the basic observables has been already demonstrated
[11,12. Although we are dealing with two-dimensional
spaces, it is clear that these definitions can be easily applied
to any dimension. As a matter of fatJ ,) and(U,) are
characteristic functions, i.e., Fourier transforms of probabilwhereV . are unitary operators acting solely &ty,. In this
ity distributions that contain full information about the sta- way, the state of the apparatus experiences a different trans-
tistics of the corresponding observablés]. formation depending on the value Af

Next we derive the relations théy andC, must satisfy The initial state of the systert2.6) and the initial state
since they assess fluctuations of incompatible observablefM) e H,, of the apparatusassumed to be pure for simplic-
The most general system state is described by the density) lead to the following output density matrix in the whole
matrix spaceHs® Hp,:

U=V, A AL +V_|A XA, 3.0
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=W, ALY M WM, (AL +wW_|A_)M_YM_[(A_]| CaCy=CrCy CACy=C\1—C2CaCH=1CaC,. (3.8

+YADIM M _[(A- As could be expected, the observed certainty product is al-
+y* AN M_WM L |(A,], (3.2  ways less than the intrinsic one. We can also notice that it
contains the product of two different contributiorCy,
where|M_.)=V_.|M)eH,,. In the most general case, the depending only on the preparation of the system, and the
states [M.) are not orthogonal. Their overlapc  unavoidable disturbance caused by the measurement process
=(M,|M _) is assumed to be a positive real number withoutC,,Cy,, which depends only on the apparafad].
loss of generality. For simplicity, we will assume that the For example, an accurate observation Afrequiresc
effective Hilbert space for the apparatus is the two-—0Q such thatC,—C, and the observed statistics tend to
dimensional space spanned [ .. ). match the intrinsic ones. But, in such a case, the backaction
The measurement to be performed &g, is intended to  on the system adds fluctuations ¢oin such a way that,,
provide a measurement of the observabléor the system. _.0 [8]. Conversely, an accurate observationdofequires
From Eq.(3.2), this requires us to distinguish between thec— 1 and this unavoidably decreases the certaintyAafo
nonorthogonal statgldvl . ). If we have no prior knowledge thatCa—0
e A .

about the initial state of the system, the way to carry out such  ¢|assic examples of complementarity, such as the recoil-

a discrimination with minimum error is to perform a mea- g gjit, for instance, are explained in terms of dual quantum
surement described by projection on the orthogonal vectorggriaples of the apparatus, mainly position and momentum.

[5.9], From the preceding relations, it is clear that this is also the
sing coso case for the examples considered in this work, _Where no
IMy)=———|M,) IM_), momentum exchange occurs. The only difference is that one
cos 20 cos 20 must use a pair of apparatus variables different from position
_ (3.3  and momentum.
M )= cosd M)~ sinég M) From Egs.(3.5 and (3.6), we can infer that one such
2" cos29' /' cos2p' variable, we shall call i, is given by the unitary operator

viV_, while the other one, which we shall cal, is de-
where sin 2=c. These are the orthogonal vectors closest tdined by the positive operator measure, in Eq. (3.7). It is
IM.). Nevertheless, in Appendix B we briefly examine aworth pointing out that\ and) are complementary observ-

the statesM . ). In order to compute the observed certainty that

for A, we simply replacéJ , by

~ (v|Aq 4 v)=const. (3.9
Ua=[M2)}(Ma|=[M1){M4], (3.4
This complementarity is expressed quantitatively by the cer-

which naturally includes the probability of erroneous infer- tainty product

ences due to the unsharp character of the measurement.
Therefore, the joint measurementAfand ¢ leads to the N ry ST
observed certainties CyCu=cvl-ci=z. (310

This duality relation ensures that the alteration of the ob-
served system during the joint measurement is inevitable.
In conclusion, we have demonstrated that certainty rela-
whereCy, andC,, depend solely on the apparatus variables tons enforce complementarity: one cannot deternfirend
¢ simultaneously with arbitrary certainty, and this possibility
Cp= |<M|V1V_|M>|=c, is preclgded by certainty relations satisfied by complemen-
(3.6) tary variables of the quantum apparatus.

Ca=1tr(pU,)| =Cp(Ca, 5¢= |tr(pU 4)|=Cy Cy,

Cr=KMI[(A1—Ay)[M)|= V1-¢?

IV. DISCUSSION AND CONCLUSIONS

and
In this section, we compare the preceding formalism with
A= %(VHM2><M2|V++V1|M1><M1|V_), previous approaches _discus_sing the_ir main advantages and
drawbacks. In comparison with previous works focusing on
A,= %(V1|MZ)<M2|V_ +VT+|M NUYHYAY the wave-particle duality, we have th@t is also the predict-

ability of the path through a two-beam interferometer while
2C, is the visibility of the interferencé3,4]. It has been

