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We work out the junction conditions for the Palatini f(R, T') extension of general relativity, where f is an
arbitrary function of the curvature scalar R of an independent connection, and of the trace T of the stress-
energy tensor of the matter fields. We find such conditions on the allowed discontinuities of several
geometrical and matter quantities, some of which depart from their metric counterparts, and in turn extend
their Palatini f(R) versions via some new 7-dependent terms. Moreover, we also identify some
“exceptional cases” of f(R,T) Lagrangians such that some of these conditions can be discarded, thus
allowing for further discontinuities in R and 7T and, in contrast with other theories of gravity, they are
shown to not give rise to extra components in the matter sector, e.g., momentum fluxes and double
gravitational layers. We discuss how these junction conditions, together with the nonconservation of the
stress-energy tensor ascribed to these theories, may induce nontrivial changes in the shape of specific

applications such as traversable thin-shell wormholes.
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I. INTRODUCTION

In the search for gravitating solutions of physical
interest, one is frequently challenged by the need to model
a given system as two separate regions of space-time with
similar or very different properties, matched at some
separation hypersurface. This is the case, for instance, of
stellar bodies [1,2] and their gravitational collapse [3],
domain walls [4], cosmic strings [5], thin-shell wormholes
[6-9], and so on. The mathematical consistence of such a
modeling demands the functions characterizing both the
gravitational and matter fields to satisfy a number of
junction conditions at the matching hypersurface and
across of it. The specific shape of such conditions within
the context of Einstein’s General Theory of Relativity (GR)
were originally obtained by Darmois [10] and much later
rederived by Israel [11].

Despite the success of GR in describing a wide variety of
gravitational phenomena in astrophysical and cosmological
scales, in the last few decades there has been a growing
interest in considering alternative formulations of the
gravitational interaction [12—15] in order to address the
supposed shortcomings of GR in certain regimes.
Prominent among them are its ultraviolet completion on
the strong-field limit [16,17] and the related issue with
space-time singularities [18], the removal of dark sources
into a consistent and observationally viable cosmology
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alternative to the ACDM (cold dark matter) paradigm [19],
or the existence of several types of black hole mimickers in
the cosmic zoo [20] to be searched for using multimessenger
astronomy [21]. In order to extract specific predictions of
every such theory within models of gravitating bodies, it is
thus of interest to find the shape of its corresponding junction
conditions, a task that must be done on a case-by-case basis,
see e.g., [22-30] for some theories.

The enormous pool of modified theories of gravity at our
disposal can be classified according to the underlying
hypothesis of GR being modified. This includes, but it is
not limited to, modifications of the functional form of the
action, introduction of new (dynamical) degrees of freedom,
violations of mathematical/physical principles (e.g., Lorentz
invariance), or the inclusion/reconsideration of additional
geometrical ingredients. The latter includes the so-called
metric-affine (or Palatini) formulation of gravity, in which
metric and affine connection are restored to their roles as
independent entities [31]. While for the Einstein-Hilbert
action of GR this is harmless since the Palatini version is fully
equivalent to the metric one (up to a projective mode [32]);
this is not so for other functional dependencies of the action
on scalar objects. This is the case, for instance, for f(R)
gravity (with R the Ricci scalar of an independent con-
nection), whose dynamics are completely different from their
metric counterparts. This is also reflected on some crucial
aspects of their corresponding junction equations [33], which
in turn introduces large qualitative differences in the imple-
mentation of specific applications, like stellar surfaces or
thin-shell wormholes [33,34].
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The main aim of this work is to extend the range of
applicability of such junction conditions to a generalization
of the latter theories, including an additional contribution in
the trace T of the stress-energy tensor. Such theories were
first introduced in the metric formalism as f(R,T) gravity
[35] (with R the usual metric curvature scalar) and more
recently considered in the Palatini one as f(R,T) gravity
[36,37]. Both formulations introduce an extra force sup-
posedly induced by exotic fluids or quantum effects, but in
any case leading to a nongeodesic motion on the strong-
field regime. Since the exploration of such hypothetical
effects is of interest for the sake of cosmological [38—48]
and astrophysical [49,50,50-56] applications, it is worth
finding the corresponding junction conditions in Palatini
f(R,T) gravity. To this end we shall use both the
geometrical and its physically equivalent scalar-tensor
representation, supplying ourselves with the formalism
of tensorial distributions. We find the same number of
conditions as in the Palatini f(R) case, though in two of
them corrections via derivatives of the gravity function with
respect to T are present. Furthermore, we identify several
classes of “exceptional” f(R,T) Lagrangians in which
some of these conditions can be discarded, thus allowing
for additional discontinuities in geometrical and/or matter
quantities. As a specific application, we discuss the case
of thin-shell wormholes sourced by electromagnetic
(Maxwell) fields, finding that no deviations are to be
expected as compared to their f(R) counterparts, but that
if the electromagnetic field is allowed to be nonlinear with
T # 0, then every nontrivial function f(R,T) will lead to
new dynamics. In both of these cases the nonconservation
of the stress-energy tensor should also lead to differences in
the structure of such wormholes as compared to the f(R)
[57-60], f(R,T) [61-64], and f(R) [34] cases.

This paper is organized as follows: in Sec. II we
introduce the f(R,T) theory in both the geometrical and
the scalar-tensor representation and obtain their respective
equations of motion; in Sec. III we derive the junction
conditions of the theory in both representations using the
distribution formalism, including some “exceptional cases”
for which the set of junction conditions can be simplified;
in Sec. IV we provide an application of the junction
conditions for the case of a thin-shell wormhole; and in
Sec. V we depict our conclusions.

