
Letter Optics Letters 1

On-axis polarization of beams radiated by
electromagnetic circularly coherent sources
J. C. G. DE SANDE1, O. KOROTKOVA2,*, M. SANTARSIERO3, R. MARTÍNEZ-HERRERO4, G. PIQUERO4,
AND F. GORI3

1ETSIS de Telecomunicación, Universidad Politécnica de Madrid, Campus Sur 28031 Madrid, Spain
2Department of Physics, University of Miami, 1320 Campo Sano Drive, Coral Gables, FL, 33146
3Dipartimento di Ingegneria Industriale, Elettronica e Meccanica, Universitá Roma Tre, Via V. Volterra 62, 00146 Rome, Italy
4Departamento de Óptica, Universidad Complutense de Madrid, Ciudad Universitaria, 28040 Madrid, Spain
*Corresponding author: korotkova@physics.miami.edu

Compiled June 23, 2022

On-axis spectral density and degree of polarization of
beams radiated by electromagnetic (EM) sources with
circular correlations are shown to be finely controlled by
changing the source parameters. We reveal, in particular,
that in this beam class, unlike for all previously known
stationary beams, it is possible to control independently
the dynamics of the on-axis spectral density and the de-
gree of polarization. This was enabled by the obtained
analytical expression for the on-axis polarization matrix,
derived for general EM sources with circular coherence
and Gaussian spectral density across the source plane. A
simple experimental scheme for generating a broad class
of EM circularly coherent sources is devised involving
only a line source, a lens and a transparency, possibly
anisotropic. © 2022 Optica Publishing Group

1

http://dx.doi.org/10.1364/ao.XX.XXXXXX2

3

The ability of stationary light sources to radiate beam-like4

fields with the degree and the state of polarization changing on5

propagation in vacuum has been illustrated a long time ago [1–6

8]. These early studies were based on Schell-model (uniformly7

correlated) sources and were shown to exhibit drastic changes8

in the on-axis polarization properties. Later, the electromagnetic9

(EM) non-uniformly correlated sources and those with the phase10

twist illustrated even more interesting dynamics in the on-axis11

polarization [9–14]. The recent findings by the authors relating12

to beams radiated by sources with circular coherence [15, 16]13

confirmed that the fine spectral density control is readily achiev-14

able along the optical axis [17, 18]. The aim of this Letter is to15

generalize the main analytical relations obtained in [18] from16

scalar to EM domain and illustrate the possibility of fine control17

in the on-axis degree of polarization’s dynamics, whether or not18

synchronized with that in the spectral density.19

Scalar sources with circular coherence are characterized by a20

Cross-Spectral Density (CSD) of the form [18]21

W0(ρρρ1, ρρρ2) = τ(ρρρ1)τ
∗(ρρρ2) g(ρ2

2 − ρ2
1) , (1)

where the ∗ denotes complex conjugate, τ is an arbitrary function22

of the coordinate across the source plane (ρρρ) and is related to the23

intensity profile of the latter, while g is a function that determines24

the coherence properties of the source. Such sources exhibit25

perfect coherence along any annulus that is concentric to the26

source center, while coherence can be partial or even vanishing27

between two points at different distances from the center.28

For the case of a vector source, the self and the joint second-29

order spatial correlations of the two mutually orthogonal com-30

ponents of the electric field
−→
E at two points of the source plane31

(z = 0) are characterized by the 2 × 2 cross-spectral density32

matrix (CSDM) [19], i.e.,33

←→
W (0)(ρρρ1, ρρρ2) = ⟨

−→
E (ρρρ1)

−→
E †(ρρρ2)⟩, (2)

where angular brackets stand for ensemble average and dagger34

denotes Hermitian adjoint. The natural extension of the CSD of35

Eq. (1) to the vector case is a CSDM of the form36

←→
W (0)(ρρρ1, ρρρ2) =

←→
T (ρρρ1)

←→
G (0)

