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MODULI SPACE OF PRINCIPAL SHEAVES OVER PROJECTIVE
VARIETIES

TOMAS L. GOMEZ AND IGNACIO SOLS

ABSTRACT. Let G be a connected reductive group. The late Ramanathan gave a
notion of (semi)stable principal G-bundle on a Riemann surface and constructed a
projective moduli space of such objects. We generalize Ramanathan’s notion and
construction to higher dimension, allowing also objects which we call semistable
principal G-sheaves, in order to obtain a projective moduli space: a principal
G-sheaf on a projective variety X is a triple (P, E, 1), where F is a torsion free
sheaf on X, P is a principal G-bundle on the open set U where F is locally free
and v is an isomorphism between E|y and the vector bundle associated to P by
the adjoint representation.

We say it is (semi)stable if all filtrations E, of E as sheaf of (Killing) orthogonal
algebras, i.e. filtrations with E;- = E_;_1 and [E;, E;] C E;;;’Y, have

> (Pg, 1k E — Pprk E;) (X)0,

where Pg, is the Hilbert polynomial of F;. After fixing the Chern classes of E
and of the line bundles associated to the principal bundle P and characters of
G, we obtain a projective moduli space of semistable principal G-sheaves. We
prove that, in case dim X = 1, our notion of (semi)stability is equivalent to
Ramanathan’s notion.

To A. Ramanathan, in memoriam

INTRODUCTION

Let X be a smooth projective variety of dimension n over C, with a very ample
line bundle Ox (1), and let G be a connected algebraic reductive group. A principal
GL(R,C)-bundle over X is equivalent to a vector bundle of rank R. If X is a
curve, the moduli space was constructed by Narasimhan and Seshadri [N-S, Sesh].
If dim X > 1, to obtain a projective moduli space we have to consider also torsion
free sheaves, and this was done by Gieseker, Maruyama and Simpson [Gi, Ma, Si].
Ramanathan [Ral, Ra2, Ra3] defined a notion of stability for principal G-bundles,
and constructed the projective moduli space of semistable principal bundles on a
curve.

We equivalently reformulate in terms of filtrations of the associated adjoint bundle
of (Killing) orthogonal algebras the Ramanathan’s notion of (semi)stability, which is
essentially of slope type (negativity of the degree of some associated line bundles), so
when we generalize principal bundles to higher dimension by allowing their adjoints
to be torsion free sheaves we are able to just switch degrees by Hilbert polynomials
as definition of (semi)stability. We then construct a projective coarse moduli space
of such semistable principal G-sheaves. Our construction proceeds by reductions
to intermediate groups, as in [Ra3], although starting the chain higher, namely

Date: 21 January 2003.
2000 Mathematical Subject Classification: Primary 14D22, Secondary 14D20.
1


http://arXiv.org/abs/math/0206277v2

2 T. GOMEZ, 1. SOLS

in a moduli of semistable tensors (as constructed in [G-S1]). In performing these
reductions we have switched the technique, in particular studying the non-abelian
étale cohomology sets with values in the groups involved, which provides a simpler
proof also in Ramanathan’s case dim X = 1. However, for the proof of properness
we have been able to just generalize the idea of [Ra3].

In order to make more precise these notions and results, let G’ = [G, G] be the
commutator subgroup, and let g = 3 & g’ be the Lie algebra of G, where g’ is the
semisimple part and 3 is the center. As notion of principal G-sheaf, it seems natural
to consider a rational principal G-bundle P, i.e. a principal G-bundle on an open
set U with codim X \ U > 2, and a torsion free extension of the form 3x ® E, to the
whole of X, of the vector bundle P(g) = P(3® ¢g') = 3u @ P(g’) associated to P by
the adjoint representation of G in g. This clearly amounts to the following

Definition 0.1. A principal G-sheaf P over X is a triple P = (P, E,v) consisting
of a torsion free sheaf E on X, a principal G-bundle P on the open set Ug where
FE is locally free, and an isomorphism of vector bundles

Y P(g) =, Ely, .

Recall that the algebra structure of g’ given by the Lie bracket provides g’ an
orthogonal (Killing) structure, i.e. x: g'®g’ — C inducing an isomorphism g’ = ¢’ v,
Correspondingly, the adjoint vector bundle P(g’) on U has a Lie algebra structure
P(g') ® P(¢’) — P(g') and an orthogonal structure, i.e. x : P(g') ® P(g') — Oy
inducing an isomorphism P(g’) = P(g’)V. In lemma 0.24 it is shown that the Lie
algebra structure uniquely extends to a homomorphism

[7]:E®E—)Evva

where we have to take £V in the target because an extension £ ® E — E does not
always exist (so the above definition of a principal G-sheaf is equivalent to the one
given in our announcement of results [G-S2]). Analogously, the Killing form extends
uniquely to

k:E®QFE — Ox
inducing an inclusion E < EV. This form assigns an orthogonal F+ = ker(E —
EY — FV) to each subsheaf F C E.

Definition 0.2. An orthogonal algebra filtration of E is a filtration
(0.1) 0OCE  CE 1C---CE=F
with

(1) Bf=E., ad (2) [B.E]CE,}"

for all i, j.

We will see that, if U is an open set with codim X \U > 2 such that E|y is locally
free, a reduction of structure group of the principal bundle P|y to a parabolic
subgroup @) together with a dominant character of ) produces a filtration of E,
and the filtrations arising in this way are precisely the orthogonal algebra filtrations
of E (lemmas 5.4 and 5.10). We define the Hilbert polynomial Pg, of a filtration
FE, C FE as

PE. = Z(TPEZ — TZ'PE)

where Pg, r, Pg,, r; always denote the Hilbert polynomials with respect to Ox (1)
and ranks of F and E;. If P is a polynomial, we write P < 0 if P(m) < 0 for
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m > 0, and analogously for “<” and “<”. We also use the usual convention:
whenever “(semi)stable” and “(=<)” appear in a sentence, two statements should be
read: one with “semistable” and “<” and another with “stable” and “<”.

Definition 0.3. (See equivalent definition in lemma 0.25) A principal G-sheaf P =
(P, E, %) is said to be (semi)stable if all orthogonal algebra filtrations Eq C E have

Pg,(X)0

In proposition 1.5 we prove that this is equivalent to the condition that the
associated tensor

(B, : E® EQ N"'E — Ox)

is (semi)stable (in the sense of [G-S1]).

To grasp the meaning of this definition, recall that suppressing conditions (1) and
(2) in definitions 0.2 and 0.3 amounts to the (semi)stability of £ as a torsion free
sheaf, while just requiring condition (1) amounts to the (semi)stability of E as an
orthogonal sheaf (cfr. [G-S2]). Now, demanding (1) and (2) is having into account
both the orthogonal and the algebra structure of the sheaf F, i.e. considering its
(semi)stability as orthogonal algebra. By corollary 0.25, this definition coincides
with the one given in the announcement of results [G-S2].

Replacing the Hilbert polynomials Pr and Pg, by degrees we obtain the notion
of slope-(semi)stability, which in section 5 will be shown to be equivalent to the
Ramanathan’s notion of (semi)stability [Ra2, Ra3] of the rational principal G-bundle
P (this has been written at the end just to avoid interruption of the main argument
of the article, and in fact we refer sometimes to section 5 as a sort of appendix).
Clearly

slope-stable = stable = semistable = slope-semistable

Since G/G’ = C*, given a principal G-sheaf, the principal bundle P(G/G’) ob-
tained by extension of structure group provides ¢ line bundles on U, and since
codim X \ U > 2, these line bundles extend uniquely to line bundles on X. Let
di,...,dg € H?(X,C) be their Chern classes. The rank r of E is clearly the dimen-
sion of g’. Let ¢; be the Chern classes of E.

Definition 0.4 (Numerical invariants). We call the data 7 = (di,...,dg, ¢;) the
numerical invariants of the principal G-sheaf (P, E,1).

Definition 0.5 (Family of principal G-sheaves). A family of (semi)stable principal
G-sheaves parametrized by a complex scheme S is a triple (Ps, Eg,1s) where Eg is
a torsion free sheaf on X x S, flat over S, Ps is a principal G-bundle on the open
set Ug, where Eg is locally free, and v : Ps(g') — E5|UES 18 an isomorphism of
vector bundles.

Furthermore, it is asked that for all closed points s € S the corresponding principal
G-sheaf is (semi)stable with numerical invariants 7.

An isomorphism between two such families (Ps, Eg,¥s) and (P§, Eg, ) is a pair

(ﬁiPsi’PéﬁiEsi’Eé)
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such that the following diagram is commutative

where (g’) is the isomorphism of vector bundles induced by 3. Given an S-family
Ps = (Ps, Eg,1g) and a morphism f : S” — S, the pullback is defined as f*Ps =
(f*Ps, " Es, f*ibs), where f =idx xf: X x § = X x 8" and f = i*(f) : Uz p_ —
Ugg, denoting i : Ug, — X x S the inclusion of the open set where Eg is locally
free.

Definition 0.6. The functor ﬁ’é is the sheafification of the functor
FZ . (Sch /C) — (Sets)

sending a complex scheme S, locally of finite type, to the set of isomorphism classes
of families of semistable principal G-sheaves with numerical invariants T, and it is
defined on morphisms as pullback.

Let P = (P, E,v) be a semistable principal G-sheaf on X. An orthogonal algebra
filtration E, of E which is admissible, i.e. having Pg, = 0, provides a reduction P%
of P|y to a parabolic subgroup @ C G (lemma 5.4) on the open set U where it is a
bundle filtration. Let Q — L be its Levi quotient, and L — @ C G a splitting. We
call the semistable principal G-sheaf

(PR(Q — L — G),BE;/E;_1,1)

the associated admissible deformation of P, where ¢’ is the natural isomorphism be-
tween P9(Q —» L — G)(¢') and ®E;/E;_1|y. This principal G-sheaf is semistable.
If we iterate this process, it stops after a finite number of steps, i.e. a semistable
G-sheaf grad P (only depending on P) is obtained such that all its admissible de-
formations are isomorphic to itself (cfr. proposition 4.3).

