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Abstract In this paper we present two new families of test statistics for
studying the problem of goodness-of-fit of some data to a latent class model
for dichotomous questions based on phi-divergence measures. We also treat
the problem of selecting the best model out of a sequence of nested latent
class models. In both problems, we study the asymptotic distribution of the
corresponding test statistics, showing that they share the same behavior as
the corresponding maximum likelihood test statistic.

1 Introduction and basic concepts

Latent class modelling is based on the distinction between manifest and la-
tent variables. While manifest variables can be directly observed, like socioe-
conomic variables, item responses in a questionnaire or some codification of
observed behavior, latent variables cannot be observed or measured by means
of a yardstick.

In this paper dichotomous observed variables are considered. Consider a
set S of N people: S := {S1, ..., SN}. Each person Sv is asked to answer
to k dichotomous items I1, ..., Ik; let us denote by yvi the answer (right= 1,
wrong=0) of person Sv to item Ii and yv := (yv1, ..., yvk) a generic pattern
given by person Sv.

A categorical latent variable (categorical unobservable variable) is postu-
lated to exist, whose different levels partition set S into m mutually exclu-
sive and exhaustive latent classes C1, ..., Cm whose corresponding weights are
w1, ..., wm. Let us denote

pji = Pr(yvi = 1|Sv ∈ Cj), j = 1, ...,m, i = 1, ..., k.
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Let yν be a possible answer vector. We shall assume that in each class the
answers for the different questions are stochastically independent.

We will denote by Nν , ν = 1, ..., 2k, the number of times that the sequence
yν appears in an N -sample and

p̂ := (N1/N, ..., N2k/N)

the corresponding proportions. The likelihood function L is given by

Ly1,...,y2k
(w1, ..., wm, p11, ..., pmk) =

N !

2k∏
ν=1

nν !

2k∏
ν=1

Pr(yν)nν , (1)

where nν denotes the sample result of Nν . In this model the unknown pa-
rameters are wj , j = 1, ...,m and pji, j = 1, ...,m, i = 1, ..., k. In order to
avoid the problem of obtaining uninterpretable estimations for the item la-
tent probabilities lying outside the interval [0, 1], some authors [?], [?], [?],
[?], [?], [?] proposed a linear-logistic parametrization given by

pji =
exp(xji)

1 + exp(xji)
, j = 1, ...,m, i = 1, ..., k,

and

wj =
exp(zj)
m∑
h=1

exp(zh)

, j = 1, ...,m.

Next, restrictions are introduced relating parameters xji, zj to some ex-
planatory parameters λr, r = 1, ..., t and ηs, s = 1, ..., u, so the final model is
given by

pji =

exp(

t∑
r=1

qjirλr + cji)

1 + exp(

t∑
r=1

qjirλr + cji)

, j = 1, ...,m, i = 1, ..., k, (2)

and

wj =

exp(

u∑
r=1

vjrηr + dj)

m∑
h=1

exp(

u∑
r=1

vhrηr + dh)

, j = 1, ...,m, (3)

where Qr = (qjir),C = (cji),V = (vjr) are fixed. Consequently, in this case
the vector of unknown parameters is θ := (λ,η). It is not difficult to establish
[?] that
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logL(w1, ..., wm, p11, ..., pmk) = −NDKullback(p̂,p(λ,η)) + constant.

Thus, varying the divergence measure considered, we obtain a family of
estimators that includes the MLE.

2 Goodness-of-fit tests

LCM for binary data fit is assessed by comparing the observed classification
frequencies to the expected frequencies predicted by the LCM for binary
data. When dealing with the MLE, the difference is formally assessed with a
likelihood ratio test statistic or with a chi-square test statistic:

G2 = 2N
2k∑
ν=1

p̂ν log
p̂ν

p(yν , λ̂, η̂)
, X2 =

2k∑
ν=1

(
ns −Np(yν , λ̂, η̂)

)2
Np(yν , λ̂, η̂)

(4)

It is known that the asymptotic distribution of the test statistics G2 and
X2 is a chi-square distribution with 2k − (u + t) − 1 degrees of freedom
[?]. These statisitcs can be extended in two ways: first, differences betweeen
observed and expected values can be measured in terms of a divergence mea-
sure. Next, estimation of the parameters to obtain the expected values can
be obtained in terms of a divergence measure.

Definition 1. We define the phi-divergence family of test statistics for
testing goodness-of-fit for latent class models for binary data as

Tφ2

φ1
:=

2N

φ′′1(1)
Dφ1

(
p̂,p(θ̂φ2

)
)
, (5)

where we are using φ2 for estimation and φ1 for comparing with the observed
data.

