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1 Introduction

In the last decade a lot of attention has been payed to problems with nonlinear boundary condi-
tions. Hence, nowadays the underlying mechanisms for dissipativeness or blow—up of solutions
is fairly well understood; see e.g. [7, 4, 6, 18, 19]. Therefore, it is a natural question to analyse
the dynamics and bifurcations induced by the nonlinear boundary conditions, and compare its
effects with the case of an interior reaction term, which has been more widely studied. In this
direction for example, in [5] the existence of patterns for such problems, i.e. stable nontrivial
equilibrium, was considered; see also the references therein for some previous and related results.
In this work we consider the evolutionary equation of parabolic type

w—Autu = 0, inQ, ¢>0
o= Xutg(\au),  onoQ, t>0 (1.1)
u(O,x) = UO(I>> in

in a bounded and sufficiently smooth dom&irc IR with N > 2 and analyze the behavior and
stability properties of the equilibrium solutions. These equilibria are solutions of the following
elliptic problem with nonlinear boundary conditions

{—Au—l—u = 0, in Q (1.2)

Gu = Au+g(\ ), on ox).
Our main goal here is to analyze some possible bifurcations of solutions as the pararseter
varied and study the stability of such solutions. In particular we are interested in the possibility of
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producing solutions which are largefinin a given sense. We are also interested in characterizing
the super or subcritical character of such bifurcations.

As it will be show below it is in fact possible to generate such large solutions, which will be
obtained from a “bifurcation from infinity” argument, even in the case in which the nonlinear
boundary condition is sublinear at infinity. Such solutions will be generated by a resonant mech-
anism at the boundary.

We will also show that some stability or instability of such solutions can be derived.

Since we will also give conditions to have either subcritical or supercritical bifurcations, we will
obtain, as a by product, the analogous to the well known Landesman—Lazer conditions for the
existence of equilibria in resonant cases, [15]. Also, a form of the anti-maximum principle will
also be derived, [8]. A similar analysis for the case of an interior reaction term was first stablished
in[2].

Now we present our main results in a more precise way. The main hypothesis on the nonlinearity
g is the sublinearity with respect to the variahle Hence we will assume a condition that,
roughly speaking, will be of the type

lg(\, z,u)| < Clul|®, as|u| — oo for somea < 1.

Observe that we do not exclude the case wherg negative. This condition means that in the
boundary condition, the dominant term fat large is the linear termu. In this respect we call
this boundary condition asymptotically linear. This includes the case whiare:, u) = g(x)
and it is well known that problem (1.2) will have a (unique) solution i§ not an eigenvalue of
the problem

{ —A®D+ D = 0, inQ (1.3)

2 = o9, on ox).

This eigenvalue problem is known as the Steklow eigenvalue problem and it is well known that
(1.3) has a discrete set of eigenvaldes}°,. These numbers will play an essential role in the
analysis below. In particular, fox ¢ {o,}3°,, we consider the operat@h, such thatl),b := v,
wherev is the unique solution of

{—AU+U = 0, in Q (1.4)

P o= b on ox).

for a functionb given onos).

The fact that for compact sets affar from the Steklov eigenvalues, the norm of the operator
T, in some appropriate spaces, is uniformly bounded, joint with the sublinearity of the function
g will allow us to show, by a fixed point argument, the existence of at least a solution of (1.2)
for any A not an Steklov eigenvalue. Moreover, all solutions will be uniformly bounded far
compact intervals far from the Steklov eigenvalues, see Theorem 2.7.

On the other hand, when the paramet@pproaches an Steklov eigenvalue, the norm of the op-
eratorT), diverges tox. This fact is a first hint of the possibility of finding unbounded branches
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of solutions and reveals the resonant mechanism at the boundary that produces such large solu-
tions. For instance, when= 0 the structure of the solutions of the problem (1.2) is well known:

if Ais not an Steklov eigenvalue, the only solution is the trivial solution andisfan Steklov
eigenvalue, the whole space of eigenfunctions associated to that eigenvalue are solutions of the
elliptic problem which can be regarded as unbounded branches of solutions. For the case where
g is sublinear at infinity, we will apply general techniques of bifurcation theory, see [9], [16],
[17], and will prove the existence of unbounded branches of solutions whenever the parameter
A approaches an Steklov eigenvalue of odd multiplicity, see Theorem 3.3. Moreover, since the
first Steklov eigenvalue is simple, we will show the existence of unbounded branches of solu-
tions bifurcating from the first eigenvalue. The fact that the first Steklov eigenfunction does not
change sign will give us extra information that will permit us to analyze this branch of solutions

in detail. In particular, we will show the existence of two branches of solutions one consisting of
positive solutions and the other negative solutions, see Theorem 3.4.

Once the existence of these bifurcation branches has been established we pay atention to the
type of bifurcation (sub or supercritical) ocurring. It is clear that a condition on sublinearity of

g is not enough to distinguish between the type of bifurcation and to accomplish this we will
need to specify the precise asymptotics of the funcgian infinity. For instance, if we consider

that the functiony behaves likez|u|* asu — +oo, we can easily see that the sign ofwill
determine wether the bifurcation of positive solutions emanating from the first eigenvalue is sub
or supercritical. For this, i6 < u, — oo is a solution of (1.2) for\, — o4, multiplying the
equation by the first Steklov eigenfunctidq > 0 and integrating by parts we obtain,

(Ul - )\n)/ unq)l dg == / g(>\n7 x, un)q)l dga
oN oN
But sinceu,, > 0 andu,, — oo, then
[own®ids>0, [ g0z u)®ids~a | Ju| s,
o0 o0 o0

and the sign of; — )\, is the same as the sign @f Hence, ifa > 0 the bifurcation of positive
solutions will be subcritical and # < 0, it will be supercritical, see Theorem 4.3 below for a
more general statement.

Moreover, we will also see that tipically, when a bifurcation from infinity occurs at the first
eigenvalue, the branch of equilibria will be stable when the bifurcation is subcritical and unstable
when the bifurcation is supercritical, see Proposition 7.1 and Proposition 7.3 below.

Being able to give conditions to characterize when the bifurcation is sub or supercritical will
allow us to address two important issues for this problem.

On one hand we will be able to give Landesman-Lazer type conditions, guaranteing that the
nonlinear resonant problem (that is, when= o; for some:) has at least a solution, see [15].

For this, imagine that for a valug, we can determine that all possible bifurcations occurring

at this value of the parameter are, say, subcritical. This implies thak for(o;,0; + ¢€), for

somee > 0 small, the solutions of (1.2) will have to be bounded in certain norms, uniformly for
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A € (0;,0;+¢€). Using elliptic regularity results, will allow us to pass to the limit in a weak sense
as\ — o; and show that the limit is a solution of the resonant problem, see Theorem 5.1.

On the other hand, we will be able to prove Anti-Maximum Principles for the problem (1.4). In
particular, ifb is such that/ b®; > 0, then the bifurcation of negative solutions ocurring at

A = o, is supercritical anoilxihis implies that for € (0,01 + €) the unique solution of (1.4)

has to be strictly negative, see Theorem 6.1. These type of results are known as Anti-Maximum
Principles and were first proved for elliptic problems of the forAu = Am(x)u + h(x) with
Dirichlet boundary conditions by Clement and Peletier in [8].

This paper is organized as follows. In Section 2 we formulate the problem and show the exis-
tence of solutions for all values of the parametatifferent from the Steklov eigenvalues. To
accomplish this, we analyse the linear problem (1.4), stating and proving several important regu-
larity results. Then, we formulate the nonlinear problem (1.2) as a fixed point problem in certain
function space on the boundary. Finally, the compactness results obtained through the regularity
results and the Schaeffer fixed point theorem will show the existence of solutions.

