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1. Introduction

A cooperative TU game describes a situation in which several ac-
tors can obtain certain transferable payoffs by means of the cooper-
ation. Mathematically a TU game consists of a set of players and a
characteristic function that assigns to each subset of players (coali-
tion) a real number representing the worth of the coalition.

In this paper we deal with TU games in which cooperation is re-
stricted by means of a weighted network. The seminal work on games
in which restrictions in the cooperation are given by a graph is due to
Myerson (1977). He assumed that the nodes in the graph are the play-
ers in the game, each link representing a direct bilateral communica-
tion channel. From this starting point, he defined the graph-restricted
game and proposed as a point solution for players in this environ
the so called Myerson value, i.e., the Shapley value of the restricted
game. Moreover he characterized this value in terms of component
efficiency and fairness. Later, Myerson (1980) gave another charac-
terization of his value replacing fairness by balanced contributions.

In the Myerson model, bilateral restrictions in communication are
dichotomous: they exist or they do not. Nevertheless, as has long
been appreciated, each direct connection can be only partially (not
totally) limited. We use in this paper a weighted graph as a model of
these partial restrictions in the communications. A weighted graph
consists of a set of nodes and a set of links, each link having an asso-
ciated weight, a non-negative real number that can be interpreted in
different ways: the capacity or the capability of the communication
channel, the flow across it, the degree of intimacy, intensity or fre-
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quency if the link represents a social relation, the distance between
both incident nodes, or even the cost of building or maintaining the
communication link. Calvo, Lasaga, and van den Noweland (1999) in-
troduced a probabilistic model in which the weight of a link is the
probability of establishing the relation, these probabilities being in-
dependent. Later, Gomez, Gonzalez-Arangiiena, Manuel, and Owen
(2008) generalized this model omitting the independence hypoth-
esis. In a related context, Jiménez-Losada, Fernandez, Ordofiez, and
Grabisch (2010) consider cooperative TU games with Choquet players
in which the restrictions in the communications are modeled using
an (undirected) fuzzy graph.!

Other authors have considered values for games with node-
weighted communication graphs. For example, in a game theoreti-
cal centrality analysis of terrorist networks, Lindelauf, Hamers, and
Husslage (2013), Husslage, Borm, Burg, Hamers, and Lindelauf (2014)
and Michalak et al. (2013) introduce a weighted connectivity game
and propose its Shapley value as a centrality measure. This game can
depend on information about relationship between terrorists in the
network (link weights) and/or about individuals (node weights).

In this paper we introduce point solutions for games with restric-
tions in communications modeled by a weighted graph, following a
parallel way to the familiar territory of Myerson.

In a TU game, each set of players is able to obtain its total div-
idend Harsanyi (1959). The basic idea underlying the definition of
the Myerson game is that, under restrictions in the communications,
every coalition that can be connected in the graph (possibly using
intermediaries) obtains all its dividend in the game. Otherwise, i.e., in
absence of connectedness, its dividend vanishes. And thus, the binary

1 For details on fuzzy graphs, readers can see Mordeson and Nair (2000).
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framework of communication is projected in an all or nothing pos-
sibility of obtaining the dividend. Nevertheless, the weighted graph
introduces a non dichotomous but fuzzy scheme of relations. In ac-
cordance with this, we propose to consider a weighted graph game in
which players partially connected obtain a part but not all their div-
idend and the lack of connectedness leading, of course, to the loss of
the dividend. We introduce several forms of calculating this fraction
of the dividend taking into account various alternative interpretations
of the weights. Then, we use the Shapley value of the corresponding
weighted graph restricted game as an appropriate solution concept
for this situation and we characterize it in terms of the (adapted to
this framework) component efficiency, fairness and balanced contri-
butions properties. Finally, we explore the extent to which the defined
values satisfy a link/weight monotonicity property.

The remainder of the paper is organized as follows. In Section 2
we introduce some notation and preliminaries; in Section 3 we de-
fine the weighted graph restricted games and the different extensions
of the Myerson value in accordance with the various interpretations
of the weights. Section 4 is devoted to characterization of the de-
fined values. In Section 5 we deal with the link/weight monotonic-
ity property and the paper ends with a section of final remarks and
conclusions.

2. Preliminaries

A cooperative n-person game or a TU-game is a pair (N,v), N =
{1,...,n} being the set of players and v : 2N — R, the characteristic
function, a map satisfying v(#) = 0. For each coalitionS € N, v(S) repre-
sents the transferable utility that S can obtain whenever its members
cooperate.

We will use GN to denote the set of all TU-games with players set N.
It is easy to see that GN is a vector space. The game (N, us), # # S C N,
with characteristic function given by:

us(T) = { 1, ifSCT

0, otherwise
is known as the unanimity game corresponding to S. The family of all
games {(N, us)}gzscn is a basis for GN. As a consequence, the charac-
teristic function v of every game in GV can be written:

v= Y A/S)us.
P£SCN

The coefficients (coordinates) of v in such a basis are known as
Harsanyi dividends (Harsanyi, 1959). The worth of every coalition S
can be written in terms of its Harsanyi dividends. For each S € N,
S # 0
v = ) AD).

W#£TCS

A very popular point solution for TU-games is the Shapley value
(Shapley, 1953), which assigns to every player the following convex
linear combination of his marginal contributions to different coali-

tions:
(n—s-1ls!
)

ScN\{i}

Shi(N,v) = v ufih) —vE).

An alternative expression for this value in terms of the dividends is:

Z LVS(S), ieN.

ieSCN

Sh,'(N, V) =

A graph or a network is a pair (N, y), N = {1, 2, ..., n} being the set of
nodes and y a subset of yy = {{i,j},i,j € N, i # j}. Each link {i,j} € y
represents a direct relation or a communication channel between i
and j. I'N denotes the set of all graphs with nodes set N.

Given (N, y) e I'N, we will say that two nodes i and j are directly
connected in y if {i,j} € y. And we will say they are connected in y

if there exists a sequence of nodes iy, i3, ..., i with iy =i, i =j such
that {ij, i1} ey, fori=1,..., k —1.AsetS C N is connected in y if
every pair of nodes in S is connected. A connected component, C, of the
graph (N, y) is a maximal connected subset. That is, C is connected
and, for all C’ € N, if C ¢ C' then, C’ is not connected. A graph (N, y)
induces a partition N/y of the set N in connected components.

Given a set S € N and a graph (N, y), the restriction of the graph
y to the set S is the graph (S, y;,). Let S/y be the set of the connected
components of S in (S, yj,). A subgraph of a graph (N, y) is a graph
(N, y)withy’ C y.

Given a graph (N, y) and a link [ € y, (N, y \ {l}) is the subgraph
obtained when the relation [ is severed and (N, y_;) is the resulting
subgraph when all the incident in i links are broken and then i be-
comes an isolated node in the resulting graph.

Suppose that (N, y) € I'N and let (R, ¥|p) denote the restriction to
RC N, R # ¢. Suppose that SCR, S #¢. If S = {i} then the (unique)
connection subgraph of Sin (R, y|,) is defined as ({i}, ). If |S| > 1, then
a(not necessarily unique) connection subgraph of Sin (R, y,,) is a graph
(D(), n) satisfying:

(i) n € ¥, and S is connected in 7, and
(ii) D(n) = {i € N such that there exists j € N with {i, j} € n}.