II. THEORY AND EQUATIONS

A. Geometrical representation

We consider the action of Palatini (R, T) gravity in the
geometric representation of the theory, defined as

1
S = ﬁ/v d4x~/—gf(72, T) + /Vd4x\/ _g*cm(guwl//m)’

(1)

where k?> = 87G/c*, with G the gravitational constant and
¢ the speed of light, while V is the space-time manifold, and
g is the determinant of the metric g,, written in terms of a
coordinate set x“. The gravitational Lagrangian is any well-
behaved function f(R, T) of the Ricci scalar R = ¢’ R,
built from the Ricci tensor of an independent connection I
and written in the usual form

Rap = 0.1, — 9,05, + ¢4, —1¢, 1, (2)

while T = ¢°’T,, is the trace of the stress-energy tensor
T, Finally, £,, is the matter Lagrangian of a set of fields
v ,,, and coupled to the metric g,;, (but not to the connection
). In the following, we shall consider a geometrized unit
system for which G = ¢ = 1, and thus k2 = 8r.

The action in Eq. (1) depends on two independent
entities, namely, the space-time metric g,;, and the affine
connection f, each of which is to be described by its own
equation of motion. This way, taking a variation of Eq. (1)
with respect to the metric g,,, one obtains the modified
field equations as

1
frRRap — Ef(Rv T)gap = 87T oy, = f1(Tap +Oup).  (3)

where the subscripts R and T denote partial derivatives of
the function f(R,T) with respect to these variables, i.c.,
fr=0f/0R and f = df/dT. Two contributions appear
in the right-hand side of these equations: T, is defined in
terms of the variation of the matter Lagrangian £,, with
respect to the metric g,, in the usual way as

T . — 2 5(\/ _gﬁm) o zaﬁm

ab — \/_—g 5guh - 5gab

while the tensor ®,;, is defined in terms of the variation of
T, with respect to the metric g,,, i.e.,

+ gab£m7 (4)

L
agahgnz-d : (5)

5T ‘
od —22 = gabﬁm - 2Tah - Q'ng

Ou =g (3gah

It should be stressed that the right-hand side of the field
equations in Eq. (3) can be read off as an effective stress-
energy tensor of the form

fr\ fr
=T, 1—-=]—-0,, 6
Tab ab ( 8 Sr ab ( )
whose divergence reads [36,37]
fr
V), =—-—V,T, 7
al'b TR ( )

which is, in general, nonvanishing. Therefore, in Palatini
f(R,T) gravity, the effective stress-energy tensor is not
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conserved unless the product f;0,T vanishes, a similar
result as in the metric formulation of these theories [35].
Moreover, this effective stress-energy tensor plays another
role in the link between the curvature and the behavior of
the matter fields since contracting in Eq. (3) with g%
provides the result

Rfg —2f(R.T) = &z, (8)

For a general function f(R, T) this is an algebraic equation
allowing to write R = R(T, ®), i.e., the Palatini curvature
can be removed in favor of the trace of the two objects T,
and ©,,.

In order to be able to compute an explicit form of the
tensor ©,,, it is necessary to set first an explicit form of the
tensor 7', or, equivalently, of the matter Lagrangian £,,.
For instance, let us consider a stress-energy tensor that
describes an anisotropic fluid, which is given by the
expression

Topy=(p+pL)ugup + P1gar + (Pr— P1) 0V, (9)

where p is the energy density, p, is the radial pressure,
p. is the tangential pressure, u“ is the four-velocity vector,
and v is the radial four-vector. Under these conditions,
the matter Lagrangian can be written in the form £, =

1(2py + p,) [65], and the tensor ©,, becomes

1
O = 2Ty +§gah(2pj_+pr)' (10)
On the other hand, taking a variation of Eq. (1) with

respect to the independent connection I” yields the equation
of motion

V. (v/=9frg") =0, (11)

where @C denotes covariant derivatives written in terms of
the connection I". Since \/—g1s a scalar density of weight 1,
its covariant derivative vanishes, i.e., @C\/—_g = 0, and this
factor can be eliminated from Eq. (11). Defining a new
metric tensor §,, = fr9up» Eq. (11) then reduces to
ﬁcgab = 0. This implies that [ is the Levi-Civita con-
nection of the new metric §,,, i.e., one can write

A
a

9“(0p9ac + 0cTba — Oalpe)- (12)

| =

As the two metrics g,;, and g,, are conformally related to
each other with a conformal factor fz, this implies that
their corresponding Ricci tensors R, and R, although
assumed to be independent a priori, are in fact related to
each other via

1 1 3
Rup =Ry —— (V,V, 4 = aD) 0, RS
b b f7z< b+ 5 9ab fr 2 SROSR
(13)

where [0 =V, V* represents the d’Alembert operator.
Equations (13) and (11) are equivalent, and thus we shall
use Eq. (13) from this point onward, due to its simpler
structure and ease to use.