Equation(3.5) is the main result of this contribution. We i : : )
,femonstrated that these variables satisfy the duality relation

can notice that the measure of fluctuations introduced he
yields a very simple relation between observed and intrinsi

certainties. This leads to the following operational certainty ) 5
product: CA+4C¢$ 1. (41)
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In the first place, we have to point out that relations suchcomplementary observables is an operator instead of a con-
as Eqgs(2.7) and(3.8) are weaker than the one in Ed@..1). stant. In the general case, such commutators can be rather
For example, ilC,— 1, we know that the state of the system involved and very difficult to interpret and use. On the other
tends to bgA_) or |A_). In such a case, we have thay hand, it can be expected that duality relations based on the
—0. This is correctly predicted by E¢4.1) while Eq.(2.7) exponential _of observables can be _S|mpler_ and better be-
leads to a weaker conditiay,<}. haved. This is because the exponentials satisfy commutation

Despite this, we still think that the certainty products arefelations that. are completely equivalent to the corresponding
better suited than relations of the for@.1) to properly un- ©Nnes for position and momentufiveyl form of commuta-

derstand the enforcement of complementarity. As a matter dion relatlr:)nsz %16]' For e_xarlnple,l 'tr.‘U"ﬂr t_\N(_)—Slr[\Jensmnal
fact, they convey different messages despite their similarityf:as’e we have the very simple relationLua==UYat .
For instance, we have shown in Sec. Il that C,y, C,.(, and The advantage of using exponentials is particularly re-

. 4 vealed when examining the operational duality relations.

Cy, are suitable measures of the quantum fluctuations of defll—D ~ . L
ite ob bles. Thi it and _ roducts such as,C,, factorize as the product of an intrinsic

hite observables. This means titat andC, are expressing part and a contribution solely due to the measuring process.

here a concept different from predictability or distinguish-Tys reproduces exactly what occurs when considering the
ability (in particular, notice that we have always<Cx  same situation for position and momentum. To show this, let
while distinguishability can be larger than predictabijlity us consider that the operatots ¢, M, andV are replaced

It has been argued that the operational counterpart of Eq®y x,, ps, Xn, and p,,, respectively, with [Xs,ps]
(4.1) is logically independent of uncertainty relations of the =[x, ,p,,]=i. The pairx,,p are system operators acting on
Heisenberg kind since it involves only one observable of thehe Hilbert space,, while x,,,p,, are apparatus operators
apparatug4]. In this work, we have shown that the opera- acting on the Hilbert spack,,,. The unitary operator repre-
tional certainty relation always involves two different ob- senting the system-apparatus couplidl) is replaced by
servables of the apparatusz and V. As a matter of fact,
they are not only different but also complementary. This al- U=e MsPm 4.2
lowed us to demonstrate in Sec. Il that complementarity in

two-dimensional systems is enforced by the certainty relatioynaren is a suitable constant. After this coupling, theem-

satisfied by the quantum fluctuations of two complementarxnuting) operatorsc,, andp, are measured simultaneously on

obse_rvables of the_ apparatus. . . the corresponding Hilbert spaces, leading to the following
It is worth mentioning that the duality relatidd.1) can output characteristic functions:

be derived by applying todJ, and U, the generalized
Heisenberg-type uncertainty relation found in Rdf5]. In i ux _ i X i X
this contex%, tﬁare are otheryvaluable and relevant approaches (W]e'm W)= (M|e'*mM) (e | i),
also aimed at explaining complementarity in terms of uncer- ) ) ) (4.3
tainty relations[5—7]. Most of them focus directly on the (W|e'Ps| W) =(M|e"'“"Pm|M)(y|€'“Ps i),
observablesA and ¢ (instead of their exponentiglsvhile
their fluctuations are measured using variance. However, th@here|¢) and [M) are the initial state of the system and
product of varianced AA ¢ runs into difficulties in finite- apparatus, respectively|¥) is the output state|V)
dimensional systems. While one of the variances can vanisk= U|4)|M), andu is a constant.
sayAA=0, the other one is bounded from above. Therefore, We can appreciate that Eqgt.3) are fully equivalent to
there is no lower bound foAAA ¢ other thanAAA ¢=0. Egs. (3.5 and(3.6), despite the very different dimension of
But this inequality does not exclude the cas&=A¢=0  the system space and the very dissimilar meaning and char-
that contradicts qguantum mechanics. acter of the basic observables. In both cases, the measured
In general terms, other difficulties that arise when usingstatistics are related to the true ones via a filtering in the
uncertainty relations of the Heisenberg kind are that they cadomain of characteristic functions, or, equivalently, via a
present a nontrivial dependence on the state of the system oonvolution with a given impulse response function in the
that they rely on very specific properties of the Pauli matri-domain of probability distributiong14]. The form of the
ces(squares proportional to the unit operator, for instancefiltering and the impulse response depend on the state of the
devoid of definite practical meaning and without a counter-apparatus. Therefore, for two-dimensional systems every-
part for arbitrary dimension. On the other hand, the relationshing happens as in classic examples of complementarity.
found in this work lead to meaningful bounds that are inde- Summarizing, in this work we have examined the rela-
pendent of the state of the system. They are derived directltionship between complementarity and uncertainty relations
without using any specific property of the Pauli matrices. Inin two-dimensional systems by using a measure of fluctua-
this sense, it is clear that for any dimension there must be #ions different from variance. We have found duality rela-
nontrivial upper bound for the produ€iC, since the opera- tions that fully explain the enforcement of complementarity
torsU,,U , do not commute. when a joint observation of complementary variables is at-
In comparison with the more standard case of positiortempted. After the definitions introduced here, the analysis of
and momentum, most of the difficulties that emerge whersubtle examples of complementarity fully parallels classic
using uncertainty relations of the Heisenberg type for finite-examples. Among other consequences, these results can be
dimensional systems arise because the commutator oélevant in order to elucidate controversial questions such as

