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THE SPACE STRUCTURE NEAR A BLOW-UP POINT
FOR SEMILINEAR HEAT EQUATIONS:
.A FORMAL APPROACH

PaccMaTpUBAIOTCA HOJNOKHUTENbHBIE PENISHUA NONYJIMHEeHHBIX napaboid-
9YeCKHX YPABHEHUH U;—Uxe=uP, p>1, X ut—Usz=e€% mpu —oo<g<<+oo, >0, "
KOTOpBIe 000CTPAIOTCA B e[MHCTBEHHOI T0UKe =0 B KOHEUHEI MOMEHT BpeMe-
HE t=T>0. IlocpexcrBoM (OPMAIBHBIX METOOB JAHO ONHCAHUE THIOB BO3-
MOJKHOTO aCHMIITOTMYECKOTO MmOBefeHHs peureHnit npu (z, t)— (0, T)

§ 1. Introduction

In this paper we shall consider positive solutions of the semilinear equa-
tions
(14a)  wi—uw=u?,  —o<g<too, >0, p>1,
(1.1b)  ui—un=e", —oolg<<+oo, >0,

Since the arguments which follow are very similar for both equations, these
will be devoloped in parallel. Formulae and statements corresponding to-
(1.1a) (resp. to (1.1b)) will be labeled with the letter a (resp. with letter b).
We shall assume that there is a single- p(nnt blow-up at z=0 and t=T,,
in the sense that
' 11msupu(0 {)=-"Foo,

1—>T

Moreover, we shall also suppose that the followmg assumptlons hold
(1. 23)‘ llm(T £) Ve “u(x t)=(p— 1) :/(p 0

1=>T

uniformly for |z|<C(T—t)" and any C>0;

(1.2b) lim[u(x, 1)+ In(7T—t)]1=0

1->T

uniformly for |2|<C(T—t)" and any C>0

Conditions. under which (41.2a) holds.can be found in [1] — [6]. As to (1.2b),
see [7] — [9]: In some of these papers equations (1.1a) or (1.1b) are consi-
dered in bounded domains rather than in the whole line as here. However,
we shall keep to this last framework for convenience.

We now proceed to describe our results. These are of a formal nature,
since they are derived (without proof) by the method of matched asymptotic
expansions. We need to introduce some notatlons ‘and to this end, the follo-
wing changes of variables are performed

(1.3a)  y=2(T—8)~",  t=—In(T—t),
(14a)  u(z, t)=(T—1)"*Y0(y, 1),
00



(1.6a) W=W, —

(1.5a)  Q=W-v@-n;

(1.3b) y=z(T—t)~", 1=—In(T—1),
(1.4b)  u(x, t)=—In(T—t)+d(y, 1),
(1.5b)  O=—InW. :

Notice that we are denoting by W=W(y, 1) the two auxiliary functions in
(1.5a), (1.5b). We then obtain that W should solve
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(1.6b)  W.=W,,—

Assimptions (1.2) read now

(L.72)  lim W(y, t)—p 1, uwniformly on sets |y|<C,

T~>00

(1.7b) lim W(y, T)=1 unlformly on sets |y|<C

Taking into account (1.7), we define {(y, ‘l:) as follows B = |

(1.8a)  W(y, 1)=(p—1)+¥(y, 1),
(1.8b)  W(y, ©)=1+v(y, 7).

By (1.7), ¥(y, t)—>0 as t—o. - We shall see that three kinds of possible:
behaviours are expected for ¢(y, 1) as T=>o. To this end, let H,(y) be given
by

(1.9)  Hu(y)=calHa(y/2),

nomial. Then we obtain that, for (1.1a), ¢(y, T) may behave to the first

|
|
|
where c,=(2"*(xt)"(n!)*)™" and H.(s) is the standard n-th Hermite poly-
order in one of the following manners

