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Summary. In this papser, Orlaveky's concept of decision making with foz-
zy prefersnce relation is studied. On tha one hapd, the gpecial signifi-
cance Gf max-min transitivity Inside the family of max-* transitivities
iz stablishad. On the other hand, a necessary and sufficient conditicn
for the exigtence of 2 non empty =et of unfuzzy nondomineted altarnativaen
is proved., Morecver, other alternative methods are proposed In order to
solva scme practical difficultiaes.
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1. Intraduction

Bince L.A,%adeh |8]| introduced the concept of Fuzzy Bubset in order
te formalisze vaguepneww, the problem of choica by an egent who has fuszy
prafarenca ham received an gpecial attasntion. AF it is w=ll known, a
furzy preference relaticn on i aat of alternatives X ip a fuzzy sub-
eat of the cartezian product X = X , and it can ke identifiled with a
manbarship function 1 X = X *-{9,1] in such & way that pilx,¥) 18
understcod as the degres of preference of alternetive ¥ over altere
native ¥y . Through out this article such & set of alternatives X will
ke suppesed finite with thrae alements at least,

Tha purpoea ¢f this paper 15 to formulate some propertles an Orlove-
ky'a concept of decision making |6]. In sectlon 2 wuch a concept im
related to the notion of wax-* tranmitivity, ae introduced by Zadeh |9]
and Bezdek-Harris |2|. In section 3, the concept of fuziy acyclity is
proposed in ordsr to characterize the existence of Orlovaky's chojce
det. Finelly, the problem of emptiness of such a chelee zet im snalyzed.

2. Bome results on Orlovsky's choice cat

The lnitial idea behird transitivity i that the strenght of the link
between twy elements must be greatexr than or equal to the strength of
any chein lnvelving other elements®, in such a way that the sherter the
chein, the etronger the relatlon (see Dubois-Frada I!]j. In particular,



given any bioary cperaticon * g {D,1] b [051] + [U,1] r & fuzzy relation
» on X 1is said max-* traneitive if and only if pix, 2] ¥ wix,y] *
* piy,3} for all Xx.y.x ® X ., But other concepte Of tranaitivy can be
defined (for exawple, strict transitiveness ia verifiad if and only if
Wix,x) z uwiz,x} holde when yix,y} & piy.x) and uly,z) 2 piz,.¥) hold).
Given a fuzzy preference relationm p on X , Orloveky's 1dea |E| is
to defipe its fozzy strict prefsrance relaticon u? wurh thar Six,y) =
= paxiuix,y] - piy.x),0) , in such & way that we can look for the choice
sat of wnfuzzy nondominated altarnatives X2 L ix e X/ = 1),
e fivwg p"ntxl 1 = unI:] ; whera untx] - :up{u'[y,x}fy @ X] repracants
the dagres to which alternative x ia dominated in X . AlE maln reeult
is thet max-min traneitivity (ulx,z) & minjyix,y),uiy,21} ¥x.¥,2 ¢ X}
ix epough Lo axrurs non-emptiness of ™0 | some subsets of XU will
ba of xpecial significance in declgion making:
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and 1t is clear that X0 . x g yonbnd

Theorem 1. ot p ke a fusey relation on X verlfping non-eymmdiny
{fome, nie,¥) ¢ ufy.x} For soms x,¥y @ X). Then the followfng fmpli-
octions hald:

£) u waz—min tropeiiive => 2 VHDH, [

il p atrfatly tronsdidive -:x““" = X
Frocfi et ux onsider T = X - xunnna y which is non-anpty dus to non~-
aymeetry. It ix clear that yp deafines a max-min transitive fuzzy re-
lation on ¥ , in such n way that YUMP £ @ , since YOO . x"WPd ¢
follows L). FProperty 11) 1s obvious eince a complete crisp precrder cah
be defined under strict transzitivensss xRy Af and only 1f wix.y) Z
t uly.x)) .

