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1 Introduction

In the theory of function spaces, a central role is played by the scales of Triebel-
Lizorkin spaces F, ,(R") and of Besov spaces B}, ,(R"). These families include
many well-known spaces of functions and distributions as Sobolev spaces, fractional
Sobolev spaces (= Bessel potential spaces), Holder-Zygmund spaces, local Hardy
spaces or Lebesgue spaces (see the books by Triebel [48-50,55,56]). Among other
things, on spaces Ay, ,(R"), A € {B, F}, rely a substantial part of the recent theory
of Navier-Stokes equations and of distinguished PDE models for hydrodynamics and
chemotaxis.

Several refinements of these scales have been also studied in the literature. They are
motivated either by applications to concrete questions or to complete the description
of certain properties of the spaces Aj, (R"). This is the case of the function spaces
with Lorentz smoothness A7 L), »(R"), A € {B, F}.

In the monograph of Triebel [47, Sections 2.4.1 and 2.4.2] one can find the most
relevant interpolation properties of the spaces Ay, ,(R") for 1 < p,g < co. If p; # pa,
applying the real method to the couple (A},  (R"), A}, (R")), it turns out that the
resulting space does not belong to the scale of Triebel-Lizorkin spaces or the scale
of Besov spaces. To describe them one needs to refine these scales. Specifically, in
the Fourier-analytical definition of Ay, ,(R"), one should replace the Lebesgue space
L, (R") by the more general Lorentz space L, -(R") (see [47, Theorems 2.4.1/(c) and
2.4.2/1, (¢)]). In this way the spaces with Lorentz smoothness Aj L), ,(R") arise.

Since the early 1960s spaces with Lorentz smoothness have been used repeatedly
in the literature. For example, Hardy-Lorentz spaces have been used by Fefferman,
Riviere and Sagher [19] and Almeida and Caetano [2,3], Bessel-Lorentz potential
spaces Fy Ly -(R") appear in the papers by Stein [45], Caetano [9], Cianchi and
Pick [11], Ko and Lee [31] and Grafakos and Slavikovd [24]. Spaces F Ly «(R")and
B L), «(R") (weak-Ay, /(R") spaces) appear in the book by Edmunds and Triebel [18].
Yang, Cheng and Peng [59] studied Lorentz smoothness spaces in connection with
wavelet theory. Triebel-Lizorkin-Lorentz spaces in the context of partial differential
equations have been considered by Xiang and Yan [57,58]. More recently, Seeger
and Trebels [43] have characterized all embeddings between spaces A7 L, »(R"), and
Hobus and Saal [25] have applied the spaces FjL, -(R") to study Navier-Stokes
equations.

Our aim in this paper is to continue the research on basic properties of spaces with
Lorentz smoothness. Using the interpolation properties of the spaces Fj L, ,(R") and
B Ly (R"), we are going to transfer a number of properties of the usual Triebel-
Lizorkin and Besov spaces to the spaces with Lorentz smoothness. In particular, we
study three of the so-called key problems in [49, Chapter 4]: Invariance of A7 L, »(R")
with respect to diffeomorphisms of R" onto itself, the existence of linear extension
operators of corresponding spaces Ay Ly, (RY) on R} to Aj Ly, -(R") and pointwise
multipliers. The other problem mentioned in [49], i.e. traces of A7 L, (R") on hyper-
planes, is discussed in [7]. We also establish some multiplication results on the
spaces Ay Lp, (R"). In particular, we show sufficient conditions on the parameters for
FyLp »(R") to be a multiplication algebra. For spaces By L, -(R") we establish the
corresponding results.
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The paper is organized as follows. In Section 2 we review some basic results from
real interpolation theory of quasi-Banach couples. Triebel-Lizorkin-Lorentz spaces
are introduced in Section 3, where we also characterize them by interpolation. In
Section 4 we establish several properties of spaces FjLp (R"). We describe the
smoothing effect of the Gauss-Weierstrass semi-group, we give a result on Fourier
multipliers and the results on diffeomorphisms, extension operators and smooth mul-
tipliers. Multiplication properties of the spaces Fj Ly, »(R") are discussed in Section
5. Besov-Lorentz spaces are introduced in Section 6, where we show that they coin-
cide with Besov spaces modelled on local Hardy-Lorentz spaces, studied by Almeida
and Caetano [3]. For this aim we establish a Fourier multiplier result for Lorentz
spaces. Finally, in Section 7, we describe several properties of spaces B L, -(R"). We
give there results on diffeomorphisms, extension operators, smooth multipliers and
sufficient conditions on By, L, »(R") to be a multiplication algebra.

2 Real interpolation

Subsequently, given an arbitrary index set I and two sets of positive numbers {q; : i €
I} and {b; : i € I}, we write a; < b; if there is a positive number ¢ such that ¢; < c¢b;
foralli € I. We put a; ~ b; if a; < b; and b; < a;.

Let (4, | - |A||) be a complex quasi-Banach space with constant ¢ = ¢4 > 1 in the
quasi-triangle inequality. Let 0 < p < 1 be such that 2!/P~! = ¢. According to the
Aoki-Rolewicz theorem, there is another quasi-norm || - ||. on A which is equivalent
to || - |A|| and satisfies that

lar + @l < llaill? + lla2ll?, ar, a2 € A

(see [4], [39], [32, §15.10] or [38, pp. 92-93]). We say that || - || is a p-norm and that
A is a p-Banach space. Note that if 0 < r < p then A is also an r-Banach space.

If A and B are quasi-Banach spaces, by A < B we mean that A is continuously
embedded in B.

Examples of quasi-Banach spaces are the usual spaces of g-summable scalar
sequences {4, 0 < g < oo. For 1 < g < oo then ¢, is a Banach space and so it is an
1-Banach space. If 0 < g < 1 then £, is p-Banach if, and only if, 0 < p < ¢q. Indeed,
as far as the latter is concerned, assume that || - ||, is an equivalent p-norm in ¢,. In
particular, ||e;||. ~ 1 where e; is the unit element with 1 at place j and zero otherwise.
Leta = };_; Aje; with 2; € Cand r € N. Then

- l/q r r
(Zlﬂjlq) - ”Z Afeﬂqu ~ ”Z/ljej .
J=1 = <
= (Zr: |/lj|p||ej||f)l/p < C(Zr: |/lj|,,)1/p'
i1 -

This requires p < g.

By a quasi-Banach (respectively, p-Banach) couple (A, A;) we mean two quasi-
Banach spaces (respectively, two p-Banach spaces) A;, A, which are continuously
embedded in the same Hausdorff topological vector space A.
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The Peetre’s K-functional is defined by
K(t,a) = K(t,a; Ay, Ay) = inf{||a1|A1|| + t]|az|Az|| - a = a1 + a2, a; € Aj},

a € A; + Ay and t > 0. Note that K(t,-) is a quasi-norm in A| + A, and that the
quasi-triangle inequality holds with the same constant ¢ = max(ca,, ca,) > 1 for any
t>0.

If || - |Aj]l is a p-norm, j = 1,2, then it is useful to consider the functional

. 1
Kp(t.a) = inf {([lar|A1[17 + P llazlA2lIP) 77 a = @y +an, aj € Aj)
which is a p-norm in A; + A, and satisfies that
K(t,a) < Ky(t,a) <2YP7'K(t,a), a € A+ Ay, t > 0. 2.1

For0 < 6 < 1and 0 < g < oo, the real interpolation space (A1, Az)g,4 consists of
all a € A; + A; having a finite quasi-norm

1/q
t79K(t,a)) th) if g < oo,

lal(Ars Ao = {6 0K ) q
sup,q {1 K (t,a)} if g = 0.