(1.10a) Po(y, T)=0 as 1>,

4n) " (p—1)* H
(1.11a)  P(y,v)=~ (4n) (,f] ) Z(y) as T—>oo,
2:p T v .
(1.12a) v Yo (y, T)=kexp [(1—n/2)t]H.(y) as 1>, n=3,4,.... '
Here & is a free constant, depending on the data corresponding to any solu-
tion. As to (1.1b), we have

(1.10b)  Po(y, T)=0 as 10,

4n)'™ H,
R = TR

(1.42b) . a(y, 7) ~h exp [(1=n/2)T]Ha(y) as 1>, n=3,4,...;
k being a free constant as before. As a matter of fact, we shall derive higher-
order expansions corresponding to (1.10)—(1.12) (cf. (4.6), (4.15) below).
Let us briefly remark the previous results. To begin with, (1.10) is sa- |
tisfied by the explicit solutions ’
u(z, £)=[(p=1) (T—)]=/>=" (for (1.1a)), ’ |
u(z, t)=—In(T—t) (for (1.1b)), ’

and we conject that these are the only solutions behaving in this way. The
asymptotic behaviour of type (1.11a) was obtained by a different formal |



method .in [10] (for p=3) and in [1], [3] for the case p>1, and that of .
type (1.11b) was obtained in [11], cf. references in [5], [6], [12]. In seve-
ral papers [5], [10], [13] asymptotic behaviour of the type (1.11a) was
pointed out by numerical methods. For (1.11b) numerical results are given
in [11], [5]. Related rigorous upper bounds can be found in [5] for (1.1a)
and in [14], [5] for (1.1b). Recently, the existence of solutions behaving
as in (1.11b) has been proved in [8]. In our opinion, the main contribution
of this note consists in pointing out the possibility of the behaviours descri-
bed in (1.12). Notice that our method here is quite different from techniques
previously used to obtain the discrete set of non-monotone,. self-similar: blo-
wing-up solutions of quasilinear heat equations as '
u,=div(u’Du)+u® - and u,=div(|Du|°Du)+uf,

where 0>0, p>0+1 are fixed (cf. [15], [16] for the first equation and
[17] — for the second one; see also a full list of references in [12, Chapt,
IV]). We finally point out that our approach can be applied in a variety of
situations. For instance, in [18] we use it to study how nonnegative solutions
approach an extinction time in the semilinear equation

Uy =U—17, —colg<too, >0, 0<p<i. -
§ 2. First-order expansions

Substituting (1.8) into (1.6), we obtain for ¢

@12) Y=t — 5 YTy =1 (=)’
_ _i _ '(lpu)z
(2“)) 'llJr—‘lpw 9 ylpu_l_lp 1+w :

We now assume that P(y, T) can be written'as

22 B 0= Yen@ ().

© on=0 .

We need to introduce some notation. Set

Lew={en.®: [ 1w e a<ta),

— o0

~+ oo

o= lrweweay,  li=d.p,

-—c0

‘We also consider the linear operator

1
Ap(¥)=9" (1)~ vo' W Fe )

with domain :D(A)={¢=H?_  (R): ¢, ¢’ and ¢"" belong to L,*(R)}. This
operator is self-adjoint in L,*(R), and its spectrum consists of the eigenva-
lues {1—n/2: n=0, 1, 2,...}. The eigenfunction corresponding to the n-th
eigenvalue is the modified n-th Hermite polynomial H,(y) given in (1.9).
Notice that ||H,|=1 for any n. Therefore, substituting (2.2) in (2.1), multi-
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plying by H,(y)e~+/* and 1ntegrat1ng over the whole line, we obtain for n=
=0, 1, 2

c

(2.3a) an(r);( 1 —%) a;,(r)—p—fi—<Hn(y), [E ah(r)f;h’ ¥ ] X
<[ o-0+ Xawnw] ),

e a@=(1-2Ju @ o, [La@aw]

k=0

><[1+2a,,<r>ﬂh(y)]">. | o

For any nonnegative integer n, m and [, set now

4+ oo

Ao = | Hy @) Enp) Ho () e dy.

