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By an application of the geometrical techniques of Lie, Cohen, and Dickson it is shown that a
system of differential equations of the form x| = F, (where 7, > 1 for every i = 1,...,n) cannot
admit an infinite number of pointlike symmetry vectors. When r;, = r for every i = 1,...,n, upper
bounds have been computed for the maximum number of independent symmetry vectors that
these systems can possess: The upper bounds are given by 2n* 4 nr + 2 (when 7> 2), and by
2n% 4+ 4n + 2 (when r = 2). The group of symmetries of X = 0 (r > 1) has also been computed,
and the result obtained shows that when n > 1 and r > 2 the number of independent symmetries of
these equations does not attain the upper bound 2n* + nr + 2, which is a common bound for all
systems of differential equations of the form ¥ = f’(t,y_c,...,ic"’ ~!)when r> 2. On the other hand,
when » = 2 the first upper bound obtained has been reduced to the value n* 4 4n + 3; this number
is equal to the number of independent symmetry vectors of the system X = 0, and is also a common

bound for all systems of the form ¥ = F (¢,%,%).

PACS numbers: 02.30.Hq, 02.30.Jr, 02.20. + b

l. INTRODUCTION

This paper should be considered as a continuation of a
series of papers by the authors,' in this and other journals, on
the fascinating subject of the symmetries of systems of differ-
ential equations. In these papers both the direct and the in-
verse problem concerning the symmetries have been studied,
as well as certain connections between the symmetry vectors
and the first integrals of systems of differential equations.
Although some global results have been obtained, most of
the results obtained are of a local character.

In the present paper we obtain, following the geometri-
cal and local techniques contained in the classical treatises of
Lie and Scheffers, Cohen, and Dickson,” upper bounds for
the number of independent pointlike symmetry vectors of
differential equations of the form

X =F(tX,..,x" "), (i)

where r > 1 and X stands for (x,...,x,, ). The case » = 1 has not
been studied, since it is well known—see, for instance, the
first and fourth papers quoted in Ref. 1—that when » = 1 the
number of independent symmetries is always infinite.

We obtain in Sec. III the upper bound 2n* + nr + 2
(r>2), as well as the number of independent symmetry vec-
tors of the system X = 0, which is given by n> + nr + 3,and
the explicit expression of them. Since 21> + nr + 2 is greater
than n? 4+ nr + 3 when 1 > 1, the problem arises of knowing
whether or not the upper bound 2n* 4 nr + 2isattained by a
system of differential equations of this type, when 1 > 1.

Similarly, for a system of the form x = F (¢,X,X), we ob-
tain in Sec. IV the upper bound 2n2 4 4n + 2, which is re-
duced in Sec. V to n?> + 4n + 3 by using a remarkable prop-
erty of the projective group. This last upper bound is attained
by the system ¥ = O, whose symmetry group is the projective
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group of pointlike transformations of the space [(¢,X)}.
When n = 1, i.e., when only a single differential equa-
tion is considered, the upper bounds obtained reduce to
r + 4 (when r> 2) and 8 (when r = 2). These two results are
classical and well known, and the proof we give of them in
Sec. II tries only to be a bit more careful than the classical
proofs, at the same time preparing the reader for a clearer
understanding of the more complicated case of a normal sys-
tem of differential equations of the form

Vi=1,.n. (i)

As is shown in Sec. VI, a system of this type possesses only a
Sfinite number N {n;r,,...,r, ) of independent symmetry vec-
tors, and this number grows without limit when either » or
some of the 7,’s tend to infinity. The conclusion is that a

(r;
x;'=F, r>l

system of differential equations of the type x'"= F,, with
r, > 1 for every i, does not admit a Lie group (in the general-
ized sense of a group of transformations with an infinite
number of essential parameters) as its symmetry group.
The reader should consult the classical treatises cited in
Refs. 2 and 5 for most of the definitions and the notation
used here, as well as the first three papers of this series cited
in Ref. 1.

Il. MAXIMUM NUMBER OF INDEPENDENT SYMMETRY
VECTORS OF A DIFFERENTIAL EQUATION OF ORDER
r>1

In order that the reader can follow us without difficulty
in the more complicated case of a normal system of differen-
tial equations, it is convenient to treat first the relatively
simple case of a single differential equation of the form

X" =F(tx,x,...x" 7). (1)

We remind the reader that when r = 1 Eq. (1) always
possesses an infinite number of independent symmetry vec-
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tors.! On the contrary, when > 1 Eq. (1) does not admit, in
general, pointlike families of symmetries of the form

t'=t+ ealtx), )
x' =x+ ebtx)
In particular, when r = 2, one can even classify' all the
differential equations of the form

% = F(tx), (3)

admitting at least one symmetry vector of type (2) different
from zero.

Moreover, concerning the pointlike symmetry vectors,
it is a classical result that when r > 1, Eq. (1) admits no more
than eight symmetry vectors (if » = 2) and no more than
(r + 4} if r> 2. The proof of this result, or at least the funda-
mental ideas behind it, can be found in the classical treatises
of Lie, Cohen and Dickson.? For the sake of completeness,
we present here a proof of this classical result, which tries to
be a bit more careful than the one presented by the above-
mentioned authors, and at the same time prepares the reader
for the more complicated case of a normal system of differen-
tial equations of the following type:

xg"’ =F, r>1, Vi=l,.n 4)

where the smooth functions F; appearing in (4) depend, of
course, on the variables £:x,,...,.x7" ~ 'x, ,...x0" 7L

We begin by studying the case r> 2:

(a) Consider the unique solution ¢ {; A ) of (1) corre-
sponding to the initial conditions (¢5,X,...,x3 ~ % A ), and let
P, = (t;,x; = & (¢,)), with ¢, sufficiently close to ¢, and

$(t)=¢(txs ") (5)
for an arbitrary, but fixed, x§ ~ '. We shall now show that for

certain neighborhoods U, of P, and I, of x§f ~ ! there exists a
unique smooth (i.e., C* ) function 8,:U,—1, satisfying

(i) 6P)=xf"%
(ii) If P=(tx)eU, and x'" ~'e I, then

(X" Y=x iffx" ! =6,P)

That is, through every point of U, there passes a unique
integral curve of (1) whose (» — 1)th derivative lies on 7, hav-
ing a contact of order (r — 2) at P, = (ty,x,) with the integral
curve ¥, of (1) corresponding to the initial conditions
(f0:Xgse-esX ~)-

The proof follows from the fact that, regarded as func-
tions of ¢ and of the initial conditions £o,x,,...,xJ ~ ', the solu-
tions of (1) are C* functions, provided only that the function
F appearing in (1) is, as we shall assume throughout this
paper,aC* function ofits variables. Therefore, ¢ (7,4 ) will be
also smooth in # and A, and since the triplet (¢,,x,,x{ ~ ') satis-
fies the equation

x=4(tA) (6)

in order to complete our proof, it suffices to show that for ¢,
sufficiently close to ¢, the “transversality condition”

99
OA L=
holds; indeed, if this were the case, the implicit function

(7
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theorem® applied to (6) in a neighborhood of the point
(£, 1% ~!) would yield A as a smooth function 8, of the
variables ¢ and x.

Now, one can obviously write
Bl6A) = X0 + Kot — to) + =+ 6 3t — 1o =2 /{r = 2!
F A=t " r—= 1+t =21 R(tA), (8)
R (t,4) being a C* function of ¢ and A near (to,x§ ~').*
Therefore, one can also write

9 _ (t—t) " . OR
o0 _U—-tW)" L,y 9X 9
ai (r— 1)t +le—n 9
and, accordingly,

a¢ r—1 [ 1

A == t,— 1R, | (10

OA lixf— Y ( ! 0) (r_ l)’ +( 1 O)Rl ( )

where R, = 9R ]

a/l (!.,xg")

This last expression guarantees that (7) holds provided
only that one chooses ¢, #¢, satisfying

[(e, — to}-R,| < 1/(r — 1)}, (11)

which is possible since R is continuous (C* in fact).

Summarizing, the implicit function theorem applied to
(6) yields the unique smooth function 8, satisfying conditions
(1) and (ii) above.

{b) Let now ¢,(#;4 ) be the maximal solution of (1) corre-
sponding to the initial conditions (¢,,x,...,.x\{ ~ %A ), where

xi =g () (12)
and ¢ (¢ ) is the function defined by (5). Choosing now a third
point P, on y,nU, sufficiently close to P,, and repeating the
construction sketched in (a) with P, and P, replaced respec-
tively by P, and P,, we obtain a second function 8,:U,—I,
satisfying:

(2) 6,(Py) = X ~ '€ I;

(b) If P = (t,x)eU, and x"" ~'el,, then

Si(tx" N =x if x"T!=6,(P).
Since U = UnU,#D and UC U,, the mapping 8:U—1, X I,
defined by

P8 (P)=(6,(P),6,(P)) (13)

is such that, given any two integral curves of (1), ¥, = (¢, f,(¢))
and y, = (t, f5(t)), having a contact of order (r — 2) with v,
respectively, at P, and P, and satisfying

S olely, f1 el (14)
then y, and ¥, will pass through a point PeU if and only if
(177 o) S5~ 1)) = 8 (P). (15)

(c) Let now U, be an open subset of (U,nU,) — y,: If
PeU,, then P will be an isolated point of y,ny, [where ¥, and
¥, are, of course, the curves defined in (b) passing through P].