B. Scalar-tensor representation

It is often useful to recast Eq. (1) in a dynamically
equivalent scalar-tensor representation, which was proven
useful in many modified theories of gravity, particularly
those featuring extra scalar degrees of freedom beyond
those of GR. This can be done by introducing two auxiliary
fields a and f in the action as

S= 50 [ VA @p) + 1R -
T FAT = B+ / Vil (14)

where the subscripts @ and f denote partial derivatives
of the function f(a,f) with respect to these fields, i.e.,
fo=0f/0a and fz=df/dp. Equation (14) depends on
four independent quantities, namely the metric g,,, the
connection I, and the two fields a and p. Taking a variation
with respect to a and f yields two coupled equations of
motion,

f(z(l(R_a)+f(lﬁ(T_ﬁ):0’ (15)

fpa(R—a) + fp(T = p) = 0. (16)

The system of Egs. (15) and (16) can be rewritten in a
matrix form Mx = 0 as

Mx:(f““ f"”'><R a):o. (17)
fpa  Spp T-p

For any general function f(a,f) satisfying the Schwartz
theorem, i.e., for which the high-order derivatives are
commutative, that is, f,z = f4,, the solution of Eq. (17)
will be unique if and only if the determinant of the matrix
M is nonvanishing, i.e., fuofpp — fgﬁ # 0. Whenever this
condition is satisfied, the unique solution of Eq. (17) is
a=TR and p=T. Inserting these solutions back into
Eq. (14), one recovers Eq. (1), thus proving that the two
formalisms are equivalent. If, on the other hand, the deter-
minant of M vanishes, then the solution of Eq. (17) is not
unique and the scalar-tensor representation can no longer
be guaranteed to represent the same theory as the geomet-
rical representation.
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It is now useful to introduce the following definitions for
the two scalar fields ¢ and yw and a scalar interaction
potential V(¢,y) as

_u

_of
=R

— 18
V=5 (18)

Vip,w) = —f(a,p) + ap + py. (19)

Introducing the definitions of Eqgs. (18) and (19) into
Eq. (14), considering the unique solution o =R and
p =T, and using the trace of Eq. (13) to eliminate R in
terms of the Ricci scalar R of the metric g, one obtains the
action that defines the scalar-tensor representation of the
Palatini f(R,T) gravity as

1 3
S=_2/ V=9|¢R + 50,009 +yT = V(p.y)|d'x
262 Jo 2

+ A V=9Lnd*x. (20)

Note that the term proportional to []fz in the trace of
Eq. (13) does not contribute to the action since it can be
rewritten as a boundary term, which vanishes by definition.
It is useful to note that, similarly to what happens in the
Palatini approach to f(R) gravity, the scalar-tensor repre-
sentation of the Palatini f(R,T) gravity features a scalar
field ¢ analogous to the Brans-Dicke scalar field with a
parameter wgp = —3/2. The difference to the scalar-tensor
representation of Palatini f(R) gravity is the existence of a
second scalar field y associated to the arbitrary dependence
of the action in 7, contributing to the action with an
extra term.

Note that the addition of the scalar field ¢ effectively
removes the dependence of Eq. (20) in I", which is now
dependent only in g,;, and the scalar fields ¢ and y. Taking
the variation of Eq. (20) with respect to the metric g, yields
the field equations

3 1 1
@Gy + 7=\ VeV = =9, Va0Ve0 | +=9uV
20 2 2

1
= (V.Vy—9,0)p = 82T, — W(Tab + 0y +§gabT) s

(21)

where we have introduced the FEinstein’s tensor G, =
R, —%Rgab, and the tensors 7, and ®,, have been
previously defined in Egs. (4) and (5), respectively. On
the other hand, the variations with respect to the scalar
fields ¢ and y yield the following equations of motion:

I ga 4 _
D(p - Zv (/)Vago § (R V(p) = O, (22)

T=vV (23)

e
where the subscripts ¢ and y denote partial derivatives of
V(. w) with respect to these fields, i.e., V,, = 0V /dgp and
V,, =0V /oy, respectively. From Eq. (22), one might
suspect that the scalar field ¢ is dynamical, due to the
existence of a term proportional to Ulg. However, similarly
to what happens in Palatini f(R) gravity, one can show this
not to be true. Taking the trace of Eq. (21) and using the
result to eliminate R from Eq. (22), one verifies that the
terms [l and V,pV?¢ cancel out, leading to

(2V—¢Vq,):83—ﬂT—y§/(T+®), (24)

W =

thus proving that the scalar field ¢ is not dynamical.

III. JUNCTION CONDITIONS

A. Notation and assumptions

Let us start our analysis of the junction conditions by
specifying the notation and assumptions to be used. Let X
be a hypersurface that separates the whole space-time )V
into two regions, V* and V. Consider that the metric gjb,
expressed in coordinates x4, is the metric in the region V™,
and the metric g, expressed in coordinates x“, is the
metric in the region V~, with latin indexes running from
0 to 3. Assume that a set of coordinates y* can be defined
in both sides of X, with greek indexes excluding the
index in the direction perpendicular to X. The projection
vectors from the four-dimensional regions V* to the three-
dimensional hypersurface X are defined as e} = 0x“/ody”.
We define n“ as the unit normal vector on X pointing in the
direction from V™ to V. Let [ denote the affine parameter
(whether proper distance or time) along geodesics
perpendicular to £ and set [ to be zero at X, negative
in the region V™ and positive in the region V. The
displacement from X along the geodesics parametrized
by [ is dx* = n“dl, and n, = €d,l, where € is either 1 or —1
when n? is a spacelike or timelike vector, respectively,
ie., nn, =e.

We shall work with the formalism of tensorial distribu-
tions. For any quantity X, we define X = X10(/) +
X~O(-I), where the indexes =+ indicate that the quantity
X* is the value of X in the region V=, and ©(/) is the
Heaviside distribution function, with §(I) = 9,0(I) the
Dirac-delta distribution function. Finally, we define [X]| =
X"|y — X~ |y as the jump of X across X. By definition, this
implies that [n“] = [e] = 0.