=00

We shall show at the end of this paper (cf. Appendix) that
A0 if and only if ntm+lis even, n<m+tl, m<nti,

(2.4) n<m+,
A= (4s1) -”‘(n!m!l!)"’-(

n+m-l' ntl—m , mtl-n ')“‘
5 T )
Since, by standart results _

(2.5) HY (y)=(k/2)"H\y(y), k=1,2,...,

éséuming that all coefficients ax(t) (and hence y(y, 7)) are small enough
for large T, we then have that

o

(), [Yawmn w]] (é—1>+2ak<ﬂﬂn<y>]—i> =

R=0

——(nw) g.ahmm’ W] ) +..=
- 1_1) (Hn<y>, [ L pamnw ]+

I

20 1) S~ B

so that (2.3) yields, for n=0, 1, 2,.

(2.63) S dn == (1 — ';Z—) a, — ( 1)2 Z (km) haham n,k—1, m—1+

km=1

(2‘61).) Qn (1————)11 ———-Z (km)"’aham nk_,m_-f-...(.

k,m=1
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By analogy with classical ODE theory, we expect that one of thie modes in
(2.2) will eventually dominate, i.e. y(y, T)=~a;(t)H;(y) as 1= for some
j=0, 1, 2,..., so that the behaviour of the a,’s is given in the first approxi-
mation by a.(7) ~6;.d.(t), where §;,=1if j=n and §;,=0 otherwise. It then
follows from (2.6) that, if j=3, 4,..., the linear part dominates there, and
(1.12) follows. For j=0, 1 this lmear approximation yields unstable terms
so that, in view of (1.7), (1.8) this case must be excluded. Finally, when
j=2, we have

s 5 —_ p 2 ) —_ 2"’1)4 2

(2.7a) a, (1) (p_1)2a2 (t) Ay t+...= —————(43_[),/‘ TENE a, ('c)-lj...,
‘/I

{2.7b) a, (1) =—a,% (1) 4, +...= (42),,‘ a’(v)+..

Integrating (2.7), (1.11) follows. We shall denote henceforth P, and P, in
(1.11), (1.12) as the second and the third type, solutions respectively.

§ 3. Higher-order asymptotics: the inner region

. Having obtained (1.10)—(1.12), we next proceed to derive higher-order
expansions for the second and the third type solutions. To this end, we no-
tice that equations (2.1) yield, for ¢ small enough,

P (wu)2

o=y — -y -~ =
e T Y T 1) Ty

: =1pw—-é-y1py+1p— ($y)* ( ;":P___*_ )

(p—1)* 1

. 1
Pe=1yy — "2_ Yy tp—(9,) *(1—p+...),
“whence, using (2.2)

G10)  dn=(1-2)a, L

: <H,,, () >+ o CHo () ..

(p—1)* (p—1)°
(3.1b) an=(1—%)an—<ﬁn, (9,) 2> +<CHo p (9,) D+ . ..

‘When n+2, the main contribution in (3.1) comes from the quadi-atic terms,
which yields -

. n 0.’p 1
(3.2a) a, = ( 1 ——) an————An—+ ... as 100,
2 (p—1) ©

. 1 v
(3.2b) a, = (1 — ?n )an~62'*’Am —+... as 1o,
. T

(3.3a) 0:=(2"p) "' (4n)" (p—1)°,

(3.3b)  0,=2-" (4m)". |

Notice that by (2.4), A,.,,70 if and only if n=0,2. To lower order terms, we
have to retain only the case n=0, and since A,,=(4n)~", we arrive at

‘where

=0y — e — . as T—>oo,
’ (4m) " (p—1)*

‘ 0.2 1

d,=a, 2 +...as 100,

‘ CHRER




" using (2.2), (2.5), we have

) v(3.6a) wz(’c)— = +~

‘As in the first approximation a,=0, we then obtain . .