Definition 0.7. Two semistable G-sheaves P and P’ are said S-equivalent if grad P =
grad P'.

When dim X = 1 this is just Ramanathan’s notion of S-equivalence of semistable
principal G-bundles. Our main result generalizes Ramanathan’s [Ra3| to arbitrary
dimension:

Theorem 0.8. For a polarized projective variety X there is a coarse projective mod-
uli space of S-equivalence classes of semistable G-sheaves on X with fized numerical
mvariants.

Principal GL(R)-sheaves are not objects equivalent to torsion free sheaves of rank
R, but only in the case of bundles. As we show in section 6, even in this case, the
(semi)stability of both objects do not coincide. The philosophy is that, just as
Gieseker changed in the theory of stable vector bundles both the objects (torsion
free sheaves instead of vector bundles) and the condition of (semi)stability (involving
Hilbert polynomials instead of degrees) in order to make dim X a parameter of the
theory, it is now needed to change again the objects (principal sheaves) and the
condition of (semi)stability (as that of the adjoint sheaf of orthogonal algebras)
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in order to make the group G a parameter of the theory (such variations of the
conditions of stability and semistability are in both generalizations very slight, as
these are implied by slope stability and imply slope semistability, and the slope
conditions do not vary). The deep reason is that what we intend to do is not
generalizing the notion of vector bundle of rank R (which was the task of Gieseker
and Maruyama), but that of principal GL(R)-bundle, and although both notions
happen to be extensionally the same, i.e. happen to define equivalent objects, they
are essentially different. This subtle fact is recognized by the very sensitive condition
of existence of a moduli space, i.e. by stability.

The results of this article where announced in [G-S2]. There is independent work
by Hyeon [Hy], who constructs, for higher dimensional varieties, the moduli space
of principal bundles whose associated adjoint is a Mumford stable vector bundle,
using the techniques of Ramanathan [Ra3], and also by Schmitt [Sch] who chooses
a faithful representation of GG in order to obtain and compactify a moduli space of
principal G-bundles.
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PRELIMINARIES

Notation. We denote by (Sch /C) the category of schemes over SpecC, locally of
finite type. All schemes considered will belong to this category. If f: Y — Y’ is a
morphism, we denote f =idx xf: X xY — X x Y'. If Eg is a coherent sheaf on
X x S, we denote Eg(m) := Eg ® p5Ox(m). An open set U C Y of a scheme Y
will be called big if codimY \ U > 2. Recall that in the étale topology, a cover of a
scheme U is a finite collection of morphisms {f; : U; — U };cr such that each f; is
étale, and U is the union of the images of the f;.

Given a principal G-bundle P — Y and a left action o of G in a scheme F', we
denote

P(o,F) := PxgF = (P x F)/G,

the associated fiber bundle. If the action o is clear from the context, we will write
P(F). If p: G — H is a group homomorphism, let o be the action of G on H defined
by left multiplication h +— p(g)h. Then the associated fiber bundle is a principal
G’-bundle, and it is denoted p,P. If o is a character of the group, we will denote
by P(o) the corresponding line bundle.

Let p: H — G be a homomorphism of groups, and let P be a principal G-bundle
on a scheme Y. A reduction of structure group of P to H is a pair (P¥,(), where
PH is a principal H-bundle on Y and ¢ is an isomorphism between p, P and P.
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Two reductions (Pff ,Gp) and (Q¥ ,07) are isomorphic if there is an isomorphism «a
giving a commutative diagram

¢
(0.2) PH p«PH 2~ Py
%\LO& \Lp*a
H H Or
QT P*QT - PT

Let p:Y — S be a morphism of schemes, and let Pg be a principal G-bundle on
the scheme Y. Define the functor of families of reductions
I(p, Ps) : (Sch/S) — (Sets)
t:T—8) — {(PQH,CT)}/isomorphism
where (P, (;) is a reduction of structure group of Pr := Pg xgT to H.
If p is injective, then I'(p, Pg) is a sheaf, and it is in fact representable by a scheme
S’ — S, locally of finite type [Ra3, lemma 4.8.1]. If p is not injective, this functor

is not necessarily a sheaf, so we denote by r (p, Pg) its sheafification with respect to
the étale topology on (Sch /S).

Lemma 0.9. Let Y be a scheme, and let f : KK — F be a homomorphism of sheaves
on X xY. Assume that F is flat over Y. Then there is a unique closed subscheme
Z satisfying the following universal property: given a Cartesian diagram

X xS b, XxY
lps lp
§—"—y
E*f = 0 if and only if h factors through Z.

Proof. Uniqueness is clear. To show existence, assume that Ox(1) is very ample
(taking a multiple if necessary). Recall that if G is a coherent sheaf on X x Y, we
denote G(m) = GRp5 O (m). Since F is Y-flat, taking m' large enough, p, F(m/') is
locally free. The question is local on Y, so we can assume, shrinking Y if necessary,
that Y = Spec A and p,F(m’) is given by a free A-module. Now, since Y is affine,
the homomorphism
p.f(m') i p K(m') — p, F(m')
of sheaves on Y is equivalent to a homomorphism of A-modules

The zero locus of f; is defined by the ideal I; C A image of f;, thus the zero scheme
of (fi,...,fn) is given by the ideal I =" I;, hence Z/ , is a closed subscheme.

Since Ox (1) is very ample, if m” > m’ we have an injection p, F(m') — p, F(m”)
(and analogously for K), hence Z,,» C Z,,, and since Y is noetherian, there exists
N’ such that, if m’ > N/, we get a scheme Z independent of m/.

To check the universal property first we will show that if & f = 0 then h factors
through Z. Since the question is local on S, we can take S = Spec(B), Y = Spec(A4),
and the morphism h is locally given by a ring homomorphism A — B. Since F is
flat over Y, for m’ large enough the natural homomorphism « : h*p,F(m') —
ps.h F(m') (defined as in [Ha, Th. III 9.3.1]) is an isomorphism. Indeed, for m/
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sufficiently large, H'(X, F,(m')) = 0 and HY(X,h" (F(m'))s) = 0 for all points y €
Y,s e Sandi> 0, and since F is flat, this implies that h*p,F(m/) and pg,h F(m')
are locally free. Then, to prove that the homomorphism « is an isomorphism, it is
enough to check it at the fiber of every s € S, but this follows from [Ha, Th. III
12.11] or [Mu2, II §5 Cor. 3].

Hence the commutativity of the diagram

pS*E*f(m/):O

ps*ﬁ*lC(m/) ps*ﬁ*]-"(m/)
h*p*lc(m/) h*ps f(m') h*p*f(m/)

implies that h*p, f(m’) = 0. This means that for all i, in the diagram

Mty AL 0

| el

B
M®isBl"2B—~ A/I;®4 B—=0

it is f; ® B = 0. Hence the image I; of f; is in the kernel J of A — B. Therefore
I C J, hence A — B factors through A — A/I, which means that h : S — Y factors
through Z.

Now we show that if we take S = Z and h: Z < Y the inclusion, then &' f = 0.
By definition of Z we have h*p,f(m’) = 0 for any m’ with m’ > N’. Showing that
1" f =0 is equivalent to showing that

R f(m') : B K(m!) — B F(m)
is zero for some m’. Take m' large enough so that ev : p*p, K(m') — K(m') is

surjective. By the right exactness of 1" the homomorphism Rev is still surjective.
The commutative diagram

— R f(m! —
K (m) o) R Fm)
el |

— B p*pa f(m/ —

h p*pC(m) reltt) .y, P psF(m')
s psh*p«f(m')=0 .

psh p(m') —= pEh*p.F(m!)

implies 7" f(m/) = 0, hence 7" f = 0.
g

The following two lemmas and corollary will help to relate the three main objects
that will be introduced in this section.

Lemma 0.10. Let E and F be coherent sheaves on a scheme Y, and L a locally
free sheaf on Y. There is a natural isomorphism

Hom(E ® F, L) = Hom(E, Hom(F, L)) = Hom(E, F¥ ® L)
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Proof. Given a homomorphism ¢ : E® F — L, we define ¢ : E — Hom(F, L) by
sending a local section e of E to ¢(e,-). Conversely, to a homomorphism ¢ : £ —
Hom(F, L), we associate the homomorphism

EoF " Hom(FL)o F — L

where the second map is the natural pairing. It is easy to check that both con-
structions are inverse to each other. Finally, since L is locally free, Hom(F, L) =
FY®L. O

Lemma 0.11. Let E be a torsion free sheaf of rank r on a scheme Y. Then there
18 a canonical isomorphism

EW = (/\"'E)Y @ detE.

Proof. This isomorphism is obvious if we restrict to the open set Ug where F is
locally free. Since both sheaves are reflexive and codim X \ Ug > 2, it uniquely
extends to an isomorphism on the whole of X ([Ha2, Prop. 1.6(iii)]). O

Combining lemmas 0.10 and 0.11 we obtain the following

Corollary 0.12. Let E be a torsion free sheaf of rank r on a scheme Y, and L a
line bundle on Y. Then, giving a homomorphism

0:EQFE —EYV®L
s equivalent to giving a homomorphism
p: FEQEQEY 1 =E¥t L detE®L

which is skew-symmetric in the last r—1 entries, i.e. which induces a homomorphism
omE®QE® N\"'E.