The space (A1, Az)g,q is a Banach space provided 1 < g < oo and that (A, Ay) is a
Banach couple. Otherwise, it is a quasi-Banach space. If ¢ < cothen AjNA; is dense in
(A1, A2)g,q. We refer to the books by Bergh and Lofstrom [6], Triebel [47] and Bennett
and Sharpley [5] for other properties of real interpolation spaces. Among them we
have the following interpolation property for bounded linear operators: Let (B, By)
be another quasi-Banach couple. If T is a linear operator such that T : A; — B;
is bounded for j = 1,2, then T : (Al,Az)gq — (B1,B2)g,q is also bounded with

”T”(Al A2)0,q-(B1,B2)o,q = ”T”A1 B, T ”Az By
Lemma 2.1 Let (A}, Ay) be a p-Banach couple, 0 < p < 1. Let 0 < 8 < 1 and
0 < g < oco. Then the space (A1, Az)g,q is min(p, q)-Banach.

Proof Consider the quasi-norm || - [lg,4 in (A1, A2)e,4 Which is obtained by replacing
the K-functional by K),(, @) in the definition of || - [(A1, A2)e,4ll. By (2.1) we have
that || - [(A1, A2)a.qll ~ Il - llo,g- If x1, X2 € A1 + Az, we get

s di\1/a
lx1 + x2llo,q < (‘/0 ¢ eq(Kp(,’ x1)P + K, (1, xZ)p)q/pT)

(with standard modifications when g = o). If ¢ > p then it follows from the triangle
inequality of L/, (0, co) that

2

p  op pyalp d1\Pla p p
bt allg, < ([ (R S = Il + el
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Hence, (A1, A2)g,4 is p-normed. If 0 < g < p < 1 then A; and A; are also g-normed
spaces. Using this time K, (#, a) to define || - ||y,4, we obtain

2 )
dt
-6
b+l < 3 [ 0Kt = Il + el
) _1 O t ) )
-

This shows that (A1, A2)e,4 is a g-Banach space. O

In general, the best possible p with 0 < p < 1 for which (A, A2)g,q is a p-Banach
space is the value given in Lemma 2.1. We will show it later in Example 2.3.

Bounded bilinear operators can also be interpolated by the real method. For
Banach couples, this question was already considered in the seminal paper of Lions
and Peetre [35] on the real method. The extension to quasi-Banach couples was
studied by Karadzhov [30] and Konig [33]. See also the papers by Fernandez-Cabrera
and Martinez [20] and Cobos, Fernidndez-Cabrera and Martinez [14] for results on
interpolation methods which extend the real method. In particular, proceeding as in
[20, Theorem 4.1] and [14, Theorem 3.1] one can derive the following result.

Theorem 2.2 Let (A}, Ay), (B, By) be quasi-Banach couples and let (Ey, E») be an
r-Banach couple, 0 <r < 1. Let 0 < 6 < 1 and 0 < q1, q2,q < oo with

1 1 1 .
411 >
lz{ql Yoy faezn

— | '
q g ifqi <rorg, <r.

If T is a bilinear operator defined on (A N Ay) X (B1 N By) with values in E; N Ej
such that

IT(a, b)IE;|| < M;llalA;|llIb|B;ll, a€ AiNAy beBiNBy, j=12
then
I7(a, b)I(E1, E2)oqll < CM| MY ||al(A1, A2)o,q IIIDI(B1, B2)o,g, .

a € Ay N Ay and b € By N By. Furthermore, if g; < oo for j = 1,2, then T may be
uniquely extended to a bounded bilinear operator from (A1, A2)g,q, X (B1, B2)e,q, 10
(E1, E2)o,q-

It has been shown by Janson [27, Theorem 2] that under extra assumptions on the

operator T then the value of the parameter ¢ can be improved with the result that
= ded
If A is a quasi-Banach space and 2 > 0, we write 1A for the space A quasi-
normed by A]|a|A]||. It is not hard to check that if (A, Ay) is a quasi-Banach couple

and A, A > 0 then

(A1A1L, LA gq = 2,70 A5 (A1, Ad)g 4.

The following examples of real interpolation spaces will be important in our later
considerations.
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Put Ny = NU {0}. Let s € R, 0 < ¢ < oo and let A be a quasi-Banach space. We
denote by £ (A) the space of all sequences (ax)xen, € A such that

> 1/q
lanles @l = (3 2 NaxlAll7) " < o0
k=0
(with the usual modification if g = o).
For0 < q1,q2,q < 00, —00 < 851 # 5p < 00,0 <0 < land s = (1-0)s; +0sy we
have, with equivalent quasi-norms,

(£31(A). €2(A))a.g = C5(A). 2.2)

Equality (2.2) is a consequence of [47, Theorem 1.18.2] and [6, Theorem 5.6.1]
extended to quasi-Banach spaces A.

When A = C we simply write ;. Next we use spaces ¢, to show that the result of
Lemma 2.1 is the best possible.

Example 2.3 Let 0 < g < p <1, —00 < 51 # 55 < 00,0 < 6 < 1 and put
s = (1 = 6)s1 + Os;. Consider the p-Banach couple (£, £;’). Formula (2.2) implies
that

(€ 6)o.q = Ly
and proceeding as we did with £, but using now the sequence v; = 27/%e 7, it turns out
that £ is not p-Banach if p > g = min(p, q).

Let (A )ren, be a sequence of positive numbers and let (Wi )xen, be a sequence
of quasi-Banach spaces with the same constant ¢ > 1 in the quasi-triangle inequality
for any Wy. For 0 < g < oo, we designate by £, (AxWy) the collection of all those
sequences w = (W )ken, such that wy € Wy and the quasi-norm

> 1
Ilegewiol = (D af e wie)
k=0
is finite (with the usual modification if g = o).
Let (A, Bx) be interpolation couples of quasi-Banach spaces with the same con-
stant in the quasi-triangle inequality. Let (A )k en,, (M )ken, be sequences of positive
numbers, 0 < pp,pr < 00,0< 6 <1 andllj =

1=0 4+ 9 Then we have
P1 P2

(€, (A AR, €y (1 Bi)o,p = o (A Ars ik Bi)o,p) = €p (47 u(Aks Bi)ap)  (2.3)

(see [47, Theorem 1.18.1, Remark 1.18.1/4, pp. 120-123]).

Next fix n € N and consider the Euclidean n-space R" endowed with the Lebesgue
measure. Let A be a quasi-Banach space and let 0 < p < co. We put L,(A) =
L,(R"; A) for the usual vector-valued L,-space in the sense of the Bochner integral.
If A = C, we write L,(R").

Given 0 < p < coand 0 < r < oo, the Lorentz space L, (A) = L, ,(R"; A)
consists of all (equivalence classes of) strongly measurable functions with values in
A which have a finite quasi-norm

”flLP,r(A)” = (4/0‘ (tl/l’f*(t))r%)l
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(the integral should be replaced by the supremum if » = oo). Here f* is the non-
increasing rearrangement of f

7)) =inf{s > 0: [{x € R" : || f(x)|A]] > s}| <1},

where |I'| stands for the Lebesgue measure of the measurable set I'.

Note that if p = r, then L, ,(A) = L,(A). If A = C, we simply write L, .(R").
See [34,47,6]. See also [26,42,5,17] for Lorentz spaces in the scalar case. When
0 <r < q < oo wehave that L, ,(R") < L, 4(R").

Let 0 < p < oo. For the couple (L, (A), Lo(A)), the K-functional satisfies that

tP 1/
K fiLyA L) ~ [ roras)

(see [34]). This yields that for 0 < 8 < 1 and 0 < r < oo, we have with equivalent
quasi-norms

1 1-6
(Lp(A), Los(A))o,r = Ly r(A), o= e (2.4)

Using the reiteration formula for the real method, we derive with equivalent quasi-
norms

(Lpy.r (A), Lpy.ry (A))o.r = Lp,r(A) 2.5)

where 0 < ri,r3,7r < 00,0 <p; #py <00,0<6 < land L = 1 0+ 0 (see [47,
(16), p. 134 and Remark 5, p. 135] or [6, Sections 5.2 and 5.3, pp. 108 114])

Consider now the scalar Lorentz function spaces. The space L, -(R") is a Banach
space (with an equivalent norm) if, and only if, either 1 < p < 00, 1 < r < o0, or
p =r = 1(see [26, (2.6), p. 259]). The remaining spaces L, (R") have an equivalent
p-norm for any 0 < p < p and p < min(r, 1) (see [42, Theorem 18] or use Lemma
2.1 and (2.4)). This property can be improved in some cases reaching the value p.
Namely, if 0 < p < 1 and p < r < oo then L, -(R") has an equivalent p-norm. This
result for r = co was proved by Kalton [29, Theorem 6.1] and in the case p < r < o0
by Seeger and Trebels [43, Proposition B.1].