(
ρ2

2 − ρ2
1

)←→
T †(ρρρ2), (3)

where
←→
T (ρρρ) is a general 2× 2 matrix, and

←→
G (0) a 2× 2 matrix37

giving account of the correlations among all the field compo-38

nents. We shall loosely refer to
←→
G (0) as the degree of coherence39

matrix across the source plane. The local polarization features40

of the source are accounted for by the polarization matrix41

←→
S (0)(ρρρ) =

←→
W (0)(ρρρ, ρρρ) =

←→
T (ρρρ)

←→
G (0)(0)

←→
T †(ρρρ) . (4)

The realizability conditions on the matrices appearing in42

Eq. (3) can be found from the vectorial form of the Parzen inte-43

gral representation of the CSDM [20, 21] according to which a44

CSDM is well defined if it can expressed as45

←→
W (0)(ρρρ1, ρρρ2) =

∞∫
−∞

←→
H (ρρρ1, v)←→p (v)

←→
H †(ρρρ2, v) dv, (5)

where v is a scalar parameter, ←→p is a 2 × 2 Hermitian, non-46

negative definite matrix for any value of v, i.e.,47

pxy(v) = p∗yx(v),

pxx(v) ≥ 0, pyy(v) ≥ 0, det←→p (v) ≥ 0,
(6)
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det standing for matrix determinant, and
←→
H is 2× 2 matrix. The48

CSDM in Eq. (3) can be obtained for
←→
H selected as49

←→
H (ρρρ, v) =

←→
T (ρρρ) ei vρ2

, (7)

which, if used in Eq. (5), gives the same form as in Eq. (3) with50

←→
G (0)

(
ρ2

1 − ρ2
2

)
=

∞∫
−∞

←→p (v) exp
[
−i
(

ρ2
2 − ρ2

1

)
v
]

dv . (8)

The latter expression is the Fourier transform of the matrix51
←→p evaluated at (ρ2

2 − ρ2
1). Therefore, the one in Eq. (3) is a bona-52

fide CSDM for any choice of
←→
T (ρρρ), provided that the Fourier53

transform of
←→
G (0) is a Hermitian, non-negative definite matrix.54

Among the possible choices of the matrices
←→
T (ρρρ) and

←→
G (0)

55

giving rise to the CSDM of a well defined vector source with56

circular coherence we take57

←→
T (ρρρ) =

Ax 0

0 Ay

 exp

[
− ρ2

w2
0

]
, (9)

where w0, Ax, and Ay are real quantities. Furthermore, we con-58

sider correlations among the field components that have all the59

same functional form (say, µ) but might differ in characteristic60

widths. It will then be convenient to express the scalar correla-61

tions in a scaled form and set, for the elements of
←→
G (0),62

G(0)
ij

(
ρ2

2 − ρ2
1

)
= βij µ

(
ρ2

2 − ρ2
1

δ2
ij

)
, (10)

where (i, j) = (x, y), δij are the typical correlation widths, and63

βij are single-point generally complex-valued correlations. Thus,64

the elements of the resulting CSDM acquire the form65

W(0)
ij (ρρρ1, ρρρ2) = Ai Ajβij exp

[
−

ρ2
1 + ρ2

2
w2

0

]
µ

(
ρ2

2 − ρ2
1

δ2
ij

)
. (11)

From the condition W(0)
xy (ρρρ1, ρρρ2) = W(0)∗

yx (ρρρ2, ρρρ1), it follows that66

δij = δji and βij = β∗ji. For simplicity, we choose βxx = βyy = 167

so that, from non-negativeness of←→p matrix, |βxy| ≤ 1.68

Then, on introducing the variables69

qij = w2
0/δ2

ij, ζ = z/zR, zR = πw2
0/λ, (12)

we find, on straightforward generalization of Eq. (11) in [18]70

from a scalar on-axis spectral density S(ζ) to the four compo-71

nents of the on-axis CSDM Sij(ζ), that72

Sij(ζ) =
Ai Ajβij

qijζ2 Re

{
µ̂

(
ζ − i
qijζ

)}
, (13)

where µ̂ denotes the Laplace transform of µ [22].73

The on-axis spectral density and the degree of polarization74

can be found analytically as [23]75

S(ζ) = tr
←→
S (ζ), P(ζ) =

√√√√1− 4det
←→
S (ζ)

tr2←→S (ζ)
, (14)

tr denoting trace of a matrix. Substitution from Eq. (13) into76

Eq. (14) enables the analysis of the on-axis dynamics of the77
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Fig. 1. (a) S(ζ); (b) P(ζ) of a beam radiated from a source
given by Eq. (11) with qxx = 5, qyy = 10; βxy = 0, Ax = 1;
and several values of Ay.