A connection subgraph of S C R, S # ¢, in (R, y|,) is minimal 2 if
there is no other connection subgraph (D(57), n') of S in (R, y,) with
n’ & n.Givenagraph (N, y)andy # S C R< N,CG(S, R, y) willdenote
the family of all connection graphs of Sin (R, y,,,). Of course, it can oc-
cur that, for some S, Rand (N, y),CG(S, R, y) = @. Nevertheless, when
we make use of it, this set will always be non empty. MCG(S, R, y ) will
denote the family of all minimal connections graphs of SC R, S # ¢,
in R, )

An unweighted communication situation or simply a communication
situation is a triple (N, v, ), (N, v) being a TU game and (N, y) a graph.
We will use ¢S to denote the set of all communication situations
with players-nodes set N. An allocation rule ¥ on CSN is a map ¥ :
¢SN — R™, (N, v, y) representing the outcome for player i in game
(N, v) given the restrictions in the communication imposed by the
graph (N, y).

The Myerson value (Myerson, 1977) is the allocation rule p on CSN
defined:

((N, v, y) =Sh(N,v"), wherev”(S)= Y v(C), forallScN.

CeS/y

Myerson (1977) characterized this allocation rule in terms
of component efficiency (forall Ce N/y, Y icc kilN,v,y)=v(0))
and fairness (for each I={ij} ey, ¥i(N,v,y)—¥i(N,v,y \{l}) =
Yi(N,v,y) —¥j(N,v, ¥ \ {I})). He also characterized it (Myerson,
1980) in terms of component efficiency and balanced con-
tributions (given i,jeN, ¥;i(N,v,y)—v¥i(N,v,y_j) = ¥;(N,v,y) -
YN, v, y_i).

3. Weighted Myerson values

In this section we admit several interpretations for weights in a
graph and we accordingly define several weighted graph restricted
games for players involved in a TU game with restrictions in the
connections given by such a weighted network. Finally, we propose
some values that generalize the classical Myerson one.

3.1. Weighted graphs

Definition 3.1. A weighted graph or a weighted network is a pair
(N, yw), N={1,...,n} being a set of nodes and yw = {y, {Wi}ic, },

2 Let us observe that in the case S = R = N a minimal connection subgraph of N in
(N. v}, = v) is a spanning tree of (N, y).
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with y e I'N and the weights w; > 0, for all [ € . We will use '} to
denote the set of all weighted graphs with nodes set N.

The weights w; in a weighted network can admit many different
interpretations. If the network is viewed as a model of communi-
cations or transport among its nodes, weights can be interpreted as
the capacities of the communication channels and then, we would
assume w; € (0, 1] for all | € y. Alternatively, weights can be viewed
as flow values in the network and so w; € [0, o) (or w; € [0, k], if we
suppose that each channel has a bounded flow). Sometimes, the net-
work will describe the social relations among actors and, in this case,
a reasonable meaning of weights is that they measure intensity, inti-
macy or frequency of bilateral relations. So, for those situations, we
will assume w; € (0, 1]. Weights can also represent distances between
nodes or even costs of creating or maintaining links. In this latter case,
wy € [0, 00) forall I € y. Calvo et al. (1999) propose to interpret each
weight as the probability of the corresponding relation and to assume
the links independence.

We will say that two nodes i,j € N are directly connected (con-
nected) in the weighted graph (N, y) if they are directly connected
(connected) in the graph (N, y). As a consequence, the set of con-
nected components in (N, yy), that we will call N/yy, coincides
with N/y.

We will use (N, yw\{l}) to denote the weighted subgraph of (N, yw)
given by (N, (¥ \{I}w{w;)) in which all the links I’ # I have the corre-
sponding weight in (N, }4,). (N, ) will be the weighted subgraph
obtained from (N, y) when deleting all the incident in k links and,

obviously, its associated weights, i.e., (N, yw=*) = (N, (y_k)[wl}ley k).

3.2. Weighted graph restricted games

Definition 3.2. An o-weighted communication situation is a tuple
(N, v, yw, a(yw)) in which (N,v) is a TU-game, (N, ) a weighted
network, the nodes in the network being the players in the game, and
« is a function defined on I') that assigns to each (N, ) the family
of real numbers o (N, yw) (or e (yiw) for short):

o) = [of(wihig) € 10,119 £ TSR ReS/y.SSN|.

Definition 3.3. Given (N, v, yw, @(yw)) an a-weighted communica-
tion situation, we define the o-weighted graph restricted game as the
TU-game in GN with characteristic function:

vEe§) = Y0 v (R),

ReS/y

where, forR € S/y,
Ve R) = Y Ay(Maf(w), (1)

#ATCR

aR({w;}) € [0, 1] being the proportion of the dividend A (T) that the
coalition T C R retains as a consequence of the restrictions in the
communication imposed by the weighted graph. When there is no
ambiguity with respect to the weights {w;},.,, we will simplify the
notation writing o® instead of a® ({w}).

ley

Let WCSN-¢ be the class of all a-weighted communication situa-
tions with players set N. In accordance with the different meanings
of weights considered in Section 3.1, we can distinguish four particu-
lar classes: WCSN-@e, ywesNaa, wesNe and wesN-o, respectively
including the o.-weighted communication situations (c for capacity)
in which weights represent capacities of channels or intimacy in the
relations, the oy-weighted communication situations (d for distance),
the oy-weighted communication situations (f for flow) and the o;-
weighted communication situations (p for probability).

To define formally these classes, consider ¥ #T C R,Re S/y,S C
N and let {n{®, n3*%, ... nli§} be MCG(T,R, y),** the family of all
minimal connection graphs of T € Rin (R, y,). Then:

o WesN-ec s the set of (N, v, yw. cic(yw)) for which w; € (0, 1] for all
leyand
(@)= max min{w;}, for|T|>2, and (@ )¥ =1, if |T|=1.

i=1,.tR) [en™*

In the previous expression it is assumed that the possibilities of
communication or transport are bounded by the capacity of the
channel (the minimal capacity of its links). If several alternatives
are available for players, then they will prefer the one in which
the minimal capacity is maximal. Similarly it seems natural to as-
sume that the intimacy or confidence among several actors is at
most the minimal of the bilateral ones. When a set of actors want
to establish relations they choose, among the possible intermedi-
aries, those such that the minimal total intimacy (or confidence)
is maximal.

o WCSN-%d is the set of (N, v, yw. atq(¥w)) for which w; € [0, oc) rep-
resents the distance between the two incident nodes in the link [
or the cost of creating or maintaining this link and

1
1:?}%{(@ { T4 3 cyraw, } ’
for |T| > 2, and (ag)® =1, if |T| = 1.