For this family the following holds.

Theorem 1. Under the hypothesis that the LCM for binary data with param-
eters λ = (λ1, ..., λt) and η = (η1, ..., ηu) holds, the asymptotic distribution

of the family of test statistics Tφ2

φ1
given in (5) is a chi-square distribution

with 2k − (u+ t)− 1 degrees of freedom.

It is noteworthy that the asymptotic distribution depends on neither φ1
nor φ2, i.e. it is the same for any functions φ1 and φ2 considered.
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3 Nested latent class models

Suppose that our model fits the data, i.e. we conclude that the data can be
explained through a LCM with m classes. Then, it could be the case that
several sets of parameters could fit the data. If two LCM fit the data but
one of them has a reduced number of parameters, then this model should be
considered the more appropriate. In this section we deal with the problem of
selecting the best model from a nested sequence of LCM.

In general, we shall assume that we have s LCM {Ml}l=1,...,s in such a
way that the parameter space associated to Ml, l = 1, ..., s, is ΘMl

and

ΘMs
⊂ ΘMs−1

⊂ .... ⊂ ΘM1
⊂ Rr

holds. Let us denote dim (ΘMl
) = hl; l = 1, ...., s, with

hs < hs−1 < .... < h1 ≤ r,

i.e., the parameters of one LCM are a subset of the parameters of the previous
LCM. Our strategy is to test successively

Hl+1 :θ ∈ ΘMl+1
against Hl :θ ∈ ΘMl

, l = 1, ..., s− 1, (6)

and we continue to test as long as the null hypothesis is accepted, and choose
the LCM Ml with parameter spaceΘMl

according to the first l satisfying that
Hl+1 is rejected (as null hypothesis) in favor of Hl (as alternative hypothesis).

The classical expressions for solving (??) are

G2
A−B = 2

2k∑
ν=1

nυ log
p
(
yν , θ̂

A
)

p
(
yν , θ̂

B
) , X2

A−B = N

2k∑
ν=1

(
p
(
yν , θ̂

A
)
− p

(
yν , θ̂

B
))2

p
(
yν , θ̂

B
)

(7)
Hence, proceeding as in the previous section, we can define two new fam-

ilies of test statistics. A generalization of G is given by

S
φ1,φ2

A−B =
2N

φ′′1 (1)

(
Dφ1

(
p̂,p(θ̂

A

φ2
)
)
−Dφ1

(
p̂,p(θ̂

B

φ2
)
))

, (8)

and a generalization of X is

T
φ1,φ2

A−B =
2N

φ′′1 (1)
Dφ1

(
p(θ̂

A

φ2
),p(θ̂

B

φ2
)
)
. (9)

Now, the following can be shown.

Theorem 2. Given the LCM for binary data A,B with parameters θA =(
θA,1,θA,2,θA,3,θA,4

)
and θB =

(
θA,1,0,θA,3,0

)
, respectively, and under

the null hypothesis given in (??), it follows
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S
φ1,φ2

A−B , T
φ1,φ2

A−B
L→

N−→∞
χ2
h1−h2

.

4 An example with real data

In order to shed light about the results established in the previous sections,
let us deal with a real data. We consider the interview data collected by [?]
and analized later in [?]; this model is explained in [?] and [?]. The experiment
consists in evaluating the answers of 3398 schoolboys to two questions about
their membership in the “leading crowd” on two occasions t1 and t2 (October,
1957 and May, 1958). Thus, in this model we have 4 questions and there are
four manifest variables (answers to both questions at both moments); these
answers can only be “low” (value 0) and “high” (value 1), so that the manifest
variables are dichotomous; thus, there are 16 possible vector of answers. The
sample data, i.e., the number of times each possible vector of answers appears,
is given in Table 2.

October, 1957/ May, 1958 00 01 10 11

00 554 338 97 85

01 281 531 75 184
10 87 56 182 171

11 49 110 140 458

Table 1 The set of data collected by Coleman.

