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a b s t r a c t

In this work we introduce a general model to analyse any type of propagation system, whether it
represents the spread of a fire, fake news, a virus, etc. We study the computational complexity of the
problem of minimising the impact of a propagation by cutting some of the connections it can spread
through. Even limiting the scope of our cutting strategy to be short-term, we show that the problem
is ΣP

2 -complete, that is, it is one level above NP-complete in the complexity hierarchy. Intuitively,
in ΣP

2 -complete problems a hard search for the value fulfilling some property is tackled, but just
evaluating that property for each candidate value requires performing another hard, independent
search. This complexity suggests that a good method to deal with the problem under consideration is
a two-level genetic algorithm, that is, a genetic algorithm that uses another genetic algorithm as fitness
function: the former algorithm searches for good candidates for solving the target optimisation, and
for each candidate within its population, its fitness is calculated by running the latter algorithm. We
apply this implementation to two case studies, compare its results with those of greedy and minimax
algorithms, and report experimental results. Our results indicate that bi-level genetic algorithms are
good candidates to deal with ΣP

2 -complete problems.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Propagations, understood as phenomenons where a property
teratively expands to nearby locations, constitute a fundamental
art of human existence. Let us consider, in particular, propa-
ations where some harm expands through a geographical area,
uch as fires, fake news, plagues, and infectious diseases. A usual
ethod to contain a propagation during the first moments af-

er its outbreak, sometimes being actually the only one avail-
ble, consists in isolating the propagation by disabling some of
he connections it can use to expand to neighbour areas. Fire-
alls, system disconnections, travel restrictions, and lockdowns
re examples of this selective elimination of connections.
These examples reflect the importance of studying propa-

ations to understand their nature and, more importantly, ac-
ively combat them. Despite their differences, their common basic
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mechanics enables the definition of abstract models accurately
capturing their behaviour. Indeed, propagations have been typ-
ically studied and modelled from a statistical mechanics point
of view (see e.g. [1–4]). Alternatively, in this paper we propose
seeing these systems as interactive games where some authority
makes decisions (in particular, it cuts some connections), and
the propagation reacts to these decisions by spreading through
the connections being still present. Thus, rather than predicting
the behaviour of these systems on average, or designing a priori
general strategies against the propagation regardless of the spe-
cific scenario (e.g. ‘‘always disconnect the computers with higher
connectivity’’, ‘‘always lock down big cities’’, etc.), we will study
how to iteratively interact with the propagation so that the harm
it can produce in the worst case is minimised.

We will define our common propagation model and will inves-
tigate the problem of finding an immediate strategy guaranteeing
hat the damage unleashed by the propagation’s reaction will
e under a given threshold. By immediate we mean a strategy
esigned for the short term, that is, one that does not aspire
o consider the possible effect of advances in the spread over
ultiple actions in the future. As we will see, the computational
omplexity of the resulting problem will be so high that even
ealing with this immediate case will be challenging by itself. In
articular, due to the big number of choices under consideration
rticle under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-
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ven in simple settings, exploring the explosive number of possi-
le choices and reactions up to some moderately far future (e.g. in
he style of a minimax algorithm), will be unfeasible in general,
o only some form of immediate decision making is practical.
e will formalise this propagation mitigating problem, identify

ts computation complexity, and offer an implementation that
euristically solves this problem.
Before trying to solve any problem expected to reach some

igh hardness, it is convenient to determine its computational
omplexity as narrowly as possible, so that the techniques used
n its resolution are consistent with the difficulty of the problem.
or instance, Genetic [5–7] and Swarm Intelligence Algorithms
8–11] are known to be good options to deal with NP-complete
problems, as it is shown for instance in [12–18]. However, if
the problem under consideration is PSPACE-complete, then we
have to use other techniques such as minimax with alpha-beta
pruning [19,20]. Consequently, right after defining our problem,
we identify its complexity, and in particular we prove that it is
ΣP

2 -complete. Thus, even without considering the long-term ef-
fects of our strategies to combat spreads, the problem is complete
in the second level of the Polynomial Hierarchy (PH), which puts
it one level over NP-complete problems (see e.g. [21,22]).1 In-
formally, solving an ΣP

2 -complete problem requires performing
a hard search for the value fulfilling some property -and evalu-
ating that property for each candidate value requires performing
another hard search which is independent from the other.

This computational complexity implies that classical heuristic
optimisation techniques are not feasible to solve the problem. For
instance, using a single-level, standard genetic algorithm is not
feasible either; let us see what we mean by single-level here.
Note that facing NP-complete problems requires performing
some difficult optimisation search, whereas facing ΣP

2 -complete
problems requires performing a kind of double-level search: we
perform a difficult search for a good value in a setting where just
evaluating how good a value is requires performing another diffi-
cult search. In our implementation, we will handle this two-level
search by using a two-level genetic algorithm: we run a genetic
algorithm where the fitness function will be evaluated, for each
candidate solution, by running another genetic algorithm. Hence,
according to this scheme, the higher-level genetic algorithm will
use (i.e. invoke) the lower-level one.2 We present a solution to
our problem based on this two-level genetic algorithm, and we
prove its practical utility by applying it to different case studies
and comparing its performance with that reached by greedy and
minimax algorithms. The results obtained are satisfactory, which
suggests the applicability of two-level genetic algorithms like the
one presented here to other ΣP

2 -complete problems in general.

1 The decision problems in NP can be stated as, given input x, finding out
hether there exists y with polynomial size w.r.t. x such that some polynomial-

time property P on x and y holds. On the other hand, problems in ΣP
2 are those

stated as, given input x, finding out if there exists y of polynomial size such
that, for all z of polynomial size, some polynomial-time property P on x, y, and
z holds.
2 Recall the roles of terms y and z in the previous footnote. When facing an

NP-complete problem, a genetic algorithm searches for solutions y for x. When
facing a ΣP

2 -complete problem, our two-level genetic algorithm will search for
solutions y for x, where the fitness of each solution y will be computed by
searching for second-level solutions z for x and y. We illustrate this idea with
an informal example: suppose we wish to find the most robust way y to defend
a castle x. A genetic algorithm explores possible castle defences y. Each of them
is assigned a fitness value in terms of the worst-case attack z this defence y
would not be able to properly contain (e.g. a wooden fence could be set on fire,
and the fire could propagate to nearby houses). In order to approximately guess
those worst-case attacks, another genetic algorithm is run for each candidate
defence y under consideration, which seeks for the worst attack z this defence
could suffer. Hence, this (lower-level) genetic algorithm is run every time the
other genetic algorithm (the higher-level one) needs to calculate the fitness of
any of its individuals.
2

The rest of the paper is structured as follows. In the next sec-
tion we review related work. Then, in Section 3 we introduce the
formal description of the propagation problem, and we sketch the
main ideas needed to prove that the problem is ΣP

2 -complete
(the complete proof can be seen in Appendix A). Next, in Section 4
we present our two-level genetic algorithm and its application to
two concrete case studies. Finally, in Section 5 we present our
conclusions and lines for future work.

It is worth noting that the paper has two parts that are
partially independent. On the one hand, Appendix A is devoted to
the theoretical complexity analysis. On the other hand, Section 4
deals with the practical solution of the problem. Although the first
part is relevant to justify the practical resolution method used
in the second part, practitioners can skip the details of the proof
without missing important information to understand the rest of
the paper.

2. Related work

As it was commented in the introduction, propagations have
been typically studied and modelled from a statistical mechanics
point of view. For instance, in [1] hierarchical cluster analy-
sis is used in order to study the main characteristics of the
largest forest fires taking place in Greece. After using the Ward
method [23] to define the clusters, a discriminant analysis is used
on these clusters to create canonical components. Analogously,
in [3] the authors use Prioritised Coloured Petri Nets to analyse
the evolution of unhealthy conditions in the context of the sick
building syndrome. Stochastic initial markings are used, and then
a stochastic quantitative analysis of the results is performed.

Another typical case study of propagations is the spread of dis-
eases. In this context, simulations based on stochastic models are
frequently encountered. For example, in [2] a two-dimensional
square lattice on which individuals are housed is considered, as
well as a set of probabilistic rules for an individual to become
infected or die, as well as to move to other locations. From
this, a large number of simulation runs are used to calculate the
most feasible scenarios. A similar approach is used in [4], where
the authors also use a similar two-dimensional square lattice.
The difference is that now the authors analyse the influence of
mobility. That is, they conduct different simulations analysing the
expansion of diseases depending on the mobility radius allowed
to each agent. Moreover, they also simulate different vaccination
strategies when the number of available vaccines is limited.

Let us remark that, in our problem, we search for good choices
in the immediate term, based on a two-step approach: the ap-
peaser breaks connections, and next the propagation tries to
create the highest damage through existing connections. If we
ignore this two-step approach and focus only on the second step
(i.e. we assume that the appeaser decision was already made, and
only the propagation reaction must be calculated), then probably
the closest problems are those defined as transportation prob-
lems (see e.g. [24,25]). In these problems, a set of providers must
serve some amount of supply to a set of consumers. Providers
serve some known amounts of supply each, and consumers must
receive some known amounts each as well. Each provider is
connected to one or more consumers, and the problem is deciding
how providers should split their supply among its consumers
in such a way that all consumers are fully served from their
suppliers. Usually, it is assumed that the addition of supply of
all suppliers matches exactly the demand of the consumers, and
under this restriction the problem is polynomial (although it
becomes NP-complete if some constraints are added). Note that,
in our setting, the difficulty of the propagation lies in choosing
which nodes should be infected to maximise the damage. Hence,
that perfect match between total demand and total supply can-
not be assumed in our case, and in particular this makes the
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‘secondary optimisation’’ of the ΣP
2 -complete problem hard by

tself.
If we focus on the algorithmic complexity of our problem

ather than on the problem itself, we can find other ΣP
2 -complete

roblems that have been treated in the literature. However, due
o their complexity, there are very few cases in which solutions
ave been presented for them. We may highlight the work pre-
ented in [26], where a competitive facility location problem is
onsidered: a company wants to maximise its market share after
i) it places some facilities in some area and (ii) immediately
fterwards, a follower company enters the same market by plac-
ng its own facilities (it is assumed that customers choose their
earest facility). Thus, the first company has to solve an optimi-
ation problem where the evaluation of each alternative requires
olving another optimisation problem for the second company.
genetic algorithm with tabu search is used for the upper-level
ptimisation. For the lower-level, a combination of upper and
ower bounds of the (unknown) optimal value is used, where
hese bounds are obtained by executing a greedy algorithm and a
inear programming relaxation with different accuracy targets. In
ontrast, we stick to metaheuristics in both optimisation levels in
ur propagation problem, and to the best of our knowledge, this is
he first time a genetic algorithm using another genetic algorithm
or calculating its fitness function is used to solve a problem
roved to be ΣP

2 -complete. Of course, other configurations of
ethods for both levels of optimisations could be applied to our
roblem, and we consider exploring them in our future work.