Here, we assume that the communication possibilities decrease
with the distance or the cost. If several minimal connection graphs
are available, then the geodesic (minimal total distance or minimal
cost) ones are preferred.

o WeSNY is the set of (N, v, Yiw. ;s (yw)) for which w; € [0, oo) rep-
resents the flow between the two incident nodes in the link [ and

1
(af)’} = max — 1
i=1,...t(R) 1+maxlenmwl

for |T| > 2, and ()% =1, if [T| = 1.

Now, we assume that the communication possibilities decrease
with the flow (or the traffic intensity). If several alternatives are
possible then the one in which the traffic jam is minimal will be
preferred.

o WCSN-% is in fact the set of probabilistic communication situa-
tions defined in Calvo et al. (1999), and thus:

tR)

@R =>"TIw-> ] w++ED)®

=

< [] w. for|T|>2, and (@,)f =1, if T =1.

R B
e

In this case, (ap)’; can be interpreted as the probability of connect-
ing T using links between members of R in a randomly selected
graph with independent links whose probabilities are the weights.

Remark 3.1. The Myerson approach can be considered as a par-
ticular case of each one of the previous situations. In fact, if for
(N, v, Yw. ac(Yw)) e WeSN-% w; =1 for all | € y, so that the capac-
ities are not restricted, then we find the unweighted graph case of
Myerson. Analogously, for (N, v, i, ag(yw)) € WCSN-%d, the case of
null distances or costs leads to the Myerson model. Similarly, for

3 The same definitions will be obtained if, instead of MCG(T,R,y), we use
CG(T,R, y) or even any subset of CG(T,R, y) containing MCG(T, R, y). For details,
see Gomez, Gonzalez-Arangiiena, Manuel, Owen, and del Pozo (2004).

4 Let us observe that, as R is a connected component in (N, y), every T C R, T # ¢, is
connected in (R, y,) and thus MCG(T. R, y) # 0.
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Fig. 1. Arepresentation of the weighted network in Example 3.1.

(N V. Yw. o (yw)) € wesNY the case of null flow or traffic intensity
gives the Myerson model. Finally, it is known that probabilistic com-
munication situations generalize the case of Myerson in which links
are dichotomous. As a consequence, CSN, the set of all unweighted
communication situations can be viewed as a subset of WcSN-ec,
wesNad weshe or wesN . In all of these cases, given an o-
weighted communication situation (N, v, p, & (yw)), forallT CR C N
with R connected in y, aTR =1 holds, and then:

vas) = Y@ = Y Y AvDak(wy)
ReS/y ReS/y TCR
- Y Y AM= Y v®=v©)

ReS/y TSR ReS/y

forall S € N and thus, the «-weighted graph restricted game coincides
with the classical graph restricted game (Myerson, 1977).

Remark 3.2. The definition of « in each one of the four given
classes is consistent also with the idea of continuity in the following
sense. Given (N, v. yw.ac(yw)) and (N, v, (yw \ {I*}). ac(yw \ {I*})) €
wcesNe, then for all TCRCN, (aC)T({w,}) = (@R w\ {wp}) if
Wi — O(analogously inWesh- @), Similarly, given (N, v, yw, aqg(Yw))
and (N, v, (yw \ {*}). aq(yw \ {I*})) € WCSN-%d then, forallT € R € N,
@R (W) — (@R W\ {wp.}) if w. — oo (analogously in Wes™).

In order to clarify previous ideas, let us consider the following
example.

Example 3.1. Consider the «o-weighted communication situation
(N. V. Yw. atc(yw)) € WesNeinwhich N = {1, 2,3}, v = ujy 3 and yy
is given in Fig. 1. From definition, o (y) will be:

{(Ofc)l{e,'} =1, ifieRcN; (Olc) 1. 2} = (ac)N1 2}

= (‘%)?13} = (Olc)x

= 04, (@)}}3) = 0.1, @23 = @)y 5 = 0.5].

If link weights represent intimacies, we can interpret this o-
weighted communication situation in the following way: v = uy; 3,
is the game in which actors 1 and 3 want to begin a love relationship.
Nevertheless the intimacy level of 1 and 3 is low, say 0.1, and also
they are very timid. On the other hand, 1 is best related with 2 and
also 3 has more confidence in 2. These intimacies are valued as 0.4
and 0.5, respectively. Then, v/»:* models the game of obtaining the
highest level of intimacy or confidence when establishing the relation
between 1 and 3 given the strength of respective relations among all
three players and thus

0, ifR2{1,3}
v R) =101, ifR={1,3} )
04, ifR={1,2,3}.

As we can see, the possibility that players 1 and 3 will begin a
relation increases from 0.1 to 0.4 if player 2 acts as intermediary. In
this situation, player 2 is a catalyst® as he is better related with 1

5 The difficulties to build a relationship, as well as the (comic and tragic) situations
arising in these cases, have ensured the regular appearance of these themes in best-
selling books and films such as John Ford’s The quiet man. In this movie Barry Fitzgerald
in the role of Michaeleen Oge Flynn had an intermediary part in the relationship
between John Wayne (in the role of Sean Thornton) and Maureen O’Hara (acting as
Mary Kate Danaher).

and 3 (and so they probably better face the question if 2 introduces
them). On the other hand, if in this example the degree of intimacy
between 1 and 3 increases to reach a level S > 0.4, player 2 becomes
a superfluous intermediary and thus vVi'"* = Buy 3.

Using (1) we can also obtain (2). For example, let us calculate
viw*(R) for R=N={1,2,3}. As v=uy 3. only T={1,3} is such
that Ay(T) # 0. Then, v'w-¢ (N) = A, ({1, 3})(ee)Y = 0.4.

The functions ac, og, oy and «p exhibit some common features

that will permit us to unify several results in the sequel. With this
purpose we introduce the following definition.

Definition 3.4. Given WcsSN@, the class of a-weighted commu-
nication situations, we will say that « is decomposable on una-
nimity games (decomposable for short) if, for all (N,pw)e N
and all ¢ #T < N such that MCG(T.N,y)={nl...., 77tT(N)}6 it ex-
ists for each {niT] ..... an)} C MCG(T,N,y) a number in [0,1],

,3({w,}l€,/ir1 ..... {Wl}lenT) or simply f8, - T.verlfymg

t(N)

J/w a Z'B TUD(nT) Zﬂ TUD(niTUan) +
l<j
L)1
+ DBy oty
if IT| > 1and MCG(T, N, y) # 0,
(i) w™* =0, if |T| > 1and MCG(T.N, y) = ¢, and
(iii) u Vwa =urif |T| =1.

Remark 3.3. Note that « is not necessarily decomposable. As an ex-
ample, consider N = {1,2,3},v=uy 5. ¥ = {{1.2}.{2.3}} and w; >
0 for all ley. If @ is such that a123 ;éa{lz

{12} then « is not
decomposable.

In the following propositions, we obtain the corresponding o/-
weighted graph restricted game for o.-weighted communication sit-
uations (respectively oy, o and op) in which the game is a una-
nimity one. A direct consequence of these propositions is that
ac, og, o and o are decomposable.