B. Geometrical representation

Let us now use the distributional formalism to derive the
junction conditions of Palatini f(R,7) gravity in the
geometric representation of the theory. We start by defining
a metric in both sides of X as
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9ab = Jap®(1) + g2, O(=1). (25)

This form of the metric must be used to construct all
geometric quantities from this point onward. In parti-
cular, the Christoffel symbols must be obtained from the
partial derivatives of g,,. This way, taking a partial
derivative of Eq. (25), one obtains 0.g,, = d.9,,0(l) +
0.9,,0(=1) + €[gap|n.6(1). The presence of a term propor-
tional to 5(/) raises problems, as it leads to the appearance
of products of the form ©(/)5(!) in the Christoffel symbols
and, consequently, terms proportional to 6*(I) in the
Riemann tensor, the latter being singular in the distribution
formalism. To prevent these problematic terms from
appearing, one must impose the continuity of the metric
across %, i.e., [g,,] = 0. Defining the induced metric on the
hypersurface X as h,; = gabege;}, the induced metric on
both sides of ¥ is therefore i}, = g}, e4e; from V' and
hyy = gapeqe from V7. Since [gy] = 0, then it follows
directly that /,;, must be continuous across X, i.e., the first
junction condition reads

[hop] = 0. (26)

This junction condition is the same as in GR, and moreover,
it also appears in many modified theories of gravity. Taking
Eq. (26) into consideration, the partial derivative of Eq. (25)
reduces to

acgab = acgjhg(l) + acg;bg(_l) (27)

This result allows one to construct the Christoffel symbols
"¢, associated to the metric g,, without producing &(/)
terms. From these Christoffel symbols, one can then
compute the Riemann tensor R, the Ricci tensor
R, = R¢_,, and finally the Ricci scalar R = g*’R,;,. The
Ricci tensor R, and the Ricci scalar R can then be written
in the distributional formalism as

Ra = R,,0(1) + R,,0(-1)
— (eeleh[K o] + namy [K])8(1), (28)

R =R*O(l) + R-O(=1) - 2¢[K|5(),  (29)

where K,; = egezvanb is the extrinsic curvature of the
hypersurface %, and K = K7, is the trace of K 4. Following
Eq. (13), one can anticipate that the Palatini Ricci tensor
R, and the Palatini Ricci scalar R will also feature terms
proportional to §(1) in the distribution formalism, i.e., it is
natural to write

Rap = R5,01) + Ry,0(=1) + Zy8(1),  (30)

R = R*O(I) + R-O(-1) + Z5(1), (31)

for some tensor Z,, with trace Z = Z4, to be computed
later. Similarly, we write the stress-energy tensor for the
matter fields as T ,, with its trace T in the distributional
formalism (note that it is not necessary to do the same with
®,, as it can be written in terms of 7,, and regular
quantities) as

Tap =T40() + TO(=1) + Su8(1),  (32)
T =T+0(l) + T-0(=1) + S5(1), (33)

where S, represents the stress-energy tensor of a potential
thin shell of matter at the separation hypersurface X, with
S = 8% its trace. Having constructed all relevant quantities
in the distributional formalism, we are now ready to
continue deducing the junction conditions of the theory.

C. Application to f(R,T) theory

Since the function f(R, T) features arbitrary dependen-
cies on R and 7', which could, in principle, be represented
in the form of power-laws of R, T (or even in products
between the two variables), the presence of a term propor-
tional to §(/) in Egs. (31) and (33) implies that singular
products §(/)> will appear in the function f(R,T). To
prevent these problematic terms from arising, it is necessary

that the quantities Z and S vanish, i.e.,
Z=0, S=0, (34)

for whatever forms the quantities Z and § assume in terms
of geometrical quantities. Equations (31) and (33) then
reduce to

R =R+O(I) + R-6O(-I), (35)
T =T+0(I) + T-O(-I). (36)

Furthermore, derivatives of the function f(R,T) also
appear in Eq. (13). These derivatives can be expanded
via the chain rule into derivatives of both R and T as

auf’R = f’R'RaaR + fRTaaT7 (37)

and
Vo Vifr = frrVaVeR + frrVaVeT + frrrV RV,R
+ frRerVaTVT + 2frrrV(a RV )T, (38)

where the parenthesis denotes index symmetrization, i.e.,
X(ap) = 3 (Xap + Xp,), for some quantity X,,. Taking the
partial derivatives of Egs. (35) and (36) yields

0.R =0, R*O(l) + 0. R-O(=1) + ¢[R]n.5(1), (39)

0.T = 0. T*0(I) + 9,T-O(=1) + e[T|n.5(1). (40)
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Inserting the results of Egs. (39) and (40) into Eq. (38), one
verifies that, due to the presence of products between V, R
and V,T or both, singular terms §(/)> will appear in
Eq. (38). The same problematic terms would also appear
in the products d,fzd,fr in Eq. (13). To avoid these
problematic terms, the singular parts of Egs. (39) and (40)
must vanish, i.e., we obtain two more junction conditions of
the form

(41)
(42)
The results of Eqs. (41) and (42) allow one to simplify
Egs. (39) and (40) into their respective regular forms,
given by

0.R=0.R"O(l) + 0. RO(-1), (43)
0.T =0.TT0(l) + 0. T~ O(-I). (44)
One can now compute the second-order covariant deriva-
tives of R and T present in Eq. (38) by applying a covariant
derivative to Egs. (43) and (44), which yields the result

V,V,R = V,V,R*0(l) + V,V,R-60(~I)

+ €[V, R]|n,8(1), (45)
and
v.v,T=V, NV, T70(l) +V,V,T-0(-I)
+ €[V, T|n,s(1). (46)