In fact, if this were not the case one could immediately
write

S =re,), k=012, (16)

where P = (tp,xp). Clearly, we can restrict ourselves to the
case t, < tp <t; VPelU, We then define f(¢) as follows:

F. Gonzalez-Gascon and A. Gonzalez-L.6pez 2007
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when <tp,

(17)
when (>tp.

1A
f‘”‘&(t)

Then condition {16) guarantees that () is a C* function in
some interval J D (¢,,t,} such that

STt =1 eolel (18)

Therefore, thecurvey = {{, f(¢))} isanintegralcurveof
{1) having a contact of order (r — 2) with y, at P, and passing
through P,eU,: Hence (18) and the properties of the function
6, [see (i) and (ii) above] imply that

S M) = ¢~ to). (19)

It follows, by uniticity, that f(¢) = & (¢) and, in particular,
Pey,, contrary to the definition of U,

Therefore, one can safely assume that, for every PeU,,
7, and y, meet transversally at P, that is,

fLEep)ESLte),

The results obtained in Sec. II(a)(c) imply the existence
of an open neighborhood U, near P, having the following
property: Through every point P of U it is possible to draw
two integral curves of {1}, ¥, and ¥,, such that Pis isolated in
¥y, and in addition ¥, and ¥, have a contact of order
(r — 2) with ¥, respectively, at P, and P,.

(d) Assume now the S is a pointlike symmetry vector of
(1) such that any integral curve of (1) having a contact of
order (r — 2) with y, either at P, or P, is invariant under the
local one-parameter group of transformations generated by
S. Thatis, the graph {(#, f(¢)}} corresponding to any solution
f(t)having this property will be left invariant by any member
g of the local one-parameter group G generated by S.

Under these circumstances, ¥, and ¥, will be invariant
under G and, accordingly, the same thing will happen with
¥:07,. Now, since P is isolated in y,ny,, P will be left invar-
iant under the action of any geG sufficiently close to the
identity transformation, by continuity. This proves that S
vanishes at P: since P was an arbitrary point of U,, we con-
clude that S vanishes on U,

{e} Let us now compute the number of conditions suffi-
cient in order that any integral curve of (1) having a contact
of order (r — 2) with 7, at P, or P, be, as a subset of R ?,
invariant under the local one-parameter group G generated
by S (in short, under S).

6,(P)=xi""=

for some s, O<s<vr. (20)

If S is given by
J J
S =oglt,x) — + Yt x)—, 21
@lt.x) % Ylt,x) g (21)
then S” — ", the extension of S to the variables £,x,x,...,.x"" ~'
will be given by
r—1
sri=s+ ¥y (22)
i=1 3 (‘
where
pi= B de
dr dt

(23)
¥° = by definition

and, of course,

2008 J. Math. Phys., Vol. 24, No. 8, August 1983

d_a 3
a e T u

J
k
-+ x! 5;;:—1 + o (24)

First of all, we notice that a sufficient condition in order
that an integral curve of (1), ¥ = {(£,x{t }}}, be invariant under
S is that S” ! vanish on its initial conditions
(20,x(to)---x"" ~ 1 {£,)), since S is by hypothesis a symmetry
vector of (1). Therefore, in order that S leave invariant any
integral curve of (1) having a contact of order (r — 2) with y,,
at P, or P, it will be sufficient that

S{r—])l ~2r— 1) =0 (253)

(200 Xgp- s XY

and
Str— 1)|
('p ,

Xl 21— ) =0 (25b)

hold for every value of x'" ~!.
Conditions (25a) are clearly equivalent to the following
set of (r + 1) equalities:
Pltorxo) =0,
Ptoxo) = 0,
P{toxoko) =0, (26)
Y 2 (tgXor X %) =0,
U NtgXor Xl ~2x" %) =0, Vx"~'eR,
where the functions ¢ were defined by (23). Since, for i > 1,

the functions ¢’ are easily seen to have the following affine
structure,

¥ = At x T XY + Bi(x,.x Y, (27)

conditions (26) are equivalent to the following set of (r + 2)
equations:

to’xo) 1//([0,X0) - ¢i(to,xo,..,,x8) = 07
i=1,.,r—2, (28)
A, (toXgresXy T2 = B, (tgXoser Xl )=

[notice that r > 2 by hypothesis, and therefore r — 1 > 1 im-
plies that " ~ ' has indeed the affine structure (27) with
[=r—1].

Conditions (25a), and hence (28), imply (as has been re-
marked above) that any integral curve of (1) having a contact
of order (r — 2) with ¥, at P, is invariant under S. In particu-
lar, if (28) holds, then y, itselfis invariant under S, and there-
fore S has to be parallel to the tangent vector to y, on every
point of y,, that is,

S =alt)| 2 +d1r) =]
(29)
P=(td(t)ero
for some C* function a(t ); by setting equal the coefficients of
8 /dt in both members of (29), we conclude that a(t) = ¢ (P)
and therefore

sp=¢<P)[%+¢z)—] VP=(dlthere (30)

Therefore, in order that P, be invariant under S a single
condition suffices, namely,

F. Gonzalez-Gascon and A. Gonzalez-L6pez 2008
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@lt,x;) = 0. (31)
When this last condition holds, the invariance of 3, un-
der S implies that any linear element of order & at Py,
(1% 1,.-x'F), is invariant under S*), for every value of k. Con-
sequently, S*' vanishes at the point (¢,,x,...,.x{) for every
value of k, in particular for £ = 1,...,r — 1; hence we have

V(X esxi) =0, i=1,.r—2,
(32)
A, (tXyeo XV =YX '+ B, (th.xT "3 =0

as a consequence of (28) and (31). Therefore, in order that
(25b) be also satisfied, only one additional condition is suffi-
cient (and not two, as it would seem), namely,

A, (81X yx =) = 0. (33)

Indeed, using the last Eq. (32), we get
(32)

A, x4 B, =4, " =X =0 (34)

for every value of x" ~ ! if and only if (33) holds [of course,
A, _, and B, _, have to be evaluated at (¢,,x,,...,x\ ~ %) in
(34)]-

Therefore, the (» + 4) conditions (28), (31), and (33) are
sufficient in order that any integral curve of (1) having a
contact of order (r — 2) with y, at P, or P, be invariant under
the symmetry vector of (1), S given by (21).

(f) Let us show finally that, when #> 2, Eq. (1) does not
admit more than » 4 4 linearly independent symmetry vec-
tors.

Indeed, suppose that S,,...,S, , 5 are 7 + 5 symmetry
vectors of (1). Since the conditions in order that a vector field
be a symmetry vector of (1) constitute a system of /inear
partial differential equations, any linear combination

r+35
X= S ¢s, (33)
i=1
of S,,...,S, . 5 will also be a symmetry vector of (1).

On the other hand, conditions (28), (31), and (33) are
easily seen to be linear in the components of the vector field
S, by the linearity of the functions ¢ in these components.
Therefore, imposing that X satisfy conditions (28), (31), and
(33), we obtain a linear and homogeneous system of r + 4
algebraic equations in the unknownsc,,...,c, , 5, Whose coef-
ficients are real numbers depending on the vector fields
S1y--S, . s and on the fixed values of (¢,,%,...,.x§ ~2) and
(215X 15--,X\ ~ 2). Since the number of equations in this system
exceeds the number of unknowns, it has a nontrivial solution
1,....c%, s, and, consequently, the vector field

r—s
Xo= > ¢S (36)
i=1
will satisfy conditions (28), (31}, and (33). Hence X, must
vanish on U, the open set defined in I{c), and, consequently,
r+s

> S; =0 (37)

ji=1
on U,, implying that S,,...,S, _ 5 are linearly dependent on
U,, contrary to our initial assumption. This completes the
proof that for r> 2 there are at most (7 4+ 4) independent
symmetry vectors of (1).

2009 J. Math. Phys., Vol. 24, No. 8, August 1983

(g) The case r = 2 must be considered separately, since
for i = 1 the affine structure of ¢, given by

¥ = A,(tx,.x " x4 By(x,... %0 ) (38)

is no longer valid, and therefore the previous reasonings fail.
Indeed, we are going to see that the maximum number of
independent symmetry vectors of (1) is equal to eight when
r=2.

In order to prove this statement, we start from the
expression of §', the first extension of S:

S'=S+ b+ e Mg H] 2 (39)

The line element (¢,,x,,%) will be invariant under S'Vx
provided that the following five conditions are satisfied:

¢1P0 = ¢|P0 = 01
(40)

¢,:|PD = (¢, — ¢’,¢)|p0 =@ |p0 =0,

where P, = (,,X,) as before. Denoting again by ¢ (¢ ) the solu-
tion of the differential equation

* = F(t,x%), (41)

corresponding to the initial conditions {zg,x,,%,), only one
condition is now sufficient in order that a second point

P, = (t,,x,) chosen on the integral curve of (41) associated to
the solution ¢ (¢ ) be invariant under the symmetry vector S of
(41), namely,

@) =0 42)

exactly as in Sec. II(e).

