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ABSTRACT

This paper deals with Tuzzy preferences Many different allernative definitons
of styict and weak Fuzzy prefereness can be fonnd in the literature, But most of
themn do nel take inko aceonnt Lhat fozzy preferences should allow curnplete
preference struciure, whore not only sirick and weak preferences are dafined . bat
ala indifference and incomparabality The whole preference siructuee siculd be
Bl in erder La be properly considered as & basis Tor knowledge hased systema
Taking 1010 arcount & previvus work of Manters, we intecduss some modifc-
tivns an the viodel recently ileveleped by Fodor, Qvchinmdoy and Rowbens
shrly & way 1hat consiatent fuzsy preference atrurlures are fully characlerized.

Heywords. Tnzzy sets, luzzy preferences refations.

1. Intreduction

Classical preferenie model is usnally modeled by asking the decision nusker te
defirn: a weak crisp preference relation

F:Ax A4 — 1},

where A iy a finite sct of feasible allernatives and Ria, by = 1 whenever alternalive
a 1% eonsidered weakly better than allernalive & [ie., &> f). From such a data set,
strict preferenre (g = 8], indifference (2 ~ B and meomparability (e fj 4] relations
are univocally given. We are therefore defining the whole preference structure just
by defining weak jreforens es.

Fodar, Ovehinnikev and Roubens (see %58} face such an approach in a fusy
vontext. now asauniing that weak preferences are given in terms of Tuvzy hinary pred-
vremce relations

RoAdxA— |01,

pia, b) being he degree to which a = b hobls. Amang other particalar solitions, ey
" . . & il ' . N 5 . TR "
ublain axiomalic dastifications lar the additive nodel arvpmed Fe Montern T8 Jaee
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1. Basiv assumptions

As pointed out in 7%, Lhe obleetive should be to split the whole intensity ints four
basic intensity values
fla. bl f{a.b). Pla,b], J(b,a)

representing, respectively, the degrees of strict preference o = 8, indifference (n ~
Eb, strict preference & o and incamparability (« | 8. 1o order Lo explain key
intartive properties. a fuzzy canjunction and a disjunction are needed. For examnple,
the disjunction of Fla,b) amd {[a, b) should give Hia, bl anel incomparability should
be negation of comparability, defined as the disjunction of Fla b, fle b P, ab,
Fullowing traditional fuzzy logie literature, disjunction and conjunction are mod-
34863 secording to a t-conorm § and a t-norm T, being both continuous
mappings atd related by means of a strnt negation funtion n in such a way that

el in

SEIERTIE ORI

for mach x.p € [0,1] [2 strud negalton w15 & continuons, slrictly increasing mapping
ac[001] = [0, 1] such that ni0i = 1 and n(1) = 0).

Three general intuitive aximms, namely Independence of [rrelevant Alternalives,
Fositive Association and Syommetry can be assumed {aee B

{IA} independence of Irrelecan! Alternatwes: for any two alternatives o, b A, Lhe
walues Pla, b, fia, &) anel #{a, 8} depend anly upan the values Rz, b), flh ).

I particilar, we wili assuzne Lhe existence of three introsity continuous func-
1005

g (001 w1 = 0L
sich 1hae
o Pia b= plHla b, Rk 2,
# Ila,b] = ([ Ko, bl fi{n8]) and
® Jin b = JiRA 8, B a)
(PA] Positive assumation pincisle: piz, it nomalecreasing with respect 1o its first
argunemt but nomeereasing with respect Lo s second argument, of £,y i non-

dierraging wath respect 1o hoth arguments, and 3l ¥ is nonincreasing with
tesTecl o baeat by atgurnnts

(8Y) Spaumetre: o eyl = g, wrand jiry) — iy,

Moreove: e Tillowing two equalions are alse assumed in 5
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(FOR1v} $ipiz,yhilz.y)) = =
(FOR.3v) S(p(y. 7}, jlz,2}} = nlz)

Additianal conditions leads in ® 4o particular expressions for p.i, 7.

3. FORM model

An allernalive approach to the above logsy preference structure has been proposed
by the authors 1o 1% Disjunetion js not assumed unique neither associative, but it
ig tmnposed thab every disjunction should be strictly increasing o the real rarge {sen
" Jor details). The negations n is alse assnmed 1o be sfrerg, in such a way thal
comparatality is the negativn of incompargbifity, and viceversa, Then i1 follows that
sach o disinntion operator is in fact unique and associative, heing basically additive
in such a way that

S{z.y) = &7 (diz) + ply))
in the real resige (see *%). Moreover, the antumerphism ¢ characterizing such a dis-
Junction operator S turns out to stmmullanecusly characterize the negation function
[see "™ for other less relevant assumptions).

Uneler snch o FORM model. it can checked that funclions p, ¢, 7 can oot be arhi-
tranily defined (see "7 for & proaf).

Theorern | Bring any of the functions i, p.j.¢ fized, then the preference structure
e fired up L an aufemerphism .

Hence, willl jusl one feasible intensity function p,i, ¢ or J a particular solution
is gettled, np ko sorne aviomorphism @ in the unit interval. Next theorem gives a
rhararterizabion for strict preference functions in lerms of such an automorphism
(see alsu " for & proof),

Thenorem 2 Let p: [0 = [0,1] — [0, 1] be o continvens function, nendecreasing in
the firsl coordinafe and momincreastiy i the second one. Then # is @ strict preference

intenstly function for o FORM moedel anth aulomorphism ¢ if and andy if the followmg
two corditions hold-

FEI) pley) < manlr, nly)

(P2 glpizpl) - eiply, 7)) = ¢lz) - ély)
Jor el v, end where niz) = ¢ {1 (]

Analogous conditions can be imposed i ardier to be characlerizod cack solution
trer e inehifersnce otensily funclion & {analpous results for ¢ aod 3 can also b
wivained]

Thesrem 3 fet e [001] = [0,1] = [0,1] #¢ a symmetric contoons funclon, whick
i nondecreasny in belh coordmnates. Then U iv an indiffvrence antensity fonction for
a FORM mindel weth awtemarphism o if @nd oxly of the folfimmmg e condzioas hold
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(Fi} $lz)— ¢i{z, ¥)) is nondecrrasing in x, for any fized y.