In Section 3 we apply bifurcation results, mainly from [16, 17], to show the existence of un-
bounded branches of solutions bifurcating from the Steklov eigenvalues, see Theorem 3.3. We
pay special attention to the bifurcations emanating from simple eigenvalues, see Theorem 3.4.

In Section 4 we give conditions on the behavior of the nonlinerityr |«| large that allow us to
determine when sub or supercritical bifurcations occur.

In Section 5 we apply the conditions from the previous section to obtain Landesman-Lazer type
conditions for the resonant problem.

In Section 6 we state and prove the anti maximum principle for (1.4) mentioned above.

In Section 7 we analyze the stability properties of the solutions bifurcating from the first eigen-
value.

Finally, in Section 8 we consider several important remarks and extensions. We study the con-
ditions that have to be impossed on the nonlineajitp obtain bifurcations frorm the trivial
solution, instead of bifurcations from infinity. We also consider the case where the boundary
condition is of the typ% = dm(x)u + g(A\, z,u) wherem is a potential that may change sign

on df2. We also consider the one dimensional case, that is, where the equation (1.2) is possed in
2=(0,1) C R.

2 Setting of the problem

In this Section we rewrite equation (1.2) as a fixed point problem in appropriate function spaces
and analyze the existence of solutions fora#t IR except for a discrete set. To accomplish this
task we will use Schaeffer’s fixed point theorem, see [10].

With respect to the nonlinarity, we assume the hypothesis



(H1) g : IR x 092 x IR — IR is a Caratkodory function (i.eg = g(\, z, s) is measurable in
x € 2, and continuous with respect(d, s) € IR x IR). Moreover, there exist € L"(02)
with » > N — 1 and a continuous functions: IR — IR", U : IR — IR, satisfying

lg(A, z,8)| < AN)R(x)U(s), V(A z,s) € IR x 02 x IR. (2.1)

Moreover, we assume also the following condition on the function

H2) lim O

[s| =00 S

=0.

Observe that the sublinearity gfat infinity is given by condition (H2).

With respect to the linear problem, it is already well known, see [1], that the opefater

—A + I, with homogeneous Neumann boundary conditions defines an unbounded operator in
LP(Q) for all p > 1 with domainD(A) = {u € W?P(Q);0u/On = 0in 9Q}. Moreover, the
operatorA has an associated scale of interpolation-extrapolation spaces and, in particular, for
eachp > 1, we have thatl : W'?(Q2) — W~12(Q) is an isomorphism.

Hence for anyy > 1, since we have the embeddidg(9Q2) — W~17(Q2), continuous for

P =455 (092), the unique solution of
—Av+v = 0 in Q
v ’ (2.2)
{ Q= p, on ox).

is given byv = A~1(b) € WHP(Q) and||v|lwre) < C||b]|Le(an). We will denote byl (b) = v
andSy(b) = «vTy(b), wherey is the trace operator. The operaffyris known as the Neumann-
to-Dirichlet operator. Hence, the operairtakes functions defined a2 to functions defined
in ©2 and S, takes functions defined a2 to functions defined onf).

Our first task will be to show that any weak solutione H'(Q) of (1.2) lies inC*(2). To
accomplish this, we will need several regularity results of the associated linear problems. As a
matter of fact, as a consequence of the above and using embedding and trace theorems we can
easily show the following regularity results,

Lemma2.11f N > 2andb € L9(092) with ¢ > 1. Then, the solutiom = Tb of (2.2) satisfies
ve W (Q)forl <p<gN/(N —1)with |[v]|wre) < C|b] Leo)-

In particular, we have

DIf1<g< N—1,thenyv € L"(0Q) forall 1 < r < ( ‘1 and the mapS, : L%(0Q2) —

L7(99) is continuous forl < r < %Y1 and compact foﬂ < r< v,

i)If ¢g =N —1, thenyv € L" (69) for all » > 1 and the mapS, : LI(02) — L"(09) is
continuous and compact far< r < oc.

iii) If ¢ > N — 1, thenv € C%(Q) with [|v]| ey < C|1]|e(an) for somea € (0,1), moreover
yv € C*(09) and the magp, : LI(02) — C*(01) is continuous and compact.
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As an immediate corollary, we have the following technical result,

Corollary 2.2 i) Foranyq > 1 we have that it € L¢(99) thenSyb € L7t~ (99).

i) If b satisfies|b( )| < h(z)w(x) whereh € L’"(aQ) 'th r > N — 1. Then if we define
0 = §—3—1' > 0we have thatifv € L?(9Q) with g1y < 4 < 1thenSyb := yv € LP*°(0Q)
andHSob|]Lp+5 o9) < Cllwllrroo)

-1

Proof. i) Observe that if > N — 1 then from the above Corollaryv € L"(0%2) for all » > 1.
In casel < ¢ < N — 1thenSyb € L"(09) for r < %V_‘ill_)g A simple computation shows that

(N —1)q 1
- _g>—, for1<g< N —1.
Noi-gq 12N <q

ii) Notice thathw € LP/@+)(9Q) and E= > 1 because, + 1 < 1. Hence, by Lemma 2.2

:%,thenlgygj\f—l,

yv € L*(0N2) with s = — 2= ™D it we denote by = B =

N—1—pr/(p+r)"
p=-: Ty and

min pr V1) —pb = min yN-1) 1y
vttt (N=1—pr/(p+r) 1<y<N-1 |N—1—y 71—y

But a simple computation shows that this last minimum is attaingd-atl. This concludes the
proof of the Corollary;

T

These regularity results with a bootstrap argument will allow us to prove the following

Proposition 2.3 Assumey satisfies(H1) and (H2). Then, for anyR > 0if u € H*(Q) is a
solution of (1.2) for somg\| < R we have

ull ey < C(1+ |lullzran)) (2.3)

for some positiver, whereC' = C(R) andp = 2(N — 1)/(N — 2).

Proof. AssumeN > 3, the proof whenV = 2 is simpler. Observe that the boundary condition
satisfied byu is g—z = A\u + g(A, z,u) and by hipotheses (H1), (H2) and assuming thaK R,

we havelg(\, z,u)| < Ch(z)(1 + |u(z)|) for some constant’ = C(R). Hence2“ = b(x) with
|b(x)| < C(1+ h(z))(1+ |u(x)]). Notice also that + h € L"(92) for somer > N — 1.

Now, if u € H'(Q2), thenyu € L?(99Q) with p = 2=} which satisfies that + ; < 1 foranyr >

N — 1. Hence, applying the regularity result of Corollary 2.2 i) we obtaln that LP+°(09)
and

|| o+s a0y < C(1+ ||lullLron))



Repeating this regularity argumeintimes, we get thaju € Lt (0Q) with L=+ =1 <

p+kd s
~—- Moreover, we will also have

[ull Lors a0y < O+ [Jull por-nsan)) < -+ < C(1+ |lullzroo)
In particular,b € L*(9Q) for somes > N — 1. Hence, Lemma 2.1 iii) implies that € C%(Q)

and
|ul|ca@y < Clb

a9 < O+ [Jul|zra0))-

Remark 2.4 The regularity result of the last proposition tells us that looking for solutions of
problem (1.2) inif}(12) is equivalent to looking for solutions in a more regular space (ikgQ).