We now have all the necessary tools to analyze the
distributional version of the equations of motion of the
theory, starting from Eq. (3) and using the relation between
R.p and R,;, in Eq. (13). In particular, the explicit form for
the singular part of R, 1.e., Z,;,, can now be obtained from
Eq. (13) by keeping only the singular terms, i.e., the terms
proportional to §(I), which gives the result

Zub = _G[Kab] - nunh[K]
1

-+ { - (n ViR] + 5 g [VCR]>

(V] + S0 9.11) | (@)

Taking the trace of Eq. (47) and using the fact that Z =0
from Eq. (34), one obtains the fourth junction condition as

2¢[K] + f% (FerlVoR] + frrlV.T)) =0.  (48)

Finally, taking the modified field equations in Eq. (3),
projecting onto the hypersurface X with the projection
vectors (or, equivalently, with the induced metric), and
keeping only the singular terms one obtains the fifth and
last junction condition under the form

—€[K o) + le[K]ha,, _ 8t fr
fr

3
Note that taking the trace of Eq. (49) one recovers S = 0, a
result which was previously anticipated in Eq. (34).

To summarize, the complete system of junction con-
ditions, in the geometrical representation of the theory,
for a general matching between two space-times V™ and V-
at a hypersurface X with the possibility of a thin shell is
composed by a total of five conditions, namely

Sap- (49)

[ha/i} =0, (50)

[R] =0, (51)

7] =0, (52)

2¢[K] + f% (FrrlVaR] + frrlVLT]) =0, (53)
—e[Kop] + %G[K]haﬁ — 8”;5 LS. (54)

Similarly to what happens in f(R) gravity, the main
qualitative difference in the system of junction conditions
between the metric and the Palatini approaches to f(R, T)
gravity is the absence of a junction condition on [K] in
the Palatini formalism. The relaxation of this restriction
allows one to extend the applicability range of the theory.
In particular, systems like thin-shell wormholes feature a
discontinuous K and are only achievable if the condition
[K] = 0 is absent.

D. Scalar-tensor representation

Let us now repeat the reasoning followed in the previous
section but now in the scalar-tensor representation of the
Palatini f(R,T) gravity theory. The starting point is the
same, i.e., we define a metric for the whole space-time V
in the distribution formalism as given by Eq. (25), and
following similar considerations we arrive at the first
junction condition in Eq. (26), as well as to Egs. (27),
(28), (29), (32), and (33). Next, we need to write the two
scalar fields ¢ and y in the distribution formalism, which
take the forms

=9 0(l) + ¢~ 0(-1), (55)

w =y O() +y O(-I). (56)
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Since the potential V (¢, ) is a function of the scalar fields
@ and y only, the forms of the scalar fields in Egs. (55) and
(56) without any proportionality to §(/) guarantee that the
potential V is regular and does not feature any singular
products of distribution functions. The same regularity is
guaranteed to any partial derivative of V, following the
same argument. Consequently, from Eqgs. (23) and (24), one
verifies that the only possible singular terms arising in these
equations are proportional to S5(/). In the absence of other
divergent terms to compensate, one is forced to conclude
that S =0, which was already obtained as the second
condition in Eq. (34).

As for the first partial derivatives of the scalar fields in
the distribution formalism, from Egs. (55) and (56), we get

0. = 0.0 O(1) + 9.~ O(=1) + elg]n 5(1).  (57)

Oy = 0y O(1) + .y~ O(=1) + ely]n5(1).  (58)
From the field equations in Eq. (21), one verifies that the
kinetic term associated with the field ¢ features products of
the form d,¢d,¢. Since d,¢p in Eq. (57) presents a term
proportional to &(/), these products would lead to the
appearance of singular terms §(/) in the field equations,
and thus it is clear that the scalar field ¢ must be continuous
to avoid this problem, i.e., [¢] = 0. However, since the
scalar field y does not have a kinetic term, there is no
obvious reason from the field equations that would force
the scalar field y to be continuous. Although this would be
true for a general scalar-tensor theory defined by an action
of the form of Eq. (20), the argument does not hold when
this scalar-tensor theory is defined as an equivalent repre-
sentation of the Palatini f(R,T) gravity. Recall from
Eq. (17) that the scalar-tensor theory is only well defined
when the determinant of the matrix M is nonzero, for
which the definitions of R and T in terms of the scalar
fields ¢ and y are invertible, i.e., one must be able to write
the scalar fields ¢ and y as ¢(R,T) and w (R, T). Now,
taking the first- and second-order derivatives of ¢ that
appear in the field equations, one obtains

aaw = @RaaR + (/)TaaT’ (59)
and

Vo Vo = 9V, V,R + 0V, V, T + prrV,RV,R
+ @rr VTV T + 207V RV T, (60)

where the subscripts R and 7 denote partial derivatives of ¢
with respect to these variables, respectively. Now, due to the
presence of the terms proportional to §(/) in the partial
derivatives of R and T [which were already computed in
Egs. (39) and (40)], the products between V,R, V,T, or
both, in Eq. (60) will lead to singular terms 5(/)2, which
must be avoided by forcing the continuity of R and 7, i.e.,

[R] = 0 and [T] = 0. Since both scalar fields ¢ and y are
well-behaved functions of R and T in this equivalent
scalar-tensor representation of Palatini f(R,T) gravity,
these conditions imply the second and third junction
conditions in this representation as

(61)
(62)

Junction conditions of this form are expected in any scalar-
tensor theory of gravity for which the action features a
kinetic term for the scalar fields. Even though only the
scalar field ¢ features a kinetic term, the junction condition
is true for y as well to preserve the equivalence between the
geometrical and the scalar-tensor representations of the
theory. The first- and second-order derivatives of ¢ then
become

ac(p = ac(p+®(l) + ac(p_(a(_l)v (63)

V.Vip =V, V,0*0(1) +V,V,0~0(=1) +€[V,p]n,6(1),
(64)

respectively.