When (40) and (42) are satisfied, both P, and the integral
curve y, of (41) associated with the solution ¢ (r ) are invariant
under S, and, consequently, the line element (2,8 (¢,),é (¢,))
will be also invariant under S '. The following relation is
therefore automatically satisfied:

Uilo, = — W — @)pd (0) + @.|p 2t (43)
leading to
Sll(:,,x,,x) = S'p, + @ — @.)lp, (X — xy)
+ @, |50 —x2), (44)

where x, = ¢ (t,).
If one now imposes on S’ the fwo additional conditions

@x — @l =0, @.lp =0, (45)

then any line element of the form (#,,x,,x) will be left invar-
iant by S'Vx.

Consequently, the eight conditions (40), (42), and (45)
replace the (7 + 4) conditions obtained when r> 2, and,
therefore, by the reasoning following in Sec. II(f), we con-
clude that Eq. (41) has at most eight independent symmetry
vectors.

(h) We shall see in this section that the upper bounds on
the number of independent symmetry vectors of Eq. (1) ob-
tained above cannot be improved. Indeed, it is a standard
result® that for r = 2 the equation

¥=0 (46)
has exactly eight independent symmetry vectors; on the oth-
er hand, we are going to prove now that the equation

F. Gonzélez-Gascon and A. Gonzalez-Lopez 2009
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x"=0 (47)
has exactly 7 + 4 independent symmetry vectors when 7> 2.
Thus the upper bounds obtained above are actually attained
by (47) for every r>2 and therefore cannot be improved.

Let us prove that {47) has exactly 7 + 4 independent
symmetry vectors when > 2.

Indeed, calling 8" the nth extension of S, we have

" 9 K TR R
S* =¢(tx) P + ¢(t.x) ™ + ¢t x.X) 7 +

w2 T (48)
It is easy to verify that the following identity holds:
i d'y d (’) (i—k+1dk¢’
= —_— X _— 49
¥ dt = \k de* “9

The condition to be satisfied in order that Eq. (1) admit
S as a symmetry vector can be written in compact form as
follows:

S'(x" —F)=0 if x" — Fitx,.x"~')=0, (50)
i.e., the subset of the space {(t,x....,.x"")} defined by
X — F(tx,.x" 1) =0 (51)

must be invariant under the 7th extension of S.
For the particular case of Eq. (47), condition (50) reads

Sx =0 if xX"=0, (52)
that is,
¥ (tx,..x" 1,00 =0. (53)

Taking into account the structure of ¢, given by (49),
Eq. (53) reduces to

d'y - (’) (r-k+1dk¢’]
i S x —_— =0. 54
[ dt’ k§1 k dt* Ju_o (34

Let us see now that (54) has indeed (» + 4) independent
solutions (@ (2,x),¥(t,x)).

In order to show this, consider first the solutions of (54)
with ¢ = 0 given by

Wex)=cx+ e+ttt 870,

{53)

Pltx) = 0.

These particular solutions of (54) provide a set of (» + 1)
independent symmetry vectors of (47).

Next, since (54) is free from ¢ [the coefficient of @ in (54)
being x'", which must be set equal to zero], another solution
of (54) is obviously given by

¢=a, aeR, ¥=0, (56)
that is,
g=at+b, ¥=0. (57

We have therefore (r + 3) independent solutions of (54),
given by (55) and (57). The additional independent solution
of (54) is easily found taking into account the identity

arx) _ oy (" )x“" I, peN, (58)
dt® 1

whence we get
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d’(tx)
dt " =0
Therefore, if we look for a symmetry vector having the struc-
ture

=", (59)

d d
S=tx— +oltx)—, 60
o 77 (t.x) E» (60)
the following relation should be satisfied by ¢(#,x):
r—1 __ r) (r—l"_m____(r)' d7¢:
rx (2 X"~ @ S 7 0. {61)
A particular solution of (61) is obviously
p=t¥r—1) (62)

Multiplying @(z,x) = ¢ 2/(r — 1) and ¢(¢,x) = tx by the factor
(r — 1), we arrive at the following solution of (54):

p=t% Y={r— i, {63)

which is clearly independent of the other {r + 3) solutions of
(54) previously found, given by (55) and (57).

Therefore, (54) has at least 7 + 4 independent solutions
(55), (57), and (63), and hence (47) has at least r + 4 indepen-
dent symmetry vectors: since for r> 2 it has at most r + 4
independent symmetry vectors, as we proved in Sec. I1{f), it
follows that (47) has exactly r + 4 independent symmetry
vectors when r> 2.

The reader should notice that these (r + 4) symmetry
vectors do behave, under the Lie-Jacobi bracket, as the gen-
erators of a Lie group. That is, one can write

r+4

[S:.S;1= z S, Lji=l.,r+4. (64)

k=1

This property follows from the fact that if S; and S; are
two symmetries of (1), then the same thing will happen also
with their Lie-Jacobi bracket [S,,S;1.

Indeed, the condition that S, be a symmetry vector of
(1) can be written as follows®:

[Si™LX] =/filtx,...x" =X, (65)
X being the vector field canonically associated with Eq. (1):
d . 0 .
X== — e Fltx,. x" ) —— . (66
ot +x(9x (. )Bx("‘ (ee)
On the other hand, we have the following identity’:
[A,B)f =[A?,B"], peN, (67)

where A and B are arbitrary vector fields.
Therefore, since S, and S; are by hypothesis symme-
tries of (1), we have

(67)
[[Si’sj]r B er] = [[S:—- 1’5;—— 1]’X]
— (Jacobi’s identity) — [[S;~ ',X),S; ']
- [[X,S,’ - l]sS; - 1]

(65)
=~ [fXS ]+ XS]

(Z)fj"(f;'x) + (877X

— (X~ (S]7 X
=gin, (68)
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with

g; =87 ) — (S f). (69)

Hence the Lie-Jacobi bracket [S;,S;] satisfies (65) and is
therefore a symmetry vector of (1).

It easily follows that [S;,S;] must be a linear combina-
tion of S,...,S, , 4, since if this were not the case (47) would
have r + 5 independent symmetry vectors: S,,...,S, , , and
[S:.S;], contrary to what has been already proved in Sec. II(f)
(since 7> 2). Obviously, the same conclusion holds for Eq.
(46).

il. MAXIMUM NUMBER OF INDEPENDENT SYMMETRY
VECTORS OF THE SYSTEM x" =0 (r>2)

We show in this section that a system of differential
equations of the form
x" = F(t,x,...x" 1),
(70)
X = (X;,...,X, J€ER", FeC=,

does not admit more than 21> + nr + 2 independent sym-
metry vectors. It would be nice to produce an example of a
system of differential equations of the form (70) with n > 1
possessing this maximum number of independent symmetry
vectors. Unfortunately, the system

X" =0, r>2, (71)

has only n* + nr + 3 independent symmetry vectors, which
is equal to the previously quoted upper bound 21> 4+ nr + 2
only when n = 1. Therefore, the open problem remains of
either showing that the system x” = 0 has more independent
symmetry vectors than any system of type (70}—in which
case the number 21 + nr + 2 should be substituted by the
number n”? + nr + 3 as an upper bound on the number of
independent symmetry vectors of (70}—or of producing a
concrete example of a differential system of type (70) with the
maximum number s of independent symmetry vectors

(n? +nr+ 3 <s<2n® +nr+2).

and r>2,

(a) Let ¥, be the integral curve of (70) corresponding to
the initial conditions

(B XgsXose--s XY ') (72)

and P, = (¢,,X,) be a point on ¥, sufficiently close to
P, = (t5,x,). By a reasoning completely similar to that fol-
lowed in Secs. I1(a), (b), (c}, one can prove that there exists an
open neighborhood UC R X R" near P, such that through
every point P of Uit is possible to draw two integral curves of
(70), 7, and ¥,, with the following two properties:

(i) 7, and ¥, have a contact of order (r — 2) with ¥,
respectively, at P, and P,.

(ii) P is isolated in y,ny.,.

(b) Assume now that the vector S defined by

i=1 i

S—glix) 2 + 3 diltx) - (73)

is a symmetry vector of Egs. (70). If we were able to construct
S in such a way that any integral curve of (70) having a con-
tact of order (r — 2) with ¥, either at P, or P, be invariant

under the local one-parameter group G generated by S, then
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in particular the two paths ¥, and y, considered above would
be invariant under G, and, consequently,

gy )Cyiny, VgeG. (74)
But, by construction, Pis isolated in y,ny,; therefore, we can
write

gP)="p (75)

for any geG sufficiently close to the identity transformation.
Hence S must vanish at P, and, since P was an arbitrary point
of U, we conclude that S is identically zero on U.

(c) Let us now show that in order that any integral curve
of (70) having a contact of order (r — 2) with y, at P, or P, be
invariant under S, 2n% + nr + 2 linear conditions on S suf-
fice.