. Definition

In this section we will define the problem in question, of which
e will later study and prove its difficulty, directly affected by the
epresentation we will choose now. Thus, in this section, we will
ee the complexity established for the definition of our problem
nd some generalisations that preserve it.
We will consider a very simple representation, based on the

act that the propagation will start at some nodes of the graph
nd will continue to propagate depending on some propagation
arameters (positive integers), while an appeaser (the authority)
ill try to stop it at all costs, obstructing its progress through
he graph by cutting a certain number of edges of it. The sim-
licity of our definition of the problem and the impossibility of
epresenting all the variables that influence the progress of the
ropagations will prevent us from representing what happens in
eal life in certain situations, such as the fact that the propaga-
ions do not always have the same intensity. The importance of
implifying the representation of the problem lies in the fact that
emonstrating the difficulty (in particular, complexity hardness)
f simpler problems is much more interesting since any general-
sation of a problem always has at least the same difficulty as the
articular problem. We begin by defining the concepts that will
ay the foundations of our problem.

efinition 1. A propagation graph is an undirected graph G =

V , E), where each node vi ∈ V is a tern vi = (i, ai, bi) where i
epresents the node identifier, ai represents the pressure required
or the node to be reached, and bi is the propagation pressure
apacity that vi possesses to be able to reach other nodes. Note
hat, in this way, ai, bi ∈ Z+

∪ {0} and two nodes may have the
ame values for a and b, being univocally differentiated by their
dentifier. To facilitate the notation from now on, we will omit the
dentifier from the tuple because, in our case, we are particularly
nterested in the charges (i.e. pressures) that will generate the
ropagation. We will call the propagation set to the set P ⊆ V
f nodes of the graph that have been reached by the propagation
infected) and it is clear that P are the nodes that have not yet
been reached by it (uninfected).
3

Fig. 1. Example of different ways of propagation.

Note that, in our propagation graph definition, we allow the
existence of multi-edges, which will be useful later on and will
help us to represent specific cases such as, for example, different
roads connecting two cities. Now, let us introduce the formal
definition of propagation within a graph. Next, we assume that
Adj(p) denotes the set of nodes adjacent to node p in the graph.

Definition 2. We say that the set of nodes R ⊆ V can be infected
from the set of nodes P ⊆ V in a propagation step when each
node pi ∈ P can divide its propagation capacity bi into ri parts
bji ∈ Q+

∪ {0} that represent the part of its capacity pi that goes
into qj ∈ R if pi and qj are adjacent, satisfying:

∀qj ∈ R,
∑

pi∈P∩Adj(qj)

bji ≥ aj,

and also

∀pi ∈ P,

ri∑
j=1

bji ≤ bi.

We will assume that bji will be 0 as long as pi and qj are not
adjacent or the load of pi is not needed to reach qj (since there
are already other nodes belonging to P that are able to infect it
by themselves).

Those free (i.e. uninfected) nodes that are directly connected
to the nodes belonging to the propagation are said to belong to
the war zone, where the action will take place. We present below
an example in Fig. 1, where the propagation tries to advance to
other nodes that have not yet been reached. In red we present the
nodes that already belong to P; the nodes with the dashed outline
are the ones that are going to be reached by the propagation in
this turn, and the rest are the ones that are still safe.

Situation A in the graph in Fig. 1 is a standard scenario, where
propagation proceeds from node (1, 5) to node (4, 8) because the
former has a propagation capacity greater than the resistance
of the latter. In scenario B, however, nodes (3, 8) and (2, 3) are
not able to infect node (10, 12) separately, and must join forces
to achieve their goal, adding their infective loads to overcome
the pressure needed to reach the target. Finally, in situation C
we observe that the propagation is not able to reach node (5, 7)
because it only has node (8, 3) to attack and its charge is not
enough to neutralise the resistance of node (8, 3).

Having thoroughly understood the role of propagation within
the network and the problems it can generate, we now present
the role of the appeaser. Its objective will be to attempt to reduce
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Fig. 2. Example of how the appeaser works.

the propagation’s spread and, consequently, its damage by elim-
inating edges of A from the propagation graph hoping to be able
to isolate it and save as many nodes as possible from its reach.
Let us now look at an example of how the appeaser works with
the help of Fig. 2.

Thus, we present in Fig. 2 the best case for the action of the
appeaser, which cuts the edges A and B so that the vertices of the
propagation are not able to propagate to any of their neighbour-
ing nodes. We can intuit that, by performing this optimal action,
we will be able to slow down the progress of the propagation in
this area, minimising the damage caused by the propagation. This
will not always be true, because on other occasions, even if the
appeaser plays its best cards, it will be doomed to lose.

We are now ready to define our propagation game, where the
appeaser will try to ensure that the propagation does as minor
damage as possible.

The propagation game, which we denote as PG, is defined as
follows. Let G = (V , E) be a propagation graph and suppose
that l and k are input parameters of the game. Consider that the
propagation and the appeaser play the next game in turns.

The initial configuration of the game c0 satisfies the condition
P| = p0, where p0 represents the number of nodes where
propagation initially starts. Such nodes are all those where their
information is (0, bj), that is, they do not need any external
pressure to be infected.

Players will alternately take turns to execute a change in the
propagation graph. The appeaser will start and in each of its turns
will remove a maximum of k edges from the set A to prevent the
propagation from continuing through the graph. Thus, the set of
edges A will be modified over the turns so that the number of
edges decreases as the turns pass, hindering the progress of the
propagation.

On the other hand, in each of the turns of the propagation, it
will advance from the infected nodes to other nodes that, at the
beginning of the turn, had not yet been reached, that is, those
that do not belong to P . The propagation has no limit to the
number of nodes it can advance to, as long as these propagations
are valid according to Definition 2. Note that the bi value of
each of the nodes can only be used to propagate once per turn,
although it can be split over several nodes not yet infected. After
the propagation turn, the new nodes reached by the propagation
would be added to the set P of nodes reached.

Definition 3. Let G be a propagation graph and P be the set of
nodes reached by the propagation. We will denote an instance

or configuration of the game at a turn i ∈ N by the tern (Gi, Pi, i),

4

where Gi and Pi denote the state of the graph and the propagation
set at turn i.

For this purpose, let ci and ci+1 be two consecutive game
configurations. We say that a move z brings the game from ci to
ci+1 if, in case the turn is possessed by the propagation (i.e., i is
odd), the propagation advances according to Definition 2, and in
case the turn is possessed by the appeaser (i even), certain edges
are cut, modifying in each case the game configuration as we have
explained above.

When we deal with the propagation game turn by turn, we
cannot foresee in advance a sequence of configurations that the
game will go through. In each turn, the appeaser is free to
choose some moves that will condition how the propagation will
progress in the next turn, and this will again condition the ap-
peaser’s next moves, etc. This exchange of turns and movements
between players will eventually lead to a situation in which
one of them will finish the game, either by infecting all nodes
(propagation) or by blocking further propagation (appeaser). Our
goal in the decision problem might then be to decide whether or
not it is possible to guarantee the appeaser’s victory, in the sense
that the appeaser is able to slow down the spread so that it is not
able to reach an infection of l units. As it can be expected, when
we consider the optimisation problem, we will try to minimise
the total infection that the propagation can obtain at the end of
the game. In order to do that, we will try to make the best possible
decision in each appeaser’s turn.

We can define the tree of possible game events from some
configuration on, or just game tree (see Fig. 3), as a tree where
each node represents a configuration of the game (the root de-
notes the current configuration), each edge connects each config-
uration to each possible next configuration according to the game
rules, and the verdicts about the total infection the propagation
has achieved in each case are taken at the leaves of the tree.
Moreover, we can also define a possible combination of decisions
of one player for each possible foreseeable future by taking only
a portion of that tree from its root. An example of such a portion
is also depicted in Fig. 3, where we can see it by considering only
those nodes and edges with darker stroke. Assuming that now it
is the turn of that player, we can see that only one edge leaving
the root is taken, representing the current move chosen by the
player. This edge leads to another node where the opponent
player moves. In this node, the opponent can make any move
allowed by the game, so all edges of the original game tree leaving
this node are taken. For each of the nodes reached by these edges,
our player moves next again, so a single edge going down is taken
from each, denoting the move actually chosen by our player in
each of these possible future situations. We can go on in the same
way: for each taken node representing a configuration where it
is that player’s turn (i.e. the depth is odd), there is a single edge
representing the choice the player has decided to make in that
possible future situation; and for the node this edge reaches, all
edges leaving this node in the original game tree are taken, as all
possible moves open up for the opponent. The resulting subset
of the original tree defines a possible strategy for the player, as it
denotes a possible way in which the player could play the future
game turns depending on the corresponding choices made by the
opponent player. Each sequence of the edges from the root to
the leaves in a game tree (or in a strategy) represents a possible
sequence of future decisions taken by both players, where each
new level of possible moves depends directly on the previous
level produced by the other player’s decision.

We will consider that a short-term strategy for the appeaser
is a strategy that only goes through a certain fixed depth of a
strategy tree. In our case, this depth will always be two, allowing
the appeaser to consider the possible moves of its opponent
depending on the decision it makes in its own previous turn (see
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Fig. 3. Game tree and strategy examples.

Fig. 4. Short-term strategy example.

Fig. 4). But how can we be sure that a certain move could be
successful or not for the appeaser?