Proposition 3.1. Let (N, ur, yw.oc(yw)) e WCSN%, g £TCN.
If MCG(T,N,y)={nl..... an(N)} and 'BH,T = minlenir{wl} for i=
., t(N), then:
L)

Zﬂ TUD(,]T) me{ﬂ B T}uD(nTunT)

i<j

(i) ufre =

+ (=)= 1:’ mm {;8,] }uD(U[(mnT),

if|T| > 1 and Mcg(T, N, y)#0, (3)

(ii) uf™* =0, if |T| > 1 and MCG(T.N, y) = 9, and
(iii) uy‘” = urif |T| = 1.

Proof. To prove (i), consider S € N.If T ¢ S then, by the definition of
u** u**(S) = 0 as no coalition with the dividend different from
zero is contained in S. On the other hand, the set of nodes of each
minimal connection graph of T in N contains by definition all nodes
in T and thus the characteristic function in the right hand term of (3)
evaluated in S also gives 0.

Let us then consider the case in which S € Nis such that T < Sand
Sis connectable in y, i.e., S is a subset of a connected component of N
in y. If S is not connectable in y, we would consider the intersection
R of S with the connected component of N in y containing T and we

6 As we consider the minimal connection graphs of T in (N, y), we simplify the
notation using »7 instead of 1/
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would suppose that this intersection still contains T. Otherwise the
previous reasoning applies and both members in (3) apphed to R give
zero. So, let us suppose that MCG(T, S, y) = {an’S, . ’7r(5)} Of course
MCG(T,S,y) € MCG(T, N, y). Then,

U 9) = @R wih) = max_ minfw)

and, assuming without loss of generality that r;lT‘S, n[T(SS) are or-
dered so that ﬂnr,s < /3777,5 <---<Brs,
1 2

t(N)
(Z'BWTUD(VIT) - Z mm{ﬁn 1377 }uD(nTUnT) +-

l<]

i<j

t(S)
(Zﬂ TSUD(nTS) me{ﬂ TS ﬂ TS}uD(nTSUnTS)

£(S)

—Zﬂ rs—me{,B TS ﬂ TS}+ +( 1)t(S) 1 mlH {,3 15}

A
t(S) t(S)-1 t(5)-2

-2 (G )per 2 () )

i=1

+(=1)1O- 12(;((55))_ )ﬂ s
t(S)-1 t(S)-2

~hip 3 (") e Y« ("%

nfé) 1 Z( 1)1( > 14s)
—Bs =

g = max ,3rs= ~max mm{wl}

..... t(S) =1,..t) lep
t(S)—k

as Z (—1)’<t(s) > =0, forallk=1,...,t(S)—1.

The proof of(ii) and (iii) is trivial. O
Corollary 3.1. «, is decomposable on unanimity games.

Proof. It is sufficient to note that in this case for all ¥ #T C
N such that MCG(T,N,y) = {n]T,...,ntT(N)} £, if {niTl,...,niTs)} c
MCG(T, N, y), the definition of decomposability is satisfied consid-
ering ,erl o= min{w,, l € U, ’75}'

The proofs of the next propositions follow the steps of the previous
one and are omitted. O

Proposition 3.2. Let (N, ur, Yw.g(Yw)) € WCSN-%,
If MCGT.N,y)={nl,...
., t(N), then:

t(N)

Zﬂ Tt = 2 min{Byr. By +

i<j

+( 1)t(N)1 1[1"11I1
i=1....,

if IT| > 1 and MCG(T, N, y) # 9,

g#£TCN.

T _ 1 .

”h(N)} and 'BW.T_HZ,EU,TWI for i=
1

(i) ul% =

{ﬂﬂ }UD(Ur(N) Ty

(ii) ul“ =0, if |T| > 1 and MCG(T, N, y) = ¥, and
(ifi) W = ur if |T| = 1.

Corollary 3.2. «, is decomposable on unanimity games.

Proof. It is sufficient to note that in this case for all ¥ #TC
N such that MCG(T.N,y)={nT...., ntT(N)} £, if {niT1 ..... n,?;)} c
MCG(T, N, y), the definition of decomposability is satisfied consid-

ermg,BT_1+Z f0r1_1 .,t(N) and, for s> 2, ’BITI"iﬁ:
min{ . SO ’BVGTS } O
Proposition 3.3. Let (N, ur, Yw.of(yw)) e WCSVY, @ #TCN.

If MCG(T.N.y)={n].....nlw) and ﬂ"fzw for i=

., t(N), then:
oy
(i) uy" Zﬁ ripg = 2o min{Byr. Byrhupgrogn + -

l<]

+ (=1)f™-1 lmm
i=1,...,

if|T| > 1 and MCG(T.N,y) # ¥,

{,37, }UD(Ur<N) T

(i) w0, if |T| > 1 and MCG(T, N, y) = #, and
(iii) uyw o —upif|T) = 1.

Corollary 3.3. «f is decomposable on unanimity games.

Proof. It is sufficient to note that in this case for all ##T C
N such that MCG(T.N,y) = {n].....njp} #9. if {ng,...,niz)} c
MCG(T, N, y), the definition of decomposability is satisfied consid-
ering ’877,7 = WM fori=1.....t(N) and, for s > 2, B, .

’,3,71?5}- O

-

s

mm{,BniT1 s
The proof of the next proposition follows from the results in Calvo
et al. (1999) and Gémez et al. (2004).

Proposition 3.4. Let (N, ur, Yw, op(yw)) € WCSN-%,
MCG(T, N, y)={nl..... ntT(N)}, then:

#+TCN. If

t(N)

5y Ywp _

() u™™ =3 | [Tw UpT) 2| I w UpmTunl)
i=1 leniT i<j IenITUan

tN)-1
4 (1) l_[ Wi [ Up, ),
lEU;(I\? 77

if IT| > 1 and MCG(T, N, y) # 9,

(i) uk* =0, if |T| > 1 and MCG(T,N, y) = ¢, and
(iii) uyw P —urif |T| = 1.

Corollary 3.4. oy is decomposable on unanimity games.

Proof. It is sufficient to note that in this case for all ##T C
N such that MCG(T,N,y) = {’71T""”7tT(N)} £, if {na,...,nlfs)} c
MCG(T, N, y), the definition of decomposability is satisfied consid-
ering ,Bnirl = I w O

is
S T
ler:1 nij
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Fig. 2. Arepresentation of the weighted network in Example 3.2.

3.3. Myerson values for weighted graph restricted games

Definition 3.5. An allocation rule ¥ on WCSN® is a map ¥ :
WeSN* — R (N, v, yw. o (yw)) Tepresenting the outcome for
playeriin the ¢-weighted communication situation (N, v, yw, & (Yw)).

As our main goal in this paper is to generalize the Myerson value
to the class of the a-weighted communication situations, we will
use (similarly to Myerson) as point solution of the a-weighted graph
restricted game the Shapley value. Other point solutions could be
used but in this case the Myerson value is not generalized.

Definition 3.6. The Myerson value for «-weighted communica-
tion situations, ¢, is the allocation rule on WCSN-% defined as
UE N, v, Yw, (Yw)) = Sh(N, v/ &),

We will denote %, u%, u* and pw® the Myerson value for o.-
weighted communication situations and respectively, for ¢4, o and
ap-communication situations. u® coincides with the probabilistic
Myerson value of Calvo et al. (1999).