First, we must impose that the linear element of order
r—1

(EorXosens Xy T2 (76)

be invariant under 8"~ ! for every value of x'" ~!, that is,

S l|(z0,x0,.--,x8*2,x" -, =0 vx" ~'eR " (77)
Condition (77) can be written in detail as follows:

@ (teXo) =0,

{to,xe) =0, (78)

O (o Xppe o X) =0, k=1,..,r—2,

P YtgXgyeooXly “2x" ") =0, Vx"'eR",

where, of course, ¢* = (¢%,...,¢¥%). Taking into account the
identity [analogous to (49)]

L dr 'y
r— 11 __ i
vo=
r—1 I‘——l dk
_ (lrfk ¢) j —
k§=:1( X )x, _dt" , i=1,..,n (79)

and the structure of d* f/dt*, given by

d*f - I _«
CL = 3 U kg Bex,..xk Y, 80
gt = 2 T B (80

S tx)p=f (1 x)eR,
we conclude that 3 ~ ! has the following affine structure:

Y=Y A;exxx T + B, (6X,..,x" 7 2), (81)
j=1
4. =9 ,'(ia_¢’_(,-_1)d_¢’5
dt

ij — -
ox; Ox;

provided that r — 1> 1, i.e.,, r> 2.

ij

Therefore, taking (81) into account, (78) is equivalent to
the following set of n> 4+ nr + 1 linear conditions on the
components of S:

@ltoXo) = ¥, (foXo) = O,
tﬁ,’f(to,xo,...,xg‘) = Oy

Aij(tO’xo’XO) =0, (82)
B, (tg,Xg,..., x5 7% =0,
Lj=1l.,n, k=1,.r—2.

Next, in order to assure that the linear element at P,
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(E1oXpyenXT 72X, xE = 0k (2), (83)

isinvariant under S* ~! for every value of x” ~! [where ¢(t ) is
of course the solution of (70) corresponding to the initial
conditions (,X,,...,x§ ~')] we must impose that

S ‘) Xl 2xtr— Yy =0 VX(’ - iER” . (84)

{21,X 50009

Now, if S satisfies conditions (82), then the integral
curve ¥, will be invariant under S, since S is by hypothesis a
symmetry vector of (70). Therefore, S must be parallel to the
tangent vector to ¥, on every point of ¥,, that is,

J “ J
S=P[—+ (t)—1, YP=(,d(t)vo
r=@| )az i;¢()8xi (:9(t )evo
(85)
Consequently, P, will remain invariant under S if
@lt,x,) = 0. (86)

This last condition automatically implies that the linear
element at P,

(15X 100X (87)

is invariant under S* for every value of k; therefore, for
k = r — 1 we have, taking into account (81);

B;(tyxp,.x{ %) = — z Aij(tl’xni‘l)x(F 'y
j=1
i=1,.,n (88)
Consequently, the linear element {83} will be invariant
under "' if

z Aij(tl,xlyi‘l)(xy_ T— x(l;_ 1) =0, i=1,.n,
f=1
X" = (a1, (89)

—1 —1 —1
x(lr = (x(lrl ""’x(lrn ).

Since (89) must hold for every value of X" ~!, we must
finally impose that

A (tx,X) =0, §,j=1,..,n (90)

The 2n? + nr + 2 equations (82), (86), and (90) guaran-
tee that any integral curve of (70) having a contact of order
(r — 2) with ¥, at P, or P, be invariant under the symmetry
vector of (70} S. The linearity of these equations in the com-
ponents of S is a direct consequence of the linearity of S" .

(d) We shall now compute the maximum number of in-
dependent symmetry vectors of the system

X" =0, X=X, %) I>2 (91)
By the reasoning given in Sec. II(h) they will automatically
close as a Lie algebra under the Lie-Jacobi bracket.

The necessary and sufficient conditions in order that
the vector field
d u a
S =glt,x)— + (X)) —
@l )at 2,11//( )ax‘_
be a symmetry vector of (91) can be written as follows:
V=0 (92)

or, taking into a account (79),

x'=0
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d’y;
dt’

_ i (r)x('r—k+l d'p
o = <~ \k ! dt* x =
i=1,.,n (93

At this point it is important to have in mind the structure of
d’f(t,x)/dt’ , which can be shown io be

af _ s
dt® lrl +g=s T
n atH-qf ir, r,
X XX
ity =1 at ax[‘---ax,-n
|r| =ry+ -+ Ppy P <Py<=<Fp, cil,,,,peN. (94)

An immediate consequence of (94) is that a term of the form
x!"~'%; cannot appear in (93) from the development of d" ¢, /
dtr"~',since (r + 1)+ 2 = r + 1 > r. A term of this type can

only arise, therefore, from the expressions

(e, (7 )L .
(Z)x' dr?’ r—1) gtr-1 3)

also appearing in (93). These two terms are different when
r — 152, i.e., when r> 3, and therefore for r> 3 the coeffi-

cient of the term x\" ~ '%; is either

r .
- (2)%, when i #J,

or (96)

r . ,
-1 +r|@,, when i=j,

whereas, for r = 3, x" 7 '%; reduces to X, X;, whose coefficient
is simply

=3¢, Lji=1,.,n 97
Since (93) must be an identity in %,%,....x"” ~', and @, ¥; do not
depend on these variables, the coefficient of the term X% ;
must equal zero; taking into account (96) (for r> 3) and (97)
{for r = 3), we conclude that

@, =0, j=1,.,n. (98)
Accordingly, for every symmetry vector of (91) we have
@ltx) =f(t). {99)

Note that the above reasoning obviously fails when
r = 2, since then the term x{" ~ 'X; reduces to X, X;, which is
absent from (93) by the restriction ¥ = 0.

Substituting (99) into (93), we obtain

v _ 3 (;)xgr-k+ylk(z)=o,

dt” Ixv—o¢ =2

(100)

[ =1,..,n.
Remembering (94) again, we realize that the term
x\"~ 'x, appears in (100) only throughd" ¢, /dt’ |- o andits
coefficient is (up to the positive integer ¢{, _ ) ¢, ;- There-
fore, we must have

3%, _,
Ox; dx
Similarly, considering the coefficients of the terms
x7~ ' with j# 1, which again only appear in (100} through
d"y;/dt’| . _,, we obtain

Lk =1,.,n (101)
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3%y,

at dx;

When i = j, considering the coefficient of the term x{" ~ !
in (100}, we get

Fy; (r)/, .
cl_ r — t)=0, i=1,.,n (103
Varax, 2 ty )
Since ¢; _, is a positive integer, we can rewrite (103) as
follows:

,
=1, - r S0l
1 dx, L [K (2) Cr—1> ]

9 =Kflt), i=
(104)

Considering now the coefficient of the term indepen-
dent of x,%,...,x'" ~' in (100), we are led to

Y

at’

From Eq. (101) we readily obtain

=0, ij=1l,.n, i#j. (102)

=0, i=1,..n (105)

n

1/’:‘ = z aij(t)xj + b;(2),

j=1
and, taking (102) and (104) into account, we immediately
arrive at

o= 3 ax +KF(tx, +b,(t),

Jj=1

(106)

a,eR Yi,j=1,.,n, (107)
and, substituting (107) into (105), we finally get
Kf" e, + b7(t)=0. (108)
Therefore, we must have
fe)=P.t), b{t)=0Q'_,(t), i=1,..,n,  (109)

P and Q! | being polynomials of maximum degree r and
(r — 1), respectively. From (107) and (109) we get the follow-
ing structure of ¥,,

Z aljx] +Kx Pr(t) + Q:'-l(t)
j=1
and, substituting it back into {100), we arrive at

d’ .
K— [x;P.(¢
dtr[ ( )],x(’=0

(a;;€R), (110}

r

,
- X~k +1pk) =0,
() q

Applying Leibnitz’s theorem to the first term of (111), we
obtain

&3 (D

k=1

=) ( r ) ( kpik+1
= \r— +

k=1

(111)

(112)
Since we are considering now the case r> 2, we can
compare the coefficients of x” = ! and x" ~ 2 in both members

of (112}, obtaining

K.rP.(t)= (;)-P,(t ),

(o= Qo
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It is easy to prove by induction that ¢] _ ;| = r; hence
K = (r — 1)/2 [see (104)]. The first equation in (113) reduces
to an identity and the second one leads to

P.(t)=0, VreR, (114)
ie, Pl(t)=a+bt+ct? (ab,ceR).
Conversely, if (114) holds, then (112) is automatically satis-
fied. Therefore, the “general solution” of (93) is obtained by
substituting P, () = a + bt + ct *into(110),and, consequent-
ly, the general solution of (92) is

@=a+ bt +ct?

¥ = ZA,jxj-f-c(r—l)zx +QL (), {115)

i=1,..,n,

a,b,c,A;;€R,

where we have set 4,; =
course, the Kronecker delta)

From (115) we immediately obtain the following set of
n? 4+ nr + 3 independent symmetry vectors of (91):

; +ib(r—1)5;; (5, being, of

d ..
X, —, Lj= 1,...,n,
ox;
a .
22 p=01l,.r—1,i=1,.n, (116)
X
9 12, 29 i 3 x

-5;, at k=1 ak

This establishes the point we wanted to make: when
n> tand r> 2, the system of differential equations x'" =0
does not provide us (as happened for » = 1) with a maximum
number of independent symmetry vectors equal to the upper
bound 2n* 4 nr + 2 obtained in III(a}—(c). Therefore, it re-
mains an open problem to find systems of differential equa-
tions—if any—whose maximum number of independent
symmetry vectors is greater than the number n*> + nr 4 3.

