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1. Introduction

Interpolation theory is a consolidated branch in functional analysis with important applications
in harmonic analysis, partial differential equations, operator theory and other areas in mathe-
matics. See, for example, the books by Butzer and Berens [9], Bergh and Lofstrom [4], Triebel
[45, 46], Bennett and Sharpley [2], Conness [21] or Amrein, Boutet de Monvel and Georgescu
[1].

The most familiar interpolation methods are the real method (A, Al)qu and the complex
method [Ag, A1)y, introduced by Lions and Peetre [35] and Calderén [10], respectively. If we
work with a couple of Lebesgue spaces (Lp,(R), Ly, (R)) with 1 < pg # p1 < 00, 0 < 0 < 1,
1/p=(1—-0)/po+0/p1 and 1 < ¢ < oo, it turns out that [L,,(R), Ly, (R)]g = Ly(R) (equal
norms) and (Lp,(R), Lp, (R))s,q = Lpq(R) (equivalent norms), where Ly, ,(R) is a Lorentz space
(see [4, 45]).

Logarithmic perturbations of the real method (Ao, A1)y, 4 have been also studied in detail
in the literature. See, for example, the papers by Gustavsson [31], Doktorskii [24], Evans and
Opic [29], Evans, Opic and Pick [30], Cobos and Segurado [20], Cobos, Fernandez-Cabrera and
Martinez [15] and Besoy and Cobos [6]. The norm in (Ao, A1)y, 4 18
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Here K is the Peetre’s K-functional, A = (ag, o) € R?, £(t) = 1 + |logt| and £24(t) = £20(¢)
if 0 <t <1, 8%t) = ¢2=(t) if 1 <t < oo. Now 6 can take also the extreme values 0 and
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1, producing spaces very close to Ay and Aj, respectively. These extreme cases are the most
important for us here.

Applying logarithmic methods to a couple of Lebesgue spaces, we obtain Lorentz-Zygmund
spaces (see [3, 38, 25]). In particular, if we choose the parameters pg,p1,0,p,q as above and
a € R, then we have that (Ly,(R), Lp,(R))q (a,0) = Lpgq(logL)a(R) (see [39, Proposition
6.2/(c)).

In 1960 Kranosel’skii [34] proved that if T"is a linear operator which satisfies the assumptions
of the Riesz-Thorin convexity theorem, i.e. restrictions T': Ly, (R) — Lg,(S) are bounded for
1 < po,qo,p1,q1 < 0o, and in addition gy < co and T' : Ly, (R) — L4, (S) is compact, then 7" :
Ly(R) — Ly(S) is also compact provided that 1/p = (1—6)/po+6/p1, 1/q = (1—-6)/qo+0/q1 and
0 < 0 < 1. This result led to the investigation of interpolation properties of compact operators
under abstract interpolation methods. The first results already appeared in the seminal papers
by Lions and Peetre [35] and Calderén [10]. See [11] for details and other references. As for
the real method, the final result was achieved in 1992 by Cwikel [23] and Cobos, Kiithn and
Schonbek [18]. The problem is still open for the complex method.

In 2014 Edmunds and Opic [28] established a limiting variant of Kranosel’skii’s theorem
for finite measure spaces with the outcome that if 7" : L, (R) — L4 (S) is compact and T :
L, (R) — Lg (S) is bounded, then T is also compact when acting between Lorentz-Zygmund
spaces which are very close to L,,(R) and Lg,(S). Abstract versions of the result by Edmunds
and Opic in terms of logarithmic methods for # = 0, 1 have been obtained by Cobos, Fernandez-
Cabrera and Martinez [13] and Cobos and Segurado [20]. In the last paper it is shown that
the limit variant of Kranosel’skii’s theorem also holds when the function spaces are defined on
o—finite measure spaces. More recently, Besoy [5] has shown that the theorem is still valid if
the function spaces which are target of T' are quasi-Banach spaces, that is, it is allowed that
qo, q1, q take any positive values.

The aim of this paper is to complete the research of [28, 13, 20, 5] by estimating the measure
of non-compactness of the operator 1" acting between the Lorentz-Zygmund spaces in terms of
the measure of non-compactness of the restriction of 7" from Ly, (R) into Lg,(.5).

The behaviour under interpolation of the measure of non-compactness is a problem that has
been studied by a number of authors. The case of the real method was considered by Edmunds
and Texeira [44] assuming some extra conditions in the target couple, and by Cobos, Fernandez-
Martinez and Martinez [17] for arbitrary Banach couples. Results for extensions of the real
method have been obtained by Cordeiro [22], Szwedek [41] and Cobos, Fernandez-Cabrera and
Martinez [12]. Other quantitative results are due to Edmunds and Netrusov [26, 27| and Szwedek
[42, 43]. The case of bilinear operators has also been recently investigated by Mastylo and Silva
[36] and by the present authors [7].

As far as logarithmic methods for 8 = 1,0, if the operator acts between Banach couples, then
estimates for the measure of non-compactness of the interpolated operator have been derived by
Cobos, Fernandez-Cabrera and Martinez [14, 15] with the help of the connection between the
measure of non-compactness and another ideal measure (see [40]). We work here with quasi-
Banach couples where those connections are not available. Hence, our arguments are more
direct. Following ideas originated in the papers by Cobos and Peetre [19] and Cobos, Kiihn
and Schonbek [18], we split the operator with the help of certain projections associated to the
vector-valued sequence spaces that arise with the construction of the logarithmic spaces. Then
we proceed to estimate the measure of non-compactness of each piece. Sometimes it suffices
with the interpolation theorem in combination with some other auxiliary results, but for two of
the pieces we have to construct suitable e—nets. In those cases we rely on compactness in R"
of certain subsets defined by using the parameters of the logarithmic method, an idea that has



his origin in [17] and our previous paper [7].

2. Logarithmic interpolation spaces

Let (A, - ||a) be a quasi-Banach space. We put ¢4 > 1 for the constant in the quasi-triangle
inequality. According to [33, §15.10] or [32, Proposition 1.c.5], there is another quasi-norm ||| |||
on A which is equivalent to || - |4 and such that ||| - |||P satisfies the triangle inequality. Here
0 < p < 1is the number given by the equality c4 = 2'/7~1. We say that (A4, |||-]||) is a p—Banach
space. If 0 < r < p, it is clear that (A, ||| - |||) is also an r—Banach space. Note also that if A is
a p—Banach space then it satisfies the quasi-triangle inequality with constant 21/7—1,

If B is another quasi-Banach space, we write A = B if A and B coincide in the set-theoretical
sense and if they have equivalent quasi-norms.