T 00

’ ,. ~ -:"9217 (8 o |
» a0(1)~m5 e(:v )g tzds‘z
SV R T,
) (p—1)* ‘
BZ T—8§) o— ezz 1
ao(t)~ (4 ),/‘ 5e‘ ls~2ds &% ———— )" T as T—>oo,
whence ' :
. . II‘ 2
(3.4a) a, (1) = M— as 1>,
2p oot »
K 4 A

(3.4b) - ai(r)= ( ;) —T-z— as T—>oo,

To estimate dz(r) we set
(3.5) @, (1) =E (1) 8rat0a (1),

where |0i(T) |<<1/'r as T~>°° "8;=11if i=j and zero othermse, and E(7)= 6/1
where =0, or 0, (cf. (3.3)) according to the context. On the other hand,

3 ; 3
(Hz, lp(lpy)2> 6_<H2,H (H) >—"6—<H2H1, HZH >— ..

E ey 2 | g2
(H; Hu Hl><HlaH H y=— ’I: Azu (A_z‘u+Azts)-

=0 1=0

Taking into account that by (3.1) @.=—w,+0(w,/7), it then follows that
o, satisfies : .

2 5(4n)" (p—1)° 1
@y = — 2+ (n').(p b —t... as 1o,
SR I T T 2Izp2 ' 1:37 ) [ :
) ; 2032 5(4n)"‘ 1 ’
W, = — —— ... as 1>, .
T.' 2k 7 ’

Whence after 1ntegrat10n

5(4n)" (p—1)° Int

4 ... as T—>oo,

2’/zp T2 N
" - .
(3.6b) mz(r)————+-5—(4i— In « +... as 1>,
T

2% 7

We thus have obtained for solutions of the second type.

@1 = LD RG) L3 g,
2"p T
. 5(3:)" SO T N0
COR T v 2p 4
Sas Te-ooy v
BT by )= (4“)11' Hziy) + &G )+5(%)ih"E Hyy)+
+ (4? ‘ HOT(y) +...as 100, |
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Where o is a free constant, and R : P cil e lnd
(38)  Hi(y)=(4n)~", Hi(y)= [2%(4@'/‘] )
We next obtam corresponding expansions for the third type solutlons We

then set
()= (1), =3, 4, .,

- where C is arbitrary. Substituting in (2.6), we obtain respectively- .

. l n
w, (T)=(1f—Z_)Qz(T)—ﬂig_i_)z‘,Al.n.—im—‘icze(zf")r'l—t 7 5 ,L
‘ (.0,(17)=(1_7) (01(1:)"314!’”_1’”_1026(2_")1_’_..‘. R R

By (2.4), A; ey, ay=0 if =2(n—1). Integrétin-g the -expressions above; we
deduce

1/2)v. . N A.‘,”-i:ﬂ"‘ 2p(2=n)tf - -

3.9 D 0 (T)=crett=
( 3-) . ,(01(17) e (p—f[)z.l—Z(n—D
- if 1=0,1,...,2(n—1)—1, e - o s
| m"““’(t)=°‘2<"">e(2_")1_'ZTI;—_DT 2(n—1),n—i,n—sTeA(j-n)‘+.-- ,
(3.9b) o, (1) =aq,e"""—n éﬂ“_"'__,cze(z 'n)1:+
s o S —2(n=1) : e et
if 1=0,1,...,2(n—1)—1, o | o
a o1 ' Lo - ncz ————— . S . - -
(02(11—1)(T)=az(ﬂ—1)e(2—n)1 5 Az(n—i)'n—i'n 1Te(2~n)1:+ '

where o,=0 if =0, 1, ..., n, since e"~"»* must be the d'ommant term' as
1o (cf. (3.1)). We have then obtained

(3'10"’), 1Pn(y,17) =Ce\t-"/27H (y)_ PnC e(Z—n)t »A’_""_‘LHI(y)_l_ ;

o= 1)2 T -l=2(n
2(n—1)—1

PnCz ' Aln—i‘n 1 o ] 7
+ [ H (1-1/2)T _ H (2—n)7
A 2 ot 1(y)e L (p—=1)21—2(n—1) _l(y)e__‘ +

l=n+1

- pC?
+[a2(7,_,) - 2(?—1)2 Ag("_”’""""“t}e(,z—n)fﬂz(n—1> (y)+-..
as T—>oo,
(3.10b) q)_n(y, 1;)=Ce(1;n/2)an(y)—ncze(z—n)t %Hl (y)-[-v.' ! :
2(n—t)—1 | ‘v -
A e