spectral density and the degree of polarization for circularly78

coherent sources.79

Consider now an example involving the Gaussian pair:80

µ

(
ρ2

2 − ρ2
1

δ2
ij

)
= exp

[
−
(ρ2

2 − ρ2
1)

2

δ4
ij

]
,

pij(v) =
βijδ

2
ij

2
√

π
exp

(
−δ4

ijv
2/4

)
.

(15)

It immediately follows from inequalities in Eq. (6) that81

1
2
(δ4

xx + δ4
yy) ≤ δ4

xy ≤
δ2

xxδyy2

|βxy|2
. (16)

To derive these inequalities it sufficed use the monotonic behav-82

ior of Gaussian functions, setting v = 0 and v→ ∞.83

Note that, on using relations between qij and δij, (i, j) = (x, y),84

we also find that85

qxxqyy|βxy|2 ≤ q2
xy ≤

2q2
xxq2

yy

q2
xx + q2

yy
. (17)

If the source degree of coherence has a Gaussian circular86

profile, as in Eq. (15), the spectral density components in Eq. (13)87

take on the following simple analytic formula [18]:88

Sij(ζ) =

√
πAi Ajβij

2qijζ2 Re

{
exp

[
(ζ − i)2

4q2
ijζ

2

]
ercf

(
ζ − i
2qijζ

)}
, (18)

where erfc stands for the complimentary error function [22].89

Note that since βij are complex-valued for i ̸= j, the same holds90

for Sij. Using such expressions in the definitions in Eq. (14), the91

on-axis properties of the radiated EM beam can be studied.92

Figure 1 shows the behavior vs ζ of the on-axis spectral den-93

sity and degree of polarization of the beam radiated from a94

circularly coherent source with uncorrelated x and y compo-95

nents (βxy = 0). In particular, it can be noted that P generally96

presents a relative maximum and, depending on the cases, none,97

one or two zeros along the axis. Several maxima and zeros of98

the degree of polarization along the propagation axis have been99

reported for periodic structures [4, 8].100

Figure 2 has the same structure as Fig. 1 but describes a beam101

radiated by a source with βxy = 0.1. In this case P never van-102

ishes and presents a relative maximum (for |Ay/Ax| ≲ 1.3) or a103

minimum for higher |Ay/Ax| ratios. For the examples shown in104

Figs. 1 and 2, the behavior of the degree of polarization has been105

varied by changing the |Ay/Ax| ratio, but different P(ζ) curves106

can be obtained by changing qxx, qyy, and βxy values.107
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Fig. 2. (a) S(ζ); (b) P(ζ) of a beam radiated from a source
given by Eq. (11) with qxx = 3, qyy = 2; qxy = 1 βxy = 0.1,
Ax = 1; and several values of Ay.
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Fig. 3. S(ζ) for a beam radiated from a source given by the
superposition in Eq. (19) with qxx1 =2.5, qyy1 = 8; βxy1 = 0,
Ax1 = 8.2, Ay1 = 3.9; and qxx2 =4.5, qyy2 = 18; βxy2 = 0,
Ax2 = 5.4, Ay2 = 3.8.