We analyze now the operatdf, the Neumann-to-Dirichlet operator. We have the following
result,

Lemma 2.5 The operatorS, : L*(0Q) — L*(99) is a linear selfadjoint, positive and compact
operator. If we denote byr; }°, its eigenvalues, and by, = 1/7; we have that for any € IR,
A & {0152, the operatorSy : L2(9Q)) — L?*(99) defined bySy(g) = yv wherev is the unique
solution of
—Av+v = 0, in Q
{ %Z — v = g, onof) (2.4)

is selfadjoint, continuous and compact. Moreover, the first eigenvgligesimple and its eigen-
fuction®, can be choosen strictly positive. Alsoyif- N — 1 then,S, : L"(9Q) — C°(99Q) is
continuous and compact and for any compactfset IR \ {o;}:°, the norm ofS) : L"(0Q2) —
C°(99) is uniformly bounded fok € K. Also,||Sy|| — oo as\ — o; for somei.

Proof. Observe that ib,, b, € L*(99Q) and if vy, v, are the solutions of- Av; + v; = 0in €,

% = b;, 1 = 1,2, then by the weak formulation of this problem we have that

(So(b1),b2)2(80) = /QVMVUQ + /Q v1vg = (b1, So(b2))r2(00) (2.5)

From (2.5) it follows thatS, is selfadjoint and positive. That, is compact follows from Lemma

2.1. The fact that the first eigenfunction can be choosen nonnegative follows easily from the
Rayleigh quotient for the first eigenvalue. Then, maximum principles imply that the first eigen-
function is actually strictly positive. In turn, this implies that the first eigenvalue is simple.

The rest of the proof follows just by realizing thélf = (I — ASy)~! o Sy and applying the
regularity results of Corollary 2.2,



It is clear now that we can set a fixed point problem to obtain the solutions of (1.2). As a matter
of fact,u € H*(Q) is a solution of (1.2) if and only if its trace = yu is a fixed point of

v = S)\(g()‘7 ">U)) (: (I - )‘50)71 o SO(g<)‘7 E U))) (2.6)

Notice also that once is obtained we recover by solving—Au + « = 0 in Q with v = v on
the boundary.

Concerning the fixed point problem (2.6), we have

Lemma 2.6 Under hipothese¢H1) and (H2), the mapC°(9f2) > v — g(\,-,v) € L"(9N)
is well defined and continuous. Moreover, for each > 0, ¢ > 0, there exists a constant
C = C(e, M) such that

[g(As - )| zra0) < €llv]leo@a) + C (2.7)

forall v € C°(00), |\ < M.

In particular, the mapC®(9Q) 3 v — Sx(g(A, -, v)) € C°(99), is continuous and compact for
all \ B\ {O'Z};)il

Proof. That this map is well defined follows from the bounds;afiven by (H1). The continuity
follows from the continuity ofy with respect to the last variable, the boundg afiven by (H1)

and the dominated convergence theorem. Statement (2.7) follows from the fact that for each
e > 0 we have the inequalityl/(s)| < es + C, for some constant’ = C/(¢), the fact that the
functionA(\) is continuous.

The last part of the lemma follows easily.

Now we are in a position where we can show the existence of solutions of our original problem
(1.2)forallh € IR\ {o;}°,. We have the following

Theorem 2.7 If ¢ satisfies(H1) and (H2) then, for allA € IR\ {o;}3°, there exists at least
one solution of problem (1.2). Moreover, for each compactrset IR \ {0;}2,, we have the
existence of a constant = C'(K) such that any solution of problem (1.2) is bounded'{?)
by C.

Proof. Consider the compact sat C IR\ {o;}:2, and observe that by Lemma 2.5 we have that
there exists a constafi = C;(K) such that the norm of), : L"(9Q2) — C°(2) is bounded by
C,forall \ € K.

We will apply Schaeffer fixed point argument to (2.6), see [10]. For this, congidejo, 1] and
let v be a fixed point of
v :95)\(9(>U7U)) (28)

for some\ € K. Then||v||copa) < Cillg(A, -, v r@0). But, by (2.7) we get
[vllcoay < Ci(el|vllooon) + Cle, K))
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Choosinge small enough such that— Cie > 1/2, we get||v||copq) < 2C1C (€, K). Noticing
that by Lemma 2.6 we have that— Sy(g(), -, v) is compact inC%(9€2) when\ ¢ {0;}3°, and
applying Schaeffer fixed point argument, we prove the proposition.

3 Unbounded branches of equilibria

From the results of the previous section it is clear that when the value of the paramister
away from the Steklov eigenvalues, the solutions of (1.2) are bounded uniformly@n the

other hand, since the norm of the operatQmlows up to infinity whem\ approaches a Steklov
eigenvalue, see Lemma 2.5, it is natural to expect the existence of branches of solutions that
diverge to infinity in certain norms when the parameter approaches a Steklov eigenvalue. For
instance, if we consider the case where= 0, then, for any\ ¢ {o;}3°, the unique solution

isu = 0, while for A\ = o; we have that the whole finite dimensional subspace given by the
eigenfunctions associated ép are solution. This subspace constitutes an unbounded branch of
solutions.

Let us start by analyzing the behavior of the solutions when we know explicitly that the solution
blows up in certain norm.

Proposition 3.1 Assumg A, }>2 , is a convergent sequence of real numbers for which there exist
solutionsu,, of (1.2) with||u, || L=@q) — oo asn — oo. Then necessarily, — o, for certain
i € IN and for any subsequenceof, there exists another subsequence, that we denotg by
and an eigenfunctio®; associated t@; with ||®;|| . o) = 1 such that

W g, in CP(Q)
[[tn || ow 00

for somes > 0.

Proof. Applying the Hblder estimate given by (2.3) we obtain thawjf = u, /||t L= @0).,
we have|lv,|lca@y < C, for someC independent of.. Using the compact embedding
C*(Q) — CP(Q) for 0 < B < a, we obtain that for any subsequenceuvgf there exists an-
other subsubsequence, and a function® € C#(Q2) such that,, — ® in C?(Q). Therefore,
since|| vy || L= a0) = 1 we get that|®|| .- o) = 1 and in particula is not identically zero.

The equation satisfied hy, is

Ov,
on

{ —Avn/+vn/ = 0, in Q

Passing to the limit in the weak formulation of this equation, taking into account that
Az g L7(09) asn’ — oo and that,, — ®, we get thatb is a solution of

H“n/HLOO(aQ)



{—Aq>+<1> ) in 0

2 = g0, on o)

whereo = lim, o An. Since||®|| o) = 1, necesarillyo is an Steklov eigenvalue arielis
an Steklov eigenfunction associatedtoThis proves the Proposition.

We immediately have,

Corollary 3.2 With the same hypotheses of Proposition 3.1 we have
i) The whole sequence satisfips, || .» 90y — oo for anyl < p < oo.
i) If u,, > 0 for all n, then necessarily, — o; and the whole sequence satisfies

I ey, in CP(Q).
|tn ] Lo (002)

Proof. i) Since LP(99)) — L'(09Q), it will be enough to show the result for = 1. If this

is not the case, then there will exist a subsequencbounded inL!(92). From Proposition
3.1, we can get another subsequengesatisfyingu,/||u, | L~w@o — ®; and in particular
||Un/||L1(3Q)/||Un/||Loo(QQ) — ||®1||L1(6Q) > 0, which |mp|leS thalj|un/||L1(39) — 00, Which is a
contradiction.

ii) From Proposition 3.1, any possible convergent subsequengg (i, || .~ 50y has to converge
to an Steklov eigenfunctio®; with ||®;||.~sq) = 1. Since in this casa, > 0, we have that
®, > 0. Buto; is the unique Steklov eigenvalue with a nonnegative eigenfundigrsee

Lemma 2.5

We will show now that any Steklov eigenvalaeof odd multiplicity is a bifurcation point from
infinity, that is, there exists a sequenkewith \,, — o and a sequence of solutions of (1.2)
for the value),, such that|u,|| ) — co. ¢

Before stating the result, consider the following notation. We will consider the solutions of (1.2)
in IR x C(2), where the first coordinate is the value)ofind the second is the functianwhich
is a solution of (1.2) for this value of. In this sense, we will denote the set of solutions by

S. Recall also that we have denoted the Steklov eigenvalues (eigenvalues of problem (1.3)) by
{oi}.

We have the following result,

Theorem 3.3 Consider problem (1.2) and assume that the nonlinearigatisfies conditions
(H1) and(H2). If o is an Steklov eigenvalue of odd multiplicity, then the set of solutions of (1.2),
denoted byS, possesses an unbounded compofenthich meetso, co) € IR x C(€2).