The moment the appeaser makes its decision and cuts the cor-
responding k edges, it will be the turn of the propagation, which
will advance towards those nodes whose coverage is possible in
terms of Definition 2. Consequently, the optimal short-term strat-
gy for the appeaser will be the one that manages to minimise
he damage produced by the propagation next, which we will
easure as a function of the sum of the propagation capacities
of the nodes reached by the propagation. Thus, we will be

nterested in those short-term strategies guaranteeing that the
otal propagation damage will be below a limit l given as a game
nstance parameter.

efinition 4. The search for a short-term strategy, denoted by
STS, is the following problem: given a configuration ci =

Gi, Pi, i) (not necessarily initial) of the propagation game, where
urn i corresponds to the appeaser, with game parameters l, k ∈

N, is there a short-term strategy for the appeaser such that, for
any move, it makes after the propagation, the sum of the load
capacities of the new nodes it has infected in the configuration
ci+2 = (Gi+2, Pi+2, i + 2) is less than l, i.e., that

∑
vi∈Pi+2\Pi

bi < l?
Once the decision problem is known, it is trivial to define

the propagation optimisation problem, where we are interested
in finding the short-term optimal strategy, which we denote as
SOSTS. Given the same input data as before except l, the SOSTS
consists of finding a short-term strategy that minimises the sum
of the load capacities of the nodes reached by the propagation in
its next turn.

Next, we will introduce the complexity of SSTS:

Theorem 1. SSTS ∈ ΣP
2 -complete.

The proof of this result (see Appendix A for the complete
proof), includes in its first lines, a straightforward method to
5

prove that the problem belongs to ΣP
2 . Then, when it comes

to proving ΣP
2 -hardness, we will construct a polynomial re-

duction from the well-known QSAT2 problem [27]. This prob-
lem consists of, given an expression ∃ x1, . . . , xn ∀ y1, . . . , ym ϕ

where ϕ is a propositional formula denoted in DNF (Disjunctive
Normal Form) depending only on the propositional variables
x1, . . . , xn, y1, . . . , ym, check whether the expression holds. Given
this instance of QSAT2, we will create an instance of SSTS from
it, such that there exists an x′ that makes it impossible for the
formula ϕ′ to be satisfied for all y′ if and only if in the instance of
SSTS the propagation fails to reach the proposed total load limit l
after the appeaser cuts k edges in a certain way. The propagation
will succeed in reaching that bound if and only if the appeaser
fails to find a set of edges to cut that prevent the propagation
from advancing to that value.

To show how easily we can generalise our problem to rep-
resent more complex scenarios, we will briefly introduce some
examples of these extensions. On the one hand, we could set the
graph to be a weighted graph, in which each edge has a weight
associated with it and, therefore, the appeaser has a maximum
weight to eradicate at each turn. Actually, it is common when we
talk about fire spread in a forest fire that there is greater difficulty
in building firebreaks in some areas than in others. We can be
sure that the hardness of the problems resulting from adding such
modifications to our problem would remain at least the same
(ΣP

2 –hard). This hardness is trivially inherited from the original
problem since they generalise it.

4. Implementation

In this section we will present our algorithm used to deal with
the SOSTS problem: a double-level genetic algorithm, with which
we intend to find out, given a configuration of the propagation
game, what is the first step that the appeaser should take to try
to minimise the damage that the propagation can do in its next
move.

Without further ado, let us examine the direct application of
genetic algorithms to our problem where, on the one hand, we
will use a genetic algorithm to study which is the best movement
for the appeaser, and for each of them, we will use another
genetic algorithm that will find the best one for propagation, the
result of the first one will depend entirely on the second one.
Although we could consider using diploid genetic algorithms (see
e.g. [28,29]) to increase the diversity of the population, we have
decided not to use them: due to the high computational cost we
face, the extra cost due to the use of diploid genetic algorithms
would worsen our exploration capability.

Let us first look at those common functions that in both will
define the Selection and Crossover processes, as they do not
depend directly on the chosen problem instance. For the Selection
process, we will use Tournament Selection. The core idea is to se-
lect based on direct comparisons between individuals. Subgroups
of size 2 (pairs) of individuals are chosen from the population. The
members of each pair compete with each other and the best one
is chosen, using the fitness function, to be crossed. This method
has certain elitism as the best individual of each pair is always
chosen, however, not necessarily the best in the population will
be selected to compete. The total number of pairs will be chosen
based on other parameters (in particular, the number of genes
and the crossing probability) for each instance. For the Crossover
process, we will use the One-Point Crossover technique.

We now move on to develop the functionality of the methods
that compose the genetic algorithm for the appeaser. In this case,
a chromosome will reflect those edges chosen to be removed,
the size of the chromosome thus being equal to the k parameter
of our propagation set. Regarding the size of this population, it
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Fig. 5. Implementation idea.

ill depend on the specific instance and its difficulty, increasing
t in those cases where it is necessary to guarantee more va-
iety within the same population. The generation of our initial
opulation for the appeaser will be as follows: we first calculate
hose edges whose cut can influence the next movement of the
ropagation and, for each chromosome of the population to be
enerated, among these edges we randomly choose the k edges
hat will constitute the chromosome, avoiding repetitions within
t.

Once the selection and the crossover have been carried out as
e have explained above, it is the turn to mutate the individuals
f the population resulting from the crossover. The mutation pro-
ess for the chromosomes related to the appeaser is responsible for
andomly choosing a gene from each individual in the population
o mutate and, with a certain probability, to mutate it or not. This
utation consists of its substitution, in this case, by another edge
f those that can be cut, checking again that the chosen edge does
ot already belong to the chromosome.
The last relevant process within the implementation of the

enetic algorithm for the appeaser is the fitness function which
ill be the key to linking the two genetic algorithms. This fitness

unction is responsible for giving, to each chromosome, a value
hat represents its fitness according to the goal of the appeaser.
o this end, we will use another genetic algorithm that will focus
n finding the optimal movement for the propagation and whose
mplementation we will see later. Thus, given a chromosome
rom the population of the appeaser algorithm, we perform the
uts in the game graph, eliminating the selected edges in the
hromosome. Then, we generate the instance of the propagation
et with that graph and run the genetic algorithm for propagation,
hich will return the optimal movement for propagation from
hat instance and its heuristic value. That value will be the one
e associate with the chromosome belonging to the population
f the appeaser. The general idea of how both algorithms connect
ith each other is shown in Fig. 5.
Now let us take a closer look at how each step of the genetic

ropagation algorithm works.
This algorithm is designed to find the best movement for

he propagation so each chromosome will reflect all the existing
odes in the propagation graph. Each gene in the chromosome
ill be defined by 1 or 0, representing respectively whether
ropagation will try to move towards it or not. The size then of an
ndividual will be |V | and, again, the number of individuals within
he population will be a parameter to be set on a per instance
asis. The initial population for the propagation will be generated
n a similar way as it was done for the case of the appeaser. In this
ense, once we have calculated the nodes that the propagation
6

can reach, we will randomly choose how many we want it to try
to reach and, subsequently, we will randomly choose that number
of nodes among the available ones, setting its gene to 1.

After generating the initial population for the propagation, we
carry out the selection and crossover processes and, with the
resulting population, we carry out the mutation. When it comes
to the mutation of each of its chromosomes, it will be made by
modifying one of its genes. First, a gene of the chromosome is
randomly chosen to mutate and, with a certain probability, it
is mutated or not by choosing one of the nodes that can reach
propagation and adding one to its gene (applying mod2 to ensure
that the value is between 0 and 1). It should be noted that if the
node chosen is already present in the chromosome (its gene has
the value 1), it will be removed from the chromosome and no
longer tries to reach it from the propagation.

Finally, the fitness function for the propagation will be in
charge of, first, checking that the propagation represented by the
chromosome is a feasible propagation and, in addition, assigning
to the chromosome a heuristic value representing its fitness. To
check the feasibility, we will construct a linear programming
problem. The objective of such a problem is to find out if the
propagation has a way to distribute the infective loads of its
nodes in such a way that, in its turn, it manages to colonise
exactly the considered combination of target nodes. Note that
we are only interested in knowing if there is a way to reach
such a combination. The linear propagation problem considers
the objective function and two types of constraints. Let then be
a certain subset of nodes (fr) that belong to the war zone and
are reachable from any of the nodes belonging to the propa-
gation, that is, there exists some valid propagation in terms of
Definition 2 for that node; for each of these, let ady be its list of
adjacent nodes belonging to the propagation, and let pr ⊆ P be
he total set of nodes belonging to the propagation involved in
his particular propagation (which will be all nodes in P that are
djacent to some node in fr).
We build the linear programming problem as follows

min
∑
i,j

xi,j

sa ∀j ∈ fr
∑

i∈ady(j)

xi,j ≥ aj,

∀i ∈ pr
∑
j∈pr(i)

xi,j ≤ bi,

∀i ∈ P, j ∈ fr xi,j ≥ 0,

where the variables xi,j will represent the loading dose sent by
the node belonging to the propagation i ∈ ady(j) to the node
belonging to the war zone j ∈ fr . It should be noted that the first
type of constraint represents the sum of loads necessary to be
able to reach a node j ∈ fr and, therefore, it is necessary to sum
all possible loads of those nodes adjacent to j ∈ fr that belong to
the propagation, and this sum must be greater than or equal to
the resistance aj of node j. Of this type, there are l constraints,
with l being the total number of nodes that are in danger, i.e., the
cardinal of fr. On the other hand, the second type of constraint
focuses on the limits that each of the nodes belonging to the
propagation (i ∈ pr(j)) that are related to the nodes of fr have to
emit load and advance to these. For this reason, these restrictions
consist of the sum of the doses of charge emitted by each node,
which will always have to be less than or equal to the maximum
available to bi.

Actually, we are not very interested in the objective function
and its result after solving the problem, but simply in whether
the problem has a feasible solution or not, that is, whether the
propagation between these nodes is possible or not. Even so, we
opted for a minimisation problem for the simple intuitive reason
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f using the smallest possible number of loads, which is what
ould naturally occur in a real direct application and, for the
ame reason, the objective function is the sum of all the doses.
Once the feasibility of the propagation represented by a chro-

osome has been verified, we must give it the corresponding
itness value. If the propagation is not feasible, that value will be
because we are not at all interested in this chromosome and

he main objective of the propagation is to maximise its fitness
unction. On the contrary, if the propagation is feasible, its fitness
alue will be the sum of the propagation loads of those nodes that
t has managed to reach, as we have seen throughout this paper.