A straightforward generalization of the previous model can108

be obtained if one considers a finite sum of the CSDMs of the109

above type, i.e.,110

←→
W (0)(ρρρ1, ρρρ2) =

N

∑
n=1

←→
W (0)

n (ρρρ1, ρρρ2), (19)

where the parameters of the individual terms can be chosen for111

a fine tailoring of S and P of the propagating beam. In this case112

the elements of
←→
S (ζ) are113

Sij(ζ) =
N

∑
n=1

Sij,n(ζ)

=
1
ζ2

N

∑
n=1

Ai,n Aj,nβij,n

qij,n
Re

{
µ̂(0)

(
ζ − i
qij,nζ

)}
,

(20)

and the on-axis spectral density and degree of polarization be-114

come115

S(ζ) =
N

∑
n=1

tr
←→
S n(ζ), P(ζ) =

√√√√√√√√1−
4det

N
∑

n=1

←→
S n(ζ)

tr2
N
∑

n=1

←→
S n(ζ)

. (21)

For instance, Fig. 3 shows that even with N = 2 it is possible,116

by suitably choosing the source parameters, to keep S(ζ) almost117

constant over a significant propagation range. On the other hand,118

to one and the same behavior of the on-axis spectral density,119

S(ζ), it is possible to associate very different behaviors of the120

polarization degree P(ζ), which, in turn, can be finely controlled121

by tuning the source parameters. This is shown in the curves122

of Fig. 4. In fact, Fig. 4(a) shows three curves of P(ζ) obtained123

for various combinations of the parameters giving rise to the124

spectral density of Fig. 3. In this case, the curves are obtained125

for uncorrelated x and y components (βxy1 = βxy2 = 0), by126
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Fig. 4. P(ζ) for a beam radiated from a source given by the
superposition in Eq. (19) with S(ζ) shown in Fig. 3. (a): curve
A qxx1 =2.5, Ax1 = 8.2, qyy1 = 8, Ay1 = 3.9, βxy1 = 0; and
qxx2 =4.5, Ax2 = 5.4, qyy2 = 18, Ay2 = 3.8, βxy2 = 0; curve B
same as curve A, but exchanging (qyy1, Ay1) with (qxx2, Ax2)
values; curve C same as curve A, but exchanging (qxx1, Ax1)
with (qyy1, Ay1) values. (b): P(ζ) for qxy1 = 3.02, qxy2 = 10.2
and several pairs of (βxy1; βxy2) values; the rest of parameters
are the same as for curve B in Fig. 4(a).

simply exchanging the values of the parameters for the x and y127

components of the first and second terms in Eq. (19).128

The behaviors shown in Fig. 4(b) correspond to the same129

parameters values as for the curve B in Fig. 4(a) but considering130

several pairs of βxy1 ̸= 0 and βxy2 ̸= 0 values and choosing131

qxy1 and qxy2 within the constrains imposed by Eq. (17). Note132

that the on-axis degree of polarization behavior is controlled133

without changing the on-axis spectral density that remains the134

one shown in Fig. 3. More complex behavior of the polarization135

degree can be found by adding more and more terms in the136

superposition of Eq. (19).137

We will now present a possible experimental setup aimed at138

producing sources of the type introduced in Eq. (3). A possible139

scheme is shown in Fig. 5. It represents the extension to the140

vector case of the one that was proposed [15] and experimentally141

tested [16] for the scalar case. The source plane is located across142

the focal plane of a converging lens (focal length f ). Behind143

the lens, a line source is placed along the lens axis. A different144

coordinate (ξ, centered at the back focus of the lens) is used to145

denote a position along the line source. At the plane z = 0 a146

planar transparency is placed, able to modify both the amplitude147

and the polarization of the incident field. It is characterized by148

the Jones matrix
←→
T (ρρρ). We assume that paraxial conditions are149

met for propagation along z.150

z

ζ0

  line 

source

  thin lens

f f ρ

z = 0

   

 polarimetric

transparency 

  

 p

tra

T(ρ)

Fig. 5. Basic experimental scheme for producing electromag-
netic circularly coherent sources.