Moreover, iffA_, A;] C IRisaninterval suchthat\_, A\ |N{c;}2, = {o} and M = [A_, A\, ]x

{ue CQ): ||lullc@ > 1}, then either
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(i) D\ M is bounded inR x C(£2) in which caseD \ M meets the s€t(\,0),: A € IR}
at (Ao, 0) such thatg(Ag, -,0) = 0, or

(i) D\ M is unbounded idR x C(f2).

If D\ M is unbounded, and it has a bounded projection/BnthenD \ M meets(d, o0) €

IR x C(Q2),witho # ¢ € {0,}:°,, i.e. D\ M meets another bifurcation point from infinity.

Proof. Observe first that the fixed point problem (2.6) can be recast as
v = /\SOU_'_SO(.Q()‘?'?U)) (31)

whereS, is the Neumann-to-Dirichlet operator, see Lemma 2.5.

We apply now the general techniques from [17] to the fixed point problem (3.1) in the space
C(092). Thus, we have to prove that

(A) So(g(A,-,v)) = o(]|v|]) atv = oo uniformly for X in bounded intervals,and

(B) the map(\,v) — ||v]|2So(g(A, -, v/||v||*)) is compact for\ in bounded intervals.

where for simplicity we denote b || := [|v||c(aq)-
(A) For anyv € C(092) we have, from (H1) thag(), -, v) € L"(02). Therefore,
HSO<g<)\7 7U)>H S C“g()‘a '7U) LT (09) S C(E + C€ ) (32)
o] o] o]

where we have used Lemma 2.1 for the first inequality and Lemma 2.6 for the second one. From
(3.2) we easily get (A).

(B) We have to verify thatH : IR x C(0Q2) — C(09) defined by H(\,v) =
|v]|2So(g(\, z,v/||v||*)) is compact. Note first that the image of\,v) € [\, A] x C(99) :
6 < |lvlle@a) < p} underH is relatively compact for ang < A and0 < 6 < p < oo. This
follows from the boundedness gfand the compactness §f. Thus we only need to prove that

the image of A\, A\] x Bs underH is relatively compact it (0£2) for somed > 0 small enough,

whereB; = {v € C(09) : ||v|]| < d}. Let us choose € B;, and definew = ||U||2 which
(%
satisfies|w| > 3.
From (2.7) withe = 1, we get
||g()\7 ',UJ)HLT(@Q) g C, (33)
[[]]

with C' = C(A, ||h|| - a0), 6). Therefore

o Jo (vgoe)| s clo< o 3.4

[|v]] L7(69)
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Now, the compactness 6f, : L"(092) — C(0f2) given by Lemma 2.1 ends the progf.

We analyze now the case where the eigenvaligesimple, and in particular the case of the first
eigenvalue. We have the following,

Theorem 3.4 Let o denote a simple Steklov eigenvalue ain@ corresponding eigenfunction.
Assumey satisfies hipothesg$i1l) and (H2). Then, the set of solutions of (1.2), possesses two

unbounded componerix”, D~ which meeto, o) € IR x C(f), satisfying

(i) there exists a neighbourhod@; of (o, c0) such that(A\,v) € Dt N O; and (A, v) #
(0, 00) implies

v=ad+w where o > 0, With [|w]| L a0) = o(|a]) at |a| = oo

(i) there exists a neighbourhoa@; of (¢, o) such that(\,v) € D~ N Oy and (A, v) #
(0, 00) implies

v=—ad+w where o > 0, With ||w|| L a0) = of|a|) at|a] = oo
Proof. See [17], Corollary 1.8.

Note, in particular, that ilr = o; since the first eigenfunction can be choosen positive, this result
implies the existence of branches of positive and negative solutions bifurcating from infinity.

4 Sufficient conditions for subcritical and supercritical bifur-
cations from infinity

In this section we give conditions on the nonlineatrityat allows us to characterize the different
bifurcations occurring. Obviously, the type of bifurcation (sub or supercritical) occurring at a
bifurcation point will be dictated by the behavior of the nonlineagjtyor large values of.

For instance, assume that we have a sequence of solutidios the value of the parameter,

and assume that, — o4, the first Steklov eigenvalue. From Proposition 3.1 we have that the
functionsv, = m maybe after taking a subsequence, converggios?) to &, or

—&4, whered;, is the unique positive eigenfunction ef with L>°(9€2)-norm one.

As an example, let us consider the case where— &; and assume, for instance, that the

functiong(\, z, s) behaves fos — +o0o and\ — o, as

g\ x,s) =~ G(x)s".
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Then, considering equation (1.2) with= \,, multiplying it by ®,, integrating by parts and
using thatd, is an eigenfunction, we get

_)\n/ nq):/ )\naynq)
(o1 ) 89“ 1 mg( T, Up ) P

Hence, since,, — +oo uniformly in 992 and using the asymptotic expressioryafe easily can
get that the sign of; — )\, is dictated, fom large enough, by the sign of

14+o
| el

In particular, if this last integral is positive the bifurcation is subcritical and if it is negative the
bifurcation is supercritical.

With this in mind, we define the following functions, that describe the behavigrfof large
values ofs, at a giverns. Define, for somey, the following functions

A — A
G+($) = hm lnf m G+(_Qj) = hm sup m
o (o) (o) % (A,8)—(o,400) s«
(4.1)
A — A
G_(z):= liminf 9\ 2, 9) G_(z):= limsup g\ x,s)
o Ouo)=(mo0)  |s]® () —(,—00)  |5]°

Remark 4.1 i) Observe that in factz depends o anda. If we need to stress this dependence,
we will write G¢7 (), G¢7 (z), G7(x) and G2 (z).

il) Observe that ify satisfieqH2) anda > 1 then all the functions defined above are identically
zero.

i) The way in which the functions defined in (4.1) describe the behavior of the funcfimm
large values ok can be expressed in the following way: for any 0 small enough, we have
(Gy(x) — 5" < g(A,2,5) < (Gy(x) + €)s%, s — +00, A= 0

and similarly fors — —oco

In order to establish conditions for sub or super critical bifurcations at the first eigenvalue, we
prove firs the following important result,

Lemma 4.2 Assume the nonlinearitysatisfies hypothes($i1l) and(H2). Denote by, the first
Steklov eigenvalue and W@y the first positive eigenfunction withd, || .- sq) = 1. Consider a
sequence of solutions, for the value of the parametey, such that\, — o, and||u,||z~@0) —

oo. Then,

i) if u, > 0, we have

13



G plte A\, -\, G plita
faﬂ% < liminf il < lim sup 7 < Jog G+ 21 (4.2)
Joa P1 oo HunHLoo(ag) n—00 HunHLoo (092) Joo @1
i) if u, <0, we have
®1+Oé _ )\ _ )\ (I)H‘O‘
118972 < lim inf u < lim sup o < Joo & 3 (4.3)
Jaa ®1 e ||Un||Loo(aQ) oo g2 (99) Joa ®1