Moreower, max-min transitivity plays a threshold role insida the faﬁi-
1Y of max-* trangitivities:

UNDud id .

Theorem 2. Eel we define the follewdag Ffamilies of binary eperation inm
[H;I] H
g™, (¢favy s yinia,b) va,b e [0,1])

Oy, = 1%/8% 2 min(a,n) ¥a,b = [e,1]1 '

ond let un Buppoae * @ Gmin U Qg being menectoneus {{,e,, a*b g o®d

¥a 2 c , b xd). If EUNDd # @ for any reflemdve (plx,¥) = 1 ¥x) non-
eymmatria and moz=-4 traveieies fuaap ralotfon o X , ther it mxet be
a*b = minia,b) ¥a,b s [0,1] .

Froof: On the cne hand, 1f * @ ghin and we suppose a*b » minla,b})

¥a ¢ b, then a*d = min{a,b} ¥a,bh holds (0*C = 0 obvicusly, and

a ta*ta 2 a*h=b ¥b <a in such a way that a*a = a W¥a} . Therefore,
Af thare axist & § b wvarifying a*h < minla,b) , denoting xdxi.“uh}
wa can define

minia,b) if § <4
(%21%.) = 1 if 31 =141
wi%geRy ath i 4 = 149

max{a,bf 1f 3§ > 141 _
in such & way that the Iuzzy relation p wverifiss reflexivity and max-*
tranpitivity, ot HUNP = ¢ (wee Montero-Tejada |5| for a proof). (n
the other band, 1f * @ and we suppoes  pix,y) = a <1 for oome
X,y 8 X {XU'C% o @ otherwise) then a & piu,x) * pix.y) = 1*a 2 b*a &
tmn ¥o 2a, and therefore b*a = a ¥h & 2 . Analogously, a*h = a

¥b 2 A , in such & way that a*h » min(a,b) Vva,b .

3. Fuzzy acyelity

The idea of sssigning an unfuzzy aet of nondominated alternstives is
clearly ralated to the cohcapt of Choloe Functicon, & cholce function on
a zat of altarnatives X 1o a mapping that definer a non-empty cholce
ast for every hon-ompty wubset of X . A clasaical result (pee for exam-
Pla Fattanaik ]?i] statmg that a necemsary and sufficiant condition for
& given weak crisp relation H dafined on & finite set ¥ +to ganerats
& noh-ehphy mwaximal set for every non-smpty subest of X 1s that the
striet criap preference P{zPy if snd only if xRy but not yRx] ia
acyslic (i.e., there is no cycle xiszPua...anx1 with 2lzements in X),
And quasitransitivity IxRx helde 1f xRy and yPz held) i3 & suf-
ficient condition. Such crisp concepts suggest us the concepts of fuzzy
acyclity and fuzzy guasitransitivity,
Definition 7, Lat W be & fubgy relation on X . We will =ay that g
ig acycl)ic if and enly if for any given chain {xi,...,xn} of elements
in X verifying wimg.x; .0 > pixg .2} Y1, then utx1,xn] e x.%,)
holds,

Ity other worde, if u'ixi,x1+1] * 0 holds for each 1 in a given
chain, then u'lxn.x1l = 0 must bw true, Euch a concept plays an spacisl
role when the unfuz?y set of nondominatad alternatives is to be defined:



Theorsm 3. Let M be 2 fusxy relotion defined om X | Then ¥ #8°

for all wonegepty swlagt ¥ 4f and only 4F w {8 gapeife

Frooft On the me# hand, let us cuppoEa | non-acyclic. Then wa can find
a chain lt1,...,: i of al-mintl in X weuwch that mintu’[x1,:2],...,
HFl:n g5 > 0 mnd ut [xn,x1j ¥ B . Tharefore {xi.....u JURD . @
holds. On the other hand, let 46 Eupposs & non-smpty aubest ¥ such
that YOO . ¢ . Than for any given x & ¥ theare is an alement y o ¥
aoch that "{¥,x) > 0 . Since Y 4im finite, fivad an arbitrary =, » Y
we can Jdafire & chain 1:1,...,xn] of alaments in ¥ wuch that wix,,
24,4t »8 for each 1 and {xn,xk] 0 for some k o {1,...,n=1} .
Therefore, min{n" t’k"k+11""'" ix _qr¥ lb > 0 and u? (x ,xk] » 0,
againet acyclity.