Next we consider some properties of the multiplication of functions. By XY <— Z
we mean that there is a constant ¢ > 0 such that || fg|Z]|| < c||fIX]|| - llg]Y ||, for any
feXandgeY.

Classical Holder inequality says that

Ly, (R") - L,(R") < L,(R") (2.6)

. 1 1 1
< —_— = - —_
provided that 0 < py, p» < oo and 5=t o

For Lorentz spaces, the corresponding result reads

LPth (Rn) : Lm,(Zz(Rn) = LIMI(RH) (2.7)

providedthat0<p1,p2<oo,1%= l]+17l2,0<q1,q2§ooandé_a+— Next

we establish it by using bilinear interpolation.
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Take any O < r < p. The bilinear operator T(f, g) = fg is clearly bounded in the
following three cases

T : Loo(R") X Loo(R") — Leo(R?),
T: L-(R") X Lo(R") — L,(R™),
T : Lo(R") X L,(R") — L,.(R™).

Take (A1, A2) = (B1, B2) = (Ev, Ez) = (Lo(R"), Ly(R™)). For 6; = r/pj, j = 1,2,
we have that (Lo(R"), L-(R"))s,.4;, = Lp,.q;(R"). Then, (2.7) follows by applying the
bilinear interpolation result of Janson [27, Theorem 2] with ¢y = 0, @1 = a» = 1 and
O=a+a10) +ap0, =601 +6, = Ir_;

Janson’s theorem also allows us to establish the following result on convolution
of Lorentz spaces that we shall need later.

Let1 < pipy< oo, 3= ot 2o =1>0,0<q1,¢2 < 0oand g < - + 7. Then
the convolution operator satisfies that
# 1 Lp g (R") X Ly, ¢,(R") — L, 4(R") boundedly. (2.8)

For the proof one can apply [27, Theorem 2] with
(AI,AZ) = (B],Bz) = (El,Ez) = (Loo(Rn), Ll(Rn)), ap = —1and =@ = 1.

See also the paper by O’Neil [36, Theorem 2.6].

3 Triebel-Lizorkin-Lorentz spaces

Let S(R™) be the Schwartz space of all complex-valued rapidly decreasing infinitely
differentiable functions on R". We write S’(R") for the space of all tempered dis-
tributions. For f € S’(R"), we put f for its Fourier transform and f* for its inverse
Fourier transform.

Let ¢y € S(R") such that

wo(x) = Lif [x] < 1 and ¢p(x) = 0if |x| > 3/2.

Here |x| stands for the norm in R”. For k € N put ¢ (x) = ¢o(27%x) — @o(27%*1x).
Since

Z ¢r(x) = 1forall x e R",
k=0
the sequence (@k )ken, is a smooth dyadic resolution of unity.

Definition 3.1 Lets € R,0 < p < c0oand 0 < g, r < oo. The Triebel-Lizorkin-Lorentz
space Fy Ly (R") is formed by all f € S’(R") having a finite quasi-norm

A1 L& = (D12 e ) 1)
j=0

J
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Definition 3.1 extends [47, Definition 2.4.2, p.184] to the full range of parameters.
Note that in [47], Triebel-Lizorkin-Lorentz spaces are denoted by F,‘iq’ (r)(R"). Other
notations used for these spaces are F[fjf] (in [25]), F; [LP"] (in [43]) and Lﬁ’,lr ([59]).
Clearly, when r = p, then we recover the usual Triebel-Lizorkin spaces F; Ly, ,(R") =
Fy  R").

Spaces F L, ,(R") are quasi-Banach spaces. They are Banach spaces if p > 1 and
min(g, r) > 1. For the Banach case, it is shown in [47, Remark 1, p. 184] that spaces
FjLp »(R") are independent of the generating function ¢y (with equivalent norms).
For the general case the independence of ¢y is established in [59, Theorem 2].

We have with equivalence of quasi-norms

Ly, (R") = FYL, -(R") provided 1 < p < coand 0 < r < co. (3.1

This assertion of Littlerwood-Paley type for Lorentz spaces has been proved by Yang,
Cheng and Peng [59, Theorem 5] by using wavelets. It can also be derived proceeding
as in the case of L, (see [48, Theorem 2.5.6/Step 2]) and using the corresponding
Lorentz version of the Hormander’s multiplier theorem for ¢, [48, Proposition 2.5.6].

Wavelets will be important for the rest of this section. Next we review some
notation and basic results. We follow mainly [50,51].

For u € N, let C*(R) be the space of all complex-valued continuous functions on
R having continuous bounded derivatives up to order « inclusively. Let

Yyr € C"(R), ¥m € C'(R)

be real compactly supported Daubechies wavelets with

/://M(x)x"dx =0 for all v € Ny with v < u.
R

We also assume that ¢, s have Ly-norm 1. Let G = (G, ..., G,,) € G° = {F, M}",
which means that each G, is either F or M. For j € N, we define G/ = {F, M}"** as
the collection of all G = (Gy, ..., G,,) such that each G, is either F or M but at least
one of the G, must be M. Put

n
Um@ = 2" [v6, @5 —m,), Ge G me, (3.2)
r=1

where now j € Ny. Then
(W, :j €Ny Ge G mez"}
is an orthonormal basis in L,(R™) and
f= ), iy
j-G.m
with
0 = 100 =2 /R SO () = 2 (fy )
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where 2777/ 2% ,, are uniformly bounded functions (with respect to j and m). See
[51, Section 1.2.1].

Let x;, be the characteristic function of the dyadic cube Q; ,, = 27/ m+27/(0,1)"
in R" with sides of length 27/ parallel to the axes of coordinates and 2~/ m as the lower
left corner.

Lets €R,0 <p <ooand 0 < g < co. The space f, , consists of all sequences

A={U%ecC:jeNy, Ge G ,me7Z" (3.3)
such that
. ; 1/q
lL gl = (D 22 s O17) 2@ < o0
7.G.m
with the usual modifications if g = co.
Put
1(f) = (1,5) = @"P(f.95,)). (3.4)

As one can see in [51, Section 1.2.2], if we choose u sufficiently large, then we
have for Triebel-Lizorkin spaces that f € S’(R") belongs to F; ,(R") if, and only if,
A € [ ;- Moreover, the map / in (3.4) is an isomorphic map of F;; ,(R") onto f ..

Next we introduce the sequence spaces which are relevant to deal with Triebel-
Lizorkin-Lorentz spaces.

Definition 3.2 Lets € R,0 < p <ooand0 < g, r < oo.

(a) The space f;Lp,, is the collection of all sequences 4 = (/l{;;G) in (3.3) having a
finite quasi-norm

) . 1/q
s s .G n
I Ll = (D 25125 dmO1) L R
J,G.m

(b) The space L,,,r(f;) consists of all vector-valued functions
g={gh’:jeNy Ge G, me7"} (3.5)

such that the quasi-norm

‘ sa1 1/q
gl € = D 291857 O1) R
Jj,.G,m

is finite. If p = r, we designate this space by L, (£}).

Note that f7 Ly = f; 4-
The following characterization of Triebel-Lizorkin-Lorentz spaces in terms of
wavelets is due to Yang, Cheng and Peng [59, Theorems 3 and 4].
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Theorem 3.3 Let0 < p < 00,0 < g, r <00, 5 € Randletlﬂj be the wavelets (3.2)
with u being sufficiently large. Let f € S’'(R™). Then f € F3 Lp +(R™) if, and only if,
f can be represented as

f= Z A2yl with A € fLp, (3.6)
7.G,m

(summability in S’(R™)). The representation (3.6) is unique with
0 = ()
and the map 1 in (3.4) is an isomorphism from F;Lp,r(R") onto fy Lp,r.