Proof. Let us show i). The other case follows a similar proof. So let us consider a family of
solutionsu,, of (1.2) for A = A\, with \,, — o1 and0 < u,, — oco. Multiplying equation (1.2) by
®, and integrating by parts, we get

1= ) [ wn®i= [ g0, u) 1 (4.4)
o o0

But,

(6% g<)‘n7'raun)< un )a
g )‘naxaun Dy = ||upy|| T )
/89 ( @1 = [[unl| 7 00 50 uo [t | oo 262 1

But, from Fatou’s Lemma,

lim inf g(An, 2, Un) <| tn ) O
)

n— 00 a0 u% ’unHLoo(aQ N
oQ N U/% ||unHLoo(dQ)

> 14+«
|, G2l

where we have used the definition 6f.(z), that®; > 0 for all x on 9 and the fact that
o — @, unifomly in 052, see Corollary 3.2.

llun [l Lo (a0)
Dividing in (4.4) by||u,| @) and passing to the limit we obtain the first inequality of (4.2).
The second inequality is trivial and the third is obtained in a similar manner as the firgt one.

Now, with respect to bifurcations from the first eigenvalue we can prove,

Theorem 4.3 (Bifurcation from the first eigenvalue) Assume the nonlinearity satisfies hy-
pothesis(H1) and (H2). Denote byo, the first Steklov eigenvalue and by the first positive
eigenfunction with| @ || . s0) = 1. Then,

i) (Subcritical bifurcations). Assume there exists an< 1 such thatG, = G}”" € L'(99)
(respectivelyGG_ = G2 € L'(99Q)). Then, if

. G P17 >0 <respectively / G_dl™ < 0) (4.6)
00— o9
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the bifurcation from infinity of positive (resp. negative) solutions at o, is subcritical, i.e.\ <
o, for every positive (resp. negative) solution v) of (1.2) with(, ||v]|) in a neighbourhood of
(017 OO)

i) (Supercritical bifurcations) . Assume there exists an< 1 such thatG, = G77* € L'(9Q)
(respectively\G_ = G € L'(0%Q)). Then, if

/ G o1t <0 ('r’espectz'vely / G_ Pt > O) 4.7)
0 00—

the bifurcation from infinity of positive (resp. negative) solutions at o, is supercritical, i.e.
A > o4 for every positive (resp. negative) solutiok v) of (1.2) with(, ||v||) in a neighbour-
hood of(cy, c0).

Proof. The proof of this Theorem follows directly from Lemma 4.2. Observe that conditions
(4.6) and (4.7) imposse a definite signogf— A, in (4.2) and (4.3)p

As an example of this result we have

Corollary 4.4 i) Assume the nonlinearity satisfigé\, z,s) ~ a|s|* ass — +oo for some
a < 1. Then, ifa > 0 all bifurcations of positive solutions are subcritical, whileaif< 0 all
bifurcations of positive solutions are supercritical.

i) Assume the nonlinearity satisfigé\, =, s) ~ a|s|* ass — —oo for somea < 1. Then, if
a > 0 all bifurcations of negative solutions are supercritical, whileif- 0 all bifurcations of
negative solutions are subcritical.

We consider now the general case, thatug,are solutions of (1.2) for a sequengg with
A — o and||u,|| L= aq) — oo. Then, from Proposition 3.1 we have thiais an eigenvalue and,
up to a subsequence, /||u, || L= @o) — ® uniformly for some eigenfunctiof associated to the
eigenvaluer and with||®|| L o) = 1.

We have the following

Theorem 4.5 (Bifurcation from a general eigenvalug Assume the nonlinearity satisfies hy-
pothesiqH1) and(H2). Letos be an Steklov eigenvalue for which a bifurcation from infinity of
(1.2) occurs at\ = o. Then,

i) (Subcritical bifurcation) . Assume that for somel < « < 1 and for this value ot we have
that G, (z), G_(z) € L'(99). Then, if for any eigenfunctio® associated to the eigenvalue
we have

[ Ge@let e > [ a@)enp (4.8)

0=t
the bifurcation from infinity of solutions &t = o is subcritical, i.e. A\ < ¢ for every solution
(A, v) of (1.2) with(, ||v]|) in a neighbourhood ofo, o)

15



i) (Supercritical bifurcation) . Assume that for somel < o < 1 and for this value o, we
have thalG | (z), G_(z) € L'(9%). Then, if for any eigenfunctioh associated to the eigenvalue
o, we have

| Gr@lete < [ a@enp (4.9)

the bifurcation from infinity of solutions at = o is supercritical, i.e.A > ¢ for every solution
(A, v) of (1.2) with(\, ||v]]) in @ neighbourhood ofo, o)

Proof. We will show the first case. The supercritical case is proved in a similar way.
As in the proof of Theorem 4.3, we need to study the sign of

Ans T, Up ) P.
/899( T, Up)

But, if we denote by)Q" = {z € 992 : &(z) > 0} and byoQ~ = {z € 99 : &(z) < 0}, we
have

A,,(I)z/ )\,,<I>+—/ Az, )|
[ oshzuwe = [ gawet - [ g0neu)

onN
g zw) (1 )
=l o (a+

8m“tﬂm) mn|wu|a (4.10)

o g(A z,u _ 1 Uu

e [, e ()
o (14 [u]) el Tl
Observe that, for ang > —1,
+ 1 |Un| : - +
o Mo + T — |O7| in C(0027) asn — oo. (4.12)
U, Uy,

Now, passing to the limit in (4.10), using (4.11), hypothesis (4.8) and the Fatou Lemma we
conclude the proofy

5 The resonant case
We are concerned now with the resonant problem, that is,

(5.1)

ou  — gu+ g(z,u), on o2

{—Au+u = 0, in
an

whereo is an Steklov eigenvalue of (1.3). We are interested in giving conditions guaranteeing the
existence of solutions in this case. As a matter of fact, we will see that if all posible bifurcations
of the problem

{ —Au+u = 0, in ) (5.2)

v = Au+ g(z,u), on o2
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with A € IR, A = o are either subcritical or supercritical, then the resonant problem necessarily
has at least a solution.

Theorem 5.1 Assume that every possible bifurcation from infinit\at o of problem (5.2) is
subcritical, that is, condition (4.8) holds, or every possible bifurcation from infinity at o of
problem (5.2) is supercritical, that is, condition (4.9) holds. Then the resonant problem (5.1) has
at least one solution.

Remark 5.2 Conditions (4.8) and (4.9) are known as Landesman-Lazer type conditions.

Proof. Observe first that from Theorem 2.7, for- 0 small enough, we have that problem (5.2)
has at least one solution for ll€ (¢ — ¢,0 + ¢€) \ {o}. If, for instance, we assume that all
possible bifurcations ocurring at = ¢ are subcritical, then necessarily there exists a constant
M such that for any\ € (o, 0 + €) all posible solutions of (5.2) satisfiu||,~@0) < M. This
allows us to take a sequence)of — ¢ and solutions, of (5.2) with ||u, || .= @q) < M. Using

the compactness given by elliptic regularity results applied to (5.2) and passing to the limit, we
obtain a solution of (5.1)

6 The Anti-Maximum Principle for the Steklov problem

Let us consider the nonhomogeneous linear Steklov problem (6.1)

{—Au—l—u = 0, in €2 (6.1)

Gu = Au+ g(z), onon

and let us show an Anti-maximum principle for this problem, see [8], [2] for the case where the
nonlinear term is irf2. As usual, we denote by; the first Steklov eigenvalue and @y its
positive eigenfunction.

