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 a b s t r a c t

We unveil the dynamical equivalence of field theories with non-canonical kinetic terms and canonical theories 
with a volume element invariant under transverse diffeomorphisms. The proof of the equivalence also reveals 
a subtle connection between the standard Legendre transformation and the so-called Clairaut equation. Explicit 
examples of canonizable theories include classes of 𝑘-essence, non-linear electrodynamics, or 𝑓 (𝑅) theories. The 
equivalence can also be extended to the class of mimetic theories.

Introduction

Although it is probably in the context of gravitation where they have 
been more extensively used in recent years, field theories with non-
canonical kinetic terms arise in different areas of physics ranging from 
hadron physics [1] to string theory [2], going through condensed matter 
[3,4], classical and quantum electrodynamics [5–7], and the description 
of topological defects [8,9]. In gravitation the paradigmatic examples 
are k-essence and 𝑓 (𝑅)-gravity, which find applications in cosmic infla-
tion [10–12], dark energy [13–16], and black hole physics [17–20].

Non-canonical theories can appear as effective descriptions of a more 
fundamental underlying theory and provide a very useful tool to study 
the behavior of the relevant low-energy degrees of freedom. However, 
in many cases, their intrinsic nonlinearity hinders a proper study of their 
dynamics both at the classical and quantum levels. Thus, whereas canon-
ical kinetic terms lead to Hamiltonians quadratic in momenta, through 
well-defined bijective transformations, the corresponding transforma-
tions for non-canonical fields can be more subtle, spoiling in many cases 
the standard canonical quantization procedure [4]. In order to overcome 
these difficulties, field redefinitions and the introduction of new auxil-
iary fields are in general needed to reshape the theory into a canonical 
form with new interaction terms. These canonizing procedures [21–24] 
allow to translate well-established results from canonical theories into 
the equivalent non-canonical model. Thus, for instance, in [21] it was 
shown that product k-essence theories can be generally rewritten as 
canonical theories with two scalar fields interacting through a multi-
plicative coupling, thus establishing an equivalence between k-essence 
and the more standard quintessence theories.
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In this Letter we make the observation that as the nonlinear cou-
plings can be interpreted in certain cases as a modification of the vol-
ume element in the action, a redefinition of the integration measure 
can canonize the action without the need of introducing new fields. This 
will allow us to show that certain classes of non-canonical field theories 
are dynamically equivalent to canonical theories, but with a reduced 
invariance under diffeomorphisms with unit Jacobian. These restricted 
transformations belong precisely to the subgroup of transverse diffeo-
morphisms (TDiff) [25–32].

Canonizing a single Lagrangian

Let  = (Φ𝐴, 𝜕Φ𝐴, 𝜕𝜕Φ𝐴,…) be a canonical Lagrangian for arbitrary 
fields Φ𝐴. Given a diffeomorphism (Diff) invariant non-canonical theory

𝑆Diff = ∫ d4𝑥
√

𝑔(), (1)

where  is an arbitrary differentiable function, we shall show that it is 
possible to perform a geometrical canonization by considering a modi-
fied volume element. In other words, we will establish an equivalence 
with the following TDiff invariant action

𝑆TDiff = ∫ d4𝑥 𝑓 (𝑔), (2)

where the coupling 𝑓 (𝑔) is some function of the metric determinant 𝑔 =
|det 𝑔𝜇𝜈 | which must be found. We shall refer to the TDiff theory as the 
canonized version of the original.
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For simplicity, we can equivalently work in the covariantized formu-
lation of (2), given by [28,33]

𝑆TDiff = ∫ d4𝑥
√

𝑔 𝐻(𝑌 ), (3)

where the symmetry under diffeomorphisms is explicitly restored via the 
introduction of a Stueckelberg vector field 𝐴𝜇 , which appears through 
the scalar quantity 𝑌 = ∇𝜇𝐴𝜇 . The new coupling function is related to 
the old one through 𝐻(𝑌 ) = 𝑌 𝑓 (𝑌 −2). We remark that one can always 
translate the results back into the manifestly TDiff formulation of the 
theory by evaluating the expressions in the so-called TDiff frame, which 
for our purposes boils down to the substitutions

𝑌 →
1
√

𝑔
, 𝐻(𝑌 ) →

𝑓 (𝑔)
√

𝑔
, (4)

see [28] for further details. Note that in [28] we demonstrated that it is 
possible to restore the full Diff symmetry of a TDiff theory introducing 
a Stueckelberg-like field, whereas in the present work we shall explore 
the equivalence between non-canonical Diff theories and canonical TDiff 
theories.