Note that, from previous definition, the classical Myerson value is
the restriction of ;% to the set of those a.-weighted communication
situations in which the capacities are all equal to 1. Similarly, for pu%d
(;®) and distances or costs (flows) equal to zero and, obviously, for
1% and probabilities equal to one.

3.4. Some examples

Example 3.2. (Weights are distances or costs).

Let us consider the following weighted communication situation
(N, v, yw. og(yw))inwhichN = {1, 2, 3,4, 5},v = uyy 3y and pwis given
in Fig. 2.

We will calculate p% (N, v, yw,®g(yw)). We have that
MCG(N, {1,3}, yw) = {m = {a, b}, 2 = {c, d. e}, n3 = {f}} and thus:

ufysy® = Buiunn) + BraUna) + BosUnar)
— min{By,, By, Hupa,un,) — min{By,, By, Jubeyuns)

- min{Ian’ ﬁnz}uD(an?ﬁ) + min{/gm > 13?72’ lgns}uD(VhUVleVB)

1 1 1

= 1+O.7u“23}+ 1 +O.7u{1345}+71 +0_8U{13}
1 1

T 1yo07"024) T 7pg 3

1 1
1108 08”{1345} + 15108 U{12345)}

7 We simplify the notation writing {13} instead of {1,3} and so on. Moreover, we can
see here a difference with the case of the Myerson restricted game. In that case, if there
are several alternative paths to connect 1 and 3 but these nodes are directly connected,
all the remaining paths are ignored. In this new approach, this occurs only when the
direct path is geodesic among all the possible paths. Otherwise, the nodes in shorter
paths are rewarded because their contribution to the communication shortening the
distance between 1 and 3. Equivalently when computing p%, % and pu* respectively.

5 4

Fig. 3. Arepresentation of the weighted network in Example 3.3.

Then:

p4 (N, V. Y, ca(yw)) = Sh(N, ufy3)
= (0.2903, 0.0044, 0.2903,0.0016, 0.0016).

Example 3.3. (Weights are capacities).

Consider the following weighted communication situation
(N, v, yw. ac(yw)) e WCSN-% where N = {1,2,3,4,5}, v = uy; 33 and
Yw is given in Fig. 3.

We will calculate % (N, v, yw, &c(Yw)), i.e., the value of different
players when the game is to connect players 1 and 3 taking into
account the capacities of the existing communication channels. Of
course, MCG(N, {1, 3}, yw) coincides with the one in the previous
example and thus®:

uﬂl;}xc = 13711 Up@n) + :6772 Up(y,) + :3?73 UD(ns)
— min{By,. By, }upemun,) — min{By,. By, Hupm,uny)
— min{By,., By; upm,uny) + min{ By, B, Bys by unyuns)
= 0.211{123} + O.2u{1345} + 0.]U{13} — O.ZU{12345} — 0.11[[123}
—0.1ug1345) + 0.112345)

and then

né (N v, Y, ote(yw)) = Sh(N. ufi5))
— (0.0883,0.0133, 0.0883, 0.005, 0.005).

4. Characterizations of the weighted Myerson values

In this section we introduce two characterizations of the Myerson
value for ar-weighted communication situations, with o decompos-
able, that generalize the corresponding ones for the unweighted case.

Definition 4.1. An allocation rule v defined on WcSN* satisfies
component efficiency if, for all (N, v, Y. & (yw)) € WCSN¢ and for all
CeN/y,

S WiN. V. Y. (p)) = v+ (C) for all i € C.
ieC

Definition 4.2. An allocation rule v defined on WCSN¢ satisfies
fairness if, for all (N, v, ., o (yw)) € WCSN2 and forall [ = {i,j} € y.

YilN, v, Yw, o (Yw)) — ¥i(N, v, Vw\{l}s Ol(Vw\{l}))
= YN, v, Yw. ¢ (Yw)) — Ui(N, v, Y\ {1}, (v \{1})).

8 We can see here too a difference with the case of the Myerson restricted game.
In that case, if there are several alternative paths to connect 1 and 3 but these nodes
are directly connected, all the remaining paths are ignored. In this new approach, this
occurs only when the direct path has the greatest capacity among all the possible paths
(the capacity of a path being the minimum of its links’ capacities).
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Definition 4.3. An allocation rule v defined on WCSN-¢ satisfies the
balanced contributions property if, forall (N, v, Y. & (i) € WCSN-¢
and for alli,j e N,

YN, v, yw, «(Yw)) — ¥i(N, v, )’w*j, a()(wij)) A
= %’(N, Vv, Y & (Yw)) — %‘(N, v, yw L a(w™)).

Theorem 4.1. If o is decomposable then, the Myerson value for a-
weighted communication situations, %, is the unique allocation rule on
wesNe satisfying component efficiency and fairness.

Proof. First, we will prove that % satisfies component efficiency. Let
(N, v, Yw. ot (yw)) € WcSN-¢, Given C € N/y we have

DNy a(rw) = D uf (€ vie, wdies @ (i)
ieC ieC
= YOSh(C )" e®) = ()™ (€),
ieC
denoting (yw)|c = (J/|c)w‘<y| , and because of the Shapley value effi-
C

ciency. But, (v‘c)(VW)\C"" (C) = (wvrw-2)(C).

Second, we will prove that u® satisfies fairness. As is obvious
from the definition, ©% is linear in the game, so it is sufficient
to prove that u“ satisfies fairness for o-weighted communication
situation in WCSN¥ of the form: (N, ur, yw. & (w)). with T € N. If
MCGT, N, y)={nl,.... ntT(N)}, as « is decomposable, the character-

istic function u}™* is given by:

)

> Burtnn — Z'Bn{n}”D(nZUn}) Tt (_1)t(NHﬂn{~~nT(N>”D(UfL”])n,T)

i=1 i<j

and thus
)

Ma (N’ ur, Yw, Ol()/w)) = Sh (Zﬂr];‘-uD(n}-) - ZIBniTnJTuD(r],TUan) + -
i1 i<j

t(N)-1
D ﬁﬂ"-ﬂﬂmul)(u,f”i’nb) ~

Suppose the weighted link | = {ip, jo} is severed. Then
(N ur, yw \ A1} e (w \ {1}))

k
=Sh (Z 'BnguD(rz;) - Zﬁngn,{umn;urz{,) o
=1

j<r

k+1
+(=1) ﬂn,-’, - Upt, ,75)) ,

with MCQ(T,N,)/\{I}):{ng,...,nfk} being a subset of

MCG(T,N, y).
Then the difference

w (N, ur, Yaws o (Yw)) — W& (N, ur, yw \ {1}, a (v \ 1)

is a linear combination of the Shapley value of games up,, with I =
{io,jo} € n.Infact, each n is necessarily a union of minimal connection
graphs of T in (N, y) in which, at least, one of them contains I. Of
course, ig, jo € D(n) for all these graphs 1 and because of the Shapley
value symmetry the outcome of both players iy and jo changes by the
same amount.