Finally, note that, when n = 1, the symmetry vec-
tors(116) reduce to the symmetry vectors of x* = 0 comput-
ed in Sec. II(h), as it should be.

IV. MAXIMUM NUMBER OF INDEPENDENT SYMMETRY
VECTORS OF THE SYSTEM X =F

We show in this section that a system of differential
equations of the form

X = (X,e00X,,) (117)

cannot possess more than 2(n + 1)? independent symmetry
vectors. We also compute, by a direct procedure, all the sym-
metry vectors of the system X = 0, obtaining only

n* + 4n + 3 independent vectors. Since this number is less

than the upper bound 2(n + 1)* mentioned above, the open

question arises of whether or not there exist differential sys-
tems admitting more than n*> + 4n + 3 independent symme-
try vectors.

In Sec. V we show that this is not the case: In other
words, the maximum number of independent symmetry vec-
tors admitted by any system of the form (117) is never greater
than n? 4+ 4n + 3, the number of independent symmetry
vectors of the system x = 0.

% = F(t,x,%),
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(a) Let

i=1

(118)

be a pomtllke symmetry vector of (117); then it is easy to
verify that the structure of S' (the first extension of S to the
variables ,x,x) is the following:

=S+ 3 Yo
i=1
wll = Z l/’l ] j + ¢If
(Z¢, ,) (119)
j=1
Therefore, it is clear that the linear element (£o,X,X) = (Po,X)

will be left invariant by S' if for every value of x the following
set of #° + 3n + 1 linear equations in the components of S
holds:

PPo) =0, Py =0
Y. (Po) = ‘P,j(Po) =0 3,

(‘/’i,j - ¢’,15ij)(P0) =0

Similarly, a second point P, = {t,,x,) lying on the inte-
gral curve ¥, of (117) corresponding to the initial conditions
(tosXgsXo) Will be left invariant by S provided only that

@P)=0 (121)
since, exactly asin Secs. II and I11, (121} and the fact that S is
a symmetry vector of (117) and P, lies on an integral curve of
(117) imply that ¥%(P,) = 0 as well.

Finally, from all that has been said in Secs. IT and I11, it
should be clear by now that, in order that any linear element
at P,, (P,,x), be invariant under S', the following n* + n lin-
ear conditions in @ and 1 suffice:

ij=1,..n. (120)

@,(P)=0 ] i

(0, — e8Py =0) " BT
since when (120}, (121) and (122) hold ¥, ,(P,) automatically
vanishes, due to the fact that the linear element (P, x,) tan-
gent to ¥, is then invariant under S'.

Accordingly, the 2(n + 1)* conditions (120), (121), and
(122) are sufficient in order that any linear element at P, or P,
be invariant under S'; since these conditions are linear in the
components of S, the same construction followed in Secs. II
and III can be repeated now, with the result that Eq. (117)
does not admit more than 2(n + 1)° independent symmetry
vectors.

{b) We now compute all the pointlike symmetry vectors
of the system

x =0,

(122)

(123)
in order to establish whether or not the dimension of the
vector space generated by these symmetries equals the upper
bound 2(n + 1) obtained above.

Since the necessary and sufficient conditions in order
that (118) be a symmetry vector of (123) are

Yils=0 =0, (124)

computing ¥?|, _, and setting equal to zero the coefficients

X = (Xp5e0Xy)

i=1,..,n,
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of 1, x;, and x, X;, we arrive at the following system of partial
differential equations in @, V:

Pu=0 (125a)
lﬁi,u =0
B i,j)k = 1;---9”y (125b)
¢:‘,;'k = ¢),k161’j(1 + 5jk) {125¢)
¢i,j: = %?7,1:5:‘1' (125d)
From (125a) and (125b) we get
@= 2 Ci(t)x; + D(t),
j=1
(126)
¥; = A;(x)t + B;(x).
Substituting (126) into (125¢) and (125d}, we obtain
A (x) = a;(x;),
(127)

B;(x}) = b;(x;) + z b,;x; ;-

j=1
(j#1

Substituting (127) back into (126), we obtain, after some
easy calculations, the general solution of (125):

2 ct+c))x, +at 24dt+d’,

1// {ax; +a)t+2cx (128)

j=1
+ Z b;;x, +b;.
i=1
From (128) we obtain the following set of n + 4n + 3
independent generators of the vector space of the symme-
tries of (123):

ad J ad 3
—_, b — s xi i
at oat at

ad a a
_— t— , xj —_—
ox, x; Ix;

3 b, hj=1,.n. (129)

a
X, —+x; x
oat kZ1 k axk
+t X
kZI g axk y

By the reasoning followed in Sec. II, the set of vectors
{129) closes as a Lie algebra under the Lie-Jacobi bracket.

It is not difficult to verify that the set of symmetry vec-
tors given by (129) is a set of generators for the projective
pseudogroup of the space {(t,x)} = R"*!, whose finite
expression is given by

7+ 1
r_ 2 lalj‘x_l +a:n+2
- n41 ’
) bx; +b,,,

=1

i

i=1,.,n+ 1

The projective pseudogroup does precisely possess

(n + 2)> — 1 = n* + 4n + 3 essential parameters, and,
therefore, n*> + 4n + 3 independent generators (see the Ap-
pendix).

(130)

X,.1 =1
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V. REDUCTION OF THE MAXIMUM NUMBER OF
INDEPENDENT SYMMETRIES OF THE SYSTEM X = F

We show in this section that the system (117) does not
admit more than #° + 4n + 3 independent symmetry vec-
tors, thereby achieving an improvement of the maximum
number of independent symmetry vectors of (117),
2n* + 4n + 2, derived in Sec. IV. The new upper bound ob-
tained in this section cannot be further improved, since in
Sec. IV, it has been shown that the system X = 0 has precise-
ly n* 4 4n + 3 independent symmetry vectors.

The proof given here uses the following remarkable
property of the projective pseudogroup of R" +':

If a projective transformation 7 of R" * ' leaves n + 3
points of R** ! fixed, and these points are in ‘‘generic posi-
tion,” then T is the identity transformation.® (We say that
n + 3 pointsof R" ! are in generic position if for every selec-
tion of n + 2 of them the n + 1 vectors obtained choosing
one of these n + 2 points as the origin and the rest as end
points are linearly independent.)

(a) Let P,,...,P, , 5 be n 4 3 points of R"* ' such that

P, = (t;,x;), i#j:ti7étj' (131)

Let us assume for the moment that these points can be
chosen in such a way that to any couple of them (P;,P;) with
i#] there corresponds an integral curve y;; = {(t,,;(¢))

X |teR | of (117) passing through P; and P;: We shall prove
in Sec. V (e} that this assumption can indeed be satisfied.

Assuming then that we have chosen the points
P,,....,P, ., in a such a way that this last assumption holds
true, by a straightforward generalization of the argument
given in Sec. II(a) one can prove the following result:

If the points P,,...,P, , ; are sufficiently close to each
other, then for every pair (i, j) with 7/ there exist open
neighborhoods U;; and P, and V;; of x;; = o, ;(t;) such that
through every point Pof U,; there passes exactly one integral
curve of (117) containing P,, with velocity ( = derivative
with respect to time ¢ ) at ¢, lying in V.

Suppose now that the vector field S given by (118)is a
symmetry of (117) leaving all the points P,,...,P, , ; invar-
iant. It is clear that in order to achieve it the following
{n + 1)(n + 3) conditions are sufficient:

@(P)=0, ¢(P)=0, i=l.n+3,j=1..,n

(132)
Equations (132) automatically imply that the integral

curves ¥, (i#j) are subsets of R"* ! invariant under S, and
therefore that the n + 2 linear elements at P,

(Pixxij)’ 17&]’
are also invariant under S!, for every i = 1,...,n + 3.
Indeed, if g is a transformation belonging to the local

one-parameter group generated by S and sufficiently close to
the identity, then we have by continuity

i, =L (g, )60V,

(133)

Xis ds

(134)
[gVij = {{s,( g¢ij)(s)”5€R 31

since X, ;€V;; by construction. But this necessarily implies

2015 J. Math. Phys., Vol. 24, No. 8, August 1983

that gy;; = 7,;, since both y;; and its transform gy,; pass
through P; with velocity at P; lying in V;;, and the equality
of y;; and its transform implies obviously that x;; equals x;;,
its transform under S !, as claimed.

{(b) Consider now a finite transformation
' =g(tx), (135)
such that P; isinvariant under (135), for fixed i€{ 1,...,n + 3}.

As is well known, the transformation induced by (135) on the
derivatives x at P; is given by

37 fP)x + 1, (P)

X = L= ,
2;:1 g,j(Pi)Xj +g,r(Pi}
i.e., any curve {{t,a(t))|teR | passing through P; such that
a(t,) = x will be transformed under (135) into another curve
{(s,b(s))|seR} through P;, with b(z;} = x".