Now we introduce the progressively richer concepts of tensor, g'-sheaf, and prin-
cipal G-sheaf, defining them relative to a scheme S. As usual, if no mention to
the base scheme S is made, it will be understood S = SpecC. For each of these
three concepts we give compatible notions of (semi)stability, leading in each case to
a projective coarse moduli space.

Definition 0.13 (Tensor). A family of tensors parametrized by a scheme S is a
triple (Es, ¢s, N) consisting of a torsion free sheaf Es on X x S, flat over S, which
restricts to a torsion free sheaf with trivial determinant and fized Hilbert polynomial
P on every slice X x s, a line bundle N on S and a homomorphism ¢g

(0.3) b5 B — pyN,
A tensor is called o Lie tensor if a =r + 1 for r the rank of Eg, and

(1) ¢g is skew-symmetric in the last v — 1 entries, i.e. it induces a homomor-
phism on Es ® Es @ \""'Es,

(2) the homomorphism s : Es @ Eg — E§Y @ N associated to ¢g by corollary
0.12 is antisymmetric,

(3) s satisfies the Jacobi identity

To give a precise definition of the Jacobi identity, first define a homomorphism

E E\/\/®N®
[, ], ] : Es®Es®Es **23° EY@N®Es ° — ' E{'QEYQE{'®N? — EY'oN?
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where the last map comes from the natural pairing of the first two factors. Then
define

(0.4) J:Es®@Es® Eg — E¢’ @ N?
(w,v,w) — [[u,v],w] + [[v,w],u] + [[w,u], ]

and require J = 0.

An isomorphism between two families of tensors (Es,¢s, N) and (EY, ¢y, N')
parametrized by S is a pair of isomorphisms « : Eg — Eg and 3 : N — N’ such
that the induced diagram

s

Es®r+1 p*SN
o s
d)/

Eg@r—i—l S p*SN/

commutes. In particular, (F,¢) and (E,\¢) are isomorphic for A € C*. Given an
S-family of tensors (Eg, ¢g, N) and a morphism F : S” — S, the pullback is the
S'-family defined as (f*Es, f*¢g, f*Ng).

Since we will work with GIT (Geometric invariant theory, [Mul]), the notion of
filtration F, of a sheaf is going to be essential for us. By this we always understand
a Z-indexed filtration

. CE 1 CE CEy1 C...
starting with 0 and ending with E. Of course, only a finite number of inclusions
can be strict

OQE)QCE)Q_’C,_'”QE)\tCE)\t+1:E AL <o < M1

where we have deleted, from 0 onward, all the non-strict inclusions. Reciprocally,
from E), we recover E, by defining F,, = EAi(m), where i(m) is the mazximum index
with Ai(m) <m.

Definition 0.14 (Balanced ﬁltration). A filtration Ee C E of a torsion free sheaf
E is called balanced if Y itk E* = 0 for E* = E;/E;_1. In terms of E\,, this is
SN Tk(EN) = 0 for BN = Ey,/Ey,_, .

Remark 0.15. The notion of balanced filtration appeared naturally in the Gieseker-
Maruyama construction of the moduli space of (semi)stable sheaves, the condition
of (semi)stability of a sheaf FE being that all balanced filtrations of E have nega-
tive (nonpositive) Hilbert polynomial. In this case the condition “balanced” can be
suppressed, since Pg, = Pg,,, for any shift [ in the indexing (and furthermore it is
enough to consider filtrations of one element, i.e. just subsheaves).

Let Z, = {1,...,t + 1}** be the set of all multi-indexes I = (i1,...,1,) of cardi-
nality a. Define

(0.5) fiens (0, En,) = }IéIII; i+ 4 A (Zs‘EAil@"'@EAia # 0}

Definition 0.16 (Stability for tensors). Let § be a polynomial of degree at most
n — 1 and positive leading coefficient. We say that (E, ¢) is §-(semi)stable if ¢ is
not identically zero and for all balanced filtrations E\, of E, it is

t

(06) (Z()\H_l - Az)(TPEM - TAiP)) + Ntens(¢7 E)\.) 0 (j) 0
i=1
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In this definition, it suffices to consider saturated filtrations, which means that
the sheaves E' = F;/F;_; (i.e. the EN = E)./E,, ,) are all torsion free, and thus
with rk(E);) < rk(E),,,) for all i. There is a coarse moduli space of semistable
tensors [G-S1].

Now we go to our second main concept, that of a g’-sheaf. A family of Lie algebra
sheaves parametrized by S is a pair

(Es, ¢s: Es® Es — E§Y),
where Eg is a torsion free sheaf on X x S, flat over S, and ¢g is a homomorphism
such that
(1) ¢s: Es ® Eg — E¢Y is antisymmetric
(2) pg satisfies the Jacobi identity
The precise definition of the Jacobi identity is as in definition 0.13, but with Ox«g

instead of N. An isomorphism between two families is an isomorphism o : Eg — EY
with

Es® Eg =~ EY

\La@)a lavv
P
/ ! AYAYA
Eq® Eg —— Eg

Note that since conditions (1) and (2) above are closed, it is not enough to check
that they are satisfied for all closed points of S, because S could be nonreduced.

Definition 0.17. The Killing form kg associated to a Lie algebra sheaf (Eg, pg) is
the composition

Es @ Es Y (BY @ BEYY) @ (BY ® EYY) — (BY @ E¥Y) — Oxxs
If the Lie algebra is semisimple, in the sense that the induced homomorphism
E¢Y — EY is an isomorphism, the fiber of Eg over a point (z,s) € X x S where Eg
is locally free has the structure of a semisimple Lie algebra, which, because of the
rigidity of semisimple Lie algebras, must be constant on connected components of
S. This justifies the following

Definition 0.18 (g’-sheaf). A family of g'-sheaves is a family of Lie algebra sheaves
where the Lie algebra associated to each connected component of the parameter space
Sisg.

The following is the sheaf version of the well known notion of Lie algebra filtration

(see [J] for instance, recalled in section 5).

Definition 0.19 (Algebra filtration). A filtration Eq C E of a Lie algebra sheaf
(E,[,]) is called an algebra filtration if for all i, 7,

In terms of E\,, this is
vV
(B, Ex,] € By,
f07’ all \;, )\j, A with A\; + )\j < A,
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Definition 0.20. A g'-sheaf is (semi)stable if for all balanced algebra filtrations E,
1t 18

(TPEi — TZ'PE) (j) O
1

¢
1=
or, in terms of E,,

t

(0.7) > (Nt = X)(rPe,, =72, Pr) (%) 0
i=1
As usual, in definition 0.20 it is enough to consider saturated filtrations.
Remark 0.21. We will see in corollary 5.10 that for an algebra filtration of a
g’-sheaf, the fact of being balanced and saturated is equivalent to being orthogonal,
K

ie. E_, | = EZL = ker(E — EYY =2 EY — EY). Thus, in the previous definition
we can change “balanced algebra filtration” by “orthogonal algebra filtration”.
Remark 0.22. Observe that the condition “balanced” cannot be suppressed in

this case, is it was in remark 0.15, because a shifted filtration Fe4; of an algebra
filtration is no longer an algebra filtration.

Construction 0.23 (Correspondence between Lie algebra sheaves and Lie tensors).
Consider a family of Lie tensors

(Fs, s : Fg®™ — pEN, N)
Corollary 0.12 gives
(Fs,¢s : Fs ® Fg — F&¥ @ (det F5) ™' @ p&N, N)

If we tensor ¢s with (det Fis)? @ p5 N2 and define Eg = Fs @ det Fig ® pyN 1, we
obtain a Lie algebra sheaf

(0.8) (Es,ps: BEs ® Es — E§")
such that for all s € S and = € Ug,, ¢s(z) is a Lie algebra structure on the fiber
Eq(z).

Conversely, given a Lie algebra sheaf as in (0.8), corollary 0.12 gives a homomor-
phism
¢g: BEs® T — det Eg .
Recall that we always assume that Eg = p*L, where L is a line bundle on the base
scheme S, hence this is a Lie tensor.

If S = SpecC, this gives a bijection of isomorphism classes, but not for arbitrary
S, because Eg is not in general isomorphic to Fg. They are only locally isomorphic,
in the sense that we can cover S with open sets S; (where the line bundles L and
N are trivial), so that the objects restricted to S; are isomorphic, and this suffices
to provide an isomorphism between the sheafified functors. We will show that, for
g’ -sheaves, its (semi)stability is equivalent to that of the corresponding tensor, hence
there is a projective moduli space of g'-sheaves. This is the key initial point of this
article, allowing us to use in section 1 the results in [G-S1] to construct the moduli
space of g'-sheaves.

Recall now, from the introduction, the notion of a principal G-sheaf P = (Pg, Eg, ¢g)
for a reductive connected group G and its notion of (semi)stability. Let g’ be the
semisimple part of its Lie algebra. We associate now to P a g'-sheaf (Eg, pg) by
the following
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Lemma 0.24. let Y = Ug, be the open set where Eg is locally free. The homomor-
phism oy : Esly ® Es|ly — Eslu, given by the Lie algebra structure of Ps(g') and
the isomorphism g, extends uniquely to a homomorphism

ps: Bs® Eg — Eg",
Proof. The homomorphism ¢,, can be seen as a section of
Esly ® Eslyy @ Eslu = (Bslu ® Eslu ® Esly)” = (Bs ® Es ® Eg)" |y,
Since (Eg ® Es ® EY)Y is a reflexive sheaf on X x S, this section extends uniquely
to an element of
(X xS, (Es®FEs®ES)Y) =Hom(Es ® Es ® E§,Oxxs) = Hom(Es ® Es, ESY),

where the two equalities follow from corollary 0.12, and this element is the extended
homomorphism ¢g. O

The following corollary of remark 0.21 provides an equivalent definition of (semi)stability

Corollary 0.25. A principal G-sheaf P = (P, E, ) is (semi)stable (definition 0.3)
if and only if the associated g'-sheaf (E, @) is (semi)stable (definition 0.20).