To implement the canonizing procedure, we shall explore if there is 
an on-shell (i.e. dynamical) equivalence between both theories. To this 
end, we will compare their equations of motion (EoM), and require that 
they take the same form. Taking variations of the Diff invariant theory
(1) we have

𝛿𝑆Diff = ∫ d4𝑥 𝛿
[√

𝑔()
]

. (5)

Consider now variations of the TDiff action (3), which after discarding 
boundary terms read

𝛿𝑆TDiff = ∫ d4𝑥
[

(𝛿
√

𝑔)(𝐻 − 𝑌𝐻 ′) +
√

𝑔 𝐻 𝛿

− 𝛿(
√

𝑔 𝐴𝜇)𝜕𝜇
(

𝐻 ′
)

]

,
(6)

where a prime denotes derivative with respect to the argument. Let us 
focus on the lower line of (6). The EoM for the Stueckelberg vector field 
𝐴𝜇 give us the TDiff constraint
∇𝜇

(

𝐻 ′
)

= 0 ⇒ 𝐻 ′(𝑌 ) = const. ≡ 𝜆0, (7)

implying that the last term in (6) vanishes on-shell. Furthermore, it is 
easy to check that the remaining variation can be written on-shell as

𝛿𝑆TDiff = ∫ d4𝑥 𝛿
[

√

𝑔
(

𝐻 − 𝑌𝐻 ′)
]

, (8)

so, in view of Eq. (5), we can identify
() =

[

𝐻(𝑌 ) − 𝑌𝐻 ′(𝑌 )
]

, (9)

where the constraint (7) must provide a well-defined on-shell relation 
between  and 𝑌 , such that one can be expressed in terms of the other. 
Varying the above expression and using that 𝛿(𝐻 ′) = 0, we get 𝛿 =
𝐻 𝛿 on the constraint. In particular, this means that
′() = 𝐻(𝑌 ) (10)

evaluated on the constraint. There are now two equivalent routes to find 
𝐻(𝑌 ) given ().

• Legendre’s route.— Combining (7), (9), and (10) yields
𝜆0𝑌 = ′() −() ≡ ⋆(), (11)

where ⋆ stands for the Legendre transform. If (⋆)−1 is well-
defined, we may invert the above to find
 = (⋆)−1(𝜆0𝑌 ), (12)

which upon substitution in (10) reveals that
𝐻(𝑌 ) = ′[(⋆)−1(𝜆0𝑌 )

]

(13)

is the sought-for coupling function.

Fig. 1. Solutions of Clairaut’s equation for the Born-Infeld model 𝐾(𝑋) =
−
√

1 −𝑋. The straight line solutions generate the envelope (singular) solution 
𝐻(𝑌 ). The solid black line denotes the branch 𝑋 ≥ 0 of the singular solution, 
whereas the 𝑋 < 0 branch is shown in dashed black.

• Clairaut’s route.— Using (7) to solve for  = 𝜆0∕𝐻 ′(𝑌 ), Eq. (9) may 
be simplified to
𝐻 = 𝑌𝐻 ′ + 𝐺(𝐻 ′), (14)

where we have introduced the function

𝐺(𝐻 ′) =
(𝜆0∕𝐻 ′)
𝜆0∕𝐻 ′ . (15)

Eq. (14) is known as Clairaut’s equation (see e.g. [34,35]). The general 
solution is the family of straight lines 𝐻(𝑌 ) = 𝛼𝑌 + 𝐺(𝛼) with param-
eter 𝛼. However, these linear models degenerate the constraint (7), 
so we have to look beyond them. Indeed, we must focus on the so-
called singular solution to the equation: it is the envelope of all the 
straight lines and is given parametrically by
⎧

⎪

⎨

⎪

⎩

𝑌 (𝛼) = −𝐺′(𝛼) = 1
𝛼

′(𝜆0∕𝛼) −
1
𝜆0
(𝜆0∕𝛼),

𝐻(𝛼) = 𝐺(𝛼) − 𝛼𝐺′(𝛼) = ′(𝜆0∕𝛼),
(16)

with parameter 𝛼. In order to find 𝐻 = 𝐻(𝑌 ), one must invert 𝑌 =
−𝐺′(𝛼) to obtain 𝛼 in terms of 𝑌  and then substitute back into the ex-
pression for 𝐻 . By the implicit function theorem this will be (locally) 
possible in regions where 𝐺′′(𝛼) ≠ 0, see Fig. 1 for an illustrative ex-
ample. The Clairaut route yields the same results as the Legendre 
one. In fact, this Legendre–Clairaut relation also finds interesting ap-
plications in the study of constrained Hamiltonian systems (see e.g. 
[36–38] and references therein).