Since P, is fixed, (136) implies that the velocities at P,
transform under a projective transformation, whose param-
eters depend, of course, on the point P; that is being kept
fixed. Denoting now by

x' = f(t,x)

(136)

(137)

the local one-parameter group of transformations generated
by the symmetry S satisfying conditions (132), then S' acts
on the velocities at P; as a one-parameter subgroup G, of the
projective pseudogroup of R” = {x}. Furthermore, every
transformation geG, leaves invariant the n + 2 linear ele-
ments at P, given by (133), as we have just seen: therefore, if
we are able to choose the velocities X, ; (i#/, i fixed) in generic
position (by an appropriate selection of the points
P.,..,P, . 1), then, by the property of the projective pseudo-
group quoted at the beginning of this section, we can con-
clude that G, reduces to the identity transformation and,
therefore, that S’ leaves every linear element at P, invariant.
(c) Suppose now that we are able to find a set of n 4 3
points of R" "' {P,,...,P, , 5} satisfying (131), and the fol-
lowing additional requirement: The two sets of (n 4 2) vec-
tors of R” given by

(%, =230n +3), {kulk=134,..n+3}  (138)

are in generic position in R" . According to III{a), we can find
an open neighborhood Uin R* ™' such that through every
point Pof U there pass two integral curves of (117), ¥, and v,,
joining P, respectively, with P, and P, in such a way that Pis
isolated in y,ny,. Since {131), (132), and (138) imply that ev-
ery linear element at P, or P, is invariant under S and S is by
hypothesis a symmetry vector of (117), it follows that ¥, and
¥, are both invariant under S; therefore, P has to beinvariant
under S, since Pis isolated in y,ny,. Hence every point of Uis
invariant under S, implying that S = 0 on U.

Since conditions (132) are clearly linear in the compo-
nents of S, we can again apply the argument of Sec. I1(f) to
conclude that (117) does not admit more than n” + 4n + 3
independent symmetry vectors.

The only point meriting a separate treatment in order
that our proof be complete is the following: We have to show
that it is indeed possible to find a set of # + 3 points of R" +!
satisfying conditions (131) and {138), such that every pair of
points of this set can be joined by an integral curve of (117).
In order to prove this statement, the lemma that follows is of

t' =gltx;a), x =ft,x;a)
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great practical value since, as we shall explain below, it re-
duces the problem of finding the set of points P,,...,.P, , ;
with the properties mentioned above to an easier one.

(d) Lemma: Let P, = (t,,%,) be a point of R+ and call
&(,€) the unique solution of (117) corresponding to the initial
condition (Py,E). Consider the straight line of R ! " parallel
to {1,v) and passing through P,, whose equation is

t=1y+s,

Then one can find € > 0 such that for every s such that
0 < |s| < € there is an integral curve of (117} passing through
P, and (1, + 5,X, + sv), whose derivative at z,, h(s), satisfies

X =X,+sv VseR. (139)

lim h{s) =v. (140)
Proof: The function f{s,E) defined by
fls,E) = blto + 5,8) — xo — 5§ (141)

isa C~ function [since the function F appearing in (117) is
assumed in what follows to be of class C* ]° and satisfies

f0,E) =0 VEeR". (142)
Therefore, we can write
1
d
f(s,E) = f — f(6s,E) dO, 143
(s,€) . Zo (65,) (143)
and, since
d
— f(0s,€) = s-f , (05,§), 144
% (65,8) +(05,8) (144)
f(s,E) can be factorized as follows:
f(s,€) = s-g(s,E),
1
(561 = [ siesgyan), (145)
(4]
where g(5,&) is C~ since fis C~ .
Therefore, we have
¢(t0 + S,g) = s-g(s,g) + X9 + Sg’ geC~ {146)

and the intersection of the integral curve {(t,d,(¢,€))|7€R }
with the straight line (139} leads to the equation

5g(s,E) + xo + sE = x + sV (147a)
or, since s #0,
v=E§+8g(s§) (147b)

Equation (144) implicitly defines § as a C* function of
s, € = h(s). Indeed, define a function ¢, (s,E) as follows:

Y(s,E) = € + gls,E) — v. (148)
Then we have
Y(0,v) =g(0,v) =0 (149)

[since g(0,&) = fq £,(0,§) d6 = 0 VEER on account of the de-
finition (141}], and

(Ded)Oy) =1+ (Dcg)Ov) =1

(150)

(I = identity matrix of dimension n)
[taking into account that g(0,&) = O for every &, as we have
just shown)].

Equations {149) and (150} allow us to apply the implicit
function theorem to the function {(s,§) at the point (0,v), thus
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obtaining § as a function of s, § = h(s), in a sufficiently small
neighborhood |s| < € of s = 0. The function h(s) satisfies
h(0) = v, (151a)
P(s,h(s)) = 0 (151b)
It follows that the integral curve of (117) corresponding
to the initial condition (P,,h(s)} passes through P, and

through the point (£, + 5,X, + sv) [by (146)—(148) and (151)};
in addition, we have

if |s| <e€.

lim h{s} = h(0) = v (152)
s—0
on account of (151a) since h(s) is a continuous function (as a
matter of fact, his C* , as follows from the fact that g is C~
and the implicit function theorem). This completes the proof
of the lemma.

(¢) Consequences of the lemma: Let {P,,...,P, . ;} bea
setof n + 3 points of R' *", P, = (t,,x,), satisfying the fol-
lowing conditions:

i#j, #tj; (153a)
the two sets of points of R”
(X=X im a4 3],
t, —t,
(153b)
{1‘11‘2- =131+ 3]
L=t

are in generic position in R".

We shall indicate at the end of this section how to construct
sets of n + 3 points of R ' * " satisfying conditions (153).

Consider now the transformation H,:R'+*">R!'*+"
defined as follows:

H,(P)=P, +a(P — P,)=P°, aeR,a>0. (154)

If {P,,...,P, , 5} satisfy conditions (153), the same will hap-
pen with {P{,.. P4 .}, since we have

x; — Xj a(x; — x) X; — Xg

1 —15 - alt; — 1) L=t ‘

When a—0, PP for every i = 1,...,n + 3, but the
directions (¢, —¢;,x; — X;) defined by every pair of points
P;,P; with i#j remain invariant under H, .

Therefore, by repeated application of the lemma proved
above, it follows that, for sufficiently small a, for every pair
of points P;,P; with i#j there is an integral curve of (117}
joining P; with P; and satisfying

(152)

lim éfy(r,) = 22—,
a—0 = [,.
(156)

Lj=1,..,n+3, i#],
where ¢7;(¢ ) is the solution of (117) whose associated integral
curve passes through P; and P;.

Furthermore, it is easy to verify that if m + 2 points of
R™ are in generic position, any sufficiently small perturba-
tion applied to them will lead again to aset of m + 2 pointsin
generic position; this is essentially due to the fact that generi-
city is defined in terms of linear independence of certain sets
of vectors, and linear independence is preserved by suffi-
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ciently small perturbations. It follows [by (153b)] that the
two sets of vectors of R" defined by

(6% i = 2,...n + 3},

(157)

{65 =1,3,...n + 3}
are in generic position in R”, if we choose a sufficiently
small.

The conclusion is, therefore, that if P,,...,P, , ; satisfy
condition (153), then one can find @R such that the new set
of points P{,...,P% . , satisfy conditions (131) and (138). The
only point that remains to be proved is, therefore, that it is
indeed possible to find P,,...,P, , ; such that conditions (153)
are satisfied.

To this end, notice that if the following points of R"
(158)

are in generic position, it immediately follows that the fol-
lowing set of n + 3 pointsof R' + ",

{(0,0),(r0,0),(r1,v1),...,(r,, + 1 1vn +1 )} ’

{0,¥,,..5¥,, }

{159)
r#0 Vi=0,1,..,n+ 1, r,#r Vi#j,
satisfies conditions (153), provided only that the numbers

Foo 1i—1, i=1..,n+41, (160)

are chosen sufficiently small.
Indeed, choosing P, = (0,0} and P, = (r,,0), the two sets
of vectors
{i,i, i=ln+ 1],
o 1

(161)

[ 0o v i=1,...,n+1]
—ry 1, —r,

are both in generic position in R", since they are obtained by
applying an arbitrarily small perturbation to the set of vec-
tors (158), which are by hypothesis generic in R".

V1. MAXIMUM NUMBER OF INDEPENDENT
SYMMETRIES OF THE SYSTEM

X = Filt s Xageens X 7 heaiiX e 1), 15 1

The results obtained in Secs. II-V indicate that systems
of differential equations of the form

X" =F(tx,...x" "),
(162)

X = (XX, ), P>,

possess a finite number of independent symmetry vectors
and that the system x" = 0 possesses a number of indepen-
dent symmetries that tends to infinity when either » or n tend
to infinity, thus showing that the upper bound for the maxi-
mum number of independent symmetry vectors of (162)
tends to infinity when either 7 or » tend to infinity.

We shall see in this section that these results hold as well
for the more general class of systems of the form

x/" = F,(t,y),

Y= (Xpee X X, et T, (163)

i=1l.,n, l<r.
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The restriction r; > 1 for every 7 is essential for the valid-
ity of these results, since it is not difficult to give examples of
systems of the form (163) with 7, = 1 for some , possessing
an infinite number of independent symmetries. This is what
happens, for example, with “split” systems of the form

x; = Fi(t,xy),
; -1 (e — 1
XV = F(tX X0 T XX ), (164)

r;>1 foreveryi=2,..,n,

admitting an infinite number of independent symmetries of
the form

t'=t, x| =x+etx),
(165)

r=x, foreveryi=2,.,n,

where ¥(t,x,) is such that ¥(z,x,)d/9x, is a symmetry vector
of the equation

x, = Fy(tx,) (166)

[since it is well known that every first-order equation like
{(166) admits an infinite number of independent symme-
tries'’].