Remark 3.4 As aconsequence of Theorems 3.3 and (3.1), we obtain a characterization
for L, -(R") in terms of wavelets when 1 < p < co and 0 < r < co. This problem in
the case of spaces on domains and 1 < r < oo has been studied by Triebel in [52] and
[51, Section 2.5.2].

The characterization of FjL, ,(R™) by real interpolation was established by
Triebel [47, Theorem 2.4.2/1, (c), p. 185] in the Banach case by using the so-called
retraction and co-retraction method. Consider a smooth dyadic resolution of unity
(¢K)pandforany f € S"(R"), put J(f) = ((¢x.f)Y). Moreover, for any ( f) € Ly(£3),
define R(f) = ZZ":O(QBkﬁ()V, where @ = @r—1 + ¢k + ¢r+1 and ¢_; = 0. It turns out
that

J:F, ,(R") — Ly(ty) and R:Ly(ty) — F, ,(R")

are bounded linear operators with R(Jf) = f. Then it follows from [47, Theorem
1.2.4] and (2.5) that

( Pl q(Rn) p2 q(Rn))H r - F Lp V(Rn)

provided that —co < s < 00, 1 < p; # pp < 00,1 < g,r < 00,0 <6 < 1 and
L =0

= 1;92 But the operator R is meaningless for 0 < p < 1. A new approach was
glven by Yang, Cheng and Peng [59, Theorem 6] based on the wavelet characterization
of F; L, »(R") and the computation of the K-functional with the help of wavelets. As
a result, they characterized F,j L, ,(R") by real interpolation for the whole range of
parameters. Since that interpolation result is the key point for the rest of our results,
next we show another proof for it based on spaces f; , and Theorem 3.3.

Note that spaces f,; , and fjLp, , can be identified with subspaces of L, (£;) and

Ly, »(€), respectively. Moreover, applying (2.5), we get

(Lp1 (f;), Lpz(gg))(i,r = p,r(fg) (3.7)

provided that —c0 < s < 00,0 < g < 00,0 < p; < pr < 00,0 < 6 < 1and
1 _1-6 , 8
—-==4+ =z

PP Zy
We1 are gzoing to characterize f; Ly, by interpolation with the help of (3.7) and

well-known vector-valued maximal inequalities.



12 B.F.Besoy, F.Cobos, H.Triebel

Let
(MF)(x) = sup Q] / FO)ldy
xeQ (0]

be the Hardy-Littlewood maximal function. Let 0 < p < o0, 0 < g £ oo and
0 < w < min(p, g). Then, according to the Fefferman-Stein maximal inequality (see
[46, Theorem XII.1.1, p. 303] or [23, Theorem 4.6.6, p. 335]) we have

H( 29 (lghC 1)) Ly )| < Ol G

Theorem 3.5 Let s € R, 0 < g,r < 00,0 < p; < pp < 00,0 < 8 < 1 and
L_1=6, ]%. Then we have, with equivalent quasi-norms

P
(Upng Somg)or = T Lpr-
Proof For A = (%), GcGrmezn € f5. 40k = 1,2, put
RO)®) = (A Xjm(¥));.G.m-
gi_slclgar that R : f;, , — Lp,(£5) is bounded with ||R(D)[Ly, (€I = 14115, 4l
Take any 0 < w < min(py, g) and consider the operator P which assigns to any
(gm )j.G,m the sequence

P(gi0) = ((

i, 1/w
ghl o))
1Qjml Jo,m " ) J.G,m

Applying (3.8) we derive
G| £s
IPGEONfS

=0 % P [, o) ] ) ]
J,G.m - jm

. i\G w/q 1/w
<[ [P mghOr 1) L g )
7.G.m

< cll(gh Ly, (EI)-
Whence, P : L), (€;) — fp, 4 is bounded. Note also that
(P o RYD) = (15 DjGom = 141,
The linearity and boundedness of R imply that for every A € f;, . + f, , We get
K(t, R(2); L, (€5), Lip, (€3)) < K(t, A5 [, g firqg)- (3.9
On the other hand, due to the lattice properties of f;, . the last K-functional is

K(t’/l;flfl,Q’ f1:2 q)
. G ‘,G G G G
= inf (LD, ol + LS S 1 2 11T < A5G + 405, A0, 40 > 0}
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(see, for example, [15, Lemma 3.1]). This together with the fact that |P f| < ¢,,(P| fi|+
Plfl)if f = fi + fo, imply that
K(t.Pf: foq Fong) = K@IPFI o g0 Fing)
< cwK (W PIfil + PLAL S gr Firg)
S IPLANSS Il + HIPLAI g
S AL, EDI + tll AL, (EII-

Taking the infimum over all possible decompositions we obtain that
Kt Pf: fp.q0 Tprg) S K@ [ Lp (63). Ly (63))
for every f € Ly, (£3) + Lp,(£3). Thus,
K(t’ A flfl,q’f[fz,q) = K(t’ |/l|;f[fl,11’ fl;zq)

= K(t,(P o R)(1); f;l,q’flfzq)
< K(t, R(D): Ly, (£5). L, (£3)). (3.10)

From (3.9), (3.10) and (3.7), we conclude that

A (fpr.gr g o | ~ IR, (£9). Lip, (€5))e.r I
~ IRALp, - (E)I = 1| ALfg Lp,r |l

O
Theorem 3.6 Let s € Rand 0 < g,r|,r,r < oo. Assume that 0 < 6 < 1,0 < p; #
p2 < o0 and % = 11;—]0 + p%. Then we have with equivalent quasi-norms
(a) (F;I,q(Rn)7 ng,q(Rn))(J,r = F(;Lp,r(Rn)-

(b) (Fngl,rl (Rn)’ F;Lp (Rn))é),r = F;Lp,r(Rn)-

2,12

Proof The operator [ in (3.4) is an isomorphic map of F,, ,(R")onto f; .. Hence,
using the interpolation property and Theorem 3.5, we obtain that 7 is an isomorphic
map of (F;, ,(R"), F;, ,(R"))g, onto f7 Ly, . Consequently, formula (a) follows from
Theorem 3.3.

Then we derive formula (b) from (a) by applying the reiteration theorem for the
real method (see [6, Theorem 3.11.5]). |

a

4 Some properties of Triebel-Lizorkin-Lorentz spaces
By means of the interpolation formulae of Theorem 3.6 we can transfer to spaces

Fj Ly »(R") many other properties of the usual Triebel-Lizorkin spaces. For example,
consider the Gauss-Weierstrass semi-group

1 x—y[2
WS = s /R T )y, [ e SR, xR

The following caloric smoothing holds.
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Theorem 4.1 Letd > 0,0 < p < o0, s € Rand 0 < g,r < oo. Then there is a

constant ¢ > 0 such that for all t with 0 <t < 1 and all f € FjLp, ,(R"),
t12||W, fIFS Ly (R < el fIFS Ly, (R

Proof LetO < p; <p <ps<ooand0 <6 < 1 suchthat% = 1;—]9+1%.Considerthe

operator T f = td/ZW,f. By [56, Theorem 3.35], there is a constant ¢; > 0 such that
forall withO < ¢t < landall f € F!‘fj’q we have ||7}f|F!‘§;Z(R")|| < ||f|F1§j,q(R")||.
Whence, the result follows by interpolating the operator 7; by the real method with
parameter (6, r) and using Theorem 3.6/(a). |

We can also derive the following result on Fourier multipliers.