We have now obtained all the necessary quantities to
analyze the field equations in Eq. (21) and extract the
remaining junction conditions. Taking a projection of the
field equations into the hypersurface X using the projection
vectors (or, equivalently, the induced metric) and keeping
only the terms proportional to 5(/), one obtains

(p(_e[Kaﬂ] + haﬂe{K]) + haﬁnc [Vc(p] = (877:—|— W)Saﬁ‘ (65)

The field equation in Eq. (65) does not constitute a junction
condition per se, but includes two separate junction
conditions. The first of these conditions is obtained by
taking the trace of Eq. (65) and using the condition § = 0,
which yields the fourth junction condition as

2¢[K] + %n“ V.p] =0. (66)

Finally, the result of Eq. (66) can be used to eliminate [V .¢|
from Eq. (65) in terms of [K], from which one obtains the
fifth and last junction condition as

1 87 +
_G[Kaﬂ] +§€[K]ha/i = s d

Sap- (67)

The consistency between Eq. (67) and the condition § = 0
can be verified by taking the trace of the former to obtain
the latter, and thus these two equations represent the same
junction condition.
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To summarize, the complete set of junction conditions
for the scalar-tensor representation of Palatini f(R,T)
gravity between two space-times V' and V'~ with a possible
thin shell at the separation hypersurface X is composed of a
total of five equations, which are

[haﬂ] =0, (68)
v =0, (69)
ly] =0, (70)
2¢[K] + %nc[vm o, (71)
1 87
—elKag] + 3 €K oy = % Sup. (72)

It is worth pointing out that this set of junction conditions
can be obtained directly from those appearing in the
geometrical representation of the theory obtained in the
previous section [i.e., Egs. (50) to (54)], via the introduc-
tion of the definitions of the scalar fields in Eq. (18), which
emphasizes the equivalence between the two representa-
tions of the theory and gives further support to the
coherence of our analysis.

E. Exceptional cases

The sets of junction conditions obtained previously in
the systems of Egs. (50) to (54) and (68) to (72) for the
geometrical and the scalar-tensor representation, respec-
tively, were derived assuming an arbitrary function f(R, T)
for which all the partial derivatives are nonvanishing to any
order. There are, however, particular choices of the function
f(R,T) for which some of the junction conditions derived
previously can be discarded. In this section, we clarify these
particular choices.

One of the junction conditions that can be discarded for
some particular cases of the function f(R,T) is Eq. (51),
i.e.,, [R] =0. In Sec. IlIC, this junction condition was
imposed to avoid the presence of §(/)? singular terms in the
products V,RV,R arising in the differential terms of
Eq. (13). However, there is an alternative way of avoiding
the presence of these terms, which consists of imposing the
condition frr =0 on the function f(R,T). With this
condition, the terms proportional to V,R disappear from
Egs. (37) and (38), and consequently from Eq. (13),
without the necessity to require [R] = 0. Similarly, the
junction condition [7] =0 was imposed to avoid the
presence of the singular terms &(/)> in the products
V,TV,T appearing also in Eq. (13). An alternative way
of removing these problematic products is to impose the
constraint fry =0 on the function f(R,T), without the
necessity to require [T] = 0. Furthermore, if the function
f(R,T) satisfies both conditions simultaneously, i.e.,

frr = frr =0, both junction conditions [R] =0 and
[T] = 0 can be discarded from the system.

In other theories of gravity, see e.g., [9,24,29], the choice
of particular cases for which some junction conditions can
be discarded results in the appearance of extra terms in the
modified field equations that can be interpreted as extra
matter components, namely external stresses, momentum
fluxes, and the so-called double gravitational layer. Indeed,
if [R] # 0 and [T] # 0, then the last terms on the right-hand
side of Egs. (39) and (40) do not vanish, and the second-
order covariant derivatives of these variables will feature
extra terms. However, as can be seen from Eq. (38), the
second-order derivatives of R and 7" appear multiplied by a
factor of frr and frr, respectively, which are zero for
the particular cases of the function f(R,T) that allow to
discard these junction conditions. Consequently, no extra
terms appear in the field equations of Palatini f(R,T)
gravity, and the final set of junction conditions can be
obtained simply as the limit of the general set.

1. Case 1: [R]#0

The most general form of the function f(R,7T) that
satisfies the condition frr =0, and hence allows for
[R] # 0, is given by

f(R.T) =Rla+ g(T)] = 2A + h(T), (73)

where ¢(7') and h(T) are arbitrary functions of 7, and the
parameters @ and A are constants, the latter conveniently
chosen to play the role of a cosmological constant. Under
this choice of the function f(R,T), the set of junction
conditions from Egs. (50), (52), (53), and (54) becomes

[has] = 0, (74)

7 =0, (75)

2¢[K] + % ni[V, 7] = 0, (76)

el + 3kl = S D s, )

where we use primes to denote derivatives of each function
with respect to its argument. The form of the function
f(R,T) given in Eq. (73) is general enough for one to
define a scalar-tensor representation. Indeed, the require-
ment frrfrr # f&y imposes the constraint ¢(7) # 0.
Thus, if the function ¢(7) is at least linear in 7, a
scalar-tensor representation is well defined. In this repre-
sentation, since ¢ = f and frr = 0, one obtains g, = 0,
i.e., the scalar field ¢ depends solely in 7. Since [T] = 0 is
still a requirement in this particular case, no junction
conditions are discarded in the scalar-tensor representation.
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2. Case 2: [T| #0
The most general form of the function f(R, T) satisfying

the condition fr7 = 0, and thus allowing for [T] # 0, takes
the following separable form:

f(R.T) = f(R) +g(T). (78)