Next, 4 latent classes are considered, namely
C1 ≡ low agreement in question 1 and low agreement in question 2.
C2 ≡ low agreement in question 1 and high agreement in question 2.
C3 ≡ high agreement in question 1 and low agreement in question 2.
C4 ≡ high agreement in question 1 and high agreement in question 2.
Consequently, there are 16 probability values pji to be estimated; let us

start with the problem of goodness-of-fit; for this, we consider the first hy-
pothesis appearing in [?], namely “The attitudinal changes between times t1
and t2 are dependent on the positions (low, high) of the respective classes on
the underlying attitudinal scales at t1”. This implies that the probabilities
depend just on the definition of the class. Thus, a model with 8 parame-
ters λi is considered; λ1 means low agreement in the first question at time
t1, λ2 means high agreement in the first question at time t1, λ3 means low
agreement in the second question at time t1, λ4 means high agreement in the
second question at time t1, and λ5, λ6, λ7, λ8 are the same parameters at time
t2; indeed, as we have four possible combinations of answers at each time, we
have four parameters for t1 and four for t2; moreover, only two parameters
at time t1 appear at matrix Qi due to the definition of the classes; and the
same applies for t2. We write the values for matrices Qi as they appear in
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[?] in Table 3. In our notation, the matrices Qi can be derived considering
the i-th column in the table and dividing it in four columns of four elements
each (each corresponding to a latent class).

Class Item λ1 λ2 λ3 λ4 λ5 λ6 λ7 λ8
1 1 1 0 0 0 0 0 0 0

2 0 0 1 0 0 0 0 0

3 0 0 0 0 1 0 0 0
4 0 0 0 0 0 0 1 0

2 1 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0

3 0 0 0 0 1 0 0 0
4 0 0 0 0 0 0 0 1

3 1 0 1 0 0 0 0 0 0

2 0 0 1 0 0 0 0 0

3 0 0 0 0 0 1 0 0
4 0 0 0 0 0 0 1 0

4 1 0 1 0 0 0 0 0 0

2 0 0 0 1 0 0 0 0
3 0 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0 1

Table 2 The model design according to Formann

Note that the hypothesis is that the attitudinal changes between times
t1 and t2 are dependent upon the items as well as on the classes. For this
reason, the part corresponding each latent class can be partitioned in four
submatrices of size 2×4. The submatrices lying on the main diagonal are the
same by the hypothesis defining the model and the two other submatrices
are null. The differences among them are due to the differences in the la-
tent classes. Next, cij = 0, ∀i, j (as we have explained when values cij were
introduced in Section 1). Finally, 4 parameters ηj are considered, taking as
matrix V the identity matrix and dj = 0, ∀j. Remark however that one of
these parameters can be removed as they sum up to 1. Thus, we have a model
with 11 parameters.

It is noteworthy that our model assumes that answers to the questions
are conditionally independent given the latent class. In this example, we are
dealing with repeated responses to two questions, so this assumption may
be unrealistic. However, this assumption is made in the original paper of
Goodman [?] and also in [?], and we follow this assumption for the sake of
the example.

In order to study if the data are from a LCM for binary data in the
conditions explained before, we shall consider the particular family of phi-
divergence measures introduced and studied in [?]: The power divergence
family. This family is obtained from
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φ(x) ≡ φa(x) =


1

a(a+1) (x
a+1 − x− a(x− 1)) a 6= 0, a 6= −1

x log x− x+ 1 a = 0
− log x+ x− 1 a = −1

(10)

In Felipe et al. (2015) it was established, on the basis of a simulation study,
that a competitive alternative to the MLE is the MφE obtained from Eq.
(??) with a = 2/3, i.e.,

θ̂2/3 = arg min
(λ,η)∈Θ

D2/3(p̂,p(λ,η)),

being

D2/3(p̂,p(λ,η)) =
9

10

 2k∑
j=1

p̂
5/3
j

pj(λ,η)2/3
− 1

 .

Therefore, in order to study the most general situation, we are going to
consider in our study the MφE obtained with φ (x) defined in Eq. (10) for
a = 2/3 in order to get an estimation of parameters λ and η. Remark however
that in this case the values obtained are very similar to those obtained in [?]
using MLE. In Table 4 we present the values obtained for these parameters,
as well as the estimation of the probabilities and the weights of the latent
classes.

Parameter Parameter

λ̂1 -2.34292610 p̂1,1 0.08762969

λ̂2 1.72393168 p̂1,2 0.30144933

λ̂3 -0.84040580 p̂1,3 0.11256540

λ̂4 1.56524945 p̂1,4 0.28671773

λ̂5 -2.06480043 p̂2,1 0.08762969

λ̂6 2.29928080 p̂2,2 0.82710532

λ̂7 -0.91137901 p̂2,3 0.11256540

λ̂8 2.01252338 p̂2,4 0.88210569
η̂1 0.50480183 p̂3,1 0.8463457
η̂2 0.16964329 p̂3,2 0.30144933

η̂3 -0.87356633 p̂3,3 0.90881746
η̂4 -0.00424661 p̂3,4 0.28671773
ŵ1 0.38936544 p̂4,1 0.84863457
ŵ2 0.27848377 p̂4,2 0.82710532

ŵ3 0.09811597 p̂4,3 0.90881746

ŵ4 0.23403482 p̂4,4 0.88210569

Table 3 Estimations of the parameters for Example in Section 4.