By a (p-Banach) quasi-Banach couple A = (Ag, A1) we mean two (p-Banach) quasi-Banach
spaces Ag, A1 which are continuously embedded in the same Hausdorff topological vector space.
For t > 0 and a € Ag + A1, let

K(t,a) = K(t,a; Ao, A1) = inf{||ao||a, + tl|la1]|a, : a = ao + a1,a; € Aj},
and if a € Ag N Ay put
J(t,a) = J(t,a; Ao, A1) = max{]|al[ ,, t]|a] 4, }-

Then K(1,-) is the quasi-norm of Ag + A; and J(1,-) the quasi-norm of Ag N Ay. If || - || 4, is a
p-norm for j = 0,1, then we put

Kp(t, a) = Kp(t, a; Ag, Al) = inf{(||a0||];‘0 + tpHalHil)l/p ta=ag+a,a; € A]}
The functionals K (t,-) and K,(t,-) are equivalent quasi-norms in Ay + A; with
K(t,a) < Kp(t,a) < 2YP7 K (t,a), a € Ay + A;.

Moreover, K,(t,-) and J(t,-) are also p-norms.
Put £(t) = 1+ |logt| and for A = (ap, aso) € R? write

(o) if0<t <1,
gA(t) _ g(ao,aw)(w _ ( ) 1 >
2= (t) if1<t<oo.
For 0 < 0 <1,0 < g < oo and A € R?, the logarithmic interpolation space ZG,q,A =
(Ao, A1)97 q.A 1s formed by all those a € Ay + Ay which have a finite quasi-norm
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(the sum should be replaced by the supremum when g = c0). See [29, 30, 20, 15, 6]. Note that
if A=(0,0) and 0 < 6 < 1, then we recover the classical real interpolation space (Ao, A1)y, (see
[4,45,2,8]). If 0 <6 <1and A # (0,0), then (Ag, A1)y, 5 is a special case of the real method
with function parameter (see [31, 39]).

Observe that K (t,a; Ag, A1) = tK(t~!,a; A1, Ag). This yields that

(Ao, Ar) = (A1, 40)1,q,(c0e,a0) (€qual quasi-norms). (2.1)

0,¢,(cx0,00)
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In what follows, we focus on the case # = 1. We assume that

1/g<0 if0<qg< o0,
{O‘°+ /q BUS s 00 (2.2)

ap <0 if ¢ = o0.
Then (Ao, A1)y , o # {0} and (Ao, A1), , 4 is an intermediate space with respect to A, that is
AO n Al — (AO?Al)l,q,A — AO + Al

where — means continuous embedding (see [30, Theorem 2.2]).

Given a quasi-Banach space A intermediate with respect to A we write A° for the closure of
ApN Ay in A.

It follows from the fundamental lemma (see [4, Lemma 3.3.2]) that a € (Ag + A;)° if and
only if min(1,1/t)K(t,a) — 0 as t — 0 and as t — oo. It is easy to check from this fact that if

w+1/g>0 if0 :

o +1/g 20 0 <g <o (2.3)
Qoo >0 if ¢ = o0,

then
(Ao, A1)y 4n € (Ao + A1)°. (2.4)

The Gagliardo completion A7 of Aj is formed by all those a € Ag + A; having a finite
quasi-norm |
lalla~ = sup{t /K (t,a) : t > 0}

(see [2, 4]). It turns out that a € Ay + Ay belongs to A} if and only if there is a sequence
(an) € Aj with sup,, |an[la; < oo and limy, 0 [|@ — anllag+a, = 0. Let

llallly = inf{sup a4, : lim fla — ap]a0sa, = O}.
n

It turns out that [|al[|; < [[a[lay < max{ca,,ca, }lalll; (see [2, Theorem V.1.4]).
Minor modifications in the arguments of [2, Theorem V.1.5] show that

K(t,a; Ay, AT) < K(t,a; Ao, A1) < max{ca,,ca, } K(t,a; Ay, AT). (2.5)

The quasi-Banach couple 4 is called mutually closed if A; = Aj” for 7 =0,1.

Let I be a quasi-Banach space of real valued sequences with Z as index set. We assume that
I' contains all the sequences with only finitely many non-zero coordinates and that whenever
(Mm) € T and & | < || for each m € Z, then (§,,) € T and ||(&m)llr < [[(nm)]|. Moreover, we
assume that I' — £, + £,(27"). Here 0 < p < 1, ¢, is the space of p-summable sequences and
£,(27™) is the weighted space, with (&) € £,(27™) if and only if (27&,,) € £,.

Let 0 < ¢ < 00, A = (ap,a00) € R? satisfying (2.2) and 0 < p < 1. Then A =
(€p, £p(27™))1,4,4 is an example of quasi-Banach sequence space as introduced above.

If A= (Ap, A1) is a p—Banach couple, the J—space Ar.; = (Ao, Al)F;J consists of all sums
a=3y 00 U (convergence in Ay + A;), where (up,) € AgN Ay and (J(2™, up,)) € I'. The
quasi-norm on Zp; Jis

[e.9]

lalls,., = lallag,any, = LI ™ w))lle:a= Y wm}
' m=—o0
(see [37]).
The following result is a consequence of (2.4) and [37, Theorem 3.19]. For completeness we
include a proof.



Theorem 2.1. Let A = (Ag, A1) be a mutually closed p—Banach couple (0 < p < 1). Let
0 < q<oo, A= (ap,ax) € R? satisfying (2.2) and (2.3) and put A = (€, €,(27™)) 1,44 Then
we have with equivalent quasi-norms

(A07A1)1,q,A = (A07A1)A;J :
Proof. Take any a € (Ao, A1),y and let @ = > 07wy, be a J-representation of a with

(2™, um))|[a < 2HaH(A()7A1)A;J' For any m € 7Z, we have

[e.e]

Kp(Qkaa) S( Z min(1,2k_m)?’J(2m’um)p>

m=—0oQ

1/p

Hence

lallag,41), , . g( i [ —k ph (2h) ( ; min(1, 25~ (2 m)p>1/p}q)1/q

=—00

<2 )2 < 20l (10,00,

Conversely, let a € (Ao, A1), , 5- Using (2.4) and [37, Theorem 3.2], we can find (u,,) € AgN 44
with a = > >° U (in Ag + A1) and such that

m=—0Q

( i min(1, 26-™)P 7 (2m )p)l/p < cK(2%,a), k € Z,

m=—00

where ¢ = ¢, is a constant independent of a and k. Therefore

lallass < (2™ wm))ll e, 002-m))1 g0

00 A 0 . my 1/pyay 1/q
S(kz_:oo[ (2 ( ; min(1, 2% )P J (2™ m)P) ])
< C( Z [27k£A(2k)K(2k,a)]q> 1/q _ CHCLH(A07A1)1,(LA.

k=—00

O]

We complete this section with some results on the shift operator i, defined by 74§ = (§m+k)
for £ = (&,,). Here k € Z.