To summarise, we have a genetic algorithm that looks for the
ptimal short-term strategy for the appeaser, basing its decisions
n another genetic algorithm that looks for the best movement
or the propagation. Therefore, it is of vital importance to find
he ideal configuration for each of them, especially those decisive
arameters that can make the performance of both algorithms
ptimal or not, trying to avoid at all costs premature conver-
ences that could return local minima instead of global minima.
hese parameters are the number of individuals per generation,
he number of generations, the crossover and mutation probabil-
ties and the number of individuals selected in the selection by
ournament, which we will have to set according to the peculiar-
ties of each instance. It is vital to find the appropriate parameters
or each of the genetic algorithms (they can be different from
ach other) because, since both genetic algorithms are linked,
solution will be optimal if and only if the optimal solution is

ound in both of them. As we will see later, it may happen that,
f one of the two parts (appeaser or propagation) does not find
he optimal solution, data may appear distorted by suboptimal
olutions, which will sometimes make the results confusing.
The probability of mutation, crossover, and the number of

ndividuals are decisive factors that directly influence the bio-
iversity of our population over generations. Therefore, small
hanges can cause the convergence of our algorithm to be an-
icipated or delayed. For this study, we have fixed the number
f individuals in the population in order to examine how the
ariation of the other parameters affects a population of invari-
ble quantity. For the crossover probability, the range of possible
alues studied varies from 0.9 to 0.5, while for the mutation
robability, the values will vary between 0.9 and 0.05. After
esting our algorithm with the possible combinations between
hese values we reach certain conclusions.

The variation of mutation probability values has two key as-
ects. Our experiments indicate that there is not a statistically
elevant difference when we work with probabilities varying
rom 0.1 to 0.15. The results obtained are basically the same, and
he convergence time varies less than 2%. In fact, mutation prob-
bilities up to 0.2 obtain analogous results, but with convergence
ime increasing around 10%. However, when we consider larger
utation probabilities the results worsen. Especially, if we take

his parameter to the limit, choosing values like 0.9, the results
re much worse and the convergence time increases by an order
f magnitude, the reason being that the algorithm is nearly a
andom search. Values over 0.3 have this clear effect. However,
hen we consider low values, i.e. 0.05, biodiversity and therefore
onvergence to the optimal solution are impaired.
The variation in the crossover probability is to some extent not

s decisive as the mutation probability because the results, once
he latter is fixed, are quite stable both in time and convergence
or values within the range 0.9–0.6, being slightly (about 1%) bet-
er with 0.8 when mutation probability is 0.15. Let us remark that
his study of the configuration of parameters is consistent with
revious studies. In particular, the conclusions are essentially the
ame as those described in [30].
In conclusion, mutation and crossover probability are very

omplementary parameters that help us to stabilise biodiversity
7

within the population over generations. For this reason, once
we have found a tandem of values that balances good time
performance and convergence to the optimal solution, it is time to
increase the number of individuals in the population to increase
the biodiversity of our sample.

4.1. Running examples

Having understood how our algorithm works, we analyse its
performance with some examples. To do this, we will look at the
key aspects that will tell us how good its performance has been
when we try to find the best short-term strategy for the appeaser,
setting some of the parameters to focus on those that will really
make the difference. On the one hand, we will set, as we have
indicated above, the number of selected candidates for the Se-
lection process up to two. On the other hand, we are going to set
now the crossover and mutation probabilities. By the law of large
numbers, if in each run we are dealing with thousands of individ-
uals (and therefore thousands of possible probabilistic events, in
principle independent), then we can expect a normal distribution
in the probability of mutation and crossover. Therefore, some
predictability can be expected in the values that the probability of
both events can take. Thus, we could define our model using the
mean of that normal or, for example, the mean plus the standard
deviation of both values. We came to the conclusion that values
that work in most cases and still represent this biological concept
could be Pcrossing = 0.8 and Pmuting = 0.15. Finally, we will set
the number of individuals in each generation to 20 and in each
instance, we will vary the number of generations for both the
appeaser genetic algorithm and propagation, which will allow us
to study the performance of the algorithms as a function of the
number of total individuals generated. Since genetic algorithms
have, as we have seen throughout this section, a large proba-
bilistic component, it is usual that they do not always obtain
the same results. For this reason, we will run each instance a
certain number of times (in the following examples we run 50
times) and we will study the mean and standard deviation of
the solutions, the percentage of successes of the optimal solution
and the minimum and maximum fitness value of the solutions
obtained by the algorithm.

Recreating real cases will help us determine the difficulties
and challenges we actually face, for example, related to the large
number of possible moves available to each player or how varying
the parameters of the algorithm can worsen or improve the per-
formance of our algorithm. It should be noted that although the
concept of propagation can be directly related to forces of nature
such as plagues or fires, it can have a wide variety of applications
in other environments, such as preventing the spread of fake
news or the leakage of sensitive information on the Internet and
social networks, or an enemy army reaching the city’s castle and
managing to dethrone the king or malware completely deleting
important information in a system. However, we will apply our
algorithm, firstly, to a fire and, later, to a case study of notable
importance at present, the COVID-19 pandemic in our country,
Spain.

For our first example, we set an easy scene in a forest where
a fire will start at a single point, as it is an accidental fire. In this
way, the spread will start in a tree located at one point and may
spread to all the trees around it, and the fire extinguisher will
represent the efforts made by the firemen to stop the advance of
the fire. Each tree has a different (A, B), so we may be dealing with
different species within the same forest, which would make their
humidity or combustibility vary. As the fire can spread to any tree
around the burnt tree, the genetic algorithm of the fire suppressor
will be forced to find the optimal movement within the different
possible combinations, otherwise, the whole forest would be in
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Fig. 6. Fire Example.

Table 1
Performance of the fire example.
Appeaser
generations

Propagation
generations

% Success Average Minimum Maximum

50 50 70% 244.03 230 310
100 74% 241.45 230 290

100 50 74% 240.25 230 310
100 80% 239.91 230 280

200
50 86% 236.82 190 280

100 88% 236.21 230 270
200 90% 235.76 230 280

danger, as the combustibility of the other trees could be very high.
In Fig. 6, we can see a representation of this problem.

In Table 1, we see the summary of the performance of our
lgorithm for this instance, where we vary the generations of
he appeaser and propagation between 20, 50 and 100. In this
ase, the optimal move is the one that obtains a score of 230 and,
s we can see in the table, when the number of generations of
he appeaser is sufficient, increasing little by little the number of
enerations of the propagation makes the percentage of hits soar.
eanwhile, when the number of generations of the appeaser

s insufficient, even if we increase the number of generations
f the propagation, the hit rate does not improve. Therein lies
he essence of our problem: the need to correctly adjust the
arameters according to each problem.
Note that, despite the fact that the optimal solution has a

euristic value of 230, in the instance where the number of
enerations is 200 for the appeaser and 50 for the propagation,
t has not been able to find the optimal propagation in at least
ne situation and has been left with a sub-optimal one. In this
ay, for a given cut of the appeaser, the propagation does not
ake its optimal movement, obtaining fewer points (190) than

t can really obtain (230) and, for this reason, we obtain this
ata that is distorted with respect to the rest. This is the im-
ortance of sample biodiversity in population generation through
ropagation and appeaser generations. If we do not achieve high
iodiversity through choosing the right game parameters, we will
ail to explore as many moves as possible, missing out on moves
hat could be key to slowing down the spread.

Let us now look at a completely different and more complex
ase study, which will allow us to analyse other aspects of the
mplementation.

We begin the process of generating our new instance of the
ropagation game by establishing that the propagation graph will
 a

8

Fig. 7. Map of Spanish regions.

e composed of nodes which, in this case, will represent the
apitals of the regions of Spain, while the adjacency matrix will
onnect two capitals for different reasons. On the one hand, if the
erritories of their regions are adjacent or, in the case of islands
nd autonomous cities, belong to those closest to them. On the
ther hand, we will add to our graph the edges that represent the
ost frequent air routes between regions. Thus, the map of the
apitals of the Spanish regions adapted to the propagation game
ill be as shown in Fig. 7.
The propagation will clearly represent the advance of the

andemic through Spain and the appeaser could be the entire
ealth team that is in charge of trying to slow down the advance
f the pandemic, using certain methods that resemble the cutting
f edges, such as the perimeter confinement of some areas or the
andatory quarantines of positive patients and people who have
een in contact with them.
For each of the regions, we will choose the values of (a, b)

ccording to the situation. It is important to note that these
alues must be carefully chosen, depending on certain variables,
o that they are balanced, i.e. the values of a and b for each of
he autonomous communities must be within the same range
f values and there must not be large inequalities. Otherwise, it
ould not be possible to reflect the operation of propagation in
he graph. For the case of a, we need a value that represents the
apacity of a region to defend itself from the propagation attempt
f the rest. The simplest thing we can think of that measures
his criterion is the Health Budget that each one of them had
ssigned in 2020 [31], which measures the quantity and quality
f resources that each one of them had to face the pandemic.
n the other hand, to choose the value of b in each case, we
ill use one of the main causes of contagion that occurred in
arch 2020: displacements. To do this, we take the Percentages
f Mobility to other regions, data extracted from the Study of
obility from mobile telephony carried out in March 2020 by

he National Institute of Statistics [32] of each of them in that
onth, and we apply it to the total number of inhabitants to
stimate a specific number of people who moved outside their
egion. Because the data related to b is targeted to a shorter time
period, we will split the Annual Budgets data into 12 months to
represent only the monthly budget. In addition, the final choice
of a and b will be conditioned because, in order to favour the
alculations of our algorithm, we decide not to use such large
umbers, dividing the final data by 1000 and approximating them
ccording to convenience. Below, we can see in Table 2 all these
ata reflected as well as the final choice of a and b for each region
nd the map of Spain in Fig. 8 in the form of a graph with the

ssociated data.