Pefimitfox 2. A furrzy relation u on X 1ip gald quasltransitdve if anad
only Af uix,2} 2 piz,z) holds whan pix,y) 2 wiy,x] and yiy,z) »
* pi=,y} bold. ;

Thoxem 4, Civem ¢ fuszy relatfen W on X , & luffiailn#.naud{t{au
for oapxring X

Procf: Triwinl, zince quasitranvitivity impliens acyclity,

It must de pointed out that the crisp weak relation R such that xRy
if and cmly 1f pS(y,x) = 0 (i.e., uix,¥y) ¥ wiy,x}) can be defined,
in such & way that gtrict crisp relation xPy heolds iF znd only 1f
p't:.y: >0 f(l.w., pix,y) = piy,x)) . Therefore, a fuozzy relation verl-
finxs {fursy) acyclity Lf and only If itm associsted mtrict crisp relation
F werifias {crisp} acyclity. ’

4. Dther concepts of choloe zet

Bince -:yclitj may be wiclated by individuvals, other treatmante ara
needed im order to gat a choice set. Some families of chodce sets hava
bewn proposed in the literaturer
X e x e X/ (x) . max{uNDlylfy s X1} {orloveky 6|1,

160 2P0 o v o Xfutx,y) o, Yy @ X)  (Dutta at el. (4]} .

111) 2% « {x » A/min{pix,z)/z » X} & minipiy.z)/2z @ X} ¥y = X} i

{pamu |1]3. =
The set dascribed on 1) is assured to be non-empty, but it can be im-
proved by eonsidering .

R o

2% ir 0 21" i maxtu®™Pivisy » X} - 6]

#§ te that queeitrcnsditipity f# verifisd. ;

for a fixed ¢ = [D,1] + In thig wvay, sllight arrore in the definiticon
of u are taken into sccopunt, 11) is saglly empty for eignificativa
values of ¢ ., and on the contrary, 1ii) iF eapily the hole et X . In
thia censa, the last two choica mats are often pot useful to the desi-
sion-makar (it mus ke pointed cut that they are underestinsting fach of
the information given by 1w 1.

In any case, when there 1& no unfuzry nondominated alternative, the
degress to which each altarnative is dominatad can ke applied in order
to discard succesalvely alternatives. In other words, given a set of
alternatives we propose to reject tha non-acceptable alternatlives, and
cnly the remaining alternatives must bhe considered in the pext ctap.
Here i the proposed algerithm, for a glven set 2 of alternatives;

STEF 1: Consider the initlal remaining set of alternatives

Y X

ETEF 2t Define the get © to be digcarded in ¥ ;

D= {x o ¥/Px) =« max{,Piy)sy o ¥1)

S5TEP 3; Repecat step 2, replacing ¥ by the new remaining set Y¥-D ,
until such & et 1@ ampty.

Ey this method, wa obtain a finite family of successive discarded
pata iDT'DZ""‘nm] r and the lagt one xNSﬂ = Dn will La our cholice
et ,

This successiva discarding method can be improved by associating to
sach non-discarded alterpative tha decreasing family of dagreas to which
zach alternative l1s dominatad by gthey alenents in tha remeining set,
in wuch a wvay that we can deflne succesiva naw dipcarded sets contalning
only maximom alternatives under the lexicographic corder (in cocther words,
given the remajining eat ¥ = {y1;.._,r } + for each nlternttiva ¥, oY
wia define the vacta: 1 - I,...,u | whars ui -y trjfril , and itm
associated vector u ,...,u ] whoge oomponents are arrangad
in dacreasing grdery then the vector uii im laxicographically emaller
if there ig some integary 1 s m s n such that

for 1 2k =<=m and u;i’ < umj]].