Subsequently, given A\ € R we put AT = max{0, A}.

The following estimate is useful:

Let A = (ap, @) € R? and B = (af + (—awo)™, ad + (—ap) ™). Then for any u > 0 we have

05 (su)
0 ()

Inequality (2.6) was established in [15, Lemma 2.1] for u > 1. If 0 < u < 1 it follows by applying
[15, Lemma 2.1] with 1/u > 1. We obtain

< B(u). (2.6)

, Csw) flaman)(1Ly . )
=sup ————38Y%° < % +(—aoo)t 2y 794 F(—as) o).
0 0h(s)  aso flamao(l) = () (w)




Lemma 2.2. Let 0 < ¢ < 0o and A = (ap, as) € R? satisfying (2.2). Put B = ((—awo)™, o, —
ag). Then
1Tkl , (2-m e 2my) o, (2-men(omy) < 25€2(27F), k € Z.

Proof. For £ = (&) and k € Z, we have

= —m m 1/q
Ime€lleya-mescamy = (D2 @A™ 6mial)?)

m=—00

A(2m)

< Zi%{EA(QWF’“)}Hg”MQ ¢4 (2m))
< 2P 27F)[I€ )l g, (2-men 2my)

where we have used (2.6) in the last inequality. O

Lemma 2.3. Let 0 < ¢ < 0o, A = (ap, aso) € R? satisfying (2.2), B = ((—as)T,ad, — ap),
0<p<land A= (), 0,(27))14a. Then

I 7kllan < 2P~ 12kB(27R) | e Z.
Proof. Let & = (&) € A. For any r € Z, we have
K(27,&;0,,0,(27™)) < Kp(27,&; 45, 0,(27™))
= (% (nin, 2 mieul)" <2 K b 7

Hence, given any k € Z, we derive

|kag|yA=( > [Q*WA(QT)K(T“,f;ep,ﬂp(zfm))]q)l/q

rT=—00

S( i [2%@(2?)( i min(L2r7m)p|§m+k‘p>l/p}q)1/q

rT=—00 m=—0oQ

=< i [2*T€A(2T)< i min(l,2T+k7m)p’§m‘p)1/p}q)l/q

rT=—00 m=—0oQ

_ A(27) > _ _ a\ 1/q
1/p—1ok (r+k) pA (or+k r+k ¢, m

< 2V/P12RE(27M)l€ )

T=—00

where the last inequality follows from (2.6). O

3. Interpolation of the measure of non-compactness

Let A = (Ag, A1), B = (Bo, B1) be quasi-Banach couples. By T' € £L(A, B) we mean that T is a
bounded linear operator from Ay + A; into By + By such that the restrictions T': A; — B; are
bounded operators for j = 0, 1.
Given 0 < g < 00, A = (ap, as) € R? satisfying (2.2) and T € L(A, B), it turns out that
the restriction
T: (AO?Al)l,q,A — (BO’Bl)Lq,A

6



is bounded. Moreover, the argument given in [15, Theorem 2.2] for Banach couples can be
adapted to our quasi-Banach setting with the effect that if M; > ||T']| 4, B; for j = 0,1, then

M\
0
I3, 51 < 2V <1+(1ong) ) . 1)

In particular, if |T||a,,5, = O then we derive that HTHZMAEM = 0. Note also that if in

addition to (2.2) we also have that (2.3) holds and ||T|| 4o,5, = 0, then it follows from Theorem
2.1 that |77, =0

a,AB1,q,a

Let A, B be quasi-Banach spaces and T' € L£(A, B). The operator T is said to be compact if
it transforms each bounded set of A into a set whose closure is compact in B.

The (ball) measure of non-compactness (1) = (T : A — B) is defined to be the infimum
of the set of all the numbers o > 0 for which there exists a finite subset {b1,...,bs} C B such
that

S
T(Uga) C U {bp, +eUg}.
k=1
Here Uy (respectively, Up) is the closed unit ball of A (respectively, B).

Clearly, B(T) < ||T'||a,B- Moreover, T is compact if and only if 3(T") = 0. The next two
properties are easy to check and will be used freely in what follows:

(3.2) If E is another quasi-Banach space and S € L(B, E), then for ST = S oT we have
B(ST : A— E) <|S|eB(T:A— B).
Moreover, if ||Sb||g = ||b|| for all b € B, then (T : A — B) < 2cgB(ST : A — E).
(3.3) If X is another quasi-Banach space and R € L(X, A), then
B(TR:X — B) < ||R||xAB(T:A— B).

Moreover, if for any a € A with |ja|la < 1, there is x € X with ||z|[x < 1 and Rz = a,
then 5(T: A— B) < B(TR: X — B).

Lemma 3.1. Let A = (Ao, A1), B = (Bo, B1) be quasi-Banach couples and let T € L(A, B).
Then
B(T : A7 — B;’) <max{cp,,cp, }B(T : Aj — Bj), j=0,1.

Proof. Suppose j = 0 and let 5 = 3(T : Ay — Bp). Given any £ > 0 there is a finite set
{b1,...,bs} C By such that

T(Uao) € (J{br + (B +)Up, }-
k=1

Take any a € Uay. There exists (an,) C Ag such that [|a — anllay+4, — 0 as n — oo and
llan|la, <1+ €. Since

(Tan) € [ J{(1+ )bk + (B+)(1+2)Up,},
k=1

we can find kg € {1,..., s} and a subsequence (T'a, ) of (T'a,) such that

(Tan’) C {(1 + €)bko + (/8 + 5)(1 + E)UBO}'



It follows that
|Tan — (1+¢€)bryllz, < (B+¢)(1+¢), n €N

and
[Ta— (1+¢e)bry, — (Tan — (14 )by || Bo+B,
<N\ a0+41,Bo+B: |l — anr || 4g 44, — 0 as 0’ — oc.