A less trivial example of a differential system of the
form (163) with », = 1 for some i, admitting an infinite num-
ber of independent symmetries is the following:

j = Gtx). (167)

Indeed, the necessary and sufficient condition in order that
S(t,x, y) = 7(t,x) /8y be a symmetry vector of (167) turns
out to be the following linear partial differential equation in

7:

% =F(tx),

1’!12_277th_771sz_an (F=FI+FXF)
(168)

Equation (168) is Kowalewskian in the variable ¢, and
therefore'' possesses an infinite number of local solutions,
depending on two arbitrary functions f'(x) and g{x}; for in-
stance;

Sfix)=n(0x), glx)=1,{0,x).

Therefore, the system (167) possesses an infinite num-
ber of independent symmetries, as claimed.

(a) We begin now the proof of the assertions made at the
beginning of this section.

As in previous sections [II(a), (b), (c); III(a)] it is not
difficult to show that, given the initial value (t,,y,), where

(169)

{ry — L {r,

Yo = (Xo15-sX01 ;- Xonse-sXom 1), (170)

and denoting by ¢(t } the solution of (163) corresponding to
this initial condition, for P, = (7,,(s,)) = (¢,,x,) sufficiently
close to Py = (14,X0},--»X0n) = (£0:X,) One can find an open
neighborhood Uin R ' * * such that through every point Pof
U there pass two integral curves of (163),

%’1'= {(t,4(¢){rel,CR Jandy, = [(t,,$,(t ))|tel,CR },satis-
ying

¢(1’§(’o)=x‘o’§a ¢(2‘j'(tl)=x(l,:' (171a)
foreveryk=1,..,r, —2andi=1,...,n,
Pis isolated in y,ny,, (171b)
where we have set x{t = ¢ ¥(z,).
F. Gonzalez-Gascon and A. Gonzalez-L6pez 2017
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{b) Let

S = zp(tx)— + 2 t/l(tx)—

i=1 X;
be a symmetry vector of (163). If for every PeU the two inte-
gral curves of (163), ¥, and y,, defined above are invariant
under S, then P will be invariant under S, since by (171b) Pis
isolated in y,ny,, and, consequently, S will vanish at P for
every PeU, i.e., S will vanish identically on U. Therefore, by
the arguments given in Sec. II{c), (e), to compute an upper
bound for the maximum number of independent symmetry
vectors of (163) it suffices to find the number of linear equa-
tions in the components of S that guarantee the invariance of

(172)

the following linear elements of order (», — 1) under S~ !

_ (r — (ra—n1,
Zy = (to:Xo1s-- xon §1, FoppeesFor e

XomreoeXon s (173)
Z, = (1, x(lrll glyan--’FllrfirIQ---;
xln? ’xlrnizé‘ )
for every € = (£y,..,6,), 7, = maxr,,
where we have set
Ft =2 F ,
dt* e T T kX )
o=0,1,
d a “ [ 8
-2 4 ) 4o
dt ot ,-; ax
+xi_,,_la 2_2 +F,-a (‘?_4]. (174)
X, X,

[Equations (174) simply state that the derivatives of F
appearing in (173) are to be computed along the integral
curves of (163), y,—for F{;—and y,—for F{.]

The invariance of the linear elements (173) for every
value of § is in turn equivalent to the following set of linear
equations in the functions @ and ¢;:

VE, @lPy)=¢;(Py)= 1/’:‘(10) =0

k=1,..,,—1, i=1,.n, (175)
for z,, and

VE, o@P)=19;(P)= '//f(zl) =0

k=1,..,,—1, i=1,.,n (176)

for z,. At this point it is important to note that ¥}(z, ) de-
pends on § not only explicitly, but also implicitly, through
Fe(p=1..,r, —r,j=1,.n).

More precxsely, taking into account the structure of ¢,
given by (79) and (94), we see that ¢(z,) depends on the
variables &, F ¥ polynomially; /(z,) is a polynomial in the
variables §, F' (7 " whose coeflicients are linear combinations of
the partial denvatlves of the functions ¢ and ¢ evaluated at
P,. The constant values of (£, 5 Xy oo Xl 25eriX sk )
appear in ¥}(z,) implicitly through the variables F'? and
explicitly as coefficients of the partial derivatives of the func-
tions @ and 1.

As a consequence, it immediately follows that the ful-

2018 J. Math. Phys., Vol. 24, No. 8, August 1983

fillment of (175)~(176) is guaranteed by a finite number of
linear conditions on the functions @ and {, namely the van-
ishing of @(P, ), W(P,) and of all the coefficients appearing in
¥}(z,) regarded as a polynomial in the variables § and F e
(p=1,..r, —r;;j=1,..,n), for every value of
k=1,.,r, —1,i=1,..,n and for o = 0,1. Indeed, these
conditions involve only the constant values of
(t,r Xy X015 ,x(a'{ B 2;...;)'c[,,l ,...,xg,", B 2), and their linearity in
@, disadirect consequence of the linearity of (175), (176)in ¢
and 1.

Clearly, not all of the above conditions are independent:
For instance, following the reasoning of Sec. II(c), it would
be easy to verify that the vanishing of ¥(P,) and of the term
independent of the variables §, F|? in ¥¥(z,) are a conse-
quence of all the other conditions, and therefore this condi-
tion could be omitted. But the point here is that, at any rate,
the number of the conditions obtained above is finite; there-
fore, the argument given in Sec. II{f) shows that the number
of independent symmetry vectors of (163) is also finite, since
it cannot exceed the number of these conditions.

{b) We shall now see that the least upper bound on the
number of independent symmetries of (163) tends to infinity
when either »n or some of the ; tend to infinity. Indeed,

consider the system
x'=0, i=1,.,n (177)

The necessary and sufficient condition in order that
(172) be a symmetry vector of (177) can be expressed as fol-
lows:

rl
¢i | rg - 0,
x =0, k=

Taking into account the structure of ¢, given by Eq.
(79), we observe that (177) admits the particular solutions

d"y,

dr’ 1 —0 k=1,..n

(178)

@ =0, =0. (179)

A particular solution of (179) is the following one, de-
pendent on r, + r, + - + r, arbitrary constants:

¢=0, ¢ =a’+alt+-+ai i’
= 1,...,’1 (180)

From (180) we obtain the following set of ry + 7, + - + 7,
independent symmetry vectors of (177):

i; [i ) t’[—’_a__.

Ix; ax; Ix;

Since the number 7, + r, + - + 7, evidently tends to
infinity when either n or some of the r; tend to infinity, it
follows that the same thing will happen with the least upper
bound on the number of independent symmetries of (163),
since the least upper bound by definition is greater than or
equal to the number of independent symmetries of (177),
which in turn exceeds the number 7, + r, 4 -« + r,, as we
have just shown.

(181)

Vil. FINAL REMARKS

It has been shown that a system of differential equations
of the type (163) can only admit an ordinary local Lie group
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(i.e., a local Lie group with a finite number of essential pa-
rameters) of pointlike symmetries. This result precludes the
possibility that a system of differential equations of this kind
admit a Lie group of symmetries with an infinite number of
parameters (as the formal group of locally invertible trans-
formations of the manifold {(z,x)} = R'* ", forinstance). As
is well known, this result is no longer valid when dynamical
symmetries are considered (see, e.g., the paper by the authors
cited in Ref. 1).

It has also been shown that a system of differential
equations of the kind (70), with > 2, does not admit more
than N (r,n) independent symmetries, where the number
N (r,n) satisfies the following inequalities:

n? 4+ nr+ 3<N (rn)<2n® + nr + 2. (182)

In addition, the system x'" = 0 has exactly n* + nr + 3
independent symmetries: Therefore, it would be nice to show
that, when » > 1, this number cannot be surpassed by the
number of independent symmetries of any system of the kind
(70), or, if this were not the case, to exhibit a system of this
kind having more than n> 4+ nr + 3 independent symme-
tries. Also open is the problem of obtaining computational
algorithms for constructing systems of the kind (70) with any
preassigned number of symmetries s [not exceeding the max-
imum number of independent symmetries allowed to every
equation of the kind (70), for given n and r].

When n = 1, the least upper bound to the number of
independent symmetries of of an equation of the kind (1)
when 7> 2 is given by the number 7 + 4, this number being
equal to the number of independent symmetries of the equa-
tion x” = QO when r> 2.

If r = 2, the least upper bound to the number of inde-
pendent symmetries of (70) is given by n> + 4n + 3, the num-
ber of independent symmetries of the system x = 0. There-
fore, in this case no new feature distinguishes the two cases
n>1and n = 1, since in both cases the maximum number of
symmetries is attained by the system (or equation) X = 0
(¥ =0).

Itis also interesting to notice that the least upper bound
to the number of independent symmetries of a system of the
kind (163) tends to infinity when either # or some of the r,
tend to infinity; this result is not completely unexpected, in
view of the fact that the general solution of {163) depends on
ry + r, + - 4 r, parameters.