Once the estimations of the parameters obtained, we are interested in
studying the goodness-of-fit of our data to the model proposed at the begin-
ning of the section. Following Section 2, we shall consider the family of test

statistics, T
φ2/3

φa
, obtained from φa(x) with a = −1,−1/2, 0, 2/3, 1, 1.5, 2, 2.5
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and 3,i.e.,

T
φ2/3

φa
=



2N
a(a+1)

(
2k∑
ν=1

p̂a+1
υ

p(yν ,θ̂2/3)
a − 1

)
if a 6= 0,−1

2
2k∑
ν=1

nυ log p̂υ
p(yν ,θ̂2/3)

a = 0

2N
2k∑
ν=1

p
(
yν , θ̂2/3

)
log

p(yν ,θ̂2/3)
p̂υ

a = −1

. (11)

The results are presented in Table 5.

a -1 -1/2 0 2/3 1 3/2 2 5/2 3

T
φ2/3

φa
1.279 1.278 1.277 1.277 1.277 1.277 1.278 1.279 1.281

Table 4 Statistics for different divergence measures.

On the other hand, the distribution of these statistics under the null hy-
pothesis that the model fits the data is a χ2 with 16-11-1=4 degrees of free-
dom; as χ2

4;0.05 = 9.49, we conclude that we have no evidence to reject our
model.

Notice that the values for all test statistics are very similar; this was ex-
pected, as the sample size under consideration is big enough (N = 3398) to
apply the asymptotic result of Theorem 1. Indeed, a similar result is obtained
if the classical test statistics are used (see [?]).

As a conclusion, we could say that the LCM proposed (that we will call
M1) fits our data; however, a question arises: Is it possible to find a latent
model with a reduced number of parameters that also fits the data? In [?],
the following reduced models are studied:
M2 : Attitudinal changes between the two moments are dependent on the

latent classes but are independent on the items.
M3: Attitudinal changes between the two moments are independent both

on the items and on the latent classes.
M4 : There are no attitudinal changes.
These different models imply different number of parameters λi. More con-

cretely, model M2 needs six parameters λi, model M3 needs five parameters
and finally model M4 needs four parameters. The corresponding matrices Qi
for these models can be found in [?].

As for M1, cij = 0, ∀i, j and 4 parameters ηj are considered, taking matrix
V as the identity matrix and dj = 0, ∀j.

We can observe that

ΘM1 ⊃ ΘM2 ⊃ ΘM3 ⊃ ΘM4 ,
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being ΘMi
the parameter space associated to the LCM Mi. Therefore, we

have a nested sequence of LCM. We consider again θ̂2/3 in order to estimate
the parameters of the different models. For testing, we consider the family of

phi-divergences test statistics S
φa,φ2/3

A−B and T
φa,φ2/3

A−B given in (8) and (9), with
φ2/3(x) defined in (10). For φa we shall take a = −1,−1/2, 0, 2/3, 3/2, 2, 5/2
and 3. In Table 6 we present the results obtained.

a/Model M1 −M2 M2 −M3 M3 −M4 M1 −M2 M2 −M3 M3 −M4

-1 3.761 4.610 31.465 3.431 4.613 31.005

-1/2 3.757 4.593 30.977 3.417 4.604 30.845

0 3.755 4.584 30.769 3.403 4.595 30.722
2/3 3.754 4.578 30.626 3.386 4.585 30.616

1 3.754 4.580 30.659 3.378 4.580 30.587
3/2 3.756 4.586 30.820 3.366 4.574 30.574
2 3.759 4.599 30.991 3.355 4.570 30.597

5/2 3.763 4.617 31.347 3.344 4.566 30.655
3 3.769 4.641 31.765 3.334 4.563 30.749

χ2
i;0.05 5.99 3.84 3.84 5.99 3.84 3.84

Table 5 Results for Example in Section 4 for statistics S (left) and T (right).

As a conclusion, we can adopt LCM M2 as the best model in all cases. As
before, the values obtained are very similar, due to the asymptotic results
developed in Section 3.