Hence,

HT(I - (1 + 5)bko||BoN < maX{cBov CBl}Sup{HTan’ - (1 + 5)bk0”30}
n/

< maX{CBm CB1}(6 + 5)(1 + 6)'
This yields that

T(UAON) - U {(1 + E)bk + (ﬁ + 5)(1 + 5) maX{CBov CB1}UBON}

k=1
and therefore 5(T : Ay — By') < max{cp,, B, }.
The case j = 1 can be treated similarly. O

Subsequently we are going to work with vector-valued sequence spaces. Let (W,,) be a
sequence of quasi-Banach spaces with the same constant ¢ > 1 in the quasi-triangle inequality
for any m € Z, which is the case if W, is p—Banach for any m € Z. Let (\;,) be a sequence of
positive numbers and 0 < ¢ < co. We write

Ly(AmWin) = {w = (wi) : wy € Wi, and ||wHZq(>\me) = [[(Amllwmllw;)lle, < o0}
If " is a quasi-Banach sequence lattice, we define I'(A,;,Wp;,) in a similar way.

Lemma 3.2. Let 0 < p < 1 and let (W,,) be a sequence of p—Banach spaces. Assume that
0 < q<ooandlet A= (o) € R? satisfying (2.2). Let A = (£p, £,(27™))1,44. We have
with equivalence of quasi-norms

(lp(Win), (27" Win))1,9.8 = A W)
Proof. Let w = (wm) € (bp(Wn), £p(27"Wi,))1,44. For any k € Z and € > 0, we can find
wl = (wjm) € Lp(277"W,y,) such that w = w® + w' and [|wP(|g,w,.) + Qkleng(z—me) <
(1+ &) K (2%, w; £,(Wy,), £,(27™W,y,)). Hence,

o0

. —m 1/p 1/p
( Z min(1, 2% VP [ || m) < (HwO”Z,(Wm) +2ka£01”?,,(2*me)>

<2V (1 4 ) K (28, w; £, (Wi ), £,(27 ™ Win)).
It follows that

ol = (32 2K, (o, ) 217
k=—oc0
- —k pA ok = min k—mp o 1/pya\1/q
<(k:§joo[2 (30 min( 2 iy, ) T)

< 21/1?—1( i [2_k€A(2k)K(2k,w;gp(Wm)afp(Q_me))]q)l/q

k=—o00

1/p—1
—ol/p Wl (e (W) (2= Wi )1 g



Conversely, if w = (wy,) € A(Wy,), given k € Z, put w! = (wj,,) with

wWo.m = Wim =
’ 0 ifm >k, ’ W i m > k.

Then w = w® + w! and

k 0
K@ sy 62 W) < (30 Tl )" +25( 2 @ i, )7)

m=—o00 m=k+1
gz( S min(1, 25 m>1/,,.
Therefore,
= ok ok k -m 1/a
0l 0 2 Wiy = (D 2T EVE (2, w5 (W), (2™ W)
k=—o00
= /p1ay 1/q
<9 9k gh(2h) min(L, 252 a8, )

(5 freen( 3 ")

We also recall the following embedding (see [5, Lemma 3.5]).

Lemma 3.3. Let (Wy,) be a sequence of quasi-Banach spaces with the same constant ¢ > 1 in
the quasi-triangle inequality. Let 0 < ¢ < oo and A = (ap, o) € R? satisfying (2.2). Then

(Loo W), Loo (27 Wi ) 1.g.8 < Lg(27™0R(2™)Wr).

Given 0 < ¢ < oo, A € R? satisfying (2.2) and any quasi-Banach couple B = (By, By),
there are natural vector valued sequence spaces that arise with the construction of (B, 31)1, LA
Indeed, let F,,, = (By + B1, K(2™,+)), m € Z. The sequence (F,,) is formed by quasi-Banach
spaces with the same constant ¢ = max{cp,,cp,} in the quasi-triangle inequality. Consider
the spaces £,(27™¢*(2™)F,,), loo(Fm) and £oo(27™F,,). The operator tb = (...,b,b,b,...) is a
metric injection from (By, B1), , , into £y(27™¢A(2™)F,,). Note also that ¢ : Bj — € (27™ Fy,),
j =0,1, is bounded with quasi-norm less than or equal to 1.

We use this notation to state the next lemma which follows from a bilinear result of the
present authors [7, Lemma 3.2].

Lemma 3.4. Let A = (Ao, A1), B = (By, B1) be quasi-Banach couples and let T € L(A, B).
Fiz j € {0,1} and put B; = (T : A; — Bj). Assume that there is a quasi-Banach space X and
bounded linear operators R,, € L(X, Aj) such that ||R,||x,4; <1 and limy, e [|T R x,By+B;, =
0. Then the following holds.

a) If Bj = 0, then there is a subsequence (n') such that limy o [T Ry || x o (2-mi ) = O-

b) If B; > 0, then there is a constant C > 0 independent of T and a subsequence (n') such that
limnlg)oo ||LTRn/ ||X,Zoo(27ijm) S C,Bj



We shall also need later the following consequence of [7, Lemma 3.1].

Lemma 3.5. Let A, B,Z be quasi-Banach spaces and let D be a dense subspace of A. As-
sume that T € L(A,B) and let (S,) C L(B,Z) such that sup{||Sy,||B,z : n € N} < oo and
limy, o0 [|[SnTullz = 0 for allu € D. Let = (T : A — B). Then the following holds.

a) If B =0 then limy, o |[SpT]| 4,z = 0.

b) If B > 0 then there is a constant C' > 0 independent of T and there is L € N such that
18,7 || 4,z < CB for alln > L.

To complete the preparation for the central result of the paper, note that if I' is a p—Banach
sequence lattice then it induces a p-norm |- ||z in R***!, n € N. Indeed, if z = (zj)7__,, € R*"+1
put ||z|z = ||Z|lr where & = Y_}__, xye, and e = (6,) with 6%, being the Kronecker delta.
The unit ball U = Ugzn+1 |,|) Is compact in (R**1 || ||lz) and therefore for any ¢ > 0 we can
find an e—net for U.

Subsequently, in order to make the arguments more transparent, constants are denoted by
c1, C2,... In this way we emphasize the new constants that show up and a change in an existing
constant.

Theorem 3.6. Let A = (Ao, A1), B = (Bg, B1) be mutually closed quasi-Banach couples and
let T € L(A,B). Let 0 < ¢ < 0o and A = (ap, ) € R? satisfying that

ag+1/g<0<aw+1/q if0<q< oo,
ap <0 < ax if ¢ = oo.