(e} ¢ t{maz(d{z) + ¢ly] — 1.0)) < i[r,y} < minlz,y) for all .y

4. Discussion on the literature

In this section we shall check if some particular preference relations that can
be fuund in Lhe lterature do allow the definition of the whole preference structure.
Whenever it is not pussibile, we would expect serious difficulties when applied as a
key element in a relalivnal knowledge-based system.

Here iz a list of some proposals lor strict fussy preferences which have been used
in the past in Lthe fuzzy literature:

L plz.y) = ¢ for ali o,y dees not hotd [P1)
2oplz,y) =0Tor all £ ¢ does net hold [F2)
ioplza = ﬁi_l{ﬂﬂ;—"'lﬁuj ? does oot badd (171}

4. Meither (P1) or (4] are verifed if

s T ilz=y
ple.pl = 0 obherwize

{see ™)
5. Hplzoyl =0 ale)i?  #ly00*, then
vyl — ¢ gy
woolr,y) =0 ie(e) 4 é(y) - dx)diy]]
® 3lz.y) =7 win) - iy + ¢lzjo{y)
B. Montere's proposal ™% appears as a particular case of the Tollowing solution
characterized in Fudor-Rankens %
v pizyl=4d |'|:-r;-4.1"rz|:|:.b|:1':|__'| @{y:l}}
¢~ imin{eiz) + dly) — 1,0
g7 min{ofcl t dlp, 1]
o plzopl = ¢ "ozl - piz] - o), 00

LRIERT

w alT, )

=]

preyr = rwsilon pl ! does verly bedd (117 and (123,

o pivon] = a e pied oyt 01
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LTERNES menx, i}
» &fz.y) = moaz(z,¥)

v 3{x, ¥} = min(l —z, -y

(oee also &1,

5. Final remarks

it should be pointed out that (PA) condition is partially redundant in FORM
mode]. Imposing possitive assuciation for p {or any one of the vther intensity functions
1,7, ¢} will axsure possitive association of every intensity function. In fact, as shown
above, once any one of these intensity functions has been defined, the whele struture
is fully fxed.

Of course. not every intensity function we can think of will be consistent with
4 complete preference structure. 1 has been shown that in FORM model we ape
able to characterize which functions p can play the role of a strict intensity fuewlion,
allowing consistent definttions of 5, ¢, 7. If the proposed striet intenaity does nol verify
comditions [F1) and (P2}, then there will be o indiference and incomparability
consistently defined, and then decision making provedures based on it may lead to
paradoxes.

Once a proper stricl, preference has been defined, additional conditions should just

tix antemorphisni ¢, characterizing both the aggregation function and the negation
funeiton,
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FOREWORD

Any book on possibility theory must face op o the question of whether it is a
distinet theory, with its own agenda and domain of applications. The papers
assembled in Foundations and Applications of Possibility Theory (FAFPT), provide
an unequivocal answer in the affimanve. In what follows, T shoold like to offer a
comment on this contentious issue.

There it a long-standing tradition in science of viewing probability theery as
the methodology of choice for dealing with problems in which uncertainty and/er
imprecision play a significant role.

The validity of this tradibon was called inje question by the advent of fuzzy
set theory, possibility theory and — in a different context — the Diempster—Shafer
theory of evidence. At the base of this issue is the question: Is probability theory
sufficient for dealing with what might be called “nondeterminism,’” that is, the realm
of phenomena in which what is lacking is certainty andfor precision?

If a poll were taken today, a majority would almost surely answer the question
in the affirmative. But a growing and increasingly persuasive minority would argue
to the contrary. In this perspactive, FAPT may be viewed as a convincing refutation
of the majority view.

The views of the proponents of the pimacy of probahility theory are epitomized
by the staternents made by Lindley { [987) and Cheeseman (1985). To quote Lindley:
“The only satisfactory description of uncertainty is probability. By this I mean that
every uncertainty statement must be in the form of a probability; that several
uncertainties musi be combined using the rules of probability; and that the calculus
of probabilities is adequate to handle ali sitvations involving uncertainty . . .
prohability is the only sensible deseription of unceriainty and is adequate for all
problems involving uncertainty. All other methods are inadequate . . . anything
that can be done with fuzzy logic, belief functions, upper and lower probabilides,
or any other altemative to probability can better be done with probability.™ In a
similar vein, Cheegeman asserts that: “The numercus schemes for representing and
reasoning about uncertainty that have appeared in the AT literature are
unnecessary — probability is all that is needed.”

The papers assembled in FAPT challenge these views. In essence, they show
that {a) possibility theory is a distinct theory with its own agenda and domain of
applicability, and that (b) in the main, probability theory and possibility theory are
complementary rather than competitive.

It essence, nondeterminism has two distinct constituents: uncertainty and
unsharpness, with the latter subsuming inspecificity and sel-valued valoations.
Probability theory is concerned mainly with uncertainty, whereas fuzzy set theory
and possibility theory are focused on unsharpness,

W
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