Theorem 4.2 Let 1 < p < oo, s € Rand 0 < g,r < oo. Then there are numbers
N € Nand ¢ > 0 such that

)" | FyLp.r R < CI Slup L[N D m(x)| - | fIFy Ly r (R
a|<N,
x€eR”

Proof Let o > n(max(}l}, 1) - 1), 0<p<ocoand0 < g < co. Then

FIES ®I ~ 1Ly @ + | F1ES, &)

(see [49, Section 2.3.3]), where F;,f 4(R") is the related homogeneous space. Let
Tf = (mf)'. Using the corresponding multiplier assertion for the homogeneous
spaces F, ».q(R") [48, Theorem 5.2.2, p. 241] and the well-known Michlin-Hérmander
Fourier multiplier theorem for L,(R"), 1 < p < oo, we derive for s > 0 that there are
numbers N and ¢; > 0 such that

IT IS R < e sup ] Dm(o)] - ILFIES, R
l@|<N,
xeR"

We can extend this assertion from s > 0 to s € R with the help of the lift operator
Isf = (1 +1x)°2f)", 6 e R,

which maps F;  (R") isomorphically onto FgII‘S(R") (see [48, Section 2.3.8]) and
satisfies that T = I_sTIs. Finally, interpolating 7 and using Theorem 3.6/(a) we
conclude the wanted result. O

Remark 4.3 In Theorem 4.2, any N > n(% + max(ll), é ) is sufficient (but surely not

optimal). See [54, p. 89] and the references given in there.

As it is pointed out in [49, Chapter 4] and [56, Section 2.2.1], in applications
of spaces Af,’ q(R”), A € {B,F}, to problems of partial differential equations, for
example to boundary value problems for elliptic PDEs, the following four properties
are crucial: traces of Aj, /(R") on hyperplanes, invariance of Ay, /(R") with respect
to diffeomorphisms of R™ onto itself, the existence of linear extension operators of
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the corresponding spaces Ay, ,(R!!) on R’ to Aj, (R"), and several types of pointwise
multipliers. It is natural to ask if these properties hold for Triebel-Lizorkin-Lorentz
spaces. Three of these four key questions can be treated satisfactory using the in-
terpolation properties of spaces F; Ly -(R"). We write down the outcome below.
Concerning traces we refer to [7].

A continuous one-to-one map of R” onto itself,

y= l//(x) = (l/ll(X), ceey l,bn(X)), X € Rn,
x=y7 ') = W Oy () v ERY,

is called a diffeomorphism if all components ¢ ;(x) and l//j‘l(y) are real C*® functions
onR"andforj =1,...,n,

sup (|1DY;(x)| + IDQz,bj_l(x)D < oo for all @ € Njj with |a| > 0.

xeR”

Then ¢ — @ oy, given by (¢ o ¥)(x) = ¢(¥(x)), is a one-to-one map of S(R") onto
itself. This can be extended to a one-to-one map of S’(R”") onto itself as described in
[56, Section 2.3]. As mentioned there,

Dy : A}, ;R") — A, (R"), Dy f = foy

is an isomorphic map for all spaces A, ,(R"), A € {B,F},s € Rand 0 < p,q < oo.
Using Theorem 3.6/(a) this property can be extended to Triebel-Lizorkin-Lorentz
spaces with the following outcome.

Theorem 4.4 Lets € R,0 < p <ooand0 < g,r < oo. Then
sz : F;Lp,r(Rn) - Fng,r(Rn)’ Dwf =foy,
is an isomorphic map in Fj Ly (R").

As for smooth multipliers, for p € R consider the Holder-Zygmund spaces CP(R") =
B, (R™). Using the corresponding assertion for F, ,(R") [56, Theorem 2.30] and
again Theorem 3.6/(a) we obtain the following.

Theorem 4.5 Let 0 < g,r < 00,0 < p < oo, s € Rand p > max(s,n(max{ll), 1} -

1) —s). Then g € CP(R") is a pointwise multiplier for Fy Ly »(R"). Furthermore, there
is a constant ¢ > 0 such that

g fIFg Lp,r R < cllglCPRMI - L f1Fg Ly, R
forall g € C°P(R") and all f € FjL, ,(R").

Next we let R} = {x = (x1,...,x,) € R" : x,, > 0}. As usual, define Fj L, -(R}) by
restriction of Fj Ly, »(R") with

1/ 1Fg Lp.r R = inf{l|g|Fg Lp,r (Rl : glez = £}

The restriction operator re f = f[gry defines a bounded linear map from F; L, »(R")
onto F; Ly, -(R'}). We ask for a bounded linear operator ext,

ext: F L, »(RY) — F L, (R"),

such that re o ext = id, where id is the identity map in Fj L), ,(R%).
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Theorem 4.6 Let s € R, 0 < p < 0 and 0 < g,r < oo. There is a bounded linear

(and even universal) extension operator from Fy Ly, (R}) to FS aLp, (R™).

Proof Let 0<p < p <py<ooand0 < 0 < 1 with 1 = 1;—19 ;2 Interpolating
4R — 4R} by the real method with parameters (6, r) and using

Theorem 3.6/(a), we get that

re: FyLp,(R") — (F, ,(RY), Fp, ,(RY))a,
is bounded. This yields that

FS pr(R )L)( Pl q(Rn) P2, q(R ))Hr

Besides, by the well-known assertions on extensions for the spaces F; q(R”) (see
[56, Section 2.5.2] and the references given there) there is a bounded linear operator
4R — ¢®™"), j = 1,2, such that re o ext = id, the identity map in

Fy. q(R ) Using again the interpolation theorem and Theorem 3.6/(a), we obtain that

ext : (F3, ,(RY), F3, ,(RD))g.r — Fy Ly r(R")

is bounded. Take any f € (Fj;, ,(R}). F, .
f =re(ext f) € FjLp »(R}). Furthermore,

(RY))g,r- Thenext f € FjL, »(R") and so

LFIES Ly (RN < llext fIFS Ly, R
< CllfIES, o R, FS, o R .

Consequently, FjL,,(R}) = (F, (RY), F), (R}))e, with equivalence of quasi-
norms and

ext: FyL, »(RY) — F, L, (R")

is bounded and satisfies that re o ext = id in F; L, -(R}). m|

Similarly, let Q be a domain (= non-empty open set) in R" and define £ L, (€2) by
restriction. Proceeding as in Theorem 4.6 but using now the corresponding results
on extensions for the spaces F[ﬁ’q(Q) (see [56, Section 2.6.4]) one can derive the
following.

Theorem 4.7 Let s € R, 0 < p < 00, 0 < g, 7 < oo and let Q be a bounded C*

domain in R". There is a bounded linear (and even universal) extension operator from
FyLp - (Q)to FjLp (R").

Using [41, Theorem 2.2] (see also [50, Theorem 1.105]), we also have that Theo-
rem 4.7 holds for bounded Lipschitz domains.
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5 Multiplications

As one can see in [54,55], multiplication properties of Triebel-Lizorkin spaces are
important for their applications to Navier-Stokes and nonlinear heat equations. Next
we study the case of spaces Fy L, ,(R").

We start with a preliminary result in the case s = 0 which extends Holder inequal-
ity.

Proposition 5.1 Let 1 < py, pa, p < oo with 117 = pi] + plz, let0 < qi,qp <2< g< o0

and 0 < ry, rp, r < oo with % = % + % Then we have

F) Ly, (R") - F Ly, r,(R") < F Ly -(R").
Proof Since q; < 2 < g, itis clear from Definition 3.1 that
F;j Ly,R") > Fy Ly, (R") > FjL,,(R"), j =12, s €R.
Hence, by (3.1) and Holder inequality for Lorentz spaces (2.7), we get
Fgl Ll’l,rl (Rn) ’ ngLM»rz(Rn) - Fé)L]’l»rl (Rn) ’ FZOLPZ»"z(Rn)
= Ly (R") - Ly, r,(R") = Ly (R") & FJLy, - (R™).
[m]

Next we consider the case of spaces with positive smoothness s and with differential
dimension (s — n/p) satisfying the same condition as in Proposition 5.1, that is, the
sum of the differential dimension of the spaces in the source equal to the differential
dimension of the space in the target. We put = = 1 + + and we rely on the following
result (see [18, Theorem 2.4.3, p. 52] or [40, Theorem 4.8.2/1, p. 238]): If s > O,

T3 S TS
1<p1,p2,p<oow1thp =t and 0 < g < oo, then

F,ils,q(R”) . F;g’q(Rn) — F;s’q(R"). 5.1

Theorem 5.2 Lets > 0,0 < g, r,rp < occand 1 < p1,pa,p < oowith% = le +
Then

€
P2’
F(;Lpf,rl (Rn) : F;Lpg,rz(Rn) = FngS,r(Rn)

1 s _1 1 s 1 1 K :
1 - s 1L -1 s L -1 S > X
where s + st o + 4 and r > min(ry, ry)

(oA

1
P1
Proof Fix py. Given any 0 < &€ < min(1, p; — 1, pp — 1), let § = gp2/(p1 + p2). Then

1+ 1 1+06 1-¢ 1 1-6

_:_ad _ = —

P1 P2 P P1 P2 p

Write
P1 14!