Theorem 6.1 For everyg € L"(092) withr > N — 1, there exists = ¢(g) such that

1. If/aQ g®, > 0 then every solutiof\, ) of (6.1) satisfies the following

@ u>0ifo; —e< X\ <oy,
(b)) u<0ifo; <A< oy +e

2. If/ g®; = 0 then every solutiori), u) of (6.1) withA # o, changes sign 02 and
o0
consequently if2.
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Proof. Assume/ g®; > 0. The Fredholm Alternative states that the linear problem (6.1) does
o0

not have solution il = ¢; and has a unique solutionif¢ o(S). Moreover from Theorem 3.3,

A = o7 is a bifurcation point from infinity and from Theorem 4.3, the bifurcation from infinity of
positive solutions is subcritical, i.e. there existscan ¢(g) such that for al(\, «) solving (6.1)
with A — o1, ||u|| = co andu > 0theno; —e < A < o;.

Moreover, by the same theorem, the bifurcation from infinity of negative solutions is supercriti-
cal, i.e. there exists an= ¢(g) such that for al( A, u) solving (6.1) withA — oy, ||u|| ~ oo and
u < 0thenoy < A <oy +e
Assume now that ¢®; = 0. Multiplying equation (6.1) with\ # ¢4, by ®; and integrating
oN

by parts, we obtain th@[ u®; = 0. Since®, > 0, v has to change sign X2 and the proof is
o0
concludedp

7 Stability analysis

We analyse in this section the stability properties of the branches of solutions of (1.2) found in the
previous section. We will regard these solutions as equilibrium points of the following parabolic
evolutionary problem with nonlinear boundary condition,

u—Au+u = 0, in Q
% = Au+g(\x,u), onos, (7.1)
uw(0,2) = wup(z), in €.

and will analyse their stability in relation to this problem.

We will also assume that the nonlinearitybesides conditiondd1) and(H2) satisfies a locally
Lipschitz condition in the variable. By assuming this, we garantee that for a given initial
conditionu, € C(Q) there exists a unique solutiane C([0,77],C(Q)) of problem (7.1) and
that the solutions depend continuously on the initial data, see for instance [3].

From condition(H2) we easily get that
g\ z w)u < elh(@)[u? + Delh(z)||ul

on bounded intervals of.

Hence, comparison arguments, see for instance [4], showittat)| < U(¢,z) whereu is the
solution of (7.1) andJ is the solution of the following linear problem

U —AU+U = 0, in Q2
9 = (A +€lh(z))U + De|h(z)], on o9, (7.2)
UO,z) = |uo(x)], in Q.
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With this comparison we obtain the following information:
1) Since problem (7.2) is linear aride L"(092) with » > N — 1, we get that the solutions of

(7.2) are inC(Q) and they are globally defined in time. This gives us estimates on the solution
u(t, x) of (7.1) which in turn imply that the solutions of (7.1) are global in time. Hence, for each

ug € C(€2) we have a unique solutiane C([0, 00), C(2)).
2) If we consider a fixed\ < o4, then fore small enough, we have the existence of a unique

e € C(Q2), solution of the following elliptic problem

% — (A +elh(z)])p + De|h(z)], on 9. :

To see this, we apply Lax-Milgram theorem to the following bilinear fornfihQ2)
e\ W, = - A h
ac(u,v) /Q(VUV’U + uv) /m( + e|h(x)|)uv

Observe that sincg < o, the bilinear form above with = 0 is coercive. Now since) €
L7(092) andr > N — 1, for e small enough we can show, via Sobolev embeddings and trace
theorems, thai, is also coercive and we obtain the existence and uniqueness of a weak solution.
Using regularity results we get that the solutione C(Q), sincer > N — 1.

3) Now, the solutiorV of (7.2) is given byU (¢, z) = z(t, z) + ¢.(x) wherez(¢, z) is the solution
of

a—Az+2z2 = 0, in Q2
2 = (A teh(@))e, onoQ, (7.4)
2(0,7) = |uo(x)| — e, in Q.

But the coercitivity of the bilinear form,. and the smoothing properties of the solutions of (7.4)
implies that

12(t, )o@ < Mee™ " ![|uol — @llow

for somelM, v. > 0. Hence, the solution of (7.1) satisfies

Ju(t, )o@ < NUE )o@ < Me™

[uol — ¢llc@) + l¢elle@) (7.5)
and also
limsup |u(t,z)| < (), a.e.x € (7.6)
t—+00

Estimate (7.5) imply that fok < o, the evolution of any initial condition for (7.1) is contained in
a bounded set. Hence, this problem has an attractor, see [12]. Moreover, all the globally defined
and bounded solutions are contained in the attractor. In particular, all the equilibria, conections
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between equilibria, etc. are contained in the attractor. Estimate (7.6) tells us that any point in the
attractor is bounded pointwise ky. In particular all equilibria are bounded by.

With respect to the stability of the equilibria bifurcating from infinity at the first eigenvalye
when we have a subcritical bifurcation, we have the following

Proposition 7.1 Assume we are in the conditions of Theorem 4.3. Then,

i) if the bifurcation of positive solutions (resp. negative solutions) at the first eigenwaiue

is subcritical, then there exists@a> 0 small enough such that far;, — § < A < o4, the largest
positive (resp. smallest negative) solution bifurcating from infinity is “globally asymptotically
stable from above” (resp. from below). That isuif > 0 (resp.u, < 0) is this solution then, for

all initial condition wy > wy, (resp.wy < u,), the solutionu(t, x, wy) of (7.1) with this initial
condition satisfiedim, ., u(t, z,wy) = uy uniformly inz € Q, foro; — 6 < A < oy.

ii) if in (4.1) we haveG, > € (resp.G_ < —¢) for somec > 0, then the bifurcation of positive
(resp. negative) solutions at= o is subcritical. Moreover there exists@ > 0 large enough
such that ifu, is the smallest positive (resp. largest negative) solution satistying (5, (resp.
iy < —[fp) then there exists & > 0 such that the equilibriuna, is asymptotically stable from
below (resp. above) far; — § < A\ < o;.

In particular, if for some\ in this range, we have a unique positive (resp. negative) equilibrium,
that isu, = u,, then this equilibrium is asymptotically stable.

Proof. In order to prove this result we analyze the solution of (7.1) with initial conditi@r=
B®q, for 5 € IR, where®, is the positive eigenfunction with®, || .~y = 1, associated to the
first Steklov eigenvalue. Hence, if we denote this solutiom @y, multiplying the equation (7.1)
by a positive test functioy € C>°(IR") and integrating by parts, we get

dt/ / (Vu(t )Vx+u(t)x>+/m Xu(t)x + g\, - u(t))x

Evaluating this expression at= 0, we get

& [ uto

and taking into account thdt, is the first Steklov eigenfunction, we get

= =8 [ (Vevx+ @) + [ As@ix+g(r,- 500X

/(VCDNX + 01x) = 01/ Dy
Q oQ

which implies

_ g(/\f?ﬁq)l)
- /m <>\ —o T ) Borx (7.7)
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This is the basic equality to prove the result.

i) Consider the case where we have a family of positive solutions, bifurcating from infinity and
the bifurcation is subcritical. For fixed, denote byu, the largest positive solution.