To prove uniqueness, consider an allocation rule i defined on
wcesSN® and satisfying efficiency and fairness. We must prove that
Y = u®. The proof uses induction on |y |. If |y| =0, then eachi e N
forms a component in (N, yw), and then in (N, y). As ¥ satisfies
component efficiency, for all i € N, ¥;(N, v, yw, @ (Yw)) = v?w*({i}) =
MmN, v, Yw, @(yw)) (the last equality holding because u“ also satis-
fies component efficiency) and thus both allocation rules coincide.

Suppose now, by the induction hypothesis, that
YN, v, yw, 2 (yw)) = u*(N, v, yw, @ (yw)) for all weighted com-
munication situations in WCSN® with |y| <k and consider
(N, v, Yw. 2 (yw)) e WCSN® with |y| =k+1. Let i e N and let C(i)
be the class in the quotient set N/yw =N/y ={C,Cy,...,Cc}
to which i belongs. If C(i) = {i}, then similar to the case |y| =0
above, by efficiency in components ¥; (N, v, yw, @ (Yw)) = v'w-*({i}) =
u (N, v, Yw, @ (w)) and thus both rules coincide in i. Alternatively,
suppose that |C(i)| > 1 and let je C(i), j#i. By the definition
of connected component, there exists a sequence of players
iy =1,i3,13,...,0r =j with i; € C(i) for [=1,2,...,r and such that
{ij, iy} e y,foreach1=1,2,...,r— 1. As ¢ satisfies fairness,

Vi, (N, v, yw, o (Yw)) — i, (N, v, v, B2}, @ (yw\ i1, i2}))
= 1//:‘2 (N, V., Yw, o (Yw)) — ¢iz (N, v, yw\{il Lo} a(rw\in, i2})),

and thus:

Yi, (N, v, yw, a(Yw)) — ¥i, (N, v, yw, o (yw))
=i, (N, v, yw\lin, 2}, o (Yw\ i1, i2}))
— Vi, (N, v, yw\ i1, B2}, @ (pw\ (i1, 12})).
As |y| < k, using the induction hypothesis,

Wi, (N v, yw\{in. B2}, @ (Yw\ (1. i2}))
= pui (N, v, yw\fin, 2}, a(yw\{i1. i2})
and

Yi, (N, v, yw\ i, B2}, o (w\ i1, 2}))
= pug (N, v, yw\fin, 2}, a(yw\{i1. i2})
and therefore:

i, (N, v, yw, a(yw)) — ¥i, (N, v, yw. ot (Yw))
=i, (N, v, yw\{in, i2}, o (Yw\ i1, i2}))
=i, (N, v, yw\{in, 2}, @ (yw\{i1, i2}))
= i (N, Vv, Yw, 2 (Yw)) — 45 (N, V. Y, @ (V)
the last equality holding because u“ satisfies the fairness prop-
erty. As a consequence, ¥, (N, V. Y. & (i) — 4§ (N, V. Yaw, & () =
Vi, (N, v, yw, e (yw)) = s (N, v, Yw, @ (yw))-
Iteratively using this previous reasoning,
YilN, v, Yw, o (Yw)) — i (N, v, Y. & (V)
= I/IJ(Ns Vv, Y. @ (Yw)) — //LJ(‘I (N, v, yw, o (Yw))
for jeC@) and thus, there exists hcgeR such that

1//j(Na v, Y, o (Yw)) — qu (N, v, Yw, o (yw)) = hC(i) for all jeC@.
Then,

ICOIhc)y = D YN, v, yw, 2 (yw)) — 1 (N, V, Y, & (Yi))]

JjeC)
= Z Yi(N, v, yw, ot (yw)) — Z Wi (N, v, Y, & (yw)).
JjeC() jeC@)

By component efficiency of both rules i and wu%, this last ex-
pression is equal to zero and thus, h¢g = 0 = YN, v, yw. @ (Yw)) —
pLJ‘?‘ (N, v, yw, a(yw)) for all j € C(i) and, in particular, for i, which com-
pletes the proof. O

As a direct consequence of the previous theorem we obtain the
following corollaries.

Corollary 4.1. The Myerson value for o.-weighted communication
situations, j%, is the unique allocation rule on WCSN-% satisfying
component efficiency and fairness.

Corollary 4.2. The Myerson value for oy-weighted communication
situations, j1%d, is the unique allocation rule on WCSN-%d satisfying
component efficiency and fairness.
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Corollary 4.3. The Myerson value for os-weighted communication

situations, 1%, is the unique allocation rule on WCS™N'% satisfying com-
ponent efficiency and fairness.

Corollary 4.4. (Calvo et al., 1999, Theorem 1, pp. 87-89) The Myer-
son value for ap-weighted communication situations, u*», is the unique
allocation rule on WCSN-%» satisfying component efficiency and fairness.

The values ¥, if @ is decomposable can be also characterized by
substituting the fairness property by the balanced contributions one.

Theorem 4.2. If « is decomposable, the Myerson value for o-weighted
communication situations, 1%, is the unique allocation rule on WCSN-
satisfying component efficiency and balanced contributions.

Proof. It is already proved that u¢ satisfies component efficiency.

As p“ is linear in the game, we only need to prove that u“
satisfies balanced contributions for «-weighted communication sit-
uations in WCSN¥ of the form: (N, ur, Yw.(pw)), with T € N. If
MCG(T,N, y) = {n],....nl) then the characteristic function u™
is given by:
¢(N)

t(N)-1

Zﬁn}uD(n?) - Zﬁr/{njruD(nfuan) +- 4+ (1) ﬂr/lT""/zT(muD(U{(p{)mT)’
i=1

i< -
and thus
)
(N ur. yw. & () = Sh | 3 2B, rupr — Zﬂn?n}uD(n,TUn}) e
o1

i<j

i=

t(N)-1
+ D ’3’7{“"7rT(N)uD(Uw?’hT ) .

Suppose  jo  becomes isolated, then the difference
W (N, ur. Yo, @ () — 11 (N. 1z, v, @(14,7°)) is a linear combi-
nation of the Shapley value of games up,; with ig.jo € D(1). If ig

becomes isolated, uf (N, ur. yw. o (yw)) — 148 (N. ur, Y 0. (y'0)) is
the same linear combination of the Shapley value of the same games
up(;) Withip, jo € D(). And by the symmetry of Shapley value these
quantities coincide.

The proof of uniqueness mimics the one in Theorem 4.1 and so it
is omitted. O

As a direct consequence we obtain the following corollaries.

Corollary 4.5. The Myerson value for a.-weighted communication
situations, j1%, is the unique allocation rule on WCSN-% satisfying
component efficiency and balanced contributions.

Corollary 4.6. The Myerson value for ay-weighted communication
situations, (%4, is the unique allocation rule on WCSN-%d satisfying
component efficiency and balanced contributions.

Corollary 4.7. The Myerson value for os-weighted communication

situations, 1%, is the unique allocation rule on WCSN'% satisfying
component efficiency and balanced contributions.

Corollary 4.8. (Calvo et al., 1999, Remark 4.1, p. 89) The Myerson value
for ap-weighted communication situations, u*?, is the unique allocation
rule on WCSN-® satisfying component efficiency and balanced contri-
butions.