Remark 0.26. Lemma 0.24 implies that there is a natural bijection between the
isomorphism classes of families of g'-sheaves and those of principal Aut(g’)-sheaves.

Lemma 0.27. Let G be a connected reductive algebraic group. Let P be a principal
G-bundle on X and let E = P(g') be the vector bundle associated to P by the adjoint
representation of G on the semisimple part of its Lie algebra g'. Then det E = Ox.

Proof. We have Aut(g’) C O(g’), where the orthogonal structure on g’ is given by its
nondegenerate Killing form. Note that P(g’) is obtained by extension of structure
group using the composition

p: G — Aut(g') — O(g') — GL(g").

Since G is connected, the image of G in O(g’) lies in the connected component of
identity, i.e. in SO(g’). Hence P(g’) admits a reduction of structure group to SO(g’),
and thus det P(g') = Ox. O

We end this section by extending to principal sheaves some well known definitions
and properties of principal bundles and by recalling some notions of GIT [Mul].
Let m : H x R — R be an action of an algebraic group H on a scheme R. Let
pr: H x R — R be the projection to the second factor.

Definition 0.28 (Universal family). Let Pr be a family of principal G-sheaves
parametrized by R. Assume there is a lifting of the action of H to Pgr, i.e. there is
an isomorphism
A : m*,PR i> ﬁ*RPR
Assume that
(1) Given a family Ps parametrized by S and a closed point s € S, there is an
open étale neighborhood i : Sg — S of s and a morphism t : So — R such
that i Ps = T"Pg.
(2) Given two morphisms ti, ty : S — R and an isomorphism 3 :13' P — 1, P,
there is a unique h : S — H such that ty = hlt1] and (h x t;) A = 8.

Then we say that Pr is a universal family with group H for the functor ﬁ’é
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Definition 0.29 (Universal space). Let F' : (Sch /C) — (Sets) be a functor. Let
R/H be the sheaf on (Sch /C) associated to the presheaf S — Mor (S, R)/ Mor (S, H).
We say that R is a universal space with group H for the functor F if the sheaf F is
isomorphic to R/H.

The difference between these two notions can be understood as follows. Given a
stack M : (Sch /C) — (Groupoids), we denote by M : (Sch /C) — (Sets) the functor
associated by taking the set of isomorphism classes of each groupoid. Let [R/H] be
the quotient stack and let F be the stack of semistable principal G-sheaves. Then
R is a universal space with group H if [R/H] = F, whereas it is a universal family
if [R/H| = F, i.e. if the isomorphism holds at the level of stacks, without taking

isomorphism classes.

Definition 0.30 (Categorical quotient). A morphism f : R — Y of schemes is a
categorical quotient for an action of an algebraic group H on R if

(1) It is H-equivariant when we provide Y with the trivial action.
(2) If f' : R — Y’ is another morphism satisfying (1), then there is a unique
morphism g : Y — Y’ such that f' =go f.

Definition 0.31 (Good quotient). A morphism f : R — Y of schemes is a good
quotient for an action of an algebraic group H on R if

(1) f is surjective, affine and H -equivariant, when we provide Y with the trivial
action.

(2) f.(OH) =0y, where OF s the sheaf of H-invariant functions on R.

(3) If Z is a closed H-invariant subset of R, then p(Z) is closed in'Y . Further-
more, if Z1 and Zy are two closed H -invariant subsets of R with Z1NZy = ),
then f(Z1) N f(Z2) =0

Definition 0.32 (Geometric quotient). A geometric quotient f : R — Y is a good
quotient such that f(x1) = f(x2) if and only if the orbit of x1 is equal to the orbit
of xs.

Clearly, geometric quotients are good quotients, and these are categorical quo-
tients. Assume that R is projective, and the action of H on R has a linearization
on an ample line bundle Or(1). A closed point y € R is called GIT-semistable if,
for some m > 0, there is an H-invariant section s of Or(m) such that s(y) # 0.
If, moreover, every orbit of H in Ry = {x € R|s(z) # 0} is closed and of the same
dimension as H, then y is called a GIT-stable point. We will use the following char-
acterization in [Mul] of GIT-(semi)stability: let A : C* — H be a one-parameter
subgroup, and y € R. Then lim;_,gA(t) - y = yo exists, and y is fixed by A. Let
t — t* be the character by which A acts on the fiber of Og(1). Defining u(y, \) = a,
Mumford proves that y is GIT-(semi)stable if and only if, for all one-parameter
subgroups, it is p(y, A)(<)0.

Proposition 0.33. Let R*® (respectively R®) be the open subset of GIT-semistable
points (respectively GIT-stable). Then there is a good quotient R** — R//H, and the
restriction R® — R®//H is a geometric quotient. Furthermore, R/)/H is projective
and R®/H is an open subset.

Definition 0.34. A scheme Y corepresents a functor F : (Sch /C) — (Sets) if

(1) There exists a natural transformation f : F — Y (where Y = Mor(-,Y) is
the functor of points represented by 'Y ).
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(2) For every scheme Y’ and natural transformation f': F — Y’ there exists a
unique g : Y — Y' such that f' factors through f.

Remark 0.35. Let R be a universal space with group H for F', andlet f: R —Y
be a categorical quotient. It follows from the definitions that Y corepresents F'.

Proposition~ 0.36. Let Pr = (Pr, Er,vR) be a universal family with group H for
the functor F7, . Let p : G2 — G1 be a homomorphism of groups, such that the
center Za, of G is applied to the center Zg, of G1 and the induced homomorphism

Lie(G2/Zg,) — Lie(G1/Zg,)

is an isomorphism. Assume that the functor f(p, PR) is represented by a scheme
M. Then

(1) There is a natural action of H on M, making it a universal space with group
M for the functor ﬁa

(2) Moreover, if p is injective (so that T'(p, Pr) itself is representable by M),
then the action of H lifts to the family Py given by T'(p, Pg), and then Py
becomes a universal family with group H for the functor Fvéz

Proof. Analogous to [Ra3, lemma 4.10]. O

1. CONSTRUCTION OF R AND R;

Given a principal G-bundle, we obtain a pair (E, ¢ : EQFE — E), where E = P(g')
is the vector bundle associated to the adjoint representation of G on the semisimple
part g’ of the Lie algebra of G, and ¢ is given by the Lie algebra structure. To
obtain a projective moduli space we have to allow E to become a torsion free sheaf.
For technical reasons, when E is not locally free, we make ¢ take values in EVV.

The first step to construct the moduli space is the construction of a scheme
parameterizing semistable based g’-sheaves, i.e. triples (¢ : V®Ox(—m) — E, E, ¢ :
E®E — EYV), where V is a fixed vector space, m is a suitable large integer
depending only on the numerical invariants, and (E, ) is a semistable g’-sheaf.

We have already seen that a g’-sheaf can be described as a tensor in the sense
of [G-S1], where a notion of (semi)stability for tensors is given, depending on a
polynomial & of degree at most n — 1 and positive leading coefficient.  In this
article we will always assume that § has degree n— 1. Now we will prove, after some
lemmas, that the (semi)stability of the g’-sheaf coincides with the §-(semi)stability
of the corresponding tensor(in particular for the tensors associated to g'-sheaves,
its 0-(semi)stability does not depend on §, as long as deg(d) = n — 1), so that we
can apply the results of [G-S1], and the moduli space of semistable g’-sheaves is a
subscheme of the moduli space of d-semistable tensors.

Given a g'-sheaf (F, ) and a balanced filtration E),, define

(1.1) p(p,Er,) = min{Ni+ X=X : 0£¢: By, ® Ey, — EVV/E)%?Vlv
= min{)\i +/\j — M\ I:E)\i7E)\j:| g E)\k,vlv}

Lemma 1.1. If (E, ¢) is the associated tensor, then u(p, E),) in (1.1) is equal to
Ntens(¢7 E)\.) in (016)
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Proof. For a general x € X let eq,...,e, be a basis adapted to the flag E), (), thus
giving a splitting E(x) = ®@EY (x). Writing 7 = dim FY (x),
Htens (6, B, ) =
=min {A; + A+ MM A (PN = 1) e A
e1ne2A - - ACk— 1 APz (e @ €ji)neriin - - per # 0 for some
e € EN(2), ey € BN (x), 1<k < r} =
=min {\; + A — A 1 o (EY(2), BV (2) € By, (2)
and o, (B (x), BN (2)) C Ey, (2)} =
=min{\+ X — A ¢ [EN,E\]ZE, Y
and [Ey,,E\,] C E, "V} =

= M(@? E)\o)
n

We will need the following result, due to Ramanathan [Ra3, lemma 5.5.1], whose
proof we recall for convenience of the reader.

Lemma 1.2. Let W be a vector space, and let p € P(WY @ WY @ W) be the point
corresponding to a Lie algebra structure on W . If the Lie algebra is semisimple, this

point is GIT-semistable for the natural action of SL(W) and linearization in O(1)
on P(WY @ WY o W)

Proof. Define the SL(W)-equivariant homomorphism

g: WYeWYeW)=Hom(W,EndW) — WeW)Y
fo= gHlte)=u(f()ef())

Choose an arbitrary linear space isomorphism between W and WV. This gives an
isomorphism (W @ W)V = End(W). Define the determinant map det : (W @ W)V =
End(W) — C. Then det og is an SL(WW)-equivariant polynomial on WY @ WV @ W
and it is nonzero when evaluated on the point f corresponding to a semisimple

Lie algebra, because it is the determinant of the Killing form. Hence this point is
GIT-semistable. O

Lemma 1.3. If ¢ is a g'-sheaf, then u(p, Ex,) < 0 for any balanced filtration E),,
and (e, Ex,) = 0 if and only if it is an algebra filtration.