Finally, we stress that although we have worked in the covari-
antized formulation it is immediate to translate it to the manifestly 
TDiff theory via (4), thus showing that a non-canonical theory can 
be canonized geometrically with a suitable TDiff coupling function 
𝑓 (𝑔).

• Examples.—Let us illustrate the procedure with some examples ad-
mitting a complete treatment.

– Power-law corrections.— Consider the class of non-canonical 
models of the form
() = 𝛼 + 𝛽𝑛. (17)

They may be canonized using the TDiff coupling function

𝐻(𝑌 ) = 𝛼 + 𝛽 𝑌
𝑛−1
𝑛 , (18)

or equivalently

𝑓 (𝑔) =
√

𝑔
[

𝛼 + 𝛽 𝑔
1−𝑛
2𝑛

]

, (19)
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with 𝛽 ≡ (±1)𝑛−1𝑛 𝛽
1
𝑛
[

𝜆0∕(𝑛 − 1)
]
𝑛−1
𝑛 , where the ± accounts for the 

possible branches which appear when 𝑛 is an even power.
Non-canonical theories of the form (17) include, e.g., power-

law k-essences1 𝐾(𝑋) = 𝛽𝑋𝑛 (with 𝑋 = 1
2 𝑔

𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙), the interest-
ing models 𝐾(𝑋) = −𝑋 + 𝛽𝑋2 [10,14,39,40], or simple 𝑓 (𝑅) theo-
ries like 𝑓 (𝑅) = 𝑅 + 𝛽𝑅𝑛 (which reduce to the Starobinsky model of 
inflation for 𝑛 = 2 [12,41]).

– Born-Infeld.— The non-canonical models
() = 𝛼 + 𝛽

√

1 −  (20)

are canonized through (note the two branches)

𝐻(𝑌 ) = −
𝛽
2

[

−2 + 𝑦2 ∓ 𝑦
√

𝑦2 − 4
]−1∕2

, (21)

where we denote 𝑦 ≡ 2(𝜆0𝑌 + 𝛼)∕𝛽.

These non-canonical theories originate in the Born-Infeld nonlinear 
electrodynamics [5,6] BI = 𝜆4(1 −

√

1 − 2∕𝜆4 −2∕𝜆8), with 𝜆 an en-
ergy scale,  = −𝐹𝜇𝜈𝐹 𝜇𝜈∕4, and  = −𝐹𝜇𝜈𝐹 𝜇𝜈∕4. One may also find the 
form (20) in scalar field theories, where the k-essence 𝐾(𝑋) = −

√

1 −𝑋
represents the shift-symmetric Dirac-Born-Infeld model considered in 
e.g. [42,43] in the context of classicalization and screening mechanisms 
respectively, and provides an interesting theoretical basis for the Chap-
lygin gas in cosmology [44,45]. The Born-Infeld class of Lagrangians 
exhibit exceptional properties regarding causal propagation [46–49], 
enhanced symmetries [50–52] or linear response of point-like objects 
[53,54] that admit a re-interpretation in the their canonized version 
with the potential to shed new light on their exceptional nature.

Canonizing multiple Lagrangians

We now discuss the situation with an arbitrary number of canonical 
Lagrangians, which we will collectively denote as  ≡

(

1,… ,𝑛
)

. The 
non-canonical Diff theory reads

𝑆Diff = ∫ d4𝑥
√

𝑔(), (22)

and we look for an on-shell equivalence with a canonical TDiff theory 
of the form

𝑆TDiff = ∫ d4𝑥
√

𝑔
𝑛
∑

𝑖=1
𝐻𝑖(𝑌 )𝑖, (23)

where each Lagrangian has an associated volume element 𝐻𝑖. Proceed-
ing analogously to the single-Lagrangian case, we obtain the constraint
𝑛
∑

𝑖=1
𝐻 ′

𝑖 (𝑌 )𝑖 = 𝜆0 (24)

and the equivalence requirement

() =
𝑛
∑

𝑖=1
(𝐻𝑖 − 𝑌𝐻 ′

𝑖 )𝑖, (25)

which lead to
𝜕()
𝜕𝑖

= 𝐻𝑖(𝑌 ). (26)

Note that in general it is not possible to canonize multiple Lagrangian 
theories with a universal volume element. The question now is: how 
does one find the 𝐻𝑖(𝑌 )? As we will see, in the multi-Lagrangian case it 
is not possible to answer this question uniquely. Indeed, we may rewrite
(25) as

𝜆0𝑌 =

( 𝑛
∑

𝑖=1

𝜕()
𝜕𝑖

𝑖

)