Note that both functions f(R) and g(7T') are arbitrary, as the
only necessary requirement to fulfill the condition frr =0
is the absence of crossed terms. The full set of junction
conditions becomes for this case

hg] =0, (79)
R =0, (%0)
R o ot
20[K] +3 72 wIVR] =0, (81)
1 dqr+ ¢
el + 3kl = 8 s (52)

Similarly to the previous case, one is also able to obtain an
equivalent scalar-tensor representation associated to the
function f(R,T) in Eq. (78). The requirement frxfrr #
f% in this case provides the condition f”(R)d"(T) # 0,
i.e., both the functions f(R) and ¢(T) must be at least
quadratic in R and T, respectively. Furthermore, since
@ = fr and frr =0, one obtains that ¢y =0, and the
scalar field ¢ depends solely in the quantity R. Since
[R] =0 in this case, the condition [p] =0 cannot be
discarded in the scalar-tensor representation.

3. Case 3: [R|#0and [T)#0

Finally, the most general form of the function f(R,T)
that satisfies both the conditions frr =0 and frr =0
simultaneously, thus permitting [R] # 0 and [T # 0, is the
following:

f(R.T) = aR = 2A + g(T). (83)

Note that in this particular case the conformal factor
fr = a is a constant, which implies from Eq. (13) that
the Palatini and the metric Ricci scalars R,, and R,
coincide, i.e., the connection [, becomes Levi-Civita to
the metric g,,. In this case, the full set of junction
conditions becomes

[haﬁ] =0, (84)
K] =0, (85)
K] = 8”%9(” S (86)

It is important to remark that for this particular choice of the
function f(R,T), the trace of the extrinsic curvature must
be continuous across X. This result is consistent with the
previously mentioned result that R, and R, coincide,
thus corresponding to a metric theory f(R,T), for which
one expects [K] = 0, see [29]. It is also worth noticing that
the function f(R,T) in Eq. (83) is not general enough to
allow for the transformation to a scalar-tensor representa-
tion, as the requirement frr frr # f%T is never satisfied if
frr and fry vanish simultaneously.

IV. AN APPLICATION TO TRAVERSABLE
THIN-SHELL. WORMHOLES

The formalism and conditions developed in the pre-
vious sections allow one to consider any applications of
interest in which the matching of two space-times is needed
to model a particular physical system. Prominent among
them is the one of traversable thin-shell wormholes. In such
a case, one scisses the exterior region to (the same or
different) two black hole space-times, i.e., above its would-
be event horizon, and patches their respective boundaries
at a shell, which in the present case is dubbed as the throat.
The interest in this kind of construction lies on the
restoration of the geodesic completeness of the original
space-times, while the price to be paid is typically a
potential violation of the energy conditions at the throat,
at least within GR [66].

We consider a similar construction as the one of Ref. [34]
for Palatini f(R) gravity, where two external pieces of the
Schwarzschild space-time are glued at the throat, and the
construction is subsequently extended to two Reissner-
Nordstrom space-times (i.e., charged under Maxwell
electrodynamics). The metric on each space-time is thus
written in spherical coordinates (¢, r., 6, ¢) as

2

dr
ds? = —A*(r,)dr ES
* (ri) +Ai(’”i)

+ r1dQ?, (87)

2
where A% (ry) = 1—2% + % is the metric on each side of
+

the shell, with {M.,Q.} the corresponding masses and
electric charges, and dQ? = d6” + sin®> @d¢? is the line
element of the two-spheres. Note that one does not neces-
sarily need to impose neither M . = M_nor Q, = Q_, thus
allowing for the existence of asymmetric wormholes, i.e.,
different space-times on each side of the throat [67]. Since for
any of the space-times above one has T = 0, the junction
condition in Eq. (52) is automatically satisfied, while the
trace of Eq. (54) implies the necessity of § = 0 as well. In the
Palatini f(R) case this means that x>/ fx|r_, = constant
everywhere, regardless of the specific shape of the f(R)
Lagrangian chosen. This conclusion still holds in the present
f(R,T) case since from the Eqs. (4) and (5) and writing
Maxwell Lagrangian as £,, = — 1 F,,F** one can compute
the tensor ©,, in the present case as
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. 1 .
_Tuh = FaLFcb __gahchFCd' (88)

®ab = 4

Now, from the definition in Eq. (6) we can see the effect of
this result in the behavior of 7 = T — % (T + ©) [and hence
of curvature via Eq. (8)]: for Schwarzschild space-times,
T,, = 0so7 = 0 and the conclusion above on the constancy
of fr is unmodified, while for Reissner-Nordstrom space-
times the same conclusion is reached no matter the shape of
the f(R.T) Lagrangian, since the tracelessness of T,

translates into the tracelessness of both ©,, and 7, and
hence no new dynamics are introduced.
On the shell X, parametrized by
ds% = —dY? + ¢*(T)dQ?, (89)

where Y and ¢ are the shell’s temporal and radial
coordinates, respectively, the continuity of the metric along
¥ does introduce a constraint, 2(M, — M_)o = Q% — Q2.
On the other hand, the junction condition in Eq. (77)
introduces a relation between the metric functions restricted
to the shell and the behavior of the matter fields there. For
this purpose, two extra equations are needed, which
correspond to the projection on the shell of the Bianchi
identities, namely (see Appendix of Ref. [24]),