= ,uzz
l+e& l-¢

, V] = P andvz:L.

“ 1+6 1-06
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According to (5.1), there is a constant ¢ > 0 such that for any g € F;“‘ q(R"), the
3,
operator T f = fg is bounded from F, q(R") into F; q(R”) with norm less than or
ik I

equal to ¢ for j = 1,2. Since

1/2 1/2 1 1/2 1/2 1
/s + /s = s and /s + /s = _5’
U W N 1 v, P

using the interpolation theorem with parameters (1/2,r;) and Theorem 3.6/(a), we
derive that
FyLps (R") - F‘P‘;’q(R") — FyLps , (R"). (5.2)

To complete the proof we keep now p; fixed and apply the same argument but using
this time Theorem 3.6/(b) to identify the resulting spaces. This produces the target
space FyLps r, (R™). The last index (r;) can be improved to r > min(ry, r,) because
we can start by fixing p; and then continue fixing p;. O

Now we turn our attention to cases where the target space has positive differential

dimension.

Lyl oLy Ljg
pP1 P2

Theorem 5.3 Assume that 0 < py, p2, p < oo with max(m, > >

s>n(i+i—l)and2s>nmax(L+i—l,0).LetO<q,rl,rzSooand
pr ' p2p P m

r > min(ry, ). Then
F(‘;Lp],r] R™) - Fng,rz(R") — Fng,r(R").

Proof According to [44, Theorem 4.4.1, p. 120] or [40, Theorem 4.8.2/2, p. 239], we
have that

F R Fp (RY) — Fp (R").
Then the result follows by proceeding similarly as in the proof of the previous theorem
and using Theorem 3.6. |

In the paper by Hobus and Saal on Triebel-Lizorkin-Lorentz spaces and the Navier-
Stokes equations, an important role is played by the following multiplication result
(see [25, Lemma 6.4 and Remark 1.2]):

Lets >0,1 < p,g <ooand 1 < r < oo. Then there exists & > 0 such that for all
0 < & < & we have

FsLprs,r(Rn) ! F;Lprs,r(Rn) = F;Lp,r(Rn)- (5.3)

Note that Theorem 5.3 allows to extend (5.3). Indeed, given any s > 0 we may
allow n/(2s +n) < p < oo and 0 < ¢, r < oo, because if

2p*s  4Asp +2n(p — 1))
‘n+ps’ 25 +n ’

ézmin(

then for any 0 < € < £, embedding (5.3) follows from Theorem 5.3.
According to [56, Section 2.7] if 0 < p; < pp < 00,5 > n/p;and 0 < g < oo,
one has
F, R F (R") = F, (R"). 5.4)
With the help of Theorem 3.6 and proceeding in the same way as in Theorem 5.2 we
can derive the following.



On function spaces of Lorentz-Sobolev type 19

Theorem 5.4 Let 0 < p; < py <00,0< g < 00,5 >n/p; andr > min(ry, rp). Then
FSLpyry(R") - FS Ly, (R") < FSLp, (R™).

The last result shows that any element of F; L, -(R") is a pointwise multiplier for
FyLp, »R") withO < p; < py < oo, 5>n/prand0 < g,r < 0.

In contrast to (5.4), the preceding argument (and Theorem 5.4) does not cover
the case p; = p», which corresponds to multiplication algebra. However, using the
bilinear interpolation theorem, we can establish the following.

Theorem 5.5 Let O < p < o0, s > n/p,0< g <0, 0<r <min(l,q)and r < p.
Then F; Ly, (R") is a multiplication algebra.

Proof Taker < p; < p < py < coand0 < 6 < lsuchthat% = 1,;—|9+p% ands > n/p;.

By (5.4), the bilinear operator 7'(f,g) = fg is bounded acting from F;, 4R x
F,fj’q(R") into F,fj,q(R"), J = 1,2. The space Flﬁj,q(R") is min(1, p;, ¢)-Banach and
so it is r-Banach. Since, by Theorem 3.6/(a), we have that (F}; ,(R"), F;, ,(R™))g,, =
FyLp »(R"), applying Theorem 2.2 we derive that

T:F Ly (R") X FyLp »(R") — FyLp, »(R") boundedly.
In other words, Fj L, (R")is a multiplicative algebra. O
In particular, F7Lp 1(R") is both a Banach space and a multiplicative algebra for
l <p<oo,s>n/pand 1 < g < co. Otherwise, for these p, s and ¢, if 1 <r; <2
and % = % — 1, then proceeding as in Theorem 5.5 we derive from Theorem 2.2 that
FyLpn(R") - FyLp,(R") > FjLp,(R"). (5.5)

We have established Theorem 5.5 and (5.5) with the help of interpolation theory.
Perhaps a more direct approach based on paramultiplication results (see [40]) might
lead to improve these results. This idea and the property of multiplication algebra of
F, ,(R") for s > n/p support:

Conjecture 5.6 Theorem 5.5 holds for all 0 < r < co.
Remark 5.7 Interpolation of Banach algebras is a question which has been of interest
since the beginning of abstract interpolation theory with the contribution of Bishop

[8] and Calderén [10]. See also the papers by Zafran [60], Kaijser [28] and Cobos,
Fernandez-Cabrera and Martinez [13].

The following embeddings will be useful for the last result of this section. As a
consequence of Definition 3.1 we have that

FJ'Ly »(R") = F 2Ly r(R"), 0 < p <0, 0 <r <00, 55 <51. (5.6)
On the other hand, the well-known Jawerth-Franke embedding
. N n n
Fol g (RY) = FJ2 ,(R™), 0 < p1 < py < oo, 51— o TR

for all 0 < gy, g» < oo can be extended by using Theorem 3.6 to
FoiLp,(R") = F22Lp, ,(R"), 0 <1 < oo, 5.7)

(this last embedding is a special case of [43, Theorem 1.6]).
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Theorem 5.8 Let 0 < p < 00, s > max(o,n/p)and 0 < g,r < co. Then
FSLyr(R") - FSLy (R") < FJ Ly, (R").

Proof Take p < p; < oo such that s — % =0 - ]712 By (5.7) we have FjL;, »(R") —
FJ Ly, »(R"). Moreover, by (5.6), FyL,(R") < FJ Ly (R"). Consequently, ac-
cording to Theorem 5.4, we obtain

FiLy, (R") - F3Ly, (R") < F Ly, (R") - FO Ly (R") < FJ Ly, (R™),

6 Besov-Lorentz spaces

Let (@i )ken, be the smooth dyadic resolution of unity constructed in Section 3 from
the generating function ¢y € S(R").

Definition 6.1 Let s € R,0 < p < co and 0 < ¢g,r < oo. The Besov-Lorentz space
By L, (R") collects all f € S’(R") having a finite quasi-norm

(o] R ]/
1183 LRI = (D 25 pi )" L RO)))
k=0

(with the usual modification if g = c0).

Definition 6.1 extends [47, Definition 2.4.1/(a), p. 181] to the complete range of the
parameters. Besov-Lorentz spaces are denoted by B), (n(R")in [47] and by By [LP"]
in [43]. Clearly, when r = p, the space By L, ,(R") coincides with the usual Besov
space B), ,(R"). Spaces B; L, »(R") are quasi-Banach spaces (Banach spaces if p > 1
and min(g, r) > 1).