−() ≡ ⋆(), (27)

1 We implicitly assume that an Einstein-Hilbert term 𝑆EH has been added to 
the action. Since 𝑆EH is a canonical addition, it does not affect the results ob-
tained for 𝑓 (𝑔) (see next footnote).

where ⋆ is the multidimensional Legendre transform. To proceed fur-
ther, let us assume that the Hessian matrix of () is non-degenerate, 
i.e. det(𝜕2∕𝜕𝑖𝜕𝑗 ) ≠ 0.2 Under this requirement, we will in principle 
be able to invert (26) and find 𝑖 = 𝑖(𝑯). This is then to be substituted 
in (27) in order to find
(𝑌 ,𝑯) ≡ ⋆[(𝑯)] − 𝜆0𝑌 = 0. (28)

This equation can be understood as some sort of constraint among the 
coupling functions 𝐻𝑖: they cannot all be arbitrary, but must satisfy the 
above relation. On the one hand, this means that we can have multiple 
TDiff theories which canonize the same non-canonical one. On the other, 
and more practically, we see that we can always choose (𝑛 − 1) coupling 
functions and use this constraint to find the remaining one. Locally, we 
would obtain an expression of the form 𝐻𝑎 = 𝐻𝑎[𝑌 , {𝐻𝑖≠𝑎(𝑌 )}]. We now 
present some examples where a closed expression is reached.

• Sum of independent terms.— Consider the theory

() =
𝑛
∑

𝑖=1
𝑖(𝑖). (29)

The linearity and single-variable dependence of each function sim-
plifies the treatment to finally reveal that the relation (28) among 
the coupling functions becomes

𝜆0𝑌 =
𝑛
∑

𝑖=1
⋆

𝑖
[

(′
𝑖)
−1(𝐻𝑖)

]

. (30)

Non-canonical theories with the structure of (29) are found e.g. in 
k-essence [55,56], 𝑓 (𝑅) k-essence [57], 𝑓 (𝑅) Euler-Heisenberg elec-
trodynamics [58], or gauge-flation3 [59].

• Products of independent terms.— The simple product
(1,2) = 1(1)2 (31)

makes the relation (28) among coupling functions read
𝜆0𝑌 = 𝐻1 −1

1 (𝐻2). (32)

Theories of the form (31) include e.g. product k-essences, whose can-
onization is studied in [21]. The process is immediately extensible 
to general sums of products

() =
𝑛
∑

𝑖=1

𝑛
∑

𝑗=1
𝑖(𝑖)𝑗 , (33)

a structure which may be found e.g. in scalar-tensor (and generalized 
scalar-tensor) theories of gravity [60–62].

Uncanonizing and mimetic models

We have so far focused on the process of canonizing, but of course, 
one may instead tackle the inverse problem: given a canonical TDiff 
theory (23), determining the equivalent non-canonical Diff description
(22). The equivalence requirements are again given by (25) and (26), 
subject to the TDiff constraint (24). Again, the most critical step in the 
procedure involves using the constraint, which can generally be written 
as  (𝑌 ,) = 0 for some function  , to solve for 𝑌 = 𝑌 (). If this can be 
done, one then simply substitutes in (25) to find the sought-for (), 

2 Note that if the contribution of a Lagrangian 𝑗 is already canonical, then 
the corresponding coupling function is trivially 𝐻𝑗 (𝑌 ) = 1 as follows from (26). 
Therefore, we only ask for the non-degeneracy of the non-canonical Lagrangians.
3 Gauge-flation is particularly interesting because it consists of the canonical 

kinetic term plus a non-canonical term of the form (𝐺𝜇𝜈𝐺̃𝜇𝜈 )2. The canonical 
Lagrangian associated to this term is 𝐺𝜇𝜈𝐺̃𝜇𝜈 , which is topological when coupled 
to a Diff-invariant volume element. Under our canonization procedure, however, 
the coupling is to a TDiff-invariant volume element and this is the reason why it 
gives rise to a non-trivial dynamics. The same occurs for other theories described 
by non-linear functions of would-be topological invariants when coupled to Diff-
invariant volume elements.
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while (26) acts as a consistency check. A necessary condition for this 
procedure to be well-defined is 𝜕𝑌  ≠ 0, so that the constraint truly sets 
a relation between 𝑌  and  and not just among the Lagrangians. Hence, 
a TDiff model may only be recast as a non-canonical Diff theory of the 
form (22) by virtue of their on-shell equivalence if this condition is met.