(Kpo + Kpp)G7° = 2n"1°[R 5] — [R] (90)
Daga - _nahZ[Raa]v (91)

where D, = h,"V,, is the covariant derivative in X, and
Gup = €4e)(Rap — 5 gap'R). Following a similar analysis as
in Ref. [33] replacing T, by 7,, via Eq. (6), one finds

D% gp = —n"h§[7,s), (92)

where 5,5 = e,‘jleub is the projection of the effective
stress-energy tensor 7, on the shell. In the present case
of Schwarzschild/Reissner-Nordstrém configurations, the
vanishing of 7" entails that 7,, = T, and thus s,3 = S,5.
The bottom line of the above discussion is that, upon a
redefinition of the constant x> of the theory, traversable
wormbholes (either symmetric or asymmetric) coincide with
those of Palatini f(R) gravity analyzed in [34,67].

Things differ abruptly when nonlinear electromagnetic
fields are considered. In the simplest case in which the
Maxwell Lagrangian is extended to a general function ¢(X)
with X = —%Fa,,F“" (so that Maxwell corresponds to
@(X) = X/2), then the trace of the effective stress-energy
tensor reads

8
T = T"‘%Xz(pxx, (93)

where now the fact that 7 = 4(—X¢x + ¢) # 0 makes the
(nonvanishing) f7 contributions to alter in all cases the
relation between the metric functions and the energy
density and pressure of the matter fields on the shell via
the junction conditions, as compared to the f(R) counter-
parts. Since the external solutions on both V* can be found
under analytical forms for f(R) and f(R,T) gravity,
one can find new traversable wormhole solutions in both
theories, enhancing the variety of symmetric and asym-
metric solutions within this formalism. In particular, there
is plenty of room to play with combinations of nonlinear
electrodynamics on each side of the throat, including
transfer of fluxes across of it given the nonconservation
of the effective stress-energy tensor, seeking for solutions
of this kind which are stable and satisfy canonical energy
conditions. Since this issue goes beyond the scope of this
work, we shall implement these ideas in future projects.

V. CONCLUSION

The finding of suitable junction conditions for every
(modified) theory of gravity is of interest in order to extract
useful modeling of different physical systems and to seek
deviations with respect to GR expectations. In this work we
have analyzed the junction conditions of yet one more
theory, namely, Palatini f(R, T) gravity. Working dually in
the usual geometrical representation of the theory, as well
as on its physically equivalent scalar-tensor counterpart, we
have found that the modifications as compared to Palatini
f(R) junction conditions consist of a f-correction term in
two of them. At the same time, we further confirm the
absence of a junction condition on [K] as compared to
the metric version of this theory, which allows a larger
flexibility in running specific applications of interest within
these theories.

The particular forms of the function f(R, T'), for which
some of the junction conditions can be discarded from the
full set (exceptional cases), were also analyzed. In other
theories of gravity, see e.g., [9,24,29], some of these
exceptional cases were shown to give rise to extra terms
in the stress-energy tensor associated with external ten-
sions, momentum fluxes, and double gravitational layers.
Interestingly, we have shown that the same does not happen
in Palatini f(R,T) gravity, as the terms potentially con-
tributing to the extra matter components vanish identically
in this theory. This allows one to select simpler forms of the
action that simplify the set of junction conditions, without
the drawback of further complicating the matter sector.

Among such applications we briefly discussed the one of
traversable thin-shell wormholes, which can be imple-
mented both in reflection-symmetric and asymmetric sce-
narios, and which, similarly as their f(R) cousins, could be
of interest from the point of view of both (double) shadows
in gravitational light deflection [68] and in echoes of
gravitational wave emission from binary mergers of hori-
zonless compact objects [69]. For the simplest case of
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Maxwell fields, the tracelessness of its stress-energy tensor
implies that the formalism yields the same results as their
f(R) counterpart, forcing one to upgrade the matter field
description up to nonlinear electromagnetic fields, where
now any nontrivial f(R,T) function will introduce mod-
ifications to the (shell) dynamics.

Another topic of particular interest for astrophysical
applications is the definition of surfaces in stellar
bodies within these theories. Such bodies are typically
modeled as a fluid-filled interior (where the corresponding
Tolman-Oppenheimer-Volkoff equations are solved) and
matched to an external Schwarzschild vacuum space-time.
Beyond GR this construction may harbor theoretical
difficulties, for instance, in those theories having extra
dynamical degrees of freedom, like metric f(R) gravity
[70] due to the contribution of the scalar field to the total
energy of the system, while in Palatini f(R) gravity the
difficulty lies instead on the fact that polytropic equations
of state may develop local curvature divergences at the
stellar surface [71]. The latter problem is solved (at least
within a range of polytropic indices of physical interest)
when considering the junction conditions formalism to
correctly perform the matching [33]. It would therefore be
necessary to see how such polytropic models in stellar
surfaces behave when running the same exercise in the
present f(R, T) case. Moreover, a similar analysis could be
carried out for other solutions of theoretical and cosmo-
logical interests with sharp transitions for the inner to outer
regions, such as in cosmic strings, domain walls, or
braneworld scenarios. And finally, the junction conditions

derived here could be of interest in order to model the
instability of Cauchy horizons in black holes arising in
f(R,T) theories, similarly as done in [72-74] for other
extensions of GR. In the present case, the nonconservation
of the stress-energy tensor of the matter fields allows for
interesting new possibilities in all such scenarios, such as
the existence of energy fluxes across the matching shell,
whose implementation is also worth exploring.
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