Almeida and Caetano [3] have introduced Besov-Lorentz spaces but replacing in
Definition 6.1 the role of L, (R") by the local Hardy-Lorentz space hp, , which is
defined by

hpr ={f € S'®R") I flhprll = |l Sup (@) )L (R < o0},
<t<
Here ¢ € S(R") is compactly supported and (x) = 1 if [x| < 1. The space h,, , does
not depend on the particular choice of i (see [3, Theorem 3.1]). Clearly, h,, ,, coincides
with the usual local Hardy space h, (see [22,48]). We designate by By h, »(R") the
Besov-Lorentz spaces of Almeida and Caetano.
According to [3, Theorems 4.3 and 4.7] we have with equivalence of quasi-norms

(hpys hpy)o,r = hp»  provided that O < p; # py < 00, 0 < r < o0, 6.1)
1 1-0 0
O<O<land — = + —,
p P1 P2

and
hpr = Lp(R") providedthat 1 < p <coand 0 < r < co. (6.2)
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Putting together (6.1), [48, Theorem 2.5.8/1] and Theorem 3.6, for 0 < p; < p <

p2<00,0<0<l,l—l,zll;—lg+p%and0<r<oo,weget

fipr = (hpys By oy = (Fp o(RY), By y(R")or = KLy (R, (6.3)

Equality A, , = F20 L, »(R") can also be derived proceeding similarly to [48, Theorem
2.5.8/1].

Note that (6.2) yields that B L, ,(R") = Bjhp, »(R") provided that 1 < p < oo
and 0 < r < oo. In order to show that they also coincide when 0 < p < 1, we first
extend to Lorentz spaces several results of [48] for Lebesgue spaces.

For Q a compact subset of R", we put

SHR") = {¢lp € S(R") and supp ¢ C Q}
and for 0 < p < o0 and 0 < r < oo, we write
Ly ®") = {fIf € S'®"), supp f C Qand ||| Ly (R")]| < o}.
As usual, if 1 Spsooweput1%+1% =1.

Lemma 6.2 Let Q be a compact subset of R™ and let 0 < p < oo and 0 < r < oo.
There is a constant ¢ > 0 such that

el Lo (RM)I| < cllgl Ly, (RM)|| for any ¢ € SHR™). (6.4)

Furthermore,

L}, (R") — L2R"). (6.5)

Proof Let ¢ € S(R") such that (x) = 1if x € Q. Then

le(0)] = 1(@)" ()] = 1F@)" (x)] = cly * p(x)] = C‘ /Rn Y (x = y)e(y)dy|.

Take any 0 < s < min(p, r, 1). Using Holder inequality for Lorentz spaces (2.7), we
obtain

lp(x)| < C/Rn leI' S le)I* [y (x = y)ldy

< sup 6™ [ eGP lutr = pldy

yeRn
<c sup l o' l* [Lp s, s RN Lip 5.7y RN
yeR"

= ca sup eI lelLy. R
yeR®
This yields (6.4).

To establish (6.5) we proceed as in [48, Theorem 1.4.1/Step 1]. Let ¢ € S(R")
with ¢(0) = 1 and supp ¢ C {y||ly| < 1}. For f € LI(,ZJ(R") and 0 < 6 < 1, we
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write f5(x) = @(6x)f(x). Then f5s € SB(R™) where B is a closed ball, centered at the
origin, such that
{y| there is x € Q with |[x — y| < 1} C B,

and fs converges to f in Lo, (R™) as § | O (see [48, pp.22-23]). By (6.4) we get

151 Loo R < el fo | Lp,r R = clle(6) f |Lp,- R
< cllel Lo RIS 1Lp,r R < c1ll f1Lp,r RN

Therefore, letting § | 0 we conclude that

/1L R < 1l fI1Lp,r RMI.

Next we establish a Fourier multiplier result for Lorentz spaces.

Theorem 6.3 Let Q, I" be compact subsets of R". Let 0 < p < 00, 0 < r < o0 and put

1 if min(p,r) > 1,
- min(p,r)/2 if min(p,r) < 1.

Then there is a constant ¢ = c¢(Q, T, p,r) > 0 such that for any f € Lﬁr(R") and
M e LL(R™) the inequality

(M F)Y|Lp,r R < el M Lo RN ILp, - (RY)]|
holds.

Proof We know by Lemma 6.2 that f € LE(R™). If min(p, r) > 1, since

(Mf)(x) = e / M) f(x = y)dy = 1M  f(x), x € R",
Rn
using the properties of the convolution in Lorentz spaces, that is (2.8), we get
1M 7)Y 1Ly (R = c1IM # fILp, R < clMILi R FILp,r (R

Suppose now that min(p, r) < 1. This time the assumption is |[M|” € L;(R") and
so for each x € R we have M(-) f(x—-) € Ly(R™). Moreover, supp (M(-) f(x —-)" C
T - Q (see [48, pp. 25-26]). It follows from [48, 1.4.1/(3)] that M(-) f(x —-) € L;(R")
and

(M F)' ()7 = e

/ M) Fx - y)dy|
Rn

e
< cs /R M) f (= I dy
= C3|M|O— * |f|o—(x)'
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Consequently, using (2.8), we conclude that

M AN L o jr R

calll M7 # 1 £17 | Lp o, jor R

< clIMI7 1L @®DIMT ALy jor o RO
= clIM| Lo RIS ILp, R

1M 7)Y 1L, (R

IN

A

This completes the proof. O

Now we are ready to establish that both kinds of Besov spaces are equal.

Theorem 6.4 Let —c0 < 5 < 00,0 < g < 00 and 0 < p,r < co. Then we have with
equivalence of quasi-norms

By Ly (R") = Byhy (R").

Proof Let (¢r);, be a smooth dyadic resolution of unity. It is enough to show that
for any f € S’(R") we have

I )Y 1L RN~ N /) T, -

Let ¢ € S(R") compactly supported and with y(x) = 1 if |x| < 1. For r < 2=+ we
have that /(t-)¢x = @i because supp ¢ C {x : 271 < |x| < 2K*1}. Therefore,

Gk /)" 1L, r R = 11 27D )i )Ly, - (R
< I sup 1) N1 Lp,r RN = [1(er )Y -

O<t<1
To check the converse inequality note that
supp o € {x € R" 1 |x] < 2}, ¢1(x) = po(27'x) = ¢o(x)

and
oe(x) = 027 x) — @027 x) = g 27K x), k=23, ...

Let (Yx ), be another smooth dyadic resolution of unity. Then analogous relation-
ships hold among v, ¢ and ¢. According to (6.3) for k = 2,3, ... we get

1 )Y Vp | ~ 1 r )Y 1 Ly, r (R

= Y |lﬁm90kf(x)|2 1/2|L17J’(Rn)
m=0

1 R 12
= |+ ) () [Lp,r(R™)
3 o]

1
< D MWk NI R

j=
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Moreover,
Wrrjor )V (@) = 12757 127 1)V (€)
=26 27 e f2F1)Y (2518,
Hence
sk ) 1L R = 257D [ 277 )1 f(25 )Y @5 )IL, - (R
< 24Dy (27 ) f 241 )Y L (R
= 20D} g 7T Y)Y | Ly (R
where i = (¢ £(2¥71-))¥ and we have used that
1)L, R = AP FILp, (R for A > 0.
Since j = —1,0, 1, we have
supp ¢1(27/+) € {x : x| < 8}.
Furthermore,
supp /i = supp ¢1/(2"1) € supp g1 € {x : |x] < 4},

So, the supports of /1 (27/-) and  are contained in compact sets which are independent
of j and k. Applying Theorem 6.3, we obtain that

| Wiesj o )V 1Ly R < 2K7DA=APD (g 277 Y)Y | L, - (R™)|
< 20072y (277 )V Ly R (1 FRE1)Y | L (R
We have ;(27/-)" = 2/ (27-) and
(@1 /@1 =270 g7 Y
= 27Dy £V (27D,
Therefore
Wi jor )Y 1L R™)|]
< 20=Dn=PD| gy | Lo (R 127D (0 )Y 270D L, (R
< 1@ V1L R