Then we have:

a) B(T : (Ao, A1)y 4p = (Bo, B1)14a) =0 4f B(T : Ay = By1) =0,

b) B(T : (Ao, A1)y 4n — (Bo, B1)y44) < CB(T : A1 — By) if B(T : Ag — Bo) =0,

. + Qoo —QQ )
¢) B(T : (Ao, A1)y yn — (Bo, B1)y,4) < CB(T : Ay — By) (1 + (log %) ) if
ﬂ(T:Aj%Bj) >0 for j=0,1.
Here C > 0 is a constant independent of A, B and T.

Proof. Without loss of generality we can suppose that the spaces Ag, A1, By, By are p—Banach
for some 0 < p < 1. Furthermore, since A is mutually closed, by Theorem 2.1, we have that

(Ao, Al)l,qA = (Ao, Al)A;J with A = (£p, £,(27™))1,q,4-
For each m € Z let
G, = (A() N Al, J(2m, -; Ao,A1)>, F, = (B() + By, K(2m, -; By, Bl))

The operator mm(um) = Y oo Um (convergence in Ay + A;) is surjective from A(G,,) into
(Ao, Al)A;J and it induces the quasi-norm of (A, Al)A;J. On the other hand, as we pointed out
before Lemma 3.4, if A = Zq(Q_WEA(T")) and tb = (...,b,b,b,b,...), then ¢ is a metric injection
from (Bo, B1); ,, into A(F,). Let T = 1Tw : A(Gy) = A(Fp). According to (3.2) and (3.3),

we get

B(T : Ay g = Brga) < BT : Aygn — A(Fp)) < BTt A(G) = A(F)).  (3.4)
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With the aim of estimating the last measure of non-compactness, consider the couples
lp(G) = (lp(Gm), £p(27" Gmn)) and loo(F) = (oo (Fin), loo (27" Fin))

and note that = € £ (ﬁp(2*ijm), Aj), j = 0,1, with quasi-norm less than or equal to 1. On
the other hand, : € £ (Bj, Km(2_ijm)), j = 0,1, also with quasi-norm less than or equal to 1.
The relevant picture to keep in mind is

0(Gm) 5 Ay — By —  ls(Fp)
0,(27™mG) T Ay — By = U (27™Fy)

~

— T — ———
p(G)l,q,A ) Al,q,A > Biga — gOO<F)1,q,A'

Moreover, by Lemmata 3.2 and 3.3, we have

AMGm) = £p(G)y 4 and boo(F) gn = A(Fm).

On £,(G) we can consider the following projections. For n € N and u = (u,,), let

Pou= (.0 0,0, U—ppy Ui 1y ooy Up—1, Up, 0,0, ...),
Plru= (0,0, Uns1, Unt2, Unt3, -.),
P u=(.,u_pn-3,U_pn_2,Upn_1,0,0,..).
These mappings have quasi-norm 1 when acting from £,(279"G,,) into £,(277"G,,), j = 0,1,

or from A(Gy,) into A(Gp,). The identity operator I on €,(G,,) + €,(27"G,y,) can be split as
I=P,+Pf +P,,neN. Moreover

1P ey (Gon) o (2= Gom) = ) = 1Py gy 2-mG) ty (Gon)- (3.5)

On the couple ¢ (F') we can consider similar sequences of projections with analogous properties.
We denote them by (Q,), (Q;7), (Q.).

Since
T=TP,+QuT(Pf +P) +QiTP, + QTP +Q, TP, +Q TP/, (3.6)

we proceed to estimate the measure of non-compactness of each one of these six operators
acting from A(Gp,) into A(F),). Take any o; > B(T : Aj — B;) and let N € NU {0} such that
2N < /oy < 2Vt if 0y < 0g and N = 0 if ¢ < 07.

For TPn we have

B(T Py : N(G) = A(Fy)) < cB(TTP, : AM(Gm) = (Bo, B1)y.)-

Let n = || > r__, H;ﬁ”xl and consider the quasi-norm || - ||; in R*"™!. We can find T =
{)\1, ceey )\S} - U(R27L+1’H,”[\) such that

S
d
Ugznt|115) S U{A + U gzn 1) 3
d=1
For each A4 = (A&)p__ . let
Ok =P aa = <"7 - IAi|> 27M, j=0,1.
BTRA llexlla
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Besides, there are finite sets ¥; = {h{, ey h‘ij} C Bj such that

Lj
T(Ua,) € | + 03U}, 5 =0,1.
/=1

Given any A\ € T, hg € Yo and h; € ¥4, for any —n < k < n, let gr be an element of
(pphy + RooUs,) N (@ hy + 001U, ) provided the intersection is non-empty and let g = 0
otherwise. Denote by @ the collection of all sums > ;_ g of the elements g;. Note that ® is
a finite set. Now we show that ® is a suitable net for T P,.

Given any u = (up) € Up(q,,), there is A% € T such that

72", ug) = Mlllexlla < (T8, ur) =MDz <0, —n <k <n.
Hence, |J (2%, uy)| < ||€Ic||/\ + M| = @) and so [Jug|la, < gok, j=0,1, —n < k < n. We can find
hg € Yo and hllj € Y1 such that
ITwr, — ophillBy < Roo, 1 Turx — ©ihyllB, < @401
Thus,
OhO 0 U N lhl 1 U @
(erhe + ¢xo0Us,) O (orhy + 0r01Us, ) #

and for the corresponding gi we obtain that

J@MN Ty — gi) < max{|| Tuy, — @by |l'g, + l2hg — grll%,

2P (|| Ty, — wkhgljll%l + lekhy — gell, )}

< 2YP U max{og, 2V oy o}

For g =>")__, gr € ®, it follows that

n
177w = gy, =l S Tk = 90l sos),
k=—n

< 7N (. 0,0, TN Tu_py — g_), ., JVN Ty — g0),0,0, .4
< 2YP N ry|[aa max{oo,2¥ a1} (-, 0,0,0%,, ., 90, 0,0, )|
2N0'1}.

< csl|T-

By our choice of N and Lemma 2.3 we conclude that

B(TP, : A(Gp) — A(Fy,)) < 2YPe30, <1 + (log UD>+)Q;_O¢O.

o1
As for Q, T (P} + P;) we get
BQuT(PY + Pr) s A(Go) = A(F)) < cxB(QuiT < Ay s — A(F))-

To estimate the last measure of non-compactness let og,01 and N be as before. Put n =
-1
[y H;;ﬁHA and choose ¥ = {u!, ..., u*} C Ugezn+1|. ) such that for any z € Ugezn+1 | 1)

there is u? such that ||z — u?||x < 7. Let associate to each u? = (ug)?_ . the numbers
o=t = Il (0 4 ) 200, =,
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Choose a oj—net 3; = {h{, ...,hij} for T(Ua,) in Bj, j = 0,1, and given any utew, hg € X

and hllj € Xy, let 24V = (zf,;e’y)mez the sequence of vectors defined by

Zd1€7y — 0 if m ¢ [_n? n]?
" YORY + LA, i —n<m<n.