+ Z’ .[%H (y)e“ T ,C 1—'5'2—(L—)-Hz(y)e“"-"“]+ :

l=n+t . : - : ,

+[a2(n—1) - E’C AZ(n—i),n—i,n-tT ]e(z—n)er(n_” (y)+...as T>oo,

§ 4 H’igher-order expansi&hé: th intériﬁediaté region>
Consider first the case of the second type solutiqns; Taking into account
(3.8), one readily see that (3.7) should lose its validity when |y|*~t. To
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analyze the situation which then arises, we set
E=ytv~=z(T—t) % [—In(T—t) "
Equations (1.6) become then '

_1 ‘E(i. P (Wy?

4.1 W.=—W,+2\ ——1)W,+W— —(p—1),
{4.1a) T e\ 1) T -1 W (r—1)
1 §(1 1 (W,)?

.1b W, =—W,+ e VWA W — — 2
(&1b) T 2(1 1) ; T W L

Our plan‘. is now to match-solutions of (4.1) with the functions P in (3.7).

Using the definition of W and (3.8), we first write the expansions already -

obtained for W.in the inner region in terms of the new variable §. This gives

4p 2p T
__4\3 _1\2
+5(p 1)%In+t §2_2_a_5(p 1) Ilnt +(p 1) i_ L
8p? T T 4p? T 2p T
(42b) W)= 1+—§2——1+ §2+il_“1§ ~ 22 5 Int
8 ? 4 T
-y
27 o
where « is a free constant. It is then natural to try in (4.1) an expansion

43) W(g,r)=wo<g>+l—nriwi<g)+{—Wz<§)+.'...

Substituting (4.3) in (4.1), and matching with (4.2), we obtain
{4.4a) Wo(8)=(p—1)+co &,  W.(E)=ci &% -
(4.4b) » Wo(g) =1+Co,2§2, W, (§) =Ci,2§21

where
N o VSR 1 VOl 45
0,1 4p ) 1,1 81)2 9 0,2 4 9 1,2 8 .

As to W, (&), we obtain

v (=1 (1), =1, :
(4.5a) W. (&)= 5 ‘+ ip §ln(1+ E§>+c“§,

’ 1 1 1 I
{4.5b) W, (&)= ——2——+—4—§2 1n< 1+Z-§2)+03,2§2
for some free real constants ¢;, and c¢;,. As a conclusioln,vwe obtain the fol-
Jowing behaviour for solutions of the second type in the region where |E| is
JDounded:
. (p—1)* 5(p—1)° In~

G6a)  W(ED)=(p—1)+- S e
4p 8p
1 2 _ (p_1)2 (p"'i)z 2] 2 1
+-T—[C:s,t§ 27 + Zp g’1 (1‘*‘——--&) +...
~as T,
@er)  Weo—t+ e S oo Sy

+-—Z§21n (1+4—§2)] +... as T> 0,
s




We conclude by performing the corresponding expansion for the third

-type solutions. It is then natural to use, as a new variable

g=yexp| (-~ ) o] =2z

in the region where |§|.~4..AE(’1uations, (1.4) are then transformed into

. 3 : p VAL
4; -W,= —(1-2/n)% — + _ —(1—2/11)1 —(p—1 .
( 73) ‘e W;g n Wg w —_(p-—1) € W ( ) |
’ . : s 2
(4Tb) Wty — 5 W§+W—e"“-2’""——(vv1:;) —1,
n

As in the previous case, we first write the expansion already obtained for W
in the inner region in terms of the new variable. This yields

(#82) (e 0= (p—1)+Ceg—Con T gotgmticmmng
Z(n-.t) .
l=n+1
C? ! . Y, S
pn 1)’n—j,n——icZ(ﬂ—i)TEZ(n_i)e_(’—Z/n)T—l— e