Proof. Since EVV is torsion free, the formula (1.1) is equivalent to
(12)  plp, Bx,) =min {\;i + A = A : [Ex(2), Ex(2)] € By, " (2)}

where x is a general point of X, so that F), is a vector bundle filtration near
x. Fixing a Lie algebra isomorphism between the fiber E(x) and g/, the filtration
E,, induces a filtration on g’. Consider a vector space splitting g’ = EBg'Ai of this
filtration and a basis ¢; of g’ such that ¢; € g’ i(l), in order to define a monoparametric
subgroup of SL(g') given by e; — t*W¢; for all t € C* (cfr. notation introduced for
definition 0.14). The Lie algebra structure on g’ gives a point (py) € P(g'" @' @g').
Let aj}, be the homogeneous coordinates of this point, i.e. [e;,en] =", aj,en. The
monoparametric subgroup acts as i TAim) ~Aim) ay,. on the coordinates a;} . Hence
(1.2) is equivalent to

(e, Ex,) = min { Ny + Nigm) — Nin) ¢ ajpy # 0}
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By lemma 1.2, the point ¢y is semistable under the SL(g’) action because it corre-
sponds to a semisimple Lie algebra, hence pu(g, Ey,) < 0.
Now assume that pu(p, Ey,) = 0. Then it follows from (1.1) that

[E)\Z ’ E)\J] g EAkiv

for all A;, Aj, Ay with A\; + A; — A, <0, i.e. E), is an algebra filtration of E.
Conversely, if E), is an algebra filtration of E, then u(p, E),) = 0, because if
p(p, Ex,) < 0, then for some triple (A;, A\j, \x) with A; + Xj < Ag it is [E,, Ey,] ¢
E,, VY, contradicting that E), is an algebra filtration.
]

Lemma 1.4. Let (E,p: EQE — EVV) be a ¢'-sheaf, and let (E,¢ : E"*1 — Ox)
be the associated Lie tensor. Assume that one of the following conditions is satisfied

(1) (E, @) is a semistable g'-sheaf (definition 0.25)
(2) (E,¢) is a 6-semistable tensor (definition 0.16)

Then E is a Mumford semistable sheaf.

Proof. Assume FE is not Mumford semistable. Consider its Harder-Narasimhan fil-
tration, i.e. the filtration

(1.3) 0=EyCECEC- CECEn=E

such that E* = E;/E;_1 is Mumford semistable for all i = 1,...,¢ + 1, and
(1.4) pmax(E) := p(BY) > p(E?) > -+ > p(E™Y) =t pyin (E),
where p(F) := deg(F')/rk(F') denotes the slope of a sheaf F. Define

(1.5) N = —rlp(EY)

(the factor r! is used to make sure that \; is integer). Changing the indexes i by \;,
the Harder-Narasimhan filtration becomes
OgE)q QE)Q g"'gE)\t gE)\t+1 =K

Since deg(E) = 0 (by lemma 0.27), it follows that this filtration is balanced (def-
inition 0.14). Now we will check that it is an algebra filtration. Given a triple
(Ai, Aj, Ak), with A; + X; < A\g, we have to show that

[E,E\] C By Y.

Let k' be the minimum integer for which
vV
[E)\i’E)\j] - E)\k/,1 :

We have to show that &’ < k. By definition of k', the following composition is
nonzero
['7'}
B\ ®E\, = E, " — B\ Y/ /E,\ "/
It is well known that, if a homomorphism F; — F5 between two torsion free sheaves
is nonzero, then pmin(F1) < pmax(F2), hence

(1.6) fmin(Ex, ® Ex;) < pmax(Ey, Y /By YY)

—2

Using (1.5) and the fact that pmin(Ex, ® E),) = tmin(Ex,) + tmin(E),) [A-B, Prop.
2.9]), the left hand side is

-1
pmin(E); ® Ey;) = F(Ai + )
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Since the quotient EAMLV / EAMYZV is Mumford semistable, the right hand side is

-1
IumaX(E)\k/ /EAk/VV) (E)\k/ / )\k/vv) = FAIC/—I
Hence the inequality (1.6) becomes
Ai A = Mg,

and then \g/_1 < A, hence ¥’ < k, and we conclude that F), is a balanced algebra
filtration.

If we plot the points (ry,,dy,) = (tk E),,deg E);), 1 <i < t+1in the plane ZGZ
we get a polygon, called the Harder-Narasimhan polygon. Condition (1.4) means
that this polygon is (strictly) convex. Since d = 0 (and dy, > 0), this implies that
dy, > 0 for 1 <¢ <t, and then

(1.7) Z — p(ETY) (rdy, — ra,d) > 0.
=1
Therefore
t
(1.8) Z()\H_l — )‘i)(TPEAi — T)\iPE) >0
i=1

because the leading coefficient of (1.8) is (1.7), and then (F, ) is not semistable as
a g'-sheaf. Hence, if (E, ) is semistable, then E is Mumford semistable.
Now, since the Harder-Narasimhan filtration (1.3) of E is an algebra filtration, it
is, by lemma 1.3, u(p, E),) = 0. Now, lemma 1.1 implies fitens(¢, Ey,) = 0, hence
t t
Z()\H-l = Xi)(rPg,, — 72, Pr) + (e, Ex,) = Z(MH —Xi)(rPg,, —7,Pp) =0
i=1 =1
and then (E, ¢) is not d-semistable as a tensor. Hence, if (E, ¢) is d-semistable, it
follows that E is Mumford semistable.
O

Proposition 1.5. Let (E,p: EQ E — EVV) be a g'-sheaf and let (E,¢ : E€™H1 —
Ox) be the associated tensor. The following conditions are equivalent

(1) (E, ) is a d-(semi)stable tensor

(2) (E,p) is a (semi)stable g'-sheaf

Proof. Assume that (E,¢) is d-semistable. By lemma 1.4, the sheaf E is Mum-
ford semistable. Let E), be a balanced algebra filtration. Then piens(p, Ex,) =
w(p, Ey,) = 0 (lemmas 1.1 and 1.3), hence inequality (0.6) in definition 0.16 be-
comes (0.7) in definition 0.20.

Conversely, assume that the g’-sheaf (E, ¢) is (semi)stable, thus F is again Mum-
ford semistable, and consider a balanced filtration E), of E. We have to show that
(0.6) is satisfied. If the filtration is an algebra filtration, then u(p, E),) = 0 by
lemma 1.3, hence (0.6) holds. If it is not an algebra filtration, then u(p, E),) < 0
(again by lemma 1.3). Since E is Mumford semistable, it is rdy, —ry,d < 0 for all 7.
Denote by 7/(n — 1)! the coefficient of "~ in 4. It is 7 > 0 because degé = n — 1.
Then the leading coefficient of the polynomial of (0.6) becomes

t
(D isr = A (rdy, = 70,d) ) + 7ialp, Ba,) <0,
=1
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and thus (0.6) holds.
O

Now, let us recall briefly how the moduli space of tensors was constructed in

[G-S1]. Start with a d-semistable tensor
¢: F® — Oy
with rk F' = r, Hilbert polynomial Pr = P and det ' = Ox. Let m be a large
integer (depending only on the polarization and numerical invariants of F') and
an isomorphism g between H°(F(m)) and a fixed vector space V of dimension
hP(F(m)). This gives a quotient
q:V&Ox(—m) — F

and hence a point in the Hilbert scheme H of quotients of V ® Ox(—m) with Hilbert

polynomial P. Let [ > m be an integer, and W = H°(Ox (Il — m)). The quotient g
induces homomorphisms

qg: VeOx(l—-m) — F()

q : VeWw —  HYF())

¢ NPOWVew) — APOHU(F(I) = C
If [ is large enough, these homomorphisms are surjective, and they give Grothendieck’s
embedding

H — P(APOVYowY)).
and hence a very afnple line bundle Oy (1) on H (depending on m and [). The
isomorphism ¢ : V = H°(F(m)) and ¢ induces a linear map
o:V® — HYF(m)®*) — H°Ox(am)) =: B,
and hence the tensor ¢ and the isomorphism g give a point in
P(APOWVYeWY)) xP(V¥) @ B) = PxP

Let Z be the closure of the points associated to §-semistable tensors. We give
Z a polarization Oz(1), by restricting a polarization Opypr(b,0’), where the ratio
between b and b’ depends on the polynomial § and the integers m and [

v P()é(m) —6(1)P(m)

b P(m) — ad(m)
There is a tautological family of tensors parametrized by Z
(1.9) bz : F%””“ — ppOp:(1),

The scheme Z has an open dense set Z°° representing the sheafification of the
functor

(1.10) F’: (Sch/C) — (Sets)

associating to a scheme S the set of equivalence classes of families of J§-semistable
“based” tensors

(g5:V ® Oxxs(—m)—Fg, Fg, ¢g: F&* — pgN, N)
where ¢g is a surjection inducing an isomorphism

9s = ps«(gs(m)) : V® Og — pg,(Fg(m))
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and (Fyg, ¢g,N) is a family of §-semistable tensors (definition 0.16) with fixed rank
r, Hilbert polynomial P and trivial determinant. In particular,

(1.11) det(Fs) = pgL,

where L is a line bundle on S. From now on, we will assume a = r 4+ 1, where r is
the rank of F.

Proposition 1.6. There is a closed subscheme R of Z** representing the sheafifi-
cation FLI’ie of the subfunctor of (1.10)

(1.12) FP : (Sch/C) — (Sets)
S+ F(S) C F'(S)

where FY, (S) C F¥(S) is the subset of families of based §-semistable Lie tensors.