J. Galiana, I. Rodríguez and F. Rubio Applied Soft Computing 136 (2023) 110094

w
r
c
a
v
k
a
r

Fig. 8. Map of the regions of Spain.
Table 2
Data related to the instance.
Region Number of

inhabitants
Monthly
health
budget

% monthly
mobility

Monthly
mobility *
inhabitants

a b

Andalucía 8,464,411 902,043 11.32 958171.3252 90 96
Aragón 1,329,391 171,817 13.21 175612.5511 17 18
Asturias 1,018,784 151,300 13.07 133155.0688 15 13
Baleares 1,171,543 143,745 12.29 143982.6347 14 14
Canarias 2,175,952 261,082 14.18 308549.9936 26 31
Cantabria 582,905 76,838 14.53 84696.0965 8 8
Castilla y León 2,394,918 294,504 12.5 299364.75 30 30
Castilla-LaMancha 2,045,221 249,220 10.56 215975.3376 25 22
Cataluña 7,780,479 811,132 13.77 1071371.958 81 107
C.Valenciana 5,057,353 561,017 14.58 737362.0674 56 74
Extremadura 1,063,987 145,210 10.08 107249.8896 15 11
Galicia 2,701,819 342,277 15.78 426347.0382 35 42
Madrid 6,779,888 680,499 13.87 940370.4656 68 94
Murcia 1,511,251 160,213 12.36 186790.6236 16 19
Navarra 661,197 96,547 13.73 90782.3481 10 9
País Vasco 2,220,504 331,537 16.37 363496.5048 33 36
La Rioja 319,914 38,304 12.11 38741.5854 4 4
Ceuta 84,202 631 12.32 10373.6864 1 5
Melilla 87,076 98 12.49 10875.7924 1 5
Note that we choose for Ceuta and Melilla the value of 5,
hen it should be 1, in order to alleviate the difference between
egions and autonomous cities and give them the opportunity to
ontribute to the graph. Moreover, it is necessary to stress that
lthough it is reasonable that the budget in Health increases the
alue of a and the increase in mobility increases b, we do not
now exactly the relationship between them, i.e. how many euros
re needed to counterbalance one more person moving between
egions. We have therefore chosen the values that appear in the
9

table with these proportions to give rise to an instance that would
not be trivial for either player and would allow us to reflect, to a
certain extent, reality.

As for the rest of the game parameters, some of them will be
determined according to data extracted from the National Insti-
tute of Statistics (i.e. k) and others will depend on the previous
study of the algorithm and its performance (i.e. the probability of
mutation). In the case of the number of cuts that can be made
by the k appeaser, as we have explained above, it represents the
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Table 3
Performance in our case study.
Where the prop
starts

Appeaser
generations

Propagation
generations

% Success Optimal Minim

9 - C. Valenciana,
12 - Madrid,
15 - País Vasco

500
1000 45%

118
82

2000 65% 88
3000 73% 102

4- Canarias,
9 - C. Valenciana,
12 - Madrid

200 1000 84% 80 75
2000 87% 80

500 1000 88% 80 67
2000 100% 80

0 - Andalucía,
1 - Aragón,
11 - Galicia

200 1000 90% 62 48
2000 95% 62

500 1000 94% 62 57
2000 100% 62

cuts that can be made by the health workers. A single cut could
seem useless in a graph with so many edges, but on the contrary,
setting k too high would mean isolating many communications
between regions and could lead to the anger of the population
due to the high restrictions. Therefore, and taking into account
how difficult it is to coordinate health issues between regions, a
fair and mutually beneficial k could be 10% of the total number
of edges, i.e. k = 5. When it came to choosing the region in
which the propagation began, we opted, in the first place, for the
places where the first cases really appeared in Spain (Canarias,
Comunidad Valenciana and Madrid) and, in other cases, for the
places where COVID has had the greatest incidence or those
strategic places that interested us to study the performance of
the algorithm (for example, Andalucía or País Vasco).

Regarding the parameters of the genetic algorithms, we will
continue using the same values chosen in our previous example
for the population size (10) and the probability of crossover
(Pcrossover = 0.8) and mutation (Pmute = 0.15) while, as we did
efore, we will vary the number of generations depending on the
eeds of each instance and, as an innovation, the places where
he propagation starts. Again, we will run each instance 50 times
o be able to draw certain conclusions such as the percentage of
uccesses or the range in which the solutions move.
From the summary of the performance shown in Table 3

e can draw similar conclusions to those we discussed in the
revious example, the necessity of adjusting the parameters to
nsure enough biodiversity in the population. On the one hand,
e can clearly see how, in some occasions, the number of gen-
rations of the genetic algorithm of the appeaser is not enough,
ausing a low percentage of success, as, for example, when the
ropagation begins in Canarias, C. Valenciana and Madrid, with
00 generations only an 87% success rate is achieved, while with
00, a 100% success rate is achieved. On the other hand, when
he number of generations for the propagation is not enough, the
henomenon we talked about in the previous example occurs.
his leads to a situation in which the propagation is not able
o find the optimal solution and returns a heuristic value lower
han the required one. Thus, it manages to fool the appeaser into
elieving that it can find a better movement than the one that is
ctually optimal, when in fact it is not possible. Despite this, this
vent does not occur frequently, having appeared only a couple
f times out of the 50 iterations of each instance. This situation
an be observed in several instances of the table, for instance,
hen propagation starts in C. Valenciana, Madrid and País Vasco,

t occurs in all cases.
We re-emphasise the importance of finding the right param-

ter settings that allow us to ensure biodiversity within the
ample. For this reason, we will try to increase the number
f individuals within a population for those instances in which

he results of our algorithm have not been as optimal as we

10
Table 4
Performance for the case study with higher biodiversity.
Where the prop
starts

Appeaser
generations

Propagation
generations

% Success Optimal Minim

9 - C. Valenciana,
200 1000 96% 107 10712 - Madrid,

15 - País Vasco

4- Canarias,
200 1000 91% 80 809 - C. Valenciana,

12 - Madrid

0 - Andalucía,
200 1000 100% 62 621 - Aragón,

11 - Galicia

would like. By increasing this parameter to 25, we obtain the
performance shown in Table 4.

As we can see in Table 4, instances that previously did not
achieve a high percentage of successes manage to improve con-
siderably, supporting the conclusions we discussed earlier.

The data obtained and the conclusions we can draw from them
show, even without fully reflecting all the variables that influence
a real propagation, that by seeking the optimal strategies and car-
rying them out with agility at the appropriate time, it is possible
to minimise the damage that can be caused by a propagation.
If we were to transfer this case study from the large scale of
the regions to smaller scales such as family members, friends,
or the population of a town, we would have a tool capable of
determining the best strategy depending on certain variables to
stop the advance of COVID-19 in our lives. As we have been saying
throughout this paper, in reality, countless variables from biologi-
cal to social are involved in making precise and optimal decisions,
so any model used in a real situation should take into account
many more factors in order to determine the optimal immediate
strategy to minimise the damage caused by the spread.

4.2. Comparison with other methods

Note that the perfect solution of a ΣP
2 -complete problem can

e achieved by exhaustively searching for all possible solutions
f the problem. However, each possible candidate solution gen-
rates a secondary optimisation problem that has to be solved to
valuate the quality of that candidate solution. That is, the pri-
ary optimisation requires solving a new optimisation for each
andidate solution of that primary level. This bi-level exhaustive
ptimisation could be seen as a minimax algorithm where, in
articular, only a two-level tree must be explored.
The minimax is a recursive algorithm used mainly to try to

ind out the optimal move for our player assuming that the other
layer will also be playing optimally. The minimax algorithm
s called so it helps you choose the optimal move to minimise
our loss, while the other player wants to maximise it. Each
f the game configurations, and therefore each of the iterations
erformed by the minimax algorithm, has a heuristic value as-
ociated with it, which determines how good the game state
s, in our case, the sum of infection achieved by reaching those
ew nodes (as we did in our genetic algorithms). As we said
reviously, we will only need to explore the first two levels of
hat recursion. That is, the algorithm will explore all the possible
ovements of the appeaser and, for each one of them, all the
ossible movements that the propagation could make.
However, it is worth mentioning that each node in this partic-

lar exploration tree has an exponential number of child nodes.
inimax algorithms are suitable when the big size of the explo-

ation tree is due to its depth (in particular, due to the expo-
ential growth of the number of nodes in relation to the depth)
nd this depth can be cut to some extent to provide approximate



J. Galiana, I. Rodríguez and F. Rubio Applied Soft Computing 136 (2023) 110094

d
t
l
t
c
f
b
t
p
a

s
a
a
t
g
f
t
t
l
T
a
w
t
e
t
w
a

m
h
a
a
w
p
o

a
s
s
e
e
t
a
h
H
p

Table 5
Algorithms behaviour in the COVID Example.
COVID Instance Algorithm Execution time Solution

9 - C. Valenciana,
12 - Madrid,
15 - País Vasco

Greedy 10 s 137
Minimax >12 h –
Genetic 5 min 30 s 107

4- Canarias,
9 - C. Valenciana,
12 - Madrid

Greedy 10 s 124
Minimax >12 h –
Genetic 3 min 30 s 80

0 - Andalucía,
1 - Aragón,
11 - Galicia

Greedy 10 s 160
Minimax >12 h –
Genetic 4 min 28 s 62

rather than perfect solutions. Nevertheless, when the problem
comes from the exponential number of child nodes, we need
algorithms which are good at exploring in width rather than in-
depth, such as genetic algorithms, which are designed precisely to
traverse only a tiny proportion of these exponential-size spaces.

Of course, the branching in a minimax algorithm can be re-
uced by analysing all available moves, next assigning each of
hem their heuristic value according to how promising it looks
ike for the current player, and finally developing the minimax
ree only through those moves which look more promising ac-
ording to these heuristic values. However, this approach is not
easible when the number of available (immediate) moves to
e considered and heuristically assessed is exponential. Alterna-
ively, if we give up this exhaustive analysis of choices and just
ick some moves according to some a priori suitability, then we
re rather considering a greedy algorithm.
A greedy algorithm is an approach for solving a problem by

electing the best option available at the moment. In many cases,
greedy approach does not result in an optimal solution, but
greedy heuristic can quickly create locally optimal solutions

hat come close to an ideal global solution. One way in which a
reedy algorithm and our problem could fit together could be the
ollowing: given an instance of our propagation set, we could sort
hose nodes that are in direct danger of being infected according
o some value, for example, the division between their infectious
oad and the amount of propagation necessary to be infected (b/a).
his ratio makes sense, since it is higher the more gain the prop-
gator obtains with less effort. Once sorted, it is time to choose
hich edges should be cut. To do this, we will start choosing
hose that lead to the most beneficial nodes for the propagation,
liminating the possibility of the propagation reaching them in its
urn and minimising the damage it will do in the future. In fact,
e have implemented both the aforementioned greedy algorithm
nd the minimax method.
Let us take a closer look at a brief comparison of the perfor-

ance of these three algorithms: a greedy algorithm using some
euristic to produce promising moves, an exhaustive minimax
lgorithm fully exploring all possibilities in its first two levels
nd our bi-level genetic algorithm. In Table 5, these algorithms
ill face the three instances we have considered in the COVID
ropagation (see Table 3), a scenario that will help us see each
ther’s strengths and weaknesses.
Taking a look at the table, we can draw quick conclusions

bout the performance of each of the algorithms in these in-
tances. It is worth noting that the three instances show the
ame behaviours in all algorithms. As we described before, the
xhaustive minimax approach takes too long times to be useful
ven for this moderate-size instance (up to the extent of having
o be manually stopped in all cases due to reaching reason-
ble timeout limits, more than 12 h of execution). On the other
and, the greedy algorithm is able to find solutions very quickly.
owever, the solutions’ quality is significantly worse than that
rovided by our bi-level genetic algorithm (160 vs. 62 in the more
11
complex case). All in all, the bi-level genetic algorithm is clearly
superior to the other two methods, since it combines reasonably
short execution times (although worse than those of the greedy
algorithm) with a high quality in the solutions found.