This yields that
e )" hp,rll < 1Cor )1 L, (RN

The cases k = 0, 1 can be treated similarly. The proof is complete. O

We can now establish the following interpolation result which extends [47, Theorem
2.4.1/(c)] to the whole range of parameters (see also [3, Theorem 4.10]).
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Theorem 6.5 Let0 < 0 < 1, —co < 51,57 < 00,5 =(1—-0)s1+857,0 < P1 F p2 < 0,

L1260, 0 < q1,q>» < oo and é = =04 %. Then we have with equivalent

P~ pi P2’ q1

quasi-norms

(B R"), By, 4, (R"))o,q = ByLp,q(R").
Proof Let (¢k ), be a smooth dyadic resolution of unity. Put $x = ¢x—1 + ¢k + ¢pr+1
with ¢_; = 0. For f € 8'(R"), put Jf = ((¢xf)") and for (fi) € €5 (hy,) write
R(fi) = 2o @ f)Y (convergence in S’(R™)). Then

J: By 4 (R") — €5 (hy,) and R : €5 (hp,) — By, 4 (R")
are bounded operators and R(J f) = f. That is, B,Y,’] ¢;(R") is aretract of {’;; (hp;). The

space 5;; (hp;) coincides with the vector-valued ¢,;-space modelled on the sequence
of quasi-Banach spaces (2% kh,,_,.)keNO. Hence, according to (2.3) and (6.1), we have

(flsill (hm )v chii(hl’z))ﬂ,q = (flh (251khl71 )’ ng (ZSZkhm ))Hﬂ
= (42 hp.g) = € (hp.g).

Then [47, Theorem 1.2.4] and Theorem 6.4 yield that (B}, ,,(R"), B} 4,(R"))g,q =

ByL, 4(R"). O
The precise description of (B, ,, (R"), B, ,,(R"))e,, for r # g with é = 1‘;_]9 + %
seems to be an open problem since Peetre stated it in his monograph on Besov spaces

[37, p. 110].
If p; = p, then we have the following formula.

Theorem 6.6 Let —co < 51 # 55 < 00, 0 < p,r < c0oand 0 < q1,q2,q < co. Let

0<0<1lands=(1-0)s;+0sy. Then we have with equivalent quasi-norms
(B;ll Lp,r(Rn)’ Bfl; Lp,r(Rn))é),q = B;Lp,r(Rn)-

Proof We proceed as in the proof of the previous theorem but using now that, accord-
ing to (2.2), we have

(568111 (hp,r)» g;i(hp,r))aq = K;(hp,r)~
O

The interpolation properties of Triebel-Lizorkin-Lorentz spaces (Theorem 3.6) have
allowed us to transfer a number of properties of usual Triebel-Lizorkin spaces to
spaces Fy Ly, »(R"). However, for Besov-Lorentz spaces Theorem 6.5 is not exactly
the counterpart of Theorem 3.6 because of the relationship among ¢q;, ¢> and g. The
reason for the lack of a counterpart is that there is no reasonable generalization of the
Lions-Peetre formula

1-6 6

1
(Lp, (A1), Lp,(A2))o,q = Lg((A1, A2)o,q), — = —— + —.
q P1 p2

See [16] (see also [21] and [12, Section 3]).
To overcome this obstruction we are going to characterize ByLp (R") as an
interpolation space between Triebel-Lizorkin-Lorentz spaces.
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Theorem 6.7 Let —oco < 51 # 55 < 00, 0 < p,r < c0oand 0 < q1,q2,q < oo. Let

0<60<1lands=(1-0)s;+ 6sy. Then we have with equivalent quasi-norms
(F(jll Lp,r(Rn)s F,;ZZ Lp,r(Rn))B,q = B;Lp,r(Rn)-
Proof For j =1,2,1let 0 < 74, v; < oo such that
7; <min(p,q;,r) forp #qgjandforp=gq; >r,
T <p forp=g; <r,

and
v; 2 max(p,q;,r) forp+#gq;andforp=gq; <r,
Vi >p forp=g;>r.

According to the sharp embeddings obtained by Seeger and Trebels [43, Theorems
1.1 and 1.2] we have

B Ly, (R") — F, L, (R") < B L, ,(R"), j = 1,2.
Consequently, applying Theorem 6.6, we derive
B; Lp,r(Rn) = (B-Sr: Lp,r(Rn ) B-Ari Lp,r(Rn))H,q
— (F‘;II Lp,r(Rn), F;; Lp,r(Rn))H,q
— (lel Lp,r(Rn)v Bf/; Lp,r(Rn))H,q = B;Lp,r(Rn)-
O

Since spaces F; Ly, »(R") are independent of the generating function ¢ of the resolu-
tion of unity, it follows from Theorem 6.7 that spaces By Ly, -(R") are also independent
of ¢o (with equivalent quasi-norms).

7 Some properties of Besov-Lorentz spaces

Now with the help of Theorem 6.7 we can transfer the properties established in the
previous sections for Triebel-Lizorkin-Lorentz spaces to Besov-Lorentz spaces. We fix
the outcome. As usual, spaces By Ly, (RY}) and By L, () are defined by restriction.

Theorem 7.1 Lets € R, 0 < p,r <0 and0 < g < co.
(i) If Y is a diffeomorphism in R" then
Dy : ByLp,(R") — By Ly ,(R"), Dy f = fou,

is an isomorphic map in By Lp, (R").
(ii) Let p > max (s, n( max (Iij, 1) = 1) = s). Then

g f1Bg Lp,r Rl < cllglCPRMI - L f1Bg Lp,-R™)l
forall g € C°(R") and all f € By Ly »(R").
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(iii) There is a bounded linear extension operator ext,
ext: ByLp »(RY) — By Ly (R").
Furthermore,
re o ext = id, identity in By Ly, »(RY})
(iv) IfQis a bounded C* domain inR", there is a bounded linear extension operator
ext: ByLy »(Q) — By Ly (R").
Furthermore,
re o ext = id, identity in By Ly, ().

Property (iv) also holds for bounded Lipschitz domains.
Our next result shows sufficient conditions on the parameters for a Besov-Lorentz
space to be a multiplication algebra.

Theorem 7.2 Let0 < p < oo, s >n/p,0<q <r < landr < p. Then By Ly, ,(R")
is a multiplication algebra.

n

ProofTaker<p1<p<p2<oo,p—l<s1<s<sz<ooand0<r,6<1with

% = IP;IT + -~ and s = (1 - 6)s; + 0sy. According to Theorem 3.6 we have that

E Ly (R") = (Fy) (R"), Fp)  (R")r,
Since spaces F;j’:,r(R") are r-Banach, it follows from Lemma 2.1 that F,’ L, -(R")is

also r-Banach. Consider now the bilinear operator 7(f, g) = fg. By Theorem 5.5, the
restrictions

T:F Ly, R X F Ly, (R") — F Ly (R"), j = 1,2,
are bounded. Moreover, by Theorem 6.7, we have
(F' Lp,r(R"), F* Lp,r(R"))g,q = By Lp,r(R").
Consequently, applying Theorem 2.2, we conclude that
By Ly »(R") - ByLp (R") = By Ly, »(R").
O

In particular, if 1 < p < co, s > n/p and 0 < g < 1, the space B;L,1(R") is a
multiplication algebra.

In a similar way to the case of Triebel-Lizorkin-Lorentz spaces, the results above

together with the fact that usual Besov spaces are multiplication algebras if s > n/p
(see [53, Theorem 1.16, p. 12]) support the following.

Conjecture 7.3 Spaces B Ly -(R") are multiplication algebras for 0 < p < oo, 5 >
n/pand 0 < g,r < co.

We close the paper by recalling that the characterization of B L, 4(R") in terms of
wavelets has been established by Almeida [1, Corollary 3.2].
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