A point of the closure R of R in Z is GIT-(semi)stable with respect to the
natural SL(V')-action and linearization on Ox(1) = Oz(1)|z (see [G-S1]) if and
only if the corresponding tensor is d-(semi)stable and q induces an isomorphism
V = HY(E(m)). In particular the open subset of semistable points of R is R.

Proof. Let (qzss, Fyssy @ gss : F5iT — pho N, N) be the tautological family on Z*°
coming from (1.9). For each pair (i,7) with 1 <i < j <r+1, let
0ij(Pzss) : Fjift — N
be the homomorphism obtained from ¢zss by interchanging the factors ¢ and j. Let
Zi; C Z°° be the zero subscheme defined by ¢, .. + Jij(qbzss), using lemma 0.9.
Finally, define
Zskow = ﬂ ZZ]
3<i<j<r+1

From the universal property of Z;; (lemma 0.9) it follows that, for a family satisfying
condition (1) of definition 0.13, the classifying morphism into Z*° factors through

Zgew- Furthermore, the restriction of the tautological family to Zge., satisfies
condition (1), hence by corollary 0.12 we have a family parametrized by Zgyew

(1.13) (@2 Fen P2 Frew @ Fryow — Fz,0 @17, N N)
The closed subscheme (“antisymmetric locus”) Zasym C Zskew is defined as the zero
subscheme of ¢z, + 012(¢z,..,) given by lemma 0.9. It follows that if a family
satisfies conditions (1) and (2) of definition 0.13, then the classifying morphism
factors through Z,sym, and furthermore the restriction of the tautological family to
Zasym satisfies conditions (1) and (2).

Let J be the homomorphism defined as in (0.4), using the tautological family
parametrized by Zsym. Note that this homomorphism is zero if and only if the
associated homomorphism (lemma 0.10)

! . V *
J : FZasym ® FZasym ® FZasym ® FZasym - pZasymN

is zero. Finally, define the closed subscheme R C Z,sym as the zero subscheme of
J' given in lemma 0.9. It follows that if a family satisfies conditions (1) to (3) of
definition 0.13, then the classifying morphism will factor through R, and furthermore
the restriction of the tautological family to R satisfies conditions (1) to (3).

The criteria for stability follows from [G-S1].

2

Recall that a g’-sheaf is (semi)stable if and only if the associated Lie tensor is
d-semistable (proposition 1.5).
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Proposition 1.7. There is a subscheme Ry C R representing the sheafification ﬁé’,
of the subfunctor of (1.12)

(1.14) Fl :(Sch/C) — (Sets)
S — Fg’(s)CFLble(S)

where Fé’,(S) C FP.(S) is the subset of S-families of based §-semistable Lie tensors
such that the homomorphism associated by construction 0.23 provides a family of
based semistable g'-sheaves with fized numerical invariants 7.

Furthermore, Ry is a union of connected components of R, hence the inclusion
Ri — R 1is proper.

Proof. Consider the tautological family parametrized by R
(QR7FR7¢R : F](?T—i—l —)pENvN)
and the associated family obtained as in construction 0.23
(1.15) (4r, Bpy op : Er® Ep — ERY)
Let s be the Killing form (definition 0.17)
k:Er® Er — Oxxng.

This induces a homomorphism det x’ : det Eg — det E);. Recall from (1.11) that
det(Fg) is the pullback of a line bundle from R, hence the same holds for det(ER),
and then det s’ is constant along the fibers of 7 : X x R — R. Hence detx’ is
nonzero on an open set of the form X x W, where W C R is an open set.

A point (¢, E,¢) € R belongs to W if and only if for all x € Ug the Lie algebra
(E(x),p(x)) is semisimple, because the Killing form is nondegenerate if and only if
the Lie algebra is semisimple.

Now we show that the open set W is in fact equal to R. Let (¢, F,p: EQ E —
EVYY) be a based algebra sheaf corresponding to a point in R\ W. Then its Killing
form k : E® F — Ox is degenerate. Let E; be the kernel of the homomorphism
induced by &

0—FE, — E— EY.

By lemma 1.4, E is Mumford semistable, thus £V is Mumford semistable, and being
both of degree 0, the sheaf F4 is also of degree 0 and Mumford semistable. Note that
FEj is a solvable ideal of F, i.e. the fibers of F; are solvable ideals of the fibers of E
(over points where both sheaves are locally free) [Se2, proof of Th. 2.1 in chp VIJ.
Since F1 ® Fy (modulo torsion) and EY" are Mumford semistable of degree zero,
the image EY = [E1, E1] of the Lie bracket homomorphism ¢ : Ey ® Ey — EYY, is
a Mumford semistable subsheaf of EVY of degree zero. Define E; = E, N E. Tt is a
Mumford semistable subsheaf of E of degree zero. Similarly Ej = [F, F3|, E3, etc...
are all Mumford semistable sheaves of degree zero. Since E; is solvable, we arrive
eventually to a non-zero sheaf E’ of degree zero, which is an abelian ideal of E.

We claim that the balanced filtration Ey, = E' C E), = E with A\; =tk E' —r
and Ao = rk E’ contradicts the d-semistability of the tensor (FE,¢) associated to
(E, ¢) by construction 0.23.

To prove this we need to calculate p(¢, Ey,) (cfr. (0.5)). By lemma 1.1 this
is equal to u(p, Ey,) (cfr. (1.1)). We need to estimate which triples (i,7,k) are
relevant to calculate the minimum, i.e. for which triples it is [Ey,, Ex,] € E/\,c,vlv'

Since F’ is abelian, [E’, E'] =0, so (1,1, k) is not relevant. Since E’ is an ideal, we
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have [E', E] C E’VV. If E’ is in the center, then this bracket is zero, hence (1,2, k)
is not relevant. On the other hand, if E’ is not in the center, then [E’, E] # 0, hence
(1,2,1) is relevant, and the associated weight is Ay + A3 — A1 = rk(E’) > 0. Since £
is not abelian, it is [E, E] # 0. There are two possibilities: if [E, E] C E'VY, then
(2,2,1) is relevant and Ay + Ao — Ay = rk(E’) + rk(E) > 0. Otherwise (2,2,2) is
relevant, and Ay + Ao — A2 = rk(E’) > 0. Summing up, we obtain

p(p, Ex,) > 0.
Since deg(E') = deg(E) = 0, the leading coefficient of

(rPg — rk(E")Pg) + p(p, Ex, )0

is positive, hence (F, ¢) is not d-semistable (and by proposition 1.5, (E,¢) is not
semistable), contradicting the assumption, so we have proved that W = R.

Now assume that we have two based g’-sheaves (q, E, ¢) and (¢, E’', ¢') belonging
to the same connected component of R, and x € Ug, 2’ € Ug,. Then we have

(E(z), p(x)) = (E'(2"),¢(2))
as Lie algebras, because of the well known rigidity of semisimple Lie algebras (see
[Ri], for instance). Hence R; is the union of the connected components of R with
(E(z),0(x)) = ¢'.
O

We will denote by Eg, the tautological family of g'-sheaves parametrized by Ry
obtained by restricting (1.15)

(1.16) Er, = (ERy, ¥R,)

Giving a family of (semi)stable g’-sheaves is equivalent to giving a family of
(semi)stable principal Aut(g’)-sheaves. By lemma 0.25, the (semi)stability con-
ditions for a g’-sheaf and the corresponding principal Aut(g’)-sheaf coincide, hence
(ER,,¢R,) can be seen as a family of semistable principal Aut(g’)-sheaves.

Recall that H is the Hilbert scheme classifying quotients V ® Ox(—m) — F' (of
fixed Chern classes), P’ = P((V®™ 1)V @ H*(Ox((r + 1)m))) and, by construction
0.23, we have Er, = Fr, ®det Fr, @ p*Op(—1), where Fpg, is the restriction of (1.9)
to Ry, and p is

p: R —PxP P
Let 7: V® Ogrv) — V ® Ogr(v) be the universal automorphism. Let mqp,vy, Tr,
be the projections to the two factors of GL(V) x R;. The group GL(V) acts on Ry,
and this action lifts to Fr, ([H-L, §4.3 pg. 90]) and p*Op/ (1), giving isomorphisms
(A, B)

E*qu — _ _*¢R1
(1.17) V ®Oxxp, (—m) —=7"Fp, A0 A *N
TGLv)T %l/\ %lmrﬂ %LB
™ *q *
Ry 9R, R PR
V ® Oxxpr,(—m) —=Tg, FIhg, 7 1*F§1’"+1 LT *N

between the pullbacks of the family of Lie tensors (Fg,,®r,) by the action o :
GL(V) x Ry — Ry and the projection 7p to the second factor.

Since this action lifts to Fr, and p*Op/(1), it also lifts to Er,. An element A
in the center of GL(V') acts trivially on Ry, hence the action o factors through an
action action m : PGL(V) x Ry — Ry of PGL(V) on R;. The element A acts as
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multiplication by A on Fg, and as multiplication by A="~! on Op/(—1), hence it acts
trivially on Eg,. Therefore the action of GL(V') on Eg, factors through PGL(V)

— % =% —% m ¥Ry m*EVY
(1.18) m LR, m*Er, @ m*Eg, m g
g\LA ARA \LAVV
S _ _ Pr, ¥R
Pr,"Er. Dg"Br, ® P3ER, ————— P, "B/

where pp is the projection of PGL(V) x R; to the second factor. This gives a lift
of the PGL(V') action on Ry to the family Eg, .

Proposition 1.8. With this action, (ER,,¢r,) becomes a universal family with
group PGL(V') for the functor ﬁgut(g,) (cfr. remark 0.26).