4.3. Long-term game

Pushing our experiment to the limit, we can even carry out a
complete game in which the propagation and the appeaser face
each other, turn by turn until no more movements can make any
effect. As for the propagation, its objective is to maximise the
amount of infection it holds by invading the nodes, in this case,
Regions that are most beneficial for it. As for the appeaser, its
objective is quite the opposite, that is, to minimise the damage
that can be caused by the propagation, trying to save as many
nodes as possible among those considered ‘‘more beneficial’’. The
end of the game may be due to the fact that the propagation has
reached all nodes, or that the appeaser has managed to stop the
propagation, which can no longer infect any more nodes.

Keeping this in mind, we will use our bi-level genetic algo-
rithm on the appeaser’s turn to find its best possible move. Then,
the move of the propagation will be decided by using its own
genetic algorithm maximising its own fitness function. After that,
it will be again the turn of the appeaser, and we will use again
the bi-level genetic algorithm. We will iterate the process until
the end of the game.

Following the same scheme as in the previous subsection,
we will compare the results obtained by our bi-level algorithm
with the results obtained by the greedy algorithm that we have
already presented. In this sense, we will play again the complete
game turn by turn, but using the greedy algorithm (instead of
the bi-level genetic algorithm) in the steps corresponding to the
appeaser.

The concrete case study we have considered is the last in-
stance we have studied in the previous sections. In this case, it
is worth noting that after playing the game to its last moves, the
greedy algorithm was only able to save 4 regions (minimising the
infection up to 427). On the other hand, when we used our bi-
level genetic algorithm, the final result was that we were able
to save 8 regions minimising the propagation damage to 222, a
great improvement over the greedy result. To put these results
in perspective, a complete game in which the appeaser failed to
stop the propagation and the latter succeeded in conquering the
entire map of Spain, the total sum of the propagation elements
would be 638. Thus, the bi-level genetic algorithm obtains clearly
better results than the greedy algorithm, not only in a single step
view, but also when we consider a complete game with several
iterative steps.

5. Conclusions and future work

We have formally specified a general framework to deal with
any kind of propagation. Our formal definitions allowed us to
identify the computational complexity of the propagation prob-
lem, showing that it is ΣP

2 -complete. This computational com-
plexity suggests that a good method to deal with the problem
in practical terms is to implement a two-level genetic algorithm.
The observed experimental results support that idea, and suggest
that a similar scheme could also be used to deal with other
ΣP

2 -complete problems.
In order to analyse the quality of the solutions found by

the bi-level genetic algorithm, we have implemented two other
solutions: a minimax and a greedy algorithm. We observed that
the minimax requires excessive time to find solutions, whereas
the results of the greedy algorithm are clearly worse than those of
our method. Moreover, we have analysed not only what happens
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hen we consider a single step of our problem, but also when we
ackle a complete game where the appeaser and the propagation
ake turns. All in all, our experiments suggest that our method
btains good solutions both in the short and in the long term.
Based on our implementation, we can see how easily we could

eneralise both our problem and its implementation to deal with
ther interesting cases. A generalisation discussed earlier in a
revious section considered using weighting edges so that the
ppeaser would have a certain number of points to spend on
utting edges, rather than always cutting k edges. Translating this
eneralisation to our algorithm involves a change in our repre-
entation of the edges of the graph, accompanying the adjacency
atrix with a dictionary relating each edge to its value, e. In
ddition, k would come to denote the amount of weight that the
ppeaser is able to cut, instead of the number of edges to be cut.
ccordingly, the fitness function of the appeaser would check if
hese cuts are feasible — which just consists in adding the weight
ssociated to each edge belonging to the chromosome. From
he theoretical point of view, note that the complexity hardness
lways propagates via problem generalisation, so the resulting
ew problem would also be ΣP

2 -hard (note that the particular
ase where all weights are 1 is exactly the problem studied in
his paper). On the other hand, the inclusion of the new problem
n ΣP

2 could be proved similarly as the inclusion of the problem
tudied in this paper, thus yielding also ΣP

2 -completeness.
Also, we would like to study other combinations of meta-

euristics applied to the upper-level optimisation and the lower-
evel one, in such a way that they are not necessarily the same.
his way, each optimisation level could be more easily cus-
omised to its different needs.

Regarding ongoing work, we are currently dealing with the
nalysis and implementation of propagations in the long term.
e are studying the problem of finding an adaptive strategy
efining the successive reactions of the appeaser to all possible
ctions of the propagation in any case during their whole inter-
ction, in such a way that some number of nodes is kept away
rom the propagation in any case. Our preliminary studies suggest
hat the problem is PSPACE-complete, and that minimax-like
trategies could be used to deal with it.
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ppendix A. Complexity analysis

Throughout this section we will analyse the complexity of the
ropagation Problem introduced in the previous section, proving
hat SSTS is a ΣP

2 -complete problem through a polynomial
eduction to the QSAT2 problem.

heorem 2. SSTS ∈ ΣP
2 -complete.

roof. First, we will prove that the problem belongs to ΣP
2 . Note

hat our problem is equivalent to proving that there exists a
et of edges that the appeaser can cut guaranteeing that, for all
ossible propagation moves, it is satisfied that the sum of the
oad capacities of the nodes it reaches is less than l. Therefore,
e can define our problem as finding something of polynomial
ize such that, for something of polynomial size, a property that
an be checked using polynomial size is satisfied. Consequently,
STS belongs to ΣP

2 .
When it comes to proving ΣP

2 -hardness, we will construct a
olynomial reduction from the well-known QSAT2 problem [27].
his problem consists in, given an expression ∃ x1, . . . , xn
y1, . . . , ym ϕ where ϕ is a propositional formula denoted in DNF

Disjunctive Normal Form) depending only on the propositional
ariables x1, . . . , xn, y1, . . . , ym, check whether the expression
olds.
Let us denote as x′ and y′ the abbreviations of (x1, . . . , xn)

nd (y1, . . . , ym), respectively. Then we have that ∃ x′
∀ y′ ϕ

∃ x′
¬¬∀ y′ ϕ ≡ ∃ x′

¬∃ y′
¬ ϕ ≡

x′
¬∃ y′ ϕ′ where ϕ′

≡ ¬ ϕ is given in CNF (Conjunctive Normal
orm). In the following we will only consider the last expression
x′

¬∃ y′ ϕ′, where ϕ′
= α1 ∧ · · · ∧ αp and, for all 1 ≤ i ≤ p, we

ave αi = β i
1 ∨ · · · ∨ β i

li
where, for all 1 ≤ j ≤ li, β i

j are literals
ver propositional variables.
Given this instance of QSAT2, we will create an instance of

STS from it, such that there exists an x′ that makes it impossible
or the formula ϕ′ to be satisfied for all y′ if and only if in the
nstance of SSTS the propagation cannot reach the proposed total
oad limit l after the appeaser cuts k edges in a certain way. The
ropagation will succeed in reaching that bound if and only if
he appeaser fails to find a set of edges to cut that prevent the
ropagation from advancing to that value. In our reduction, each
ossible value, ⊤ or ⊥, of each of the variables will represent
node in the propagation graph. Thus, if a node is reached by

he propagation, the variable associated to it will be assigned the
alue corresponding to that node, being the appeaser’s responsi-
ility to avoid assigning two different values to the same variable,
n order to avoid contradictions that will imply the defeat of the
ppeaser. The propagation will be in charge of setting the values
f the variables associated to the universal quantifiers, while the
ppeaser will control the existential variables. We will set in our
nstance k = n being n the number of existential variables of
ur QSAT2 problem and, therefore, the appeaser will be able to
ut n edges in its turn. By cutting the edges leading to the nodes
epresenting the values of xi that the appeaser wants to save, it
ill force the propagation to advance, if possible, towards the
emaining xi values. In addition, the propagation will be free to
hoose among all possible values (⊤ or ⊥) of each yj in its turn.
or the appeaser to achieve its goal and succeed, it will have
o make the propagation load addition of the nodes reached by
he propagation on its next turn be less than a bound l, namely,
= T +n∗(6×BB−1

+2×BB), as we will see later. For the problem
nstance SSTS that we will construct from QSAT2, we will see that
here exists a successful short-term strategy for the appeaser if
nd only if there is some way to set the xi variables guaranteeing
hat the formula ϕ is satisfied (equivalently, that the formula ϕ′
s not).
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Fig. A.9. Initial state.