012103-4



COMPLEMENTARITY AND CERTAINTY RELATIONS FCR.. ..

whether complementarity in which-path experiments is en-
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Concerning the joint measurementAfand ¢, we obtain

forced by the disturbance caused by the quantum apparattise same relation found in the main part of the text between

[1,8].

APPENDIX A: OPERATOR DESCRIPTION OF THE
COMPLEMENTARY OBSERVABLE

In this appendix, we examine the conclusions that can be

obtained by using an operator descriptiondaf The set of
observables complementary #oincludes a family of Her-

mitian operatorsp, defined by their eigenvectoigby),| b
+ ), where here

_ 1
|¢>—E

and ¢, is an arbitrary constanib,6,17. All these operators
¢o are complementary té since [(#|A.)| is constant. In
other words, each pak, ¢, forms a finite Fourier transfor-
mation pair[16]. Incidentally, two operatorg, and ¢} are
mutually complementary ithy— ¢y = * /2 modulus. .

If A'is a component of an angular momentum, thkn
represents the azimuthal angle operdtof], while if |A.)

(IAZ)+€?[AL)), (A1)

are interferometric pathgh, is the phase-difference operator
[18]. On the other hand, ifA.) are internal atomic levels,

¢¢ is the operator representing the atomic-dipole ph&sSg
In this context, the positive operator measiigp) in Eq.

observed and intrinsic variables,

Co=|tr(pUy)|=2c|Re(ye '%0)|=Cy, C;.  (A5)

In conclusion, the results obtained with the operator rep-
resentationg, are the same as those obtained by using the
positive operator measurg(¢). The only difference is that
the upper bound fof , is two times larger when the operator
is used. This agrees with the fact thgte) is an intrinsically
noisy description of the phase-angle variabl¢10].

APPENDIX B: ERROR-FREE MEASUREMENT

In the main body of the paper, the differentiation between
|A.) was noisy, that is, there was some probability of error.
There is another procedure in which the differentiation is
completely error-fred20]. After each outcome, either the
state of the system A&, ) or |A_)) is inferred with certainty
or the outcome is inconclusive. This kind of detection can be
achieved by performing a unitary transformatigracting on
H,, such that

U M1y =1—c|ea)+ el eo),
U IM_Yy=1—c|e1)+cl @),

(B1)

(2.2) can be regarded as an equally weighted superpositiowhere |¢;), j=0,1,2, are orthogonal states f, (in this

of all possible operatorg,. Maybe, any®, provides a more
standard quantum description ¢fby means of a Hermitian
operator. On the other hand, the advantage of uif) is

case the effective dimension of the Hilbert space of the ap-
paratus must be larger than. Zfter this transformation, a
measurement described by projection|¢r,—1>, j=0,1,2, can

that it does not single out any set of states within a family ofo€ carried out. If the outcome jg,), we can be sure that the
largely equivalent vectors. This simplifies calculations andstate of the system i#\_). If the outcome ig¢,), we know
analysis, especially when the Hilbert space is of small dithat the state of the system [id, ) with certainty. On the

mension, as is the case here.
In this case, the exponential @f is unitary,

U y=| o) ol —| o+ m)( o+ | = €' | A, (A _]

+e ' P|A_WA,, (A2)
and the certainty for the system st&ge6) is
Cy=2|Re(ye '%0)], (A3)

and now we have €C,=<1. This implies the following cer-
tainty product:

CaCy=3. (A4)

other hand, if the outcome |®,), nothing can be said. This
useless outcome occurs with probability

In this scheme, the observed certaidyis still the same
(3.5 since it does not depend on the measurement performed
in H,,. In accordance with Eq$2.4) and(3.4), the observed
certainty ofA is

Ca=tTPU (| 02) (92l — | @2 ){@1))U]| = (1~ C)Ca.
(B2)

We can appreciate that the outcomes associated |with
add no certainty at all. 5

This result is similar to Eq(3.5), but C, is always less
than or equal t(fA. The comparison betweeff)\ (constant
probabilistic determinationand C, (occasional but certain
determinationrecalls neutron-interference experiments com-
paring stochastic versus deterministic absorptj@d]. In

This is again a meaningful certainty relation since the maxithese experiments, the path information provided by a partial
mum value forC, andCy is 1. The equality is reached pro- absorber always present in one of the bedomistant sto-

vided thatp is a pure state withv.. =1—w- = cog(#/8) and

chastic absorptions compared to the path determination by

¢o=argy modulus. This coincides with the relation be- means of a perfect absorber inserted only part of the time

tween ¢, andp considered in Ref[5].

(occasional deterministic absorptjon
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