Another interesting consequence of the previous results
is that, when # is kept fixed—say = 2, which is the case of
Newtonian mechanics—and a certain group G of transfor-
mations of the manifold {(z,x,,...,x, )} depending on s param-
eters is given, then no equation of the form X = F(¢,x,X) can
possess as many symmetries as Gif s > n> + 4n + 3. But con-
sidering the action of GV, the group of transformations of

N
the manifold R ' *” X -+ X R ' * " induced by G, the possibil-

ity remains open that, for N sufficiently high, the group GV,
which also possesses s essential parameters, is a symmetry
group {of generally nonpointlike transformations) of some
system of the form

X, = F (,X 00X n X e X )

i=1,..,N, N>1 [x;=(x,..Xpn)] (183)
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If this were the case for any G, we could then assert that
any group of pointlike transformations of the manifold
{{£x)} = R'*" could be considered, when extended in the
natural way to systems of more than one Newtonian particle,
as a symmetry group of a system of this kind. The problem
would be, of course, to find the number N appropriate for a
given group G and, more importantly, the functions F; ap-
pearing in (183).

Further work on these open problems is going on and
will appear in forthcoming papers of this series.
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APPENDIX

For completeness reasons, we give here some defini-
tions concerning the projective group and a direct proof
showing that this group is a symmetry group of the system
x=0.

(i) Real (m — 1)-dimensional projective space RP™ ~ ! is
usually defined as the quotient set

RP" ' =(R™ — {0})/~ (Al)
where ~ denotes the following equivalence relation:

¥y~ XSy = X,
(A2)
x,yeR™ — {0}, ceR — {0}.

Therefore, the elements of RP™ ~ ! are straight lines
passing through the origin, with the origin removed. Itis a
standard result'” that RP" ~ ! is a differentiable manifold,
with the differentiable structure induced by the charts (U,
@;) defined by

U, = {[x]eRP™ ' |x, #0},
@ [x]) = (1 /X 50X; /XX 1/ XX /%), (AD)
i=1,..m,

where [x] denotes the equivalence class of xeR™ — {0}.

Geometrically, (x,/X;,....x; _1/X;,1,x; . 1/X; 00X, /X;)
are nothing but the coordinates of the point of R™ defined by
the intersection of the straight line {x] with the hyperplane
x;, =1,

Every linear nonsingular transformation L: R™ —R"™_
canonically induces a so-called projective transformation L:
RP™='>RP" ! as follows:

L([x])=[Lx] V[x]JeRP™ . (A4)

L is well defined, since L is by hypothesis nonsingular
and therefore x6(R™ — {0} )=>Lxg(R™ — {0}).

Geometrically, L ([x]) is nothing but the straight line
(with the origin removed) obtained by transforming the
straight line [x] under L.

Let us see now what is the expression of a projective
transformation in terms of the coordinates of one of the
charts (A3), for instance, the chart (U, ,p,, ). If we denote by
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l;; (i, j = 1,...,m) the matrix elements of L relative to the ca-
nonical basis of R™, then we have

UL U, )=V,, (A3)

where V,, is the open subset of U,, (and hence of RP™ !,
since U, is itself open in RP™ ~ ') defined by

V,. = {[x]eRP™~ " |xall |nU,,, (A6)
IT being the hyperplane of R™ whose equation is

VIE E l.x; =0. (A7)
i=1

If we denote by

u, =x;/x,,, i=1..m-—1, (A8)

the coordinates of [x]eV, relative to the chart (U, ,@,,),
then the coordinates of L ([x])eU,, relative to the same chart
will be given by

pr o LX) L%,
(LX), DS S

E_;"=1 lijuj + 1
S Lty L

my ey

i=1,..,m— 1. (A9)

Note that L depends on m? — 1 essential parameters
since, for any ¢#0, L and cL induce the same projective
transformation L.

From the identities

L\L,=(L\Ly), (L)'= (A10)
it follows that the set of all projective transformations forms
a group, called the projective group: the dimension of the
projective group of RP™ is, according to what has been said
above, equal to (m + 1)2 — 1 = m? + 2m.

(ii) Let us show now that the system of differential equa-
tions

X=0, x=(x;..x,) (A11)

is symmetrical under the local transformations (sufficiently
close to the identity) defined by

n+41

. 2,-:1 lijxj +li,n+2
n+1

2j=1 ln+2,jxj +ln+2,n+2

i
Withx,,+1 = t,

(A12)

where it is understood that the point (x,,...,x,, ,¢ ) belongs to a
certain open subset W of R" *! such that the denominator
appearing in (A12) does not vanish on W.

We can regard (x,,...,X,, ,¢ } as the coordinates relative to
the chart (U, .., ,@, .. » ) of the point [y]eRP** ' defined as
follows:

[Y] = [(xl"“’xn ’tal)]~ (A13)

Similarly, we consider (A 12) as the expression in the
chart (U, , ,,. ) of the projective transformation L in-
duced by the linear transformation L: R" *2—R"*? whose
matrix elements (relative to the canonical basis of R" +2) are
the numbers /;; (i, j = 1,...,n + 2) appearing in (A12).

The general solution of the system (A11) is the follow-
ing:

(A14)

x;(ty=a;t+ b, i=1,.,na;,beER,

2020 J. Math. Phys., Vol. 24, No. 8, August 1983

FIG. 1

which can be regarded as the implicit equation of the straight
line of RP** ! whose parametric equations are

X, =a,A+b, i=1,.,n,A€R. (Al5)

To the “straight line” (A 15) there corresponds the fol-
lowing subset of R"+2:

v =plaA+b), y.., =pi,

x"+1 =/{,

(A16)
Vna2 =p, i=1..,n AeR, ueR — {0}.

Geometrically, (A 16) is obtained from (A 15) as follows:
for each point of the form (a, A + b,,....a, A + b,,,1,1) in the
hyperplane y, , , = 1 of R" * 2, we draw the straight line
joining this point to the origin of R” * ?; the union of all the
straight lines thus obtained with the origin removed is pre-
cisely the subset of R" *? defined by (A 16).

It is not difficult to verify that (A 16) can be alternatively
obtained from the two-dimensional subspace /T, or R" **
defined by

yi=va; +ub;, i=1,..n,

(A17)

Ynr1 =Yy Vuyr2 =M, V’/‘ERy
by simply removing all the points of the straight line rC /1,
given by

yi=mna;,, i=1,.,n,
(A18)
Va1 =1 Yui2=0, 7€eR
(see Fig. 2).

Since L is a linear, nonsingular transformation, it trans-
forms IT, — rinto IT; — r', where IT ; = L (I1,) is a two-di-
mensional subspace of R”*2 and r' = L (r) is a straight line
contained in /T ;. Furthermore, since (A12) can be chosen
arbitrarily close to the identity (whose parameters are given
by I;; = cb,;, for every ceR — {0}), it follows that I7; — r’
intersects the hyperplane y, , , = 1, since this hyperplane
intersects the set I7, — r.

The intersection of /75 — ¢ with the hyperplane
Vn 42 = lisastraight line, whose equation we write in the
form
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FIG. 2.
yvi=a;p+Bi, Voi2=1,
(A19)
=1l,..,n+1, ueR,

where a; and B, are fixed real numbers depending on g; and
b; (j=1,...,n) and on the matrix elements /;;
(hj=1,.,n+2)of L.

It follows that the equations in the chart (U, , 5.9, 2)
of the subset of RP" + ! obtained by applying L to the subset
of RP"+' whose equation—in the same chart—is (A 15) are
the following:

xi=a;u+pB, i=1l.,n+1 (A20)

Since L is arbitrarily close to the identity, and clearly
a, ., = 1 when L is equal to the identity, it follows that

a, , , #0; therefore, we can use the (# + 1)th equation of
{A20) to solve for u as a function of ¢ ':
p=(t" =By V. (A21)

Substituting back into (A20), we see that (A20) is equivalent
to the following set of equations:

x{=A;t'+B,;,, i=1,.,n, (A22)
where
) —_
Ai= a,; , B,'= an+lﬁt iFn+1 . (A23)
a,. a, 1

Since we have shown that by applying (A12) to an arbi-
trary solution (A 14) of (A 11) we obtain another solution of
(A11), given by (A22), it follows that (A12) is a symmetry of
the system (A11), as we had claimed.

ADDENDUM

We shall show here that the function R (z,4 ) defined by
(8)isa C* function.
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Indeed, we have
(t—1t)R(tA)

(r (r—1 3
wf¢uMUs) ds 0

by Cauchy s integral form for the remainder of the Taylor

expansion of ¢ (t,4 ) around ¢ = ¢, (for fixed 4 )."*
Performing the change of variable,

s=ty+ult —1t,), ue0,1], (i1)

we immediately obtain

[[6rian—s-ras

=(t—t) L S (to+ ult — to) A N1 — u) ~'du. (iii)

Comparing (i) with (iii), we get

r _
1yf¢ (to -+ ult — 1)1
(1 —u) ~'du, (iv)

which is clearly of class C* in the variables (¢,4 ) provided
that ¢ (2,4 ) is of class C" + %,

Since by hypothesis ¢ (#,4 ) is of class C* , it follows that
R (¢,4) is also of class C>, as claimed.
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