The process of assigning the variables of the problem is im-
plicitly represented by the graph itself that we construct for the
instance of SSTS (Fig. A.9), where a node appearing as ‘‘root’’
initiates the propagation and the possible values (⊤, ⊥) of the
ariables xi and yj constitute the war zone between the appeaser
nd the propagation, represented as xi (xi = ⊤), xi (xi = ⊥),
j (yj = ⊤) and yj (yj = ⊥), joined by multiple edges to the root.
Let us assume we have the instance ∃ x1x2 ¬∃ y1y2 ϕ′ where

′
= (x1 ∨ x2 ∨y1 ∨y2)∧ (x1 ∨ x2). Satisfying ϕ′ involves assigning

values (0 or 1) to each of the variables involved. Therefore, solving
the following system of equations, by assigning the variables
involved in ϕ′ the values 0 or 1, is equivalent to finding the
correct combination of variables that will make the formula ϕ′

hold. While the first two equations represent the two clauses of
the ϕ′ formula (we will see the roles of variables dij later), the
rest denote the restrictions that the same variable cannot be set
to true and false at the same time.⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

x1 + x2 + y1 + y2 + d11 + d12 + d13 = 4
x1 + x2 + d21 = 2
x1 + x1 = 1
x2 + x2 = 1
y1 + y1 = 1
y2 + y2 = 1

(A.1)

As we know, the formula ϕ′ is a conjunction of clauses which
in turn are disjunctions of literals. Therefore, for the formula
to be satisfied, all of its clauses must be satisfied, and for that,
some literal of each clause must be satisfied. If we look at the
two equations that represent the two clauses of our formula ϕ′,
we must make sure that at least some of the four literals are
satisfied in the first equation and some of the two in the second.
We use the auxiliary variables dij to help us achieve that goal,
whose values we will choose at convenience in order to allow
us to choose all possible options among the values of the rest of
the variables appearing in the equation. For example, in the first
equation we introduce three auxiliary variables d11, d12, d13 that
will take at the same time the value 1 as long as there is only
one variable of the rest of the equation that takes the value 1,
allowing the equation and, consequently, the clause to be fulfilled.
If on the other hand x1, x2, y1, y2 were all to take the value 1, all
he auxiliary variables would be forced to take the value 0 for the
quation to be satisfied. Intermediate cases would lead to giving
he value 1 to only some of these variables.

Next, we will be interested in constructing a single equation
rom the problem, which will allow us to relate it directly to our
STS problem. The procedure we will follow in the following
ines is an abstraction of another complexity proof, the proof that
he famous Sum of Subsets problem [33] is NP-complete [21],
based on reducing 3 − SAT to that problem. To perform the
ransformation of the system of equations to a single equation
hat represents all the information of the system and, at the same
ime, the importance of each of the variables, we will assign to
ach of the equations of the system a power of some base (in our
 c

13
next running example, the decimal system) in increasing order
from the bottom. The last equation would represent the units,
the penultimate the tens and so on until reaching, in this case,
the hundreds of thousands. (See Eq. (A.2) in Box I.)

In this way, we associate a weight to each of the variables
according to the equations in which they appear. This weight will
generally be established by

∑
i∈I 10

i, where I represents the set of
quation numbers where the variable appears. The same applies
o the independent terms of each of the equations in the system.
or example, in the case of x2, as it appears in the first and fourth

equations representing the hundreds of thousands and hundreds,
respectively, its associated weight will be 100100. The equation
for our example is the following:

101000x1 + 11000x1 + 10100x2 + 100100x2 + 100010y1
10y1 + y2 + 100001y2 + 100000d11 + 100000d12

+ 100000d13 + 10000d21 = 421111 (A.3)

Note that, depending on the problem instance being codified,
in principle it could happen that there is carry-over when adding
the occurrences in the equations of a particular variable, and
this is undesirable because then each equation in (A.2) would
interfere with the others. If there can only be three literals per
clause (as in 3 − SAT), then this would not occur if we use the
decimal base as before, since no equation will have more than
five terms (with value 0 or 1) to the left of the equal. However,
if the number of literals per clause is not limited (as in QSAT2),
this is possible. This is not really a problem, because depending
on each instance of our problem we can choose the concrete base
(instead of the decimal) that will avoid this situation, avoiding the
overlapping of rails that would lead us to a bad representation of
our problem. In this way, the base should be chosen according
to the minimum number we need to cover the possible carry,
that will depend, as we can see in Eq. (A.1), on the double of the
maximum number of literals that appear in a clause, being in our
example 4 (variables) + 3 (auxiliary variables) + 1 (of margin)
= 2*4.3 Thus, we could choose octal as the base in that case,
avoiding any kind of carry, although decimal has been chosen for
the reader’s convenience.

Thus, we have constructed an equation in which there will
exist a way to give value to the variables and it will have a solu-
tion if and only if the formula ϕ′ holds. We modify the graph in
Fig. A.9 to accommodate the auxiliary variables dij. In addition, we
must differentiate between which variables the appeaser controls
(existential) and which the propagation controls (universal). To
do this, we will use the structure shown in Fig. A.10, which will
relate the possible values of each of the existential variables and
will allow us to force the appeaser not to simultaneously set the
same variable to true and false.

Note that the (a, b) values of each of the nodes representing
the variables appearing in Eq. (A.3) (the nodes on the left of
Fig. A.10) are those appearing in Table A.6. These values a and b
are the same for each node, since the value the propagation will
need to reach in that area, by adding up the b values of each new
infected node in the area, will be 421111 — the same amount
the propagation will be able to spread among those nodes. The
vast majority of that amount will come from the top left node
(421111−2). Therefore, the left zone of Fig. A.10 encodes Eq. (A.3)
in such a way that it will be satisfied if and only if a beneficial
infection points allocation can be chosen by the propagation.

Let us now see how the auxiliary construction on the right
of Fig. A.10, created to handle the evaluation of the existential

3 As we will see later, the base might need to be raised a little beyond that
hreshold in order to keep the consistency with other gadgets needed in the
onstruction.
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⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

x1 + x2 + y1 + y2 + d11 + d12 + d13 = 4 → Eq5 (Hundredofthousands 105)
x1 + x2 + d21 = 2 → Eq 4 (Tensofthousands 104)
x1 + x1 = 1 → Eq 3 (Thousands 103)
x2 + x2 = 1 → Eq 2 (Hundreds 102)
y1 + y1 = 1 → Eq 1 (Tens 101)
y2 + y2 = 1 → Eq 0 (Units 100)

(A.2)

Box I.
Fig. A.10. Initial state for our instance.
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Table A.6
Values of the nodes representing each variable in
our equation.

a b

x1 101000 101000
x1 11000 11000
x2 10100 10100
x2 100100 100100
y1 100010 100010
y1 10 10
y2 1 1
y2 100001 100001
d11 100000 100000
d12 100000 100000
d13 100000 100000
d21 10000 10000

Fig. A.11. Propagation if the appeaser cuts x1 .

variable x1, works. The number of cuts that the appeaser will be
able to perform is given by the number of existential variables
that exist in our instance, k = 2. We will focus on the construction
for the variable x1 since the case of x2 is analogous. Looking at
the charges of the nodes that already belong to the propagation
(U11,U12,U13,U14), if the appeaser did not cut any of the two sin-
gle edges, then the propagation would manage to reach the three
14
Table A.7
Truth table for ϕ′ when x1 = ⊤ y x2 = ⊥.
x1 x2 y1 y2 ϕ′

⊤ ⊥

⊥ ⊥ ⊥

⊥ ⊤ ⊥

⊤ ⊥ ⊥

⊤ ⊤ ⊥

nodes that are now free from the propagation (U15,U16,U17), far
xceeding the target it will want to reach. As we will see later, in
hat case it will not even need to infect any of the nodes on the
eft to achieve its goal. If, on the contrary, the appeaser decided to
ut one of the two simple edges, for example the one from node
12 to node U16 (again, the case where the edge from node U13

to node U16 is cut is analogous), Fig. A.11 shows the sequence of
oves by the propagation that would occur.
On the one hand, the propagation would advance from node

12 to x1 (since it has no other available path) managing to
ring to the left part of Fig. A.10 one of the points it needs to
chieve its goal in that area (421111). Then, it is worth asking
hich other nodes are of more interest to the propagation to
chieve the maximum possible goal. Clearly, the priority order
or propagation is U16 > U15 > U17, but it is not feasible
to progress to all three because the loads of U11,U13 and U14
are not sufficient. Then, to get the maximum possible (U16 and
U15), one must distribute the load of these nodes as we see in
Fig. A.11. Alternatively, what would happen if the appeaser tried
to cut both edges related to the same variable? Since it can cut
as many edges as existential variables, this would imply leaving
both edges of another variable uncut. If this situation were to
happen, as shown in Fig. A.12, the problem would be completely
biased towards the propagation, since it would be very easy to
reach a much larger load than necessary with only the nodes
U16,U17,U25,U26 and U27. Actually, the additional points reached
by the propagation from these nodes in this case would make
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Fig. A.13. How the propagation act if the appeaser cuts x2 .

nnecessary reaching also 421111 points from the left gadget, the
ne codifying Eq. (A.3).
By deciding which edge of the pair of edges involving each

ariable is cut, the appeaser will decide towards which literal of
he existential variables (x1 or x1) it will let go the free point
coming from one of the nodes (U12 or U13, respectively) so that an
unfavourable variable assignment for the propagation is formed
— that is, a situation that makes it impossible to meet ϕ′ and
thus achieve the target score 421111 on the left side of our
construction. In the particular problem instance we are consid-
ering, it turns out that, by setting x1 = ⊤ and x2 = ⊥, the
equation cannot be fulfilled and, therefore, the appeaser would
be victorious by performing the corresponding moves. First, the
appeaser proceeds in the same way as we have done previously
in Fig. A.11, thereby getting the propagation to reach x1 and thus
x1 = ⊤. To get it to x2 = ⊥, it must follow a procedure analogous
to the previous one, which we present in Fig. A.13.