P A,
2(p—1)2" "

(48b) W, )=1+Ce,t"—C n”—‘(’;_"i‘—) grtem Ut ,'
2(n-1) )
+ 2 alclgle(i—l/n)f__
l=n+1
- nZ—CZAz(n-x)n 1,n=1Ca(n—yy TEX "~ Ve=U=/mit

as T—>c, where H, (g)=c,.§"—2“n(n—1)c,,§"—2+ ... as E—>oo, " In view of
(4.8), we now try in (4.7) the following expansion

2(n—1)
W (& 0 =Wa(®)+ D Wi(E) et bre-0-mQ(8) ...
l=n+1
Integrating the differential equations obtained for terms of similar order,
and matching with the correspondmg quantities in (4.8), we get
(4.9a) Wa(E)=(p—1)+AE",
(4.9b) = W, (E)=1+A4.E",
(410) Wl(g) =Al§11 Q(E) =R§2(n-—i)’

where

(4.11) A4=Cc.,  Ai=aq, l=nt+1,...,2(n—-1)—1,

(4122) R=-— mlli—i—z“Az(n—i),n—i,n-icz(n—i)’ -
412b)  R=—"C s sCrtmony | '
Concerning W1, (E), we obtain

(4.13a) /% — 1) Wan-sy t —:;_ 3 (Wz(‘n—t))a—'Wz<n—'i)=
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[(W,):]

=W0 8N T T )
e

‘

n .

2 1 A
(413})) ' (_ - 1) Wz(n—i) + ’;7— E (WZ(n’—n)&"‘WZ(n—A):

- = (»,Wo)ee_Q - H-W;)/)—g] .

Taking into account (4.9)—(4.12), integrating the differential equation ob-
tained for Wy,-41,(§) yields . .

(4dda) - Wags (8) sgw-“—n<n—1>0cn§"-2+
O HIRIEC I () FAET

{4.14b) W) (§) =S8V —n(n— 1Ccn§”‘2+
+|R|E " In (1+A4.8") +...

ar 1o, where S, C are free constants. Summmg these results up, we have
obtained the expansions

2(n—-1)—1
(4',15a) - WE )= [(P 1)+Ce.E"]+ Z ac Elet-1mi—
T=n+1 = L
pnC? n—_«_“
—WAz‘”“)’"'i-"T,i?z"(n.%.z.)TEZ( et 2( )+.
;; - _l_e-(i—z/n)t{Sréz(n’—i)__n(n._i)ccngn_'z+
pnC?

b A n—1),n—1,n— n—1 Bn=1)] —1)+C n" }+
2(p—1)* f( ym=1, ‘1‘32( '8 n[ (p—1) +Cc,E"]
o 2(n—1)—1 V )
7(4.1'55) < W(E, t1)={1+Cc,E)+ E a,ctlet-t/mr—
;l_—_n+1
nC?

: 2(n—1) ,—(1—2
- 2—A2(n 1),n— 1n~102(n—1)T§ (n )3 ( /n)T+

| #g%hzfﬂt{Sg_z‘"“%n(n—1)Cc,,§’?f2+
nC? -
2

+

Apnmiy i iCagnoy B2V 1n(1+0c',,§n)} +..

as 1>, where the expansions above are to be understood as consisting of
[(p—1)+Ccat"] (resp. (1+Cc,E")) and the first nonzero term afterwards.
Notice that to avoid singularities, it seems reasonable to reduce ourselves the
cases C>0 and » even.

The authors were partially supported by EEC Contract SC1-0019-C. The
second and the third authors were also partially supported by CICYT Rese-

_.arch Grant PB86-0112-C0202.