The degenerate case 𝜕𝑌  = 0 also leads to interesting models. The de-
generacy of the constraint reads ∑𝑖 𝐻

′′
𝑖 𝑖 = 0, which under the assump-

tion of independent Lagrangians implies that all coupling functions are 
linear, 𝐻𝑖(𝑌 ) = 𝑎𝑖 + 𝑏𝑖𝑌 . As a result, the TDiff constraint becomes a rela-
tion among Lagrangians ∑𝑖 𝑏𝑖𝑖 = 𝜆0. This condition, in fact, generalizes 
the framework of mimetic models like those studied for scalar [63–66], 
vector [67,68], 𝑝-form [69] or non-Abelian gauge fields [70]. As an ex-
ample of degenerate TDiff models, it was recently shown in [32] that a 
unified description of the ΛCDM dark sector can be achieved with a sin-
gle TDiff scalar field precisely by using a linear coupling function 𝐻(𝑌 ). 
This concrete application illustrates the fact that one can construct new 
classes of (phenomenologically viable) general mimetic theories starting 
from the degeneracy condition in the TDiff framework.

Discussion

In this Letter we have presented a canonizing procedure that trans-
forms Diff invariant field theories with non-canonical kinetic terms into 
canonical TDiff theories with a deformed volume element. We have seen 
that the procedure is unambiguous for the single-Lagrangian case. How-
ever, a multi-Lagrangian non-canonical theory admits different canon-
izations. Future work on this front could explore the classification of 
TDiff theories into equivalence classes according to their dynamical be-
havior. On the other hand, the uncanonizing procedure is unambiguous 
for both the single- and multi-Lagrangian cases. That is, given a set of 
TDiff coupling functions 𝐻𝑖, we either recover a non-canonical theory 
() if the constraint is non-degenerate, or a generalized mimetic theory 
if it is. This, in turn, points to the fact that it is possible to treat non-
canonical and mimetic theories under a common framework, namely, 
the TDiff one.

It is important to highlight that the canonical TDiff theory inherits 
the full phenomenology of its non-canonical Diff counterpart. This 
includes not only the background dynamics but also any associ-
ated pathologies or instabilities [15,71–75] (see also [28] for a 
detailed account of the sound speed in TDiff quintessence theories). 
A particularly interesting domain of application for this equivalence 
is that of black hole physics, where non-canonical field theories 
have been actively studied [19,20] for example in relation to the 
(non-)existence of hairy solutions [17–19] and as dynamical models 
for regular black holes [58,76,77]. Another promising direction is 
cosmology, where 𝑓 (𝑅)-theories and 𝑘-essence models have been 
long employed to model both early-universe inflation and late-time 
expansion [10–12,16,39,56,78–81], and one should also mention 
the prominent role in the interplay between local gravity and cos-
mological models that is played by screening mechanisms such as 
K-mouflage/Kinetic [82,83], D-BIonic [43] or chameleon [84,85]
mechanisms.

Let us emphasize that the equivalence presented in this Letter 
provides a novel (geometrical) way of understanding all of these 
phenomena in terms of a deformed volume element. From a computa-
tional point of view, the particularities of each side of the equivalence 
might differ from model to model, but having different languages 
with which to tackle a given problem is undoubtedly a useful and 
valuable tool. For instance, through the procedure here presented we 
are able to trade off (self-)interactions in the matter sector for purely 
gravitational ones. This may be relevant for screening mechanisms 
like K-mouflage which rely on the scalar field’s self-interactions, 
while in the TDiff formulation the scalar self-interactions have been 
removed and the screening now will be due to the deformed volume
element.

A remarkable feature of the canonization presented in this Letter 
is its simplicity, since it only needs a deformation of the volume 
element. A relation between canonical theories formulated in extended 
geometries and non-canonical theories in standard geometries also exist 
in e.g. metric-affine theories [86,87], but the geometrical modification 
is arguably more contrived since it requires a modification of the 
affine structure. Let us notice that our canonization procedure does not 
produce derivatives of 𝑔, but TDiff theories involving its derivatives 
have also been studied in e.g. [88–92]. This is a crucial difference 
because the breakdown from Diffs to TDiffs generates a scalar that is 
dynamical if derivatives of 𝑔 are present, while it is non-dynamical 
in their absence. The latter is the case treated here, but the former 
would be interesting to e.g. canonize interactions with an additional 
dynamical scalar field. Finally, in this Letter, we have focused on a 
canonization based on a deformation of the external spacetime volume 
element. However, the presented procedure could also be extended 
to the deformation of other types of volume such as, for instance, the 
internal volume element of elastic media or the coset space volume 
in non-linear sigma models. We leave these considerations for future
work.
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