5 Simulation

Sections 2 and 3 present theoretical results for testing hypothesis in latent
models with binary data. These results give the asymptotic distribution the-
ory for the phi-divergence test statistics given in (5), (8) and (9) under the
null hypothesis. In this section we present a simulation study to analyze the
behavior of these statistics in small samples. We shall analyze the test statis-
tics given in (5).

As before, we consider the minimum power divergence with a = 2/3 for

estimations. We compare the different test statistics of the family T
φ2/3

φa
de-

fined in (11). The theoretical LCM with binary data that we shall consider
in our simulation study is given by a theoretical model with 5 dichotomous
questions and 10 latent classes; next, 7 parameters λj and 6 parameters ηk
are considered; the corresponding matrices of the model are
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Q1 =



1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0
0 0 0 1 0
0 0 0 0 1


, Q2 =



0 1 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 0 0 0 1
1 0 0 0 0
0 0 1 0 0


, Q3 =



0 0 1 0 0
0 1 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 1 0 0 0
0 0 0 0 1
1 0 0 0 0


,

Q4 =



0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 1 0 0 0
0 0 0 0 0


, Q5 =



0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0


, Q6 =



0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 1 0 0 0


,

Q7 =



0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 0


.

Matrix C is the null matrix. Matrix V is given by

V =



1 0 0 0 0 1
1 0 0 0 0 0
0 1 0 0 0 1
0 1 0 0 0 0
0 0 1 0 0 1
0 0 1 0 0 0
0 0 0 1 0 1
0 0 0 1 0 0
0 0 0 0 1 1
0 0 0 0 1 0


,
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while d = 0. The theoretical values for vector λ and η are

λ0 = (λ01, ..., λ
0
7) = (−3,−2,−1, 0, 1, 2, 3), η0 = (η01 , ..., η

0
6) = (0.5, 1, 1.5, 2, 2.5, 3).

We shall also consider different values of a; more concretely, we consider
the values a = −0.5, 0, 2/3, 1.

For each value of a we consider R =10 000 simulations and we repro-
duce the study for different sample sizes: 200, 300, 400, 500 and 1000. Note
that as we have to estimate 13 parameters and there are 32 possible answer
vectors, sample sizes under 200 provide frequencies very low, so the results
are very different for different samples, and cannot be used to obtain reli-
able estimations. We must not forget that for a = 0 and a = 1 we have the
likelihood ratio test and the chi-square ratio test statistics, respectively, but
the unknown parameters are estimated using the minimum power divergence
estimator with a = 2/3 instead of the maximum likelihood estimator.

We consider as nominal size α = 0.05 and compute the simulated exact
size

α̂an :=
]T

φ2/3

φa
> χ2

g.l.;0.05

R
.

As explained in [?], we only consider the test statistics whose simulated
exact size α̂an satisfies

|logit(1− α̂an)− logit(1− α)| ≤ 0.35 (12)

where logit(p) = log( p
1−p ). As a consequence, we only take under considera-

tion the test statistics such that

α̂an ∈ (0.0357, 0.0695). (13)

At the same time we obtain the simulated exact power for different alter-
native hypothesis. More concretely, we shall consider a model with a new
parameter λ8 whose corresponding matrix Q8 is given by

Q8 =



1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


,
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and where this new parameter takes different values, namely -3, -2, -1.5, -1,
-0.8, 0, 0.7, 0.9, 1, 1.3, 1.5, 2. Each of these values is related to an alternative
hypothesis, except when considering value 0, that corresponds to the null
hypothesis.

Simulating observations from each alternative hypothesis we get the sim-
ulated exact power for such alternatives

β̂a :=
]T

φ2/3

φa
> χ2

g.l.;0.05

R
.

In Table 7 we present the simulated exact size as well as the simulated exact
power for different values of a and in Figures 1 to 5 we present the pictures for
each sample size of the different alternative hypothesis for the test statistic
a = −1/2, 0, 2/3, 1.