Proof. Let (Eg,ps) be a family of semistable g’-sheaves. Shrink S if necessary,
so that det Eg & Oxxg. Using this isomorphism and construction 0.23 we obtain
a family of -semistable Lie tensors (Eg,¢g : Eg?”’l — Oxyg)- By proposition
1.7, after shrinking S if necessary, there is a morphism f : S — R; such that the
pullback (f*E ,f*qb) of the family of Lie tensors parametrized by R; is isomorphic
to (Eg, ¢s), hence the families of g’-sheaves associated by construction 0.23 to both
of them are isomorphic.

Now we are going to check the second condition in the definition of universal fam-
ily. Let t1,to : S — Ry be two morphisms, and let o : Fo — FE; be an isomorphism
between the two pullbacks (E1, ¢1) and (Ea, p2) of Eg, under ¢; and to. We have to
find a morphism h : S — PGL(V) such that to = h[t1] and (h x t;) A = a. Since
the question is local on S, we may shrink S when needed along the proof.

By pulling back the family (Fg,,®g,), these morphisms also give two families
of semistable based Lie tensors (g1, F1,¢1) and (go, Fo, ¢2). By definition of Eg,,
we have E; = F;, @ det F; ® N;, i = 1,2. After eventually shrinking S, there are
isomorphisms a; : det F; @ N; — Oxxg. Define o by

F:
E27F2®detF2®N2&a2'F2

Q\L \La/
Fi1®ay

E17F1®detF1 ®N1HF1

and hence o = o/ ® (al_1 0 ay). Given an isomorphism 3 : N2_1 — Nl_l, we obtain
an isomorphism

o @detd @ B:Fy=F,@det Fo ® Ny — B} = Fy @ det F; @ Ny .

Choose f3 so that o/ ® (a;' 0 ay) = o’ ® deta’ ® B. Since a = o/ ® det’ @ 3, the
commutativity of

By ® By —2» EYV
a®ai avV

B, ® E LEIW
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implies the commutativity of
Qr+1 2
F, —— Ny

a/®r+1 \L ﬁ

F1®7‘+1 ¢1 Nl

and hence the pair (o/, 8) gives an isomorphism between (F1, ¢1) and (F3, ¢2). Using
the based Lie tensors (qi, F1, ¢1) and (g2, Fa, ¢2), let g; = pg,(q¢i(m)), i = 1,2, and
define the isomorphism A’

Veos % Pg,(Fo(m))
h’l ps*(a’(m))l%
V©0s — > pg,(Fi(m))

This isomorphism can be seen as a morphism A’ : S — GL(V). By construction,
it is to = h'[t1], and (o/, 8) is the pullback of the isomorphism (1.17) by A’ x ¢.
Denote by h : S — PGL(V) the composition with the projection to PGL(V'). Then
we have to = hlt1], and « is the pullback of the left arrow in (1.18) by h X ¢;.

Finally, we have to check that these two properties determine A uniquely. Let
hi,hy : S — PGL(V) be two such morphisms. Define h = hyhy'. Then h[t;] =
t1, and the pullback h x 1 A is the identity automorphism. Replacing S by an
étale cover, we can lift h to a morphism A’ : S — GL(V), and this induces an
automorphism o/ = h x &1 A’ of Fg = 11 Fr,

t1 4R,

(1.19) V ® Oxxs —= Fs(m)

h,l \Lal
H*QR

V ® Oxxg —= Fg(m)
Applying pg, to (1.19), we obtain

HO(qy)
V®0Os %ps*Fs(m)
pS*hll pS*O‘l

HO
V&0 2 pg, Fy(m)

Since h x t; A = id, the automorphism «’ is a family of homotethies, i.e. Pg. 0
can be seen as a morphism S — C*, and considering the previous diagram, pg, h/
can also be seen as a morphism from S to C*, the center of GL(V'), hence h is the
identity morphism from S to PGL(V).

O

2. CONSTRUCTION OF Ry

Recall that all schemes considered are locally of finite type over SpecC. In this
section and the following we are going to make use of the category of complex
analytic spaces. For a scheme Y, we denote by Y?" the associated complex analytic
space ([SGA1, XII], [Ha, App. B]), and given a morphism f in the category of
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schemes, we denote by f?" the corresponding morphism in the category of analytic
spaces. Recall that the underlying set of Y?" is the set of closed points of Y, and it
is endowed with the analytic topology.

Lemma 2.1. Let S be a scheme (not necessarily smooth). Let Z C X x S be a
closed subscheme with codimg(Z2", X" x s) > m for all closed points s € S, and
U C X xS its complement. Let M be a real manifold with dimg(M) < m — 1 and
compact boundary, and let

f=(fx:fs) : M — X*" x S

be a continuous map such that the image of the boundary lies in U*™. Then f can
be modified by a homotopy, relative to its boundary to a continuous map f whose
image lies in U™,

Proof. Consider the cartesian product (in the category of topological spaces and
continuous maps)
Z]avr[l > zan

|,

S

M~ gan

The map f factors as

Jid id,
MLXE%H X M%Xan X San

Zi‘; Zan

By hypothesis codimp (23", X*" x s) > m for all s € S, so codimr(Z3}, X*" x M) >
m, and since dimg(M) < m — 1 and X®* x M is smooth, we can modify (fx,id)
homotopically, relative to its boundary, to a map fvl whose image does not intersect
Z31. Then the image of f = (id, fg) o f1 lies in U. O

Lemma 2.2. For a scheme S, let Z C X x S be a closed subscheme such that
codimp (22", X*" x s) > 4 for all s € S. Let U be the complement of Z, and let
r €U C X xS be a closed point. Then the inclusion 13" : Y3 — X3 x S2 induces
an isomorphism of topological fundamental groups

7_‘_l(ian’x) :wl(uan",p) i 7T1(Xan X San’x)‘

Proof. To check that my(i®") is injective, let f : S' — U be a continuous based
loop (i.e. a continuous map from the unit interval [0, 1] sending 0 and 1 to the base
point ) mapping to zero in 71 (X?" x S#* x). So there is a continuous map g fitting
into a commutative diagram

Sl f uan( xan y San

|

D Xan X Sal’l
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where D denotes the unit disk (whose boundary is S!). By lemma 2.1 we can change
g by a homotopy relative to its boundary to a map whose image is in U®", hence
[f] € m (U™, z) is zero.

To check that 71 (i*") is surjective, let

fiSh— X x5
be a continuous based loop. Applying lemma 2.1 we can change f, by a homotopy
relative to the endpoints of the interval, to a based loop in U?". ([l

Corollary 2.3. With the same notation and hypothesis as in lemma 2.2, the inclu-
ston i induces an isomorphism of algebraic fundamental groups

T8 (i, ) - T8 (U, x) =, 8 (X x S, z).
Proof. The algebraic fundamental group is canonically isomorphic to the completion
of the topological fundamental group with respect to the topology of finite index
subgroups (cfr. [SGA1L, XII Cor. 5.2]), hence the result follows from lemma 2.2. [

The monomorphism ps : G/Z < Aut(g’) is the inclusion of the connected com-
ponent of the identity of Aut(g’). Thus F = Aut(g')/(G/Z) is a finite group.
Recall that the tautological family (1.16) parametrized by R is denoted

gRl = (ERuSoRl)
Let Ur, C X x Ry be the open set where Eg, is locally free. Then Eg, gives a

principal Aut(g’)-bundle Pr, on Ug,. Consider the functor I'(pa, Pr,) of reductions
defined as in (0.3).

Proposition 2.4. The functor I'(pa, Pr,) is represented by a scheme Ry — Ry
which is étale and finite over Ry, so there is a tautological family parametrized by
Ry

G/Z
(21) (qR27PR2/ 7ER27¢R2)
Proof. The set of isomorphism classes of S-families of ps-reductions is bijective to
the set

(2.2) Mory, (Us, Ps(F))

of sections of the pulled back principal F-bundle Pg(F) — Us. Since F is a finite
group, giving the principal F-bundle p : Pg, (F') — Ug, is equivalent to giving a
representation of the algebraic fundamental group 78 (Ug,, ) in F ([SGAL, V §7]).
By lemma 2.2 this fundamental group is isomorphic to 7%8(X x Ry, x), so there is a

unique principal F-bundle Pg, (F') on X x R; whose restriction to Ug, is isomorphic
to Pr,(F'). We claim that the set (2.2) is bijective to

(2.3) Morxxs(X X S7PR1(F)S)-

Indeed, an element of the set (2.2) corresponds to a trivialization of the principal
bundle Ps(F) — Us. If this is trivial, then the principal bundle Pg, (F)g — X x S
will also be trivial, and trivializations of the former are in bijection with trivial-
izations of the later, and these correspond to elements of (2.3), thus proving the
claim.

Finally, the morphism X x Ry — R; is projective and faithfully flat, Pg, (F') —
X X Ry is an étale and surjective, and Pg,(F') — R; is projective. It follows
from [Ra3, lemma 4.14.1] that the functor I'(p2, Pr, ) is representable by a scheme
Ry — R; which is étale and finite over Rj. O
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From proposition, together with proposition 0.36, we obtain the following

Corollary 2.5. The family P, = (sz/ Z, Ep, ¥ Rz) s a universal family with group

PGL(V) for the functor ﬁé/z.