Clearly, the collection of these z%*¥ forms a finite subset Q of A(F,,). We are going to show
that € is a suitable net for Q,¢T".
Take any a € Uy, e Since

1K@, a))lla < I-nllaalallg, ,, < lI7-~laa,
there is u? € ¥ such that

1K@, a) = |Im-nllaamm)m=nla < nllT-~laa.

So,
(K(2" N, a) = [Ir-nllaanpllenlla < nllm-nllaa, —n<m<n.

This yields that K(2™ Y, a) < 49, —n < m < n. We can decompose a = agm + a1,m with
ajm € Aj, 7=0,1, and
lao.mll a0 + 2™ N lar,mll 4, < ¢,

It follows that for some hg € Yo, h; €
030 0 11 1
HTaO,m - Qz[)mhano < d}mo-o and ”Tal,m - wmhyHBl < wmo-b —n<m<n.
Let z = 2%4Y be the element of Q associated to u, h? and h;. Then,

[@niTa — 2| ar,,) = I(K2™,Ta — zm))m=—nl &
< H(HTaO,m - w?nhguBo + 2mHTa17m - }nh;HBl)?n:anA

< [(Wmoo + 2" Ypo1)n=allz < 2eall7-nllaa(oo +2%01).

By the choice of N and Lemma 2.2, we derive that
_ +\ ok -
B(QntT = A1 ga — A(F)) < 8caoy (1 + (log @) )a ao.
01

As for QF ’f’Pn_ we are going to estimate the measure of non-compactness by the quasi-norm
of the operator and then to show that it tends to 0 as n — oo. We have [|Q;X TPy, [|¢,(Gn) too (Fr) <
|T|| 49,B,- On the other hand, the factorization

QiTP;
027G )~ 0 (27 )

W e

Uy(Gp) —————— loo(Fy)
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and (3.5) give that
QTP N4y 2-mG) oo @Gy < 27 TN T gy (G oo () 27T < 272000 T 0 5,
Hence, according to Lemmata 3.2, 3.3 and estimate (3.1), we get
BQITP; : A(Gn) = AlFw) < QI Pl o,
< 272D 7| 4, gy (1 + log 22HD)@%=20 0 a5 1 — oo,
As for Q;; TP;", we observe that
I ey Gty 2-mGoy = 27T and | P Nlg, a-mcpn) by 2-mGim) = 1

hence || P A (Gn) b, (2-m Gy < 5. Similarly, |Qy llo.2-mF),a(F,) < c6- Using the diagram

Q TP

we derive that
B(Qu TP : AMGr) = A(Fm)) < e5c6B(T : £p(27™Gm) — Loo(27™Fpy))
oo + a;_ao
< i
< cs5c601 < C5C601 (1 + (log 01> ) .

The remaining two operators can be estimated with the help of Lemmata 3.4 and 3.5. Using
the factorization

TrP,
Ep(Q‘me) _ BO + B3

g Ir

0y(Grn) ———— Ay

we get
HT7rPn_HZp(27me),BO+Bl < 2_("+1)HTHAO,BO+31 —0asn— oo.

Whence, Lemma 3.4 yields that there is ¢7 > 0 and a subsequence (n') such that

lim HTP’r;||€p(27me),€oo(27mFm) S C75(T7T H Ep(Qfme) — Bl) S Cc701.

n/—o00

On the other hand, let D be a subset of ¢,(G,,) formed by all sequences having only a finite
number of coordinates different from 0. Clearly, D is dense in £,(G),) and if u € D then

1Qn Tulle 7y < 27"V Tullg o-mp,,) — 0 as n — 0.
According to Lemma 3.5, there is ¢g > 0 and L € N such that for all n > L

1Qn Tlle, (Gt (Fr) < BT 2 £y(Girn) = Lo (Fr)) < €500
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Using now Lemmata 3.2, 3.3 and (3.1), if n’ > L we derive that

A — IS 0-0-1—0@0—040
BQuT Py : A(G) = AFw) < QT Pyl i, ., < con(1+ (log ch) )T

With a similar argument one can show that there is another subsequence that we also denote
by (n’) and another positive integer that we also call L such that if n’ > L we have that

. +\ ad—
BQLTPY - A(G) = A(F)) < coy (1 + (10g @) )a w0
o1
Collecting all these estimates we derive that there is a constant C' > 0 independent of A, B

and T such that if we split the operator as in (3.6) with a suitable n then

ak—ao

. +
BT A(Gr) = AFw) < Co(1+ (log ) )
01
Now take 0; = (14 ¢)B8(T : Aj — Bj) if 3(T' : Aj — Bj) > 0 and o; = € otherwise. Letting
¢ — 0 and using (3.4) the result follows. O

Next we get rid of the assumption on the couples of being mutually closed.

Theorem 3.7. Let A = (Ao, A1), B = (By, B1) be quasi-Banach couples and let T € L(A, B).
If ¢ and A are as in Theorem 3.6, then the conclusion of that theorem is still valid.

Proof. The quasi-Banach couples A~ = (AF, AT), B~ = (By, BY) are mutually closed and,
by (2.5), A1 ga = A~14a and By a = B~1,a. Furthermore, T' belongs to L(A~, B~) and,
according to Lemma 3.1,

B(T : AJN — B;J) < max{cBO,cBl}B(T : Aj — Bj), 7 =0,1.
Consequently, Theorem 3.6 yields the result. ]

As a direct consequence of (2.1) and Theorem 3.7 we get the following result for logarithmic
methods with 6 = 0.

Theorem 3.8. Let A = (Ap, A1), B = (By, B1) be quasi-Banach couples and let T € L(A, B).
Let 0 < g < 00 and A = (ap, o) € R? satisfying that

o +1/g<0<as+1/q if 0<q< oo,
0o <0 < g if ¢ = oo.