5. Link/weight monotonicity

In this section we deal with the problem of determining the extent
to which the defined values satisfy link/weight monotonicity in the
sense that if the underlying game is superadditive then, when adding a
weighted link or when varying the weight of a link, other things been
equal, the value of both incident nodes changes in the appropriate
way.

5.1. Link/weight monotonicity of pu*c

Given an o-weighted communication situation
(N, v, Y. ac(yw)) e WeSN-% we will associate to the weighted
graph (N, y) a set of real numbers x;, and a set of unweighted graphs
(N, yp), h=0,1,....1, where r < |y| will be the number of different
values among the weights of links in (N, y4). So let us define xg = 0,
(N,vo)=(N,y)andforh=1,2,...,r

Xp = lmin {w}and y, ={l e y/w > x}.
€Vn-1

In the following lemma we prove that, for o.-weighted communi-
cation situations in WCSN-%, the corresponding a.-weighted graph
restricted game can be written as a positive linear combination of
unweighted graph restricted games.

Lemma 5.1. Given (N,V, yw, dc(Yw)) € WCSN-% with (N, v) a zero-
normalized game, it holds that

r—1

Ve =% Xy — Xp)V",
h=0

where forh=0,1,...,r — 1, v is the Myerson game associated with
the unweighted communication situation (N, v, y).

Proof. Consider S < NandR € S/y, then
vt (R) = Z Av(T)(@c)f,

TCR

with

R .
oc)r = max min{w,;}, for|T|>1,
(oot = max mintw), for|T| >

where {r]lT’R, ng‘R, e n[T('g)} = MCG(T, R, y) is the family of minimal
connection graphs of T < Rin (R, y, ). Let {niTl‘R, niTZ’R, o r]iTa‘R} be the
subfamily of MCG(T, R, y) such that

(@)f = min{w} forj=1,2,...,a
lenTR
ij
r—1
To determine the coefficient that in Z(X’M — xp)v71 (R) multiplies
h=0

the dividend A, (T), let us consider
k = max {h/ there exists n; " with 1" < y,
and ng‘R ¢ Yp,q forallj= 1,...,a].
Then, that coefficient equals to wy,; = rlnin{wl} and so we only need
€Yk

to prove that (otc)’T2 = Wy 1. As there exists j* € {1,2, ..., a} such that
n,.T_’R C Yk, we have

i
Wit = minfw} < minfw)} = @)k

leyy lenl®
J

But if w1 < (ac)¥ then, for all [ € ng;R, w; > Wy which implies | €
niT_’R C Yk+1-And this contradiction with the definition of k proves the

J*

result. O

Given an unweighted communication situation (N,v,y), the
graph-restricted game (N, v) inherits the superadditivity of game
v (Owen, 1986). So, as a direct consequence of the previous lemma,
we obtain the following result.

Corollary 5.1. If (N, V., Y. @c(Yw)) € WCSN%c and (N, v) is a superad-
ditive game, then (N, vYw-%) is also superadditive.
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Another consequence of the previous lemma is that we can cal-
culate the Myerson value for a.-weighted communication situations
in terms of Myerson values of appropriate unweighted communica-
tion situations. The proofiis straightforward from previous lemma and
then it is omitted.

Proposition 5.1. Given (N, Vv, Yw.ac(yw)) € WCSN% with (N, vg)
the zero-normalization of (N, v), it holds that /Lf‘f (N, v, yw, ac(yw)) =
Z;;})(th —xpi(N,vo, yp) + v({i}) forall i=1,...,n, where for
h=0,1,....,r—1, u(N,v,yy) is the Myerson value associated to the
unweighted communication situation (N, v, y).

As a consequence of the following two lemmas we can establish
the link/weight monotonicity of the Myerson value for «.-weighted
communication situations.

Lemma 5.2. Given (N, Vv, Y. cc(Yw)). (N, V. Y, Qc(Vi)) € WCSN-@c
with v being a superadditive game and such that it exists I' = {i,j} e y
withwp. < w,, and wy =w, foralll € y, 1 # I, it holds that

N, v, Y, e (yw)) < i (N v, Y, ac(yw) for k=i,

Proof. Changing w}. by w;, > wj. some of the pairs (X1, y;,) for h =
0,...,r—1 are modified. Suppose that wj- = x; with t < r (the case
in which the maximum weight, x; is increased is trivial) and let us
consider six different possibilities:

(i) Several links have weight equal to w;. but wj, < x;1. In this
case, inthe sequence (x, 1. yp)forh =0,1,...,r — 1the pair (X¢11, ¥t)
gives rise to the pair (wj,, v U {I*}) and the (X1, y¢) itself, all other
couples remaining equal. And so, for k =i, j,

pieE (N v e ot () — 1 (N, V. Vi, 0t (Yw)

= Wy —x)urN, v, v U{FD) + X1 — wi) (N, v, y)

—Xer1 = XO)uk(N, v, ¥o)

= W =) N, v, e U{I}) — (N, v, )] = 0
as for k=1,j, ur(N,v,y:U{l*}) > ur(N,v, y:) because of the link
monotonicity of the Myerson value for unweighted communication
situations.

(ii) Several links have weight equal to w;. but w}, = X, 1. Then,

(Xt41, yr) is transformed into (X¢y1, y: U {I*}), the other pairs being
unchanged and thus, for k =1, j,

M;ZC (N v, yw. ac(yw)) — Mzc (N, v, Yw, oc(Yw))

= (Xee1 — X[ (N, v, e U{IF}) — (N, v, )] = 0
again because of the link monotonicity of the Myerson value for un-
weighted communication situations.

(iii) Several links have the same weight wy but x;,1 < W}, < X¢i2.
Then, the two pairs (x¢,1, ) and (X2, ¥r.1) are transformed into
the three pairs (x;,; = Xep1. ¥/ = 1 U{I')), &, =W, ¥, = Ve U
{IF}) and (X, 3 = X¢12. ¥{,5 = Yer1), the rest of the pairs being trans-
formed one to one. Then, for k =1, ],

W N, v, Y ot (vw) = i (N, v, Y e (Vi)
= (Xt = XN, v, ¥ + (K = X DN v, v/ )
+ X3 — X Dk (N, V, Veg2) — Repr — XN v, 1)
— Xes2 = Xer 1)Uk (N, V, Yes1) = Keer = x) e (N, v, e U{IF})
+ W = Xer )k (N, v, Ve U{FD) + Keya = W) (N, v, peer)
— Xep1 = XN, v, ¥e) — Kes2 = Xep 1)k (N, V, Yer1) = 0

as, because of the link monotonicity of the Myerson value for un-
weighted communication situations, for k = i, j,

urk(N, v, v U{I'}) = we(N, v, vo)
and (N, v, Yer1 U{IF}) = (N, v, Y1)

(iv) Only one link has weight equal to wj- and wj, < x.,1. Then
(*t, ¥t-1) change to (x; = w},, ¥/_; = +—1) and thus, for k = i,j,

Mzc (N, v, yw, ac(Yw)) — H«?:c (N. v, yw. atc(Yw))
= Xt = X DN v v + K — XN, v, yy)
— (¢ = X DN, v, Yeo1) = Keer = x) (N, v, ve)
=W = X )Uk(N, v, Yeo1) + Res1 = W) N, v, ve)
— (¢ = X DN, v, Ye1) = Keer = x) (N, v, ve)
= Wy —xo)[pk(N. v, yr-1) — (N v. y1)] = 0
because of y; = y;_1 \ {I*} and the link monotonicity of the Myerson
value which implies (N, v, ¥t_1) > (i (N, v, y¢) for k = i,j.