than a vector u{j}
i i)
1] % - Uk

Exomple i

Let us considerer the decision-mzking problem . (X,p) where X = (x,,
,xz,xa,xq} and y 1z A fuzzy relmtion with itg strict fuzzy prefer-
ence glven by the following matrix:

.1

[ | B
{uijlirj = {u Ixi,lelilj -

= 0 Qoo
(1]

a o oo

LSBT ]

O 8 O -

- = = B a ]

dem, Londops ﬂﬁnhridql

382353 [1965F. |
y orderinge. Inf. &ci, 3,




. Puziy Sets Syst, 1, 155-167 (1978);

It 1s clear chat XU . g gna (BD L {%,,4;) ; Hut whew the abové o [7] E_l _t:mﬁ%i‘rlf;x;t Voting and Collective .i::hnicla. .Irohﬁml Cambridge
nigurithe im applited, we sbtain xy &8 the first discarded altefnativi . 5 Eéﬂé& 1--'3‘]7-;: g ey Boke: Il'.lf.. Cﬂm'ﬁfﬁl M, 333'-_35.3.;.“5.5]; .
hl'flt.llll = 1} &rd therefore it fmst be refoved llbf = {ﬁj]]' : it Lo i! zn'uh:é ;I'..ﬂ;_f{‘?imlluﬂty relfatione and fuziy orderinge. Inf. Sci, 3,

177200 N

wo consides chly cofpericons betvesh slemonts In {xy eXy % F oy uk gae
By o {x.} ax the fsllowing discaidid sef t:ﬁ‘ ispigy = 6:5) . Whern the
rox fx,x. b 1¢ conaideresd, By & {5g) tu*{i*‘;;ﬁzl‘ & 337 [ and obs

: : REE . iR Sm AR e
viously B« fx.) . Therefore, 2 « {¥,7 1n the propesad ehoick edf
ocder the sacedgsive didcarding sethod,

3. ¥inal cemgrky |
Knother SMCerndtive Nethodw Msve been ifudied by ¢ sutkicrd 1w |s|.
Por avample, w cabi cunside? roddomfiidfon Betwedn altdrmdtivas &7 ¥ o
* (Wpreoa B} and d6fing & foody prafevences Jelatich ovér the sef of
probabiTity distsihutldng
Euipa WPyl "ﬁfgfj Py 1 o pp2d ¥l |
A» abiove. wo ars Mitdgested I Sssuring the éxfsfence of sone unfuzzy
mondmtnated distyibution, It paveidulse . we' dan coneldey fuiry preferd— _
sncw calations U on' ¥ wudh ehst 7pV,qd) s Wiy ohe)  FOF ench paty
of disgenorate diguributicng [tsf - q% Y L T S vay 1T Becdnes i
axtempdion: of 1 .. , :
Altficugh oiiier &xtenvionn e poveibld, b Nofiters- fejiza [S] was
propomsd the Tinsar axtsdeion g

by {P.q) - 111 ﬂl%ﬂ-"'t*l’;*ﬁ'
for a1Y ppe ¥ . It o He urifargtodd s E Métural edtenvicn, My (Bt
¥ariing: the espected fuyitie! of preferericl of distviBitibn’ [ over diec
tritition: o, sud' 4F own Be sxticatdcnl Ty JistLIEd .- THe Bk Cesle
chitwined: 1ir |51 1e: thet. mioh 2 Tinewy extension s11ows’ ue Lo SEEULE thiE
nonomptilnesd of thie gett of wiforsy: nondolinated’ diwtr hitibRl 1. siiel
= wny thott thls appicusch ca b spiplied o wolve® sind of fH abcisiis
Mk ding pHoEliom, -
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