Then we have:
a) B(T : (Ao, A1)y 4p = (Bo, Bi)gga) =0 tf B(T : Ag = By) =0,
b) B(T : (A()?Al)(],q,A — (BOvBl)O,q,A) < Cﬁ(T : Ao — B()) ’ifﬂ(T : A1 — Bl) = 0,
B(T:A1—By) ) T\ @0 ~0
¢) BT : (Ao, A1)ggn — (Bo, B1)gga) < CB(T : Ag — Bo)<1 + (10g m) ) if
ﬂ(T:AJ‘—)Bj)>0f07’j:O,1.

Here C > 0 is a constant independent of A, B and T.
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Another consequence of Theorem 3.7 is the following compactness result. Its novelty is
that in the source and the target we have quasi-Banach couples. Note that we require weaker
assumptions on A than in Theorem 3.7.

Theorem 3.9. Let A = (Ag, A1), B = (Bo, B1) be quasi-Banach couples. Assume that 0 < q <
oo and A = (qp, o) € R? satisfy that

ag+1/¢g<0  if0<qg< oo,
ap <0 if ¢ = oo.

If T € L(A,B) and T : Ay — By is compact, then T : (Ao, A1)y 4a — (Bo, Bi)y 44 is also
compact.

Proof. Step 1. If 0 < ax + 1/g and 0 < g < 00, or 0 < @ and g = oo, then the result follows
from Theorem 3.7.

Step 2. Suppose now that s +1/¢ < 0 and 0 < g < 00, or s, < 0 and g = co. Take any
a > —1/q. The argument in [20, Corollary 2.5] for Banach couples still work in the quasi-Banach
context showing that

(A07 Al)l’qA = (AO + Ay, Al)l,q,(ao,a) and (B07 Bl)l,q,A = (BO + B, Bl)l»%(aoaa)'
Since T € L((Ap + A1, A1), (By + B1, By)), the result established in the Step 1 yields that
T: (Ao, A1)y 4 — (Bos B1)y . compactly.

The compactness theorem for § = 0 reads as follows.

Theorem 3.10. Let A = (Ao, A1), B = (By, B1) be quasi-Banach couples. Assume that 0 <
q < oo and A = (g, o) € R? satisfy that

o +1/g<0  if0< g < o0,
Qoo <0 if ¢ = 0.

IfT € L(A,B) and T : Ay — By is compact, then T : (Ao, Al)O,q,A — (Bo, Bl)&q,A compactly.

Remark 3.11. The compactness result of Cwikel [23] and Cobos, Kiihn and Schonbek [18] shows
that if any restriction of the operator is compact, then the interpolated operator by the classical
real method is also compact. However, this is not the case for logarithmic methods with 6 = 0
or 1. Theorem 3.10 does not hold if we move the compactness assumption from T : Ag — By
toT : Ay — Bi. A counterexample can be found in [13, Remark 2.4]. A similar observation
applies to Theorem 3.9 and a counterezample can be found in [16, Counterexample 7.11].

Next we apply the abstract results to derive quantitative versions of results of Edmunds and
Opic (see [28, Corollary 4 and Theorem 6]). We work with function spaces on o—finite measure
spaces and the range for parameters g, 1, g is broader than in [28].

Let (R,u) be a o-finite measure spaces. For 0 < p,¢ < oo and A = (ap,as) € RZ,
the generalized Lorentz-Zygmund space Ly 4(log L)a(R) consists of all (classes of) measurable
functions f on R having a finite quasi-norm

n(R) . dt Ya
112,408 L)a(R) = (/0 [t/Peh(t) f (t)]qt>

where f* is the non-increasing rearrangement of f. See [3, 38, 25].
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Corollary 3.12. Let (R,u) and (S,v) be o-finite measure spaces. Take 1 < py < p1 < 00,
0<qo<q <00,0<q<ocand A = (ag, as) € R? satisfying that ag +1/q < 0 < ase + 1/q.
Let T € L((Lpy(R), Lp, (R)), (Lg(S), Lgy (S))), put B; = B(T : Ly, (R) — Lg;(S)), j =0,1, and

B =B(T : Ly, 4(log L)pr (R) — Lg, 4(log L)A+¥(S))-

min(py,q) max(qq,q)

Then there is a constant C' > 0 independent of T such that

a) p < Cﬁl(l + <log%)+>aw 0 if B; >0 for j =0,1;

b) B<CPyif Bo=0;
c) B=0if B1=0.

Proof. Reiteration results of Evans and Opic [29, Theorems 4.7, 5.9 and Corollary 8.4] yield
that
LPhQ(lOg L)A-}-%(R) — (L;Do (R)7LP1 (R))l,q,A

min(p1,q)
and
(qu(s)a Ly, (S))l,q,A = qu,q(IOg L)Aer (S).
Whence, the result follows from Theorem 3.7. O

Corollary 3.13. Let (R, ), (S,v) be o-finite measure spaces. Take 1 < py < p1 < 00, 0 <
Go < q1 <00, 0< q<o0oand A= (ap,as) € R? satisfying that ase +1/q < 0 < ag + 1/q. Let
T € L((Lpy(R), Lp, (R)), (Lgy (5), Lg, (), put B; = B(T : Ly, (R) = Lq,;(5)), j =0,1, and

B =PB(T : Ly, q(log L)AJr 1 (R) = Lg,4(log L)AJr 1 (9))

min(pg,q) max(qq,q)
Then there exists a constant C' > 0 independent of T' such that
a) 8= Chy(1+ (log gg}y)ag%" if B; >0, for j =0,1;
b) B<CPBo if b1 =0;
c) B=01if By=0.
Proof. We can proceed as in the previous corollary but using now Theorem 3.8. 0

Funding.- This work was supported in part by Agencia Estatal de Investigacién y Fondo Europeo
de Desarrollo Regional [grant MTM2017-84508-P]; and the Spanish Ministerio de Educacién, Cultura y
Deporte [grant FPU16/02420 to B.F.B.].

Acknowledgments.- The authors would like to thank the referee for his/her useful remarks.

17



References

[1] W. Amrein, A. Boutet de Monvel and V. Georgescu, Cy-Groups, Commutator Methods and Spectral
Theory of N-Body Hamiltonians, Springer, Basel, 1996.

2
3
4

C. Bennett and R. Sharpley, Interpolation of Operators, Academic Press, Boston, 1988.
C. Bennett and K. Rudnick, On Lorentz-Zygmund spaces, Dissertationes Math. 175 (1980), 1-72.
J. Bergh and J. Lofstrom, Interpolation Spaces. An introduction, Springer, Berlin, 1976.

2]
3]
[4]
[5] B.F. Besoy, On compactness theorems for logarithmic interpolation methods, Proceedings of the
Conference Function Spaces XII, Banach Center Publ. (to appear).