Each element of the source, of length dξ, radiates a spherical151

wave, whose amplitude is proportional to the field
−→
E s(ξ)dξ,152

where each component of
−→
E s(ξ) represents an amplitude den-153

sity. Such a wave passes through the lens and then through the154
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transparency. Starting from the Fresnel propagation formula, it155

is possible to evaluate the field produced across the plane z = 0156

by a single source element as157

d
−→
E (ρρρ, ξ) =

−i
λ f
←→
T (ρρρ)

−→
E s(ξ) eik(2 f−ξ) e

i
k

2 f 2 ξρ2

dξ , (22)

where k = 2π/λ, and the field produced by the whole line158

source turns out to be159

−→
E (ρρρ) =

−i
λ f

eik(2 f−ξ) ←→T (ρρρ)

∞∫
−∞

−→
E s(ξ) e

i
k

2 f 2 ξρ2

dξ . (23)

Although the source length is generally finite, the integral in160

Eq. (23) was formally extended to (−∞, ∞), the real extension of161

the segment being considered through function
−→
E s(ξ).162

The corresponding CSDM can be evaluated from Eq. (2) as163

←→
W (0)(ρρρ1, ρρρ2)

=
1

(λ f )2
←→
T (ρρρ1)

 ∞∫
−∞

∞∫
−∞

←→
W s(ξ1, ξ2) eik(ξ2−ξ1)

× e
− ik

2 f 2

(
ρ2

2ξ2 − ρ2
1ξ1

)
dξ1dξ2

]
←→
T †(ρρρ2) ,

(24)

where the CSDM of the field along the source, i.e,164

←→
W s(ξ1, ξ2) = ⟨

−→
E s(ξ1)

−→
E †

s (ξ2)⟩ , (25)

has been introduced.165

Equation (24) takes a simpler form if the points of the line166

source are supposed to radiate independently from one another.167

In such a case its CSDM takes the form168

←→
W s(ξ1, ξ2) = λ2←→S s(ξ1) δ(ξ1 − ξ2) , (26)

where
←→
S s(ξ) is the polarization matrix along the line source169

and δ(·) is the Dirac’s delta function. The expression of the170

CSDM of the source across z = 0 then becomes171

←→
W (0)(ρρρ1, ρρρ2)

=
←→
T (ρρρ1)

 1
f 2

∞∫
−∞

←→
S s(ξ) e

−i
π(ρ2

2 − ρ2
1)

λ f 2 ξ

dξ

←→T †(ρρρ2) .

(27)
The latter CSDM is of the form in Eq. (3), with

←→
G (0) pro-172

portional to the Fourier transform of the polarization matrix173
←→
S s(ξ) evaluated at the spatial frequency π(ρ2

2 − ρ2
1)/(λ f 2).174

This relation is the same in form as that between ←→p (v) and175
←→
G (0)(ρ2

2 − ρ2
1) in Eq. (8). Hence, up to proportionality and scale176

factors,
←→
S s(ζ) coincides with ←→p (v), which, in our case, has177

Gaussian elements. The
←→
S s(ξ) matrix can be generated with178

the procedure described in reference [16]. We also remark that179

the general form of polarization matrix
←→
T (ρρρ) available in the180

experimental scheme, is not required for the phenomena we181

illustrated analytically, and can be used for circularly correlated182

sources with non-uniform polarization, for example.183

This letter proposes an extension to the vectorial case of the184

analytic method previously introduced for the scalar case for the185

study of the axial properties of beams radiated from Gaussian186

sources with circular coherence. We show that regardless of the187

source’s spatial circular correlations, the on-axis spectral density188

and the degree of polarization can be found from simple analytic189

formulas. For illustration of the possibilities in the control of190

the propagating beam, two examples have been considered. In191

the first example both the above characteristics are shown to192

change. In the second example the on-axis spectral density is193

kept constant within a significant range while the on-axis degree194

of polarization is shown to be finely controlled by adjusting the195

source parameters. Thus, the ability to segregate the on-axis dy-196

namics of the spectral density and the polarization properties is197

demonstrated. Finally, a simple experimental synthesis scheme198

is proposed involving a line e.m. source, a converging lens, and199

an anisotropic transparency. The segregation of the on-axis dy-200

namics for the spectral density and the degree of polarization201

(or, similarly, other polarization properties) can benefit optical202

systems employing polarization diversity and/or security, such203

as lidars or free-space communications.204
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