APPENDIX

We compute here the terms Anm defined in (2.4). To this end, we first consider
#he integrals
" 4o

Inm = j. H, (x)H (x)Hz(I) 8"’ dz,

—o0
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where, changing slightly our previous notation, H,(i) represents now the- z-th- Heps

mite polynomlal By a well-known generation formula Vouiias
. ‘ o H,(z)Hm(z H (a:) -
(A1) exp 2tz —t*+2sx—s?+2rz—rt) = 2 n ) ' (|l)' i sl
ntm

n,m,l=0

We now recall Cauchy" mtegral formula. in" polydlscs for funcnons i(z) analytical in C"= ‘

E;,.. ,g) o
S (§1—21 (E d§1d§n= KRN ¢

) .
(A2) F@)=—"=
(278) 6ISJn aDSn_1 ob,

oo

= i 2 zl‘"..-z:;ﬂ S et
N EE T
(znl) .'.11"” .',n=0 i ,

&, ~w,l=r,
k)
: ey 7.+1 1 oy

[E1—wyl=ry g - g " o
where z=(z1,... i,)eDi' S XDyp= D(w,, )X, xD(w,,, ), D(wk, rh) bemg a dlsc im
C centered at wy w1th radlus re. Set now o SR

+o ,
@ (t,s,r)=exp[— (ti+sz+r2) 1 j exp[—x2+2 (t+ s+r) z] dz.
We now multiply in (A1) by exp (—=z?) and integrate over R, to get ‘

TN

(A3) Ot s, )= Zl : —-nmt g gmpl e T I AR AR IR
nimlill
n,m,l=0

From (A2) and (A3), we deduce that for some p=>0' " - o e

Inml (D(t» ) o Y »
. 5 j. = dbds dr., . oy G

n!m!l' (2m)3 finglempt+l :

It1=p Isl=p Ir|=p

Notice that, since . . o i
+oo + o ! L

jexp( z2+2ax)dx exp (a?) 5 exp[ (x a)Z]dx w'h exp(az),

— 00 —00

we have that ' S - o e
@(t, s, r)=n'" exp [2(ts+tr+sr) ], o :

whence
nim!l! ex [2(ts+tr+sr)]
Limi=n" ——— j 5 j‘ P dt dt dr.
(2313 )3 t1+nsl+mr1+l [
1t|=p |s]=p Irl=p .
Moreover, sétting a;Z(s+ r), we obtain o
ol exp@Usetn)) - ol exp( )
(A4) — ) e dt=— ”‘)It =0=
2mi ti+n 25ti titn
I1tl=p Itl=p
Therefore g ,
, mli! exp(2sr) [2(s+T1).]"
Apm=m ——— j 5 P “ds dr=
©(@mi)? sthmpt S
I8|=p Irl=p
mlll Cexp(2sn) e
=2"n" — P ————dsdr. '
(23‘[1)2 sH—m hrl+l~—n+k N i

|3| 0 l'l =p

409




Assumé forinstance that m=n. Then, argumg as in (A4) *°

exp(2sr)
j 1+m—k S—(Zr)m‘ AN
(sl=p s ' (m—k)!
s0 that
P
Inml-——z—' 2“ HZ"‘"‘[(m E)y]-t j r-(+l-n—mtzk) gr,
. : Irl=p
and since -

5 7‘"("H—"'m'”k)dr=2ﬂ,i62k,m+n_l

. Irl=p
we arrive at

" ;
Lymy=2"s'am! 1! 2” k”2’"_)"[(m—k)!]_'iazh,m-lln—l-
S r=0 : ' :

“Therefore Inm+( if m+n—I is an even integer, 0<m+n—1<2n, whence m+n+l has.
to be even and I<m+n, m<Iitn. Under such assumptions »

. Znn‘lzm!llzm—(m+n-—l)/2 n
(AS) Inml= =
(m— (m+n-1)/2)! m+n-1| . : .
5 .
" nlmil

_—_2(n+m+l)/2n‘/z

[(m+1=n)2)1[ (m+n=0)/2]1[ (n+1—m)/2]1
"Having obtained (A5), we turn our attention to the integral
+ oo

Apmi = 5 B, (z) Bp(z) B (z)e=*% di.

—o0

where A, (z) =c,Hn(2/2), cn=[272(4n) "(n!)"2]-1, and we just notice that
A'nml=2cncmcllnml, . ’
whence the result.
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