[6] B.F. Besoy and F. Cobos, Duality for logarithmic interpolation spaces when 0 < ¢ < 1 and applica-
tions, J. Math. Anal. Appl. 466 (2018), 373-399.

[7] B.F. Besoy and F. Cobos, Interpolation of the measure of non-compactness of bilinear operators
among quasi-Banach spaces, J. Approz. Theory 243 (2019), 25-44.

[8] Y. Brudnyi and N. Krugljak, Interpolation Functors and Interpolation Spaces, Vol. 1, North-Holland,
Amsterdam, 1991.

[9] P.L. Butzer and H. Berens, Semi-Groups of Operators and Approximation, Springer-Verlag, Berlin,
1967.

[10] A.P. Calderén, Intermediate spaces and interpolation, the complex method, Studia Math. 24 (1964),
113-190.

[11] F. Cobos, Interpolation theory and compactness, in Function Spaces, Inequalities and Interpolation.
Edited by J. Lukes and L. Pick, Paseky, Prague 2009, pp. 31-75.

[12] F. Cobos, L.M. Ferndndez-Cabrera and A. Martinez, Abstract K and J spaces and measure of
non-compactness, Math. Nachr. 280 (2007), 1698-1708.

[13] F. Cobos, L.M. Fernédndez-Cabrera and A. Martinez, On a paper of Edmunds and Opic on limiting
interpolation of compact operators between L,, spaces, Math. Nachr. 288 (2015), 167-175.

[14] F. Cobos, L.M. Fernindez-Cabrera and A. Martinez, Measure of non-compactness of operators
interpolated by limiting real methods, in Operator Theory: Advances and Applications, 219, Springer,
Basel 2012, pp. 37-54.

[15] F. Cobos, L.M. Ferndndez-Cabrera and A. Martinez, Estimates for the spectrum on logarithmic
interpolation spaces, J. Math. Anal. Appl. 437 (2016), 292-3009.

[16] F. Cobos, L.M. Ferndndez-Cabrera, T. Kiihn and T. Ullrich, On an extreme class of real interpolation
spaces, J. Funct. Anal. 256 (2009), 2321-2366.

[17] F. Cobos, P. Ferndndez-Martinez and A. Martinez, Interpolation of the measure of non-compactnes
by the real method, Studia Math. 135 (1999), 25-38.

[18] F. Cobos, T. Kithn and T. Schonbek, One-sided compactness results for Aronszajn-Gagliardo func-
tors, J. Funct. Anal. 106 (1992), 274-313.

[19] F. Cobos and J. Peetre, Interpolation of compactness using Aronszajn-Gagliardo functors, Israel J.
Math. 68 (1989), 220-240.

[20] F. Cobos and A. Segurado, Description of logarithmic interpolation spaces by means of the J-
functional and applications, J. Funct. Anal. 268 (2015), 2906-2945.

[21] A. Connes, Noncommutative Geometry, Academic Press, San Diego, 1994.

[22] J.M. Cordeiro, Interpolacién de Ciertas Clases de Operadores por Métodos Multidimensionales, Ph.
D. thesis, Publicaciones del Depto. de Matemdtica Aplicada, Universidad de Vigo, 1999.

18



[23] M. Cwikel, Real and complex interpolation and extrapolation of compact operators, Duke Math. J.
65 (1992), 333-343.

[24] R.Ya. Doktorskii, Reiteration relations of the real interpolation method, Soviet Math. Dokl. 44
(1992), 665-669.

[25] D.E. Edmunds and W.D. Evans, Hardy Operators, Function Spaces and Embeddings, Springer, Berlin
2004.

[26] D.E. Edmunds and Yu. Netrusov, Entropy numbers and interpolation, Math. Ann. 351 (2011),
963-977.

[27] D.E. Edmunds and Yu. Netrusov, Entropy numbers of operators acting between vector-valued se-
quence spaces, Math. Nachr. 286 (2013), 614-630.

[28] D.E. Edmunds and B. Opic, Limiting variants of Krasnoselskii’s compact interpolation theorem, J.
Funct. Anal. 266 (2014), 3265-3285.

[29] W.D. Evans and B. Opic, Real interpolation with logarithmic functors and reiteration, Canad. J.
Math. 52 (2000), 920-960.

[30] W.D. Evans, B. Opic and L. Pick, Real interpolation with logarithmic functors, J. Inequal. Appl. 7
(2002), 187-269.

[31] J. Gustavsson, A function parameter in connection with interpolation of Banach spaces, Math. Scand.
42 (1978), 289-305.

32| H. Konig, Figenvalue Distribution of Compact Operators, Birkhauser, Basel, 1986.

32]

[33] G. Kéthe, Topological Vector Spaces I, Springer, Berlin, 1969.

[34] M.A. Krasnosel’skii, On a theorem of M. Riesz, Dokl. Akad. Nauk SSSR. 131 (1960), 246-248.
[35]

J.L. Lions and J. Peetre, Sur une classe d’espaces d’interpolation, Publ. Math. Inst. Hautes Etudes
Seci. 19 (1964), 5-68.

[36] M. Mastylo and E.B. Silva, Interpolation of the measure of non-compactness of bilinear operators,
Trans. Amer. Math. Soc. 370 (2018), 8979-8997.

[37] P. Nilsson, Reiteration theorems for real interpolation and approximation spaces, Ann. Mat. Pura
Appl. 132 (1982), 291-330.

[38] B. Opic and L. Pick, On generalized Lorentz-Zygmund spaces, Math. Inequal. Appl. 2 (1999), 391-
467.

[39] L.E. Persson, Interpolation with a parameter function, Math. Scand. 59 (1986), 199-222.
[40] M. Schechter, Principles of Functional Analysis, Amer. Math. Soc., Providence, 2001.

[41] R. Szwedek, Measure of non-compactness of operators interpolated by the real method, Studia Math.
175 (2006), 157-174.

[42] R. Szwedek, On interpolation of the measure of non-compactness by the complex method, Quart. J.
Math. Ozford 66 (2015), 323-332.

[43] R. Szwedek, Geometric interpolation of entropy numbers, Quart. J. Math. Oxzford 69 (2018), 377-
389.

[44] M.F. Teixeira and D.E. Edmunds, Interpolation theory and measures of non-compactness, Math.
Nachr. 104 (1981), 129-135.

[45] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, North-Holland, Amster-
dam, 1978.

[46] H. Triebel, Theory of Function Spaces II, Birkhduser, Basel, 1992.

19