We know from Proposition 3.1 and Corollary 3.2 t ‘ 1 — Oy,

x|l Lo ()

For a fixed\ with —6 < A — o1 < 0, let 3, be large enough sucht that®, > u, and

‘g(/\v Z, ﬁ)\Cbl(I))
Br®1 ()

This can be accomplished by conditi@d2) and using thainf,cso ®;(z) > 0. Hence, for
8 > By andy > 0, we get

jt/QU(t)x

Sincey > 0 is arbitrary, this implies that the solution starting#®, for 3 > [, is initially
decreasing, that is, there exists a smaluch that.(t, z, 5®,) < fP, for 0 < t < ty. Since the
flow generated by (7.1) is monotone, then we easily getitfiat:, 5®,) < u(s,z, 5P;) < P,
forall 0 < s < t. Moreover, since we have chosgp®; > wu, andu, is an equilibria, we
getuy < u(t,x,fP;) < P, for all t > 0. Now, since the solution(t, z, 5P;) is monotone
decreasing in time and bounded below, ands the largest positive equilibrium solution, then,
for each3 > 3, necessarily(t, z, 3P,) — uy ast — oo uniformly inz € Q.

1
< —|\=
‘_2| o1

=g [, e <0 78)

Hence, for any initial conditiony, € C(Q2) with wy, > w,, if we consider3 > [, such that
uy < wy < [Py, by monotonicity of the flow we get thaty, < limsup, . u(t, -, wy) <
limy o u(t, -, 5P1) = uy, which proves the result.

i) If G, > e for somee > 0, then, we know from Theorem 4.3 that the bifurcation of positive
solutions is subcritical.
Choose &, > 0 large enough andl > 0 small enough such that, from (4.1), we get

g()‘a T, 50(1)1(55))
(Bo®y(x))~

>€/2, o1—d<A<oy, x€IN

This implies that, for thigj, fixed, we have

g\, z, Bo®i(x)) S €
Bo®1 ()  2(80P ()t

>€ o01—0<A<o;, x€I

where

(Bo®y ()t~ o€ o

Assuming that < €/2 (if this is not the case we choose= €/2) we get from (7.7) with initial
condition3,®,

€= inf{2
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(jt /Q u(t)x )

wich implies as in i) that the solution starting @®, is non decreasing. Now, with similar
monotonicity arguments as in i) we prove that the solution of (7.1) with initial condittpwith
Go®1 < wy < uy, has to converge ta,.

€
t OZ Z/@gﬁo¢1X>0 (7.9)

The case7_ < —c is totally similar.

Remark 7.2 A condition that garantees that for a fixadhere exists a unique large enough pos-

itive (resp. negative) solution is to assume that the functien M Is strictly monotone
for s > 0 (resp. s < 0) large enough and a.er € 02. To see this, assume that andu, are

two positive solutions with,, (z), @, (z) > § and such that — M is strictly monotone
for s > 3. Observe that without loss of generality we can assumeithat u,. Then,u, is the
solution of

—Auy +uy, = 0, in Q
Gun - — (A+7g(A’ITA’uA))uA, on o)X

that isu, is an eigenfunction associated to the eigenvalue 0, of the following eigenvalue
problem

—A — in ©
{ ¢+ o, In (7.10)

2 _ ()4 gz )y, on 9.

on U

and sinceu, > 0 then0 is the principal eigenfunction.

Similarly we could argue that = @, > 0 is the principal eigenfunction associated to the
principal eigenvalue 0 of the following problem

Abto = ps ino .
20 = (g SALED - ongo, (7.11)

But, sinceii, < uy, by monotonicity of — M we cannot have that = 0 is the first
eigenvalue of both problems (7.10) and (7.11).

When the bifurcation at the first eigenvalue is supercritical we have,
Proposition 7.3 Assume the function is differentiable with respect to the last variable and

consider the function&',, G, G_, G_ as defined in (4.1) for some < 1 and foro = o4, the
first Steklov eigenvalue. Hence, if we have

gu(A, x, 8)

u A? b) -~ .
lim inf M >aGy, (resp. limsup :
s~

()‘75)_>(0'11+OO) Sa_l (/\,s)ﬂ(gl,foo)

<aG.) (7.12)
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and if condition (4.7) holds, that is%39 G (2)P1 <0, (resp./ G_(x)®}T™ > 0), then, the

Q
bifurcation of positive (resp. negative) solutions at the first eigenvalue is supercritical and any
positive (resp. negative) equilibrium solution bifurcating from infinity is unstable.

Proof. We only consider the case of bifurcation of positive solutions. The proof for negative
solutions is similar.

Condition (4.7) garantees that there exists a supercritical bifurcation of positive solutions from
infinity at the first eigenvalue;. Let us byu, a positive solution bifurcating from infinity. The
eigenvalue problem associated to the linearization araynsl given by

(7.13)

%5 = Aw+ g\, z, up)w, on of).

{—Aw—l—w = pw, in Q

We will show that the first eigenvalug,; = p;(\) < 0 for A > o, close enough te;. This
eigenvalue is given by

L IROP 1R [ NP a0 ) o
M= L emi) 2
[ 10
LIV 4 (@1 = [ X012 + g (02, 00) |4
<

JAL

—A/cp?— SO 1) | [
(o1 )m’ 1| 899( fEUA)| 1

/ |®,]?
Q

where we have used thdf is the first Steklov eigenfunction, associated to the eigenvalue

(7.14)

But observe that from Lemma 4.2, we have

o1 — A < Jpo G @17

lim sup — < (7.15)
A—a1 ”U/\HLwl(aQ) Joo ©1
On the other hand, from (7.12) and Corollary 3.2, we have that
A _
lim inf W@l\? > / oG, (z) e (7.16)
)\_’Ul o0 U)\ o

Plugging expressions (7.15) and (7.16) in (7.14), we get,

ail 14+«
y -] Gl
lim sup ,M1OE_1) < 02 )
roor [uall 7 (a0) /@f
Q
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Now, since by hypothesis, contidion (4.7) holds and: 1, we obtain thaj:; < 0 for A close
enough tar; and the equilibrium is unstable.

8 Remarks and extensions

We consider in this section several important remarks and extensions of the problem we are
dealing with. These comments go in three directions.

First, in subsection 8.1, we will consider the case where bifurcations from the trivial solution may
occur. For this, we will need to assume that the nonlinegrig/g(\, z, u) = o(u) asu — 0.

Second, in subsection 8.2, we will consider the case where the nonlinear boundary conditions
incorporate a potential with a posible non definite sign, that is, the boundary conditions reads,

ou
o = Am(x)u + g\, z, u)

Finally, in subsection 8.3, we analyse the simpler, but important and instructive, case where
N =1.

8.1 Bifurcation from the trivial solution
We consider problem (1.2) and assume that the nonlineasiyisfies conditioH1) but, instead

of specifying the behavior of for large values of:, we consider the behavior gffor small
values ofu. That is, we assume

(H3) lim Us) _,

sl—0 S8
We have the following result,

Theorem 8.1 Consider problem (1.2) and assume that the nonlinearisatisfies conditions
(H1) and(H3). If o is an Steklov eigenvalue of odd multiplicity, then the set of solutions of (1.2)

possesses a component emanating from the bifurcation @il € I x C(2). Moreover, this

component, either it is bounded IR x C(£2), in which case it meets another bifurcation point
from zero (that is, another poirit’, 0) for another Steklov eigenvalwé), or it is unbounded.

Proof. The proof of this result follows the general results on bifurcations from the trivial solution
given in [16]. See also [2] for similar results when the nonlinearity is in the intefior.
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Remark 8.2 Observe that it is possible to have nonlinearities where both situations, the one
from Theorem 8.1 and from Theorem 3.3, hold. This is the case, for instance, where the nonlin-
earity g(\, z,u) is o(u) atu — 0 and atu — oo. In this situation, both Theorems apply and if

o is an Steklov eigenvalue of odd multiplicity (for instance the first one) then both bifurcations,
from zero and from infinity occurs at this value of the parameter.