From both structures (the one concerning x1 in Fig. A.11 and
the one involving x2 in Fig. A.13), the propagation gets 2 ∗ (3 ×

1011) + 2 ∗ (2 × 1012) propagation charge points, which brings
it closer to its goal.4 It still needs to place the remaining 421111
points on the left side of Fig. A.10 since, as we will see, for this
instance the propagation goal will be to reach 2∗ (3×1011)+2∗

(2×1012) plus 421111. To do so, it needs the two points that the
appeaser has only left to shift to the variables (nodes) x1 and x2 by
construction. Consequently, the propagation is forced to spread
towards these nodes (among others) in order to try to succeed.
Recall that the top-left node can only distribute 421111 − 2
load points among the bottom-left nodes, so those two additional
points coming from the right-hand side will be necessary in any
case. However, for this instance of the QSAT2 problem, regardless
of what values we assign to the variables y1, y2 the formula ϕ′

will be unsatisfied, since its truth table when x1 = ⊤ and x2 = ⊥

is reduced to what it is shown in Table A.7.
Note that the propagation cannot (for its own sake) sabotage

the propagation by setting the yj nodes to true and false at the

4 Note that, if alternatively the appeaser cut edges like in Fig. A.12, then the
ropagation would get more points, 2 ∗ (2 × 1011) + 3 × 1011

+ 2 ∗ (2 × 1012).
15
ame time. Since a and b are equal in all nodes representing the
alues of the variables, and the appeaser must let two additional
oints reach this area (as it is the only way to not allow the prop-
gation reach its goal solely from the right-side hand gadgets),
he propagation aims to get exactly 421111 points on the left-
and side. It cannot get less because, if so, then it would not meet
ts goal of reaching the l limit, and it cannot get more because
it will not be able to deliver more than 421111 points in total
from those nodes. Therefore, he has no choice but to try to fulfil
exactly Eq. (A.3) (and, therefore, the system of Eqs. (A.2)) for the
particular case where all nodes xi and ¬xi are taken as allowed by
the appeaser, as it is the only way to take advantage of the two
additional points coming from the right-side gadgets. Fulfilling
system of Eqs. (A.2) makes it impossible to reach (i.e. take) any
two nodes yi and ¬yi at the same time — in the same way as in
the standard polynomial reduction from 3 − SAT to the Subset
Sum problem.

The formula ϕ will be satisfied for a given assignment of values
to the variables xi if and only if the formula ϕ′ will be unsatisfied
for it. At the same time, this will occur if and only if, by cutting
at most two edges, we manage to force the equation formed as
a result of the development of the system of equations based
on ϕ′ to be unsatisfied, i.e., the sum of propagation loads (b) of
he nodes reached by the propagation in the next turn does not
xceed the limit which, in this case, would be l = 421111 + 2 ∗

3 × 1011) + 2 ∗ (2 × 1012).
Next, we formally present the polynomial reduction from

SAT2 to SSTS. Without loss of generality, let ∃ x1, . . . , xn ∀ y1,
. . . , ym ϕ be an instance of QSAT2 where ϕ = α1 ∨ · · · ∨ αp and,
for all 1 ≤ i ≤ p, we have that αi = β i

1 ∧ · · · ∧ β i
li
where, for all

1 ≤ j ≤ li, the β i
j are literals over propositional variables.

• The set of vertices of the propagation graph, V , is composed
of those nodes that are associated with the ⊤, ⊥ values of
the variables x1 . . . xn, y1, . . . , ym, the auxiliary nodes di,j, the
node where the propagation starts and connects with the
previous nodes, and the nodes required for the auxiliary
structures of each of the existential variables.

• The set of edges of the propagation graph, A, is made up
of the edges joining the vertices of V as we have seen in
the previous development. It should be emphasised that, in
its totality, the graph is composed of multi edges, with the
exception of those single edges necessary for the choice of
existential variables.

• The initial configuration of the game is c0, consisting of the
initial graph G with the form we have established in the
previous explanations, the set P of nodes initially belonging
to the propagation as explained, and the turn i = 0.

• When representing the formula ϕ′ as equations we need,
as we have seen, auxiliary variables di,j. To specify exactly
how many are necessary we must understand that their ex-
istence serves to guarantee the possibility of choice among
all the possible values of the literals in a clause (equation).
For this reason exactly li −1 are necessary in each equation,
and in total, D =

∑p l − 1.
i=1 i
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• We will now define the foundation on which we will build
those game parameters or auxiliary constructions that might
seem arbitrary during the previous example. We will con-
sider as base B a number that can avoid carry-overs in any
case. On the one hand, we need to avoid any carry-over
in the additions made in Eq. (A.3), as each power of the
chosen base will be used to codify one of the equations in
system (A.2), and these equations must not interfere with
each other. For this purpose, we need B to be (at least) twice
the maximum number of literals appearing in any of the
clauses of ϕ (or, equivalently, ϕ′). On the other hand, we also
need to avoid any carry-over in the additions made in the
right-side gadgets, involving terms such as 2×1011, 3×1011,
and 2 × 1012 for each existential variable xi in our previous
example (where the base was 10 for the sake of presentation
simplicity). In this case, carry-overs can be avoided by using
a base being, at least, 5n+1. All in all, we conclude that the
base B can be safely defined as follows:

B = max(2 ∗ max
i

(li), 5n + 1)

Let zi be any variable (existential or universal). The coeffi-
cient of that variable in Eq. (A.3), which in turn denotes the
a and b values of the corresponding node in the left-hand
side of the graph, is defined as follows:

Coefficient(zi) =

∑
j∈EC

Bj,

where EC is the set of indexes of equations where zi appears,
ordered according to the criteria seen in system (A.2). Simi-
larly, in order to find the independent term T of the equation
(421111 in our previous example) we must follow a similar
process, in this case with the corresponding independent
terms of the equations. In the initial node at the left-side,
a = 0 and b = T − n.

• In order to develop the auxiliary structures, which ensure
unique values for the propositional variables controlled by
the appeaser (the existential ones), we will need 7 nodes
per existential variable. This means a total of 7n nodes
U , whose values (a, b) are determined as follows. In those
belonging to the propagation (Ui1,Ui2,Ui3,Ui4, 1 ≤ i ≤ n)
the value a is zero and the value b will be determined
in the same way as we saw in the example (2, 1, 1 and
1, respectively). For the nodes that are threatened by the
propagation, (Ui5,Ui6,Ui7, 1 ≤ i ≤ n) their a values will be
the ones seen during the examples, while the b values will
depend directly on the base we are dealing with throughout
the problem, since their weight with respect to the rest of
the nodes is of great importance. Consequently, the b values
will be

Ui5 = 3 × B|EC |+1, Ui6 = 2 × B|EC |+2,

Ui7 = 2 × B|EC |+1, 1 ≤ i ≤ n

where we choose, as exponents of B, the number of equa-
tions plus one in the case of Ui5 and Ui7 (to guarantee their
priority over the addition of all b values in the nodes in the
left-side of the graph), and plus two in the case of Ui6 (to
guarantee its priority with respect to the previous ones).

• The total number of vertices, |V |, is the sum of

– The initial node where the propagation starts at the
left-side,

– 2n nodes representing the ⊤, ⊥ values of each of the
existential variables xi,

– 2m nodes representing the ⊤, ⊥ values of each of the
existential variables y ,
j

16
– D =
∑p

i=1 li − 1 auxiliary nodes to represent ϕ′ in the
form of equations,

– 7n nodes constituting the auxiliary constructions for
each existential variable xi.

• The remaining parameters of the problem instance are, as
we have seen before, set as follows:

– l = T + n ∗ (3 × BB−1
+ 2 × BB),

– k = n, i.e., the appeaser can perform as many cuts as
the number of existential variables.

It is easy to prove that the size of the SSTS instance is polyno-
mial with respect to the size of the original QSAT2 instance. Next,
we will prove that the solution of the original problem QSAT2
is yes if and only if the answer to the SSTS instance we have
constructed is yes.

H⇒ Let us assume that ∃ x1, . . . , xn ∀ y1, . . . , ym ϕ holds. That is,
there exists x1, . . . , xn such that there exists no y1, . . . , ym
such that ϕ′ is satisfied, where ϕ′

= ¬ϕ is given in CNF.
That means, if we view the problem QSAT2 as a game where
player 1 chooses the value of the existential variables and
player 2 chooses the value of the universal ones, where
the goal for player 1 is to complete the ϕ-clause, then
player 1 has a winning strategy. Let us see that the direct
translation of this strategy to the propagation game is a
short-term strategy for the appeaser that guarantees that
the propagation fails to reach the limit l. In the QSAT2 game
the value of the n existential variables are set by player 1
and them universal variables by player 2, so evidently this is
also the case when player 1 follows such a winning strategy.
Note that if the appeaser were to make a move contrary to
what is allowed in QSAT2, it would result in the immediate
victory of the propagation even without the need to set the
values of all the propositional variables. This is because, in
all such cases, the propagation would succeed in reaching at
least one more of the Uij nodes with high propagation load,
trivially achieving the imposed l-limit. Thus, if for example
the appeaser were to attempt to set to true and false one
of the variables under its control, the propagation victory
would be declared immediately afterwards, as we have seen
in the previous construction. Suppose then that the appeaser
does not make an unexpected move that causes it to lose
trivially, and the propagation follows the rules of the game
as established. We can then settle that, given the previously
developed construction, if player 1 successfully establishes
the value of the existential variables xi, then the appeaser
will cut the corresponding edges and the propagation will
succeed in adding 3 × BB−1

+ 2 × BB points from the right
zone, lacking only the T points to achieve its goal. Having
made these cuts, the excess points must be diverted to the
existential variables the appeaser is letting the propagation
move into. Consequently, and since there is no y1, . . . , ym
such that ϕ′ is satisfied, we can be sure that the equation
formed as a result of the development of the system of equa-
tions based on ϕ′ will not be satisfied by any of the values
of y1, . . . , ym. Thus, there is no chance for the propagation
to get over the point limit l and the victory will go to the
appeaser.

⇐H Let us now assume that the appeaser has a short-term
strategy with which it gets the propagation damage to be
less than l. Let us see that a strategy for QSAT2 resulting from
such short-term strategy is necessarily a winning strategy
for player 1. A winning short-term strategy for the appeaser
implies that, after cutting k edges in the graph and the
propagation progresses, the propagation will necessarily fail
to reach the target propagation load of l. Let us see that this
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implies that there is a winning strategy of the game QSAT2
for player 1.
If the appeaser has succeeded in defeating the propagation,
it is because the latter has failed to achieve the objective l.
Let us see how this is possible. If the appeaser has cut certain
edges that will lead the propagation towards the desired
values of the existential variables, then the propagation has
achieved the points from the auxiliary structures, in total
n∗(3×BB−1

+2×BB). Consequently, whether the propagation
will succeed in reaching its goal or not will depend entirely
on whether it manages to find a feasible solution to the
equation formed from the development of the system of
equations based on ϕ′, which we know does not happen,
because the appeaser has a successful immediate strategy.
Thus, we can ensure that, if some combination of edges is
cut, then it is impossible to propagate in such a way that
the equation is satisfied. Therefore, the strategy for QSAT2
resulting from the successful short-term strategy of SSTS
(where only valid moves are carried out within the problem
QSAT2) is a winning strategy for player 1 in QSAT2. □
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