N a -3 -2 -1.5 -1 -0.8 0 0.7 0.9 1 1.3 1.5 2
200 -.5 0.776 0.524 0.494 0.478 0.451 0.404 0.544 0.635 0.680 0.822 0.893 0.987

0 0.483 0.166 0.159 0.150 0.145 0.109 0.230 0.323 0.383 0.608 0.749 0.959
2/3 0.318 0.061 0.056 0.047 0.046 0.035 0.104 0.176 0.237 0.466 0.633 0.928
1 0.291 0.049 0.042 0.033 0.035 0.026 0.088 0.152 0.212 0.436 0.607 0.919

300 -.5 0.800 0.447 0.409 0.372 0.337 0.268 0.456 0.583 0.660 0.851 0.938 0.998
0 0.620 0.198 0.178 0.164 0.141 0.094 0.251 0.394 0.489 0.756 0.891 0.995

2/3 0.509 0.104 0.087 0.077 0.062 0.040 0.159 0.291 0.381 0.686 0.853 0.993
1 0.488 0.087 0.071 0.062 0.051 0.033 0.141 0.268 0.356 0.671 0.843 0.993

400 -.5 0.831 0.408 0.382 0.319 0.282 0.193 0.420 0.592 0.681 0.910 0.972 0.999
0 0.733 0.224 0.202 0.171 0.149 0.081 0.287 0.476 0.587 0.873 0.960 0.999

2/3 0.667 0.142 0.122 0.100 0.086 0.042 0.212 0.402 0.521 0.844 0.950 0.999
1 0.653 0.127 0.109 0.087 0.073 0.036 0.199 0.385 0.505 0.836 0.948 0.999

500 -.5 0.879 0.412 0.362 0.306 0.257 0.144 0.421 0.630 0.736 0.946 0.989 1.000
0 0.820 0.262 0.229 0.201 0.162 0.074 0.335 0.559 0.678 0.932 0.986 1.000

2/3 0.782 0.190 0.160 0.134 0.107 0.044 0.275 0.506 0.638 0.920 0.983 1.000
1 0.774 0.176 0.145 0.119 0.094 0.039 0.262 0.496 0.628 0.917 0.983 1.000

1000 -.5 0.992 0.491 0.522 0.463 0.319 0.081 0.608 0.882 0.953 0.999 1.000 1.000
0 0.991 0.321 0.349 0.336 0.278 0.065 0.585 0.875 0.950 0.999 1.000 1.000

2/3 0.991 0.235 0.263 0.252 0.239 0.051 0.568 0.872 0.948 0.999 1.000 1.000
1 0.991 0.217 0.243 0.230 0.228 0.047 0.565 0.871 0.948 0.999 1.000 1.000

Table 6 Power for different values of N and a and for differenet values of λ8 (-3, -2, -1.5,

-1, -0.8, 0, 0.7, 0.9, 1, 1.3, 1.5, 2). Exact level corresponds to λ8 = 0.

As it can be observed in Table 7 (see the column corresponding to 0) and
Figures 1 to 5, the simulated level is outside the interval given in (13) for
a = 0,−0.5 for all sample sizes under consideration; besides, for sample sizes
N = 400, 500, 1000, the test statistic corresponding to a = 1 lays inside this
interval. Notice that the test statistic for a = 2/3 is the only one laying in this
interval for any sample size. As a straightforward conclusion, the test statistic
for a = 2/3 seems to be the best one for sample sizes N = 200, 300, and we
just need to choose between a = 1 and a = 2/3 for N = 400, 500, 1000. For
making this decision, we focus on the simulated power values, noting that
they are higher for a = 2/3 than for a = 1; we then conclude that a = 2/3
seems to show a better behavior than the likelihood ratio test statistic and
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Pearson test statistic (with estimations obtained through a = 2/3 instead of
maximum likelihood) when dealing with LCM for binary data.

6 Conclusions

In this paper we have introduced phi-divergence test statistics in the context
of LCM for binary data. In a previous paper, it has been shown that phi-
divergence estimators can be a useful tool in this framework; now, we have
treated two new problems: the problem of goodness-of-fit and the problem of
selecting the best model throughout a nested sequence of models. Classically,
as it can be seen for instance in [?], these problems have been solved on the ba-
sis of the likelihood-ratio-test and the chi-square test statistic. In this paper,
we have derived two families of test statistics based on phi-divergence mea-
sures that generalize the likelihood-ratio-test and the chi-square test statistic;
for these new statistics, we have obtained their asymptotic distribution un-
der the null hypothesis of that LCM fits the data, showing that it coincides
with the that of the likelihood-ratio-test and the chi-square test statistic;
thus, they show the same behavior as the classical statistics for big sample
sizes. To see the applicability of this theory, we have considered a real data
situation studied by Goodman [?] and Formann [?].

At this point, an interesting problem arises: are there differences for small
or moderate sample sizes? To deal with this problem, we have carried out
a simulation study; from this study, it seems that the phi-divergence test
statistic for a = 2/3 shows a behavior that can compete with the likelihood-
ratio-test and the chi-square test statistic.
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