8.2 Potential on the boundary

We study now the case where the nonlinear elliptic problem contains a poteritialin the
boundary condition,

—Autu = 0, in Q ©.1)
Gu = m(z)u+ g\ z,u), on os. '

For simplicity we may assume € L>°(02) and we will consider the important case where the
potential changes sign aif).

The role played in the whole analysis of the previous sections by the eigenJalyes,, of
problem (1.3) are played now by the eigenvalues of the following problem
—AD+d = 0, in Q
{ 2 = om(z)®, on osL. 8.2)
We will still denote these values as Steklov eigenvalues. Hencean Steklov eigenvalue, if
problem (8.2) has nontrivial solutions. Moreover, the multiplicityyak the number of linearly
independent solutions of (8.2). Alternatively, € IR is an Steklov eigenvalue if and only if
1 = 0 is an eigenvalue of the following eigenvalue problem
AP+ D = ud, in Q
{ 2 = om(z)®, on os. (83)
and the multiplicity ofo as an Steklov eigenvalue of (8.2) is the same as the multiplicity of the
eigenvalue: = 0 of (8.3).

In terms of the structure of the Steklov eigenvalues we have the following result.

Proposition 8.3 Let the potentialn € L>(99), withQ2 c IR, N > 2 and leta > 0. Then,

i) If m >« > 0inasubsel’, C 90 with (N-1)-dimensional measuf€, |y_; > 0, then there
exists a sequence of Steklov eigenvalugs}, with 0 < o < o5 < ... with the property
thato;” — +oo asi — +oo and these are all the positive Steklov eigenvalues. Moreoyes
simple and the eigenfunction corresponding to the eigenvajugoes not change sign in.

i)If m < —a < 0inl_ c 0Q with [I'_|y_; > 0, then there exists a sequence of Steklov
eigenvaluego; }2, with0 > o > 05, > ... with the property that, — —oc asi — +oo
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and these are all the negative Steklov eigenvalues. Moreoyes simple and the eigenfunction
corresponding to the eigenvaldg does not change sign in.

Proof. We will give an sketch of the proof. The reader may complete the details, since the
arguments are similar as for the case of potentiaf3,isee [13, 11].

It is enough to show i) since ii) is obtained from i) by noticing that(x) = (—\)(—m(x)).
i) Consider, for each fixed € IR, the eigenvalue$,. (o) }7° , of problem (8.3)

Notice that for fixedr € IR, we have that the sequen€g, (o)}, corresponds to the eigen-
values of—A + I with the Robin boundary conditiof = omu. Hencepy(c) — +oo as
k — oo. In particular, ifc = 0 we recover the Neumann eigenvalues-ak + 7 and we know
thatl = 1;(0) < pe(0) < ... < ug(0) — +o00 ask — oo. For fixedk we can consider
the dependence of,, with respect tar. These curves are continuousdnsee [14]. Moreover,
using the min-max characterization of the eigenvalues, we can easily see that farwe have
(o) < ux(o), wherer, (o) are the eigenvalues of

{ —AD+P = 7O, inQ (8.4)

2 = om*(z)®, on os.
Using again the min-max characterization of the eigenvalues and the faetthat 0 we can
easily see that fos > 0 the curvesr — 74 (o) are non increasing. Moreover, from the fact that
m > «inT'", it can be seen that both curvego), jux(0) — —oo aso — +oo. The structure of
these curves as — oo and the characterization of the Steklov eigenvalues as the value8

for which some of these curves passes through zero, easily prove the resit.

All the results of the previous sections can be easily adapted to the problem (8.1). In particular,
the operatorS) from Lemma 2.5, which appear in the fixed point problem (2.6), is obtained with
the trace of the solution of the following problem

{ —Au+u = 0, in Q (8.5)

9 _Am(x)u = g, on o

and the fixed point problem (3.1) should be rewritten nowas ASy(mv) + Sp(g(A, -, v)),
wheresS; is as in Lemma 2.5.

The existence of bifurcations from infinity at an Steklov eigenvaiti®r o;, of odd multiplicity
follows the same line of proof.

The characterization of the type of bifurcation (sub or super critical) when the parameter
crosses one of the eigenvalues > 0 for somei = 1,2,... is the same as in the case
m = 1, that is, Theorem 4.3 and Theorem 4.5 apply directly to this case. For instance, if

+
Joo GL7F (z)@1 5 > 0 then the bifurcation of positive solutions at= ;" > 0 is subcritical. If
the parameteh crossesr; < 0, then the characterizations are exactly the opposite, that is, for
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instance iff,, G7”* (z)®1 " > 0 then the bifurcation of positive solutionst= o7 < 0 is su-
percritical. That the characterizations are reversed can be easily seen since if we want to analyse
the behavior of (8.1) foA < 0 is the same as analyzing the same problem-fer —\ > 0 for

the potentiah = —m, sinceAm = (=\)(—m) = mn.

In this same spirit, and for the case where the potential changes sign, for which we have two prin-
cipal eigenvaluesy; < 0 < o, with strictly positive eigenfunction®, _, @, , respectively,
the Anti-Maximum principle with a potential will be as follows.

Theorem 8.4 For everyg € L"(092) withr > N — 1, there exists = ¢(g) such that

1. If/{99 g1+ >0 (resp./aQ g®, _ > 0) then every solutiof), u) of (8.5) satisfies

@ u>0if0<of —e<A<of,(respu<0ifo; —e< <oy <0)
(b) u<0ifo] <X<of +e¢ (respu>0ifo;] <\ <oy +e<0),

2. If/8 g®, = 0 then every solution\, v) of (6.1) withA # o, changes it sign o¥(2 and
Q
consequently if).

8.3 ThecaseV =1

So far we have been treating the case where the equatidyrdisnensional withNV > 2. We

give now some ideas on how to treat the one dimensional case. We will see that the bifurca-
tion problem is a two parameter non linear problem that can be treated using finite dimensional
techniques.

Observe that if we consider equation (1.2) (in a similar maner we could argue for equation (8.1)),
in the one dimensional domaih= (0, 1), we can rewrite it as

—Ugp +u = 0, in (0,1)
{ —ug(0) = M+ go(\ u(0)). (8.6)
uz(1) = Au+gi(Au(l)),

But in this case, the differential equation can be explicitly solved in terms of two constants
andb. The general solution is(x) = ae® + be~*. Plugging this expresion into the boundary
conditions, we get the following two equations, which are the equivalent to equation (2.6)

—a+b=Aa+0b)+ go(\ a+b), (x =0)
ae —be™t = N ae + be™) + g1 (), ae + be™t), (r=1)
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Observe that in this case we only have two Steklov eigenvalues, which are given by theovalues
for which the following matrix has zero determinant:

(—(1+a) (1-0) >

(1-0)e —(1+o0)et

These two values are given by

e—1< 1 e+1
g Oy == — =
e+ 1 2 ozl e—1

The eigenfunctior®; and®, for this problem are given by

er + el—a: et — el—ar
o =—) O =
Observe tha®;(0) = ®,(1) = 1 and®,(0) = 1 = —Dy(1).

For any\ # o1, 09, the functionu = ae® + be™* is a solution if(a, b) satisfy
(a)_(—(l—f—/\) (1+2) )‘1( go(A,a +b) >
b) \(1-=XNe —(1+MNet g1(\, ae + be™1)

The sublinearity ofj, andg, asu — oo allows to apply fixed point arguments IR? guaranteing
the existence of at least one solution for any o1, 0. Moreover, the fact that both eigenvalues
are simple, garantee that under a sublinearity conditiop eau — oo, we have bifurcation
curves from infinity.
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