(v) Only one linkin y has weight equal tow;- and wj, = X¢,1.In this
case (X, ¥t—1) and (Xei1, e = ve—1 \ {I*}) merge in (x; =w},, ¥/, =
¥¢_1) and thus, for k = i, j,

Mgf (N, v, Yw, otc(yw)) — Mzr (N, v, Yw. @« (Yw))
= (X = X DN v, Y1) = &e = Xe-) k(N v, Ye1)
—Xer1 = XN, v, vr)
= Xep1 = Xe—) kN, v, Yeo1) — &e — Xe—1) N, v, Ye1)
= Rer1 = X) (N, v, v \{I})
= Xep1 = x)[ (N, v, Yee1) = e, v, yeer \ {FD)]
which is nonnegative as the link monotonicity of the Myerson value
implies that 1t (N, v, ye_1 \ {I}) = 1tx (N, v, ye_1) for k = i, .

(vi) No other link has weight equal to wj- and X¢11 < W}, < X¢y2.
Then, the pairs (x, :_1) and (x., 1, y¢) are transformed respectively
into (Xe41, ye—1) and W, ¥t = Yee1 U {I*}) and thus, for k =i, j,

U«zc (N, v, yw, ac(Yw)) — M?:C (N. v, yw. atc(Yw))
= Xer1 — Xe— DN, v, ve1) + W — Xee) (N, v, )
+ Kep2 — W)k (N, V., Y1) — Ke — xe-1) (N, v, Ye-1)
— (Xer1 = X)e (N, v, Y1) — Ker2 — Xep 1)k (N, V, Yer1)
= Xer1 = Xe DU, v, ye1) = [&e = X DN, v, 1)
+ (Xep1 — XN, v, e = e \{IFD]
+ Wy — X )N, v, ¥ = Ve U {IFD
+ Ker2 = W), v, Y1) — Reyz = Xer )N, v, Y1)
= (er1 = x)[eN, v, Y1) = (N, v, ye = Yo \ {IF})]
+ W = Xes DI (N, V, Ve U T} — (N, v, Y]
which is nonnegative because of the link monotonicity of the
Myerson value which implies that for k=1ij wu(N,v,y)=

N v, v \{IFY) < N v, yeo1) and (N, v, Yeq1) <
N, v, v)) = N, v, e U{FD. O

Lemma 5.3. Given (N, v, Yw,ac(w)), (N, v, (y U{I*Dw, ac((y U
{FDw) € wesN-ee with wy=w; for all ley and v being a
superadditive game, then, if I = {i, j}, it holds that

/Lgc (N, v, Yw. cc(Yw))
< U (N v, (¥ U Dw, ac((y U {FDw)) for k= ij.

Proof. The proof is similar to the previous one (but shorter) and so it
is omitted. O

Theorem 5.1. The Myerson value for o.-weighted communication sit-
uations, %, satisfies link/weight monotonicity, i.e., if the underlying
game is superadditive, adding a new weighted link to a weighted graph
or increasing the capacity of an existing link the value of both incident
nodes does not decrease.

Proof. The result follows iteratively applying both previous
lemmas. O
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5.2. Weight monotonicity of u*f

The proof of the link/weight monotonicity of ©% mimics the
previous one on the link/weight monotonicity of u%, but asso-
ciating now to each graph (N, yy) in a communication situation
(N v, Yw. o (yw)) € wcesN% the set of real numbers x, and the
set of unweighted graphs (N, y;,) for h=0,...,r defined by xy =0,
(N,yo)=(N,y)andforh=1,...,r

Xp = min { ——
leyh 1 1 +w }

and y; = {l € ¥/ 1 > Xn}. Then, we have the following theorem.

Theorem 5.2. The Myerson value for ag-weighted communication sit-
uations, %, satisfies weight monotonicity, i.e., if the underlying game
is superadditive, increasing the flow of an existing link, the value of both
incident nodes does not increase.

5.3. Weight monotonicity of pu*d

Unfortunately, the proof of link/weight monotonicity obtained for
the cases 1% and u* does not hold for ;4% and it remains as an open
problem. Nevertheless, the result is easily proved if we strengthen
the requirement in the game to be almost positive (that is, all its
dividends are non negative).

Theorem 5.3. The Myerson value for ay-weighted communication sit-
uations, (%, satisfies weak weight monotonicity, i.e., if the underlying
game is almost positive, if the distance or cost of an existing link increases,
the value of both incident nodes does not increase.

Proof. Given (N, V. Yw.aq(yw)) € WCSN-% the ay-weighted graph
restricted game is defined for each S C R as::

yimea(§) = 3y (R)

ReS/y

where forallR € S/y,
VY (R) = Z AV(T)(Otd)R,

TCR
with:
1
R
(67 = max —
( d)T i=1,...t(R) 1+Z,€,7_T,RW1

for |T| > 1, and (o)} = 1, otherwise.

If the weighted communication situation (N, v, yw, @4(Yw)) becomes
(N, v, yw, ag(yw)) with I* = {i,j} € y such that wj, > wp and w; =
w for all [ # I* then, for k =1i,j, and all S € N\ {k}, v?w-%d(Su {k}) <
v (S U {k}) and v¥w % (S) = v¥w-%(S) hold and thus:

U (N, Y, 2g(Yw)) = Shi(N, v¥-¢) < Shy (N, v¥»)
= W' (N.V, yw. ag(Yw)). O

6. Conclusions and final remarks

So far we have generalized the Myerson value to the framework in
which direct relations among actors are not dichotomous but fuzzy or

weighted. As the associated weight of a link can admit different mean-
ings, we have adapted the definition of the graph restricted game to
take into account these different interpretations. Then, the Shapley
value of these weighted graph games is used to obtain point solutions
for different players. Classical properties and characterizations of My-
erson value are transferred to the extent possible. We have analyzed
the extent to which the link monotonicity of the Myerson value for
unweighted communication situations holds in this new framework.
This property is satisfied for weighted communication situations in
which the weights represent links capacities, intensity in the rela-
tions or flows. But when we assume that weights measure distances
or costs, the hypothesis of superadditivity must be strengthened to
almost positivity. In the way to obtain these results we have proved
that ;% and % can be calculated in terms of a linear combination of
the Myerson values of certain unweighted communication situations.

The results obtained permit us to rank nodes in a weighted graph
using a game theoretical approach. For weighted graphs represent-
ing social networks with different levels of intimacy in the relations
among actors, the defined value can be used to obtain a family of
centrality measures for such actors.
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