Recall G' = [G, G] denotes the commutator subgroup. Clearly G/G’ = C*?, and
giving a principal G/G’-bundle is equivalent to giving ¢ line bundles. Note that
G/Z x G/G" = G/Z', where Z' is the center of G'. Denote the projection in the
first factor by

oy G/Z' - G/Z.
Let dy,...,d, be q fixed elements of H?(X,C). Define
Ry = JU(X) x -+ x J%(X) x Ry,

where J%(X) is the Jacobian parameterizing line bundles on X with first Chern
class equal to d; € H?(X,C). Using a Poincaré line bundle on J%(X) x X, we
construct a tautological family parametrized by R}

G/z'
(24) (QR’27PR/2 7ER’27¢R’2)
where the principal G/Z’-bundle Pgé/ 2" is the product of the pullback of the principal

G/Z-bundle sz/ 7 of the family (2.1), and the principal C*-bundles associated to
line bundles on X x R pulled back from Poincaré line bundles on X x J di

Lemma 2.6. The scheme R, over Ry represents the functor I'(ph, Pr,).
Proof. 1t follows easily from the construction of Rj. g

There is a lift of the trivial C* action on the Jacobian J(X) to the Poincaré
bundle, providing it with a structure of a universal family with group C*. Using
this action, we obtain from lemma 2.6 and proposition 0.36 the following

Corollary 2.7. There is a natural action of G/G' x PGL(V) on the family of
principal G/Z'-sheaves PG,Q/ 7 = (Pg,; 7

universal family with group G/G' x PGL(V) for the functor

7ER’27¢R’2)7 providing it with a structure of
Fey
3. CONSTRUCTION OF Rg3

Let Z' be the center of the commutator subgroup G’ = [G, G]. It is a finite abelian
group. Consider the exact sequence of groups

(3.1) 1— 27 —G2.aq/7 —o.
Recall that the family (2.4) parametrized by R, provides a principal G/Z’-bundle
G/z'

(3.2) Pp/™ — Up, C X x R,
where Up, is the open set where the torsion free sheaf Ep, of (2.4) is locally free.

We first recall some facts about nonabelian cohomology. For a scheme Y and
a group H, we denote by H the trivial étale sheaf on Y with fiber H. Given a
morphism p : Y — S, we define R'p,(H) the étale sheaf on S associated to the
presheaf

(u U — S) — Hét(YUvﬂ)v
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where Flgt denotes the Cech cohomology set with respect to the étale topology, and
Yy = Y xgU For a finite abelian group F, let H*(Y?"; F') be the singular cohomology
of Y with coefficients in F'. We will need the following comparison

Theorem 3.1. Let F be a finite abelian group, and Y a scheme, locally of finite
type. Then there is a canonical isomorphism

HL(Y,F) = H'(Y*,F)

Proof. Follows from [SGA4, XVI Th. 4.1] (H,(Y,F) = H!(Y*"; F)) and the fact
that étale cohomology can be calculated using Cech cohomology. O

Lemma 3.2. Let p: Ug, — Ry be the projection to Ry. Then, fori < 2,
Rlp*z — Hi(Xan; Z/),

i.e. R'p,Z' is the constant sheaf with fiber H'(X; Z'), the singular cohomology
group of X with coefficients in Z'.

Proof. Let U — Rj be an étale open set of R, and let Uy = Ug, xg, U. The
isomorphism of the homotopy groups in lemma 2.2 provides an isomorphism of the
singular homology groups

Hy(Up™; Z) = Hy(X™ x U™ Z)
Now we will show that
Hy(Uy™ 7) — Hy(X™ x U™, 7)

is an isomorphism. To check that it is injective, consider a class a in Ho(Uy®™;Z)
which maps to zero. This class is represented by a sum with integer coefficients
> n;fi, where f; : Mf — Uy?" are continuous maps with Mf a polyhedron of
real dimension 2. Since it maps to zero, there is a 3-dimensional singular chain 3
in X* x U, represented by a sum with integer coefficients ) m;g;, where the
gji M j?’ — X3 x U3 are continuous maps with M ]3 a polyhedron of real dimension
3, and we can assume that the boundary of M ;’ is mapped to the union of the images
of f;. In particular, the image of this boundary is in Uy®".

By lemma 2.1, each map g; can be changed by a homotopy, relative to its bound-
ary, to a map g; whose image lies in Uy®™®. Then ) m;g; is a cycle in Uy whose
boundary is > n;f;, hence « is already zero in Ho(Uy®™;Z).

To check surjectivity, note that a singular cocycle in X2* x U#" can be represented
by a sum »_ n;f; where, for each i,

fir M} — X x U™

is a continuous map from MZ?, a closed manifold with real dimension 2 with a
triangulation. By lemma 2.1 the map f; can modified by a homotopy to a map f;
whose image lies in Uy®*. This modification does not change the homology class, so
this proves surjectivity.

The inclusion j : Uy — X" x U*" induces an isomorphism

G Hi(Xan x U, Z/) =, Hi(uUan; Z/)
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for ¢ = 1 or 2. Indeed, denoting U = Uy®" and M = X3 x U?", the inclusion
induces a commutative diagram

0 —— Ext'(H;,_1(M;Z),2") — H(M; Z') — Hom(H;(M; Z),Z') —= 0

- E F

0 —— Ext'(H; (U;Z),2") — H'(U; Z') — Hom(H,;,(U; Z),Z") —= 0

where the exact rows are given by the universal coefficient theorem for singular
cohomology ([Sp, Ch. 5 §5]), and then j* is an isomorphism by the 5-lemma.

By theorem 3.1, étale cohomology coincides with singular cohomology, hence tak-
ing sheafification we obtain

Rip.Z' =5 H\(X;Z)).
0

Given a scheme Y, the exact sequence (3.1) gives an exact sequence of pointed
sets [Sel], [F-M]

He(Y,G) — H(Y,G/2') — HE(Y,Z')

where the distinguished element for each set corresponds to the trivial cocycle (and
exactness means that the inverse image of the distinguished element of the last set
is equal to the image of the first map).

This exact sequence implies that, if p: Y — S is a morphism of schemes, there is
an exact sequence of sheaves of sets on S

(3.3) R'p.G — R'p.G/Z' — R*p.Z',
which can be thought of as the relative version of the previous sequence.

Lemma 3.3. Assume there is a reduction (P%,() to G of an algebraic principal
G/Z'-bundle P on a scheme Y. Then the set of algebraic isomorphism classes of
reductions is an H'(Y®; Z')-torsor.

Proof. Recall that this means that H!(Y"; Z’) acts simply transitively on this set,
i.e. it is a principal H'(Y®"; Z’)-bundle over a point, and hence, for each reduction
(P, (), there is a natural bijection between H'(Y?"; Z') and the set of isomorphism
classes of reductions, sending the zero element of H'(Y?"; Z’) to (P, ().

Since Z’ is discrete abelian, H(Y®"; Z') = HL (Y, Z') (theorem 3.1). The action
of this group on the set of reductions is defined as follows. Let (P%,¢) be an
analytic reduction, and a € H}(Y,Z'). Let {g;;} be a G-cocycle representing the
isomorphism class of P¢, and let {zij} be a cocycle representing . Then {g;;z;;}
defines a principal G-bundle P¢ and, using ¢, an isomorphism ¢ : ps. (PG) >~ p.
The action is

(PGvg) T = (PGvg)
It is easy to check that this is well defined on the set of isomorphism classes of
reductions, and the action is simply transitively. O

Remark 3.4. In the previous proof we have used the fact that Z’ is in the center
of G. In general the set of reductions is bijective to a cohomology set with twisted
coefficients.
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The relative version of this bijection is as follows. Assume that we have a mor-
phism of schemes p: Y — S, and a principal G/Z’-bundle Ps on Y

Lemma 3.5. Let Pg be a principal G-bundle on'Y , with pg*Pg = Pg. Then, for
all étale open sets U — S

(34) L(ps, Ps)(U) = R'p.Z/(U)
where f(pg,PS) is the sheaf of reductions defined in the preliminaries.
Proof. Lemma 3.3 gives a bijection (depending only on Pg )
(p3, Ps)(U) = Hey(Yu, Z')
Sheafifying sides, we obtain the result. O

Proposition 3.6. The functor f(pg,Pg,z/Z/) is representable by a scheme Rf étale
and finite over RY.

Proof. The strategy of the proof is as follows. First we see that the subscheme
R, C R} corresponding to principal bundles that admit a reduction of structure
group to G is a union of connected components of R,. Then we show that the
functor I’ (p3,Pg,2/ Z ) is a principal space over R’Q, and the structure group of this

principal space is the finite group H'(X?"; Z'), hence affine, and then it follows from
descent theory that the functor is representable [FGA].

The principal G/Z’-bundle Pg,/z — Up, (cfr. 3.2) gives a section o’ of R'p.G/Z'

A el

over R}, and using (3.3) we obtain a section of R*p,Z’. The principal G/Z’-bundle
corresponding to a point in R/, can be lifted to G if and only if this section is zero at
this point. By lemma 3.2 this sheaf is constant with finite fiber, hence the section is
locally constant and it vanishes in a subscheme R} C R, which is a union of certain
connected components of RY,.

By exactness of the sequence (3.3), we can cover ]%’2 with open sets U; (in the
étale topology) such that the section o'|y, of R'p.G/Z’ over U; lifts to a section o;

of R'p,G. Refining the cover U; if necessary, we can assume that
o; € HI(UU“Q).

S

1

This means that there are principal G-bundles PZ-G — Uy, such that pg*PiG =

The action of H'(X®;Z’) described in the proof of lemma 3.3 gives an action ©

on the functor of reductions I'(ps, Pg,/ Z ). By lemma 3.5, after restricting to U; we
2

have an equality of functors

(o3, PS'7) = R'puZlu, : (Sch JU;) — (Sets)
By lemma 3.2, R'p,Z’ is the sheaf of sections of R x H'(X®: Z') — R}, and then
f(pg, sz/z ) is represented by the scheme U; x H'(X?"; Z'), the action © becoming

just multiplication on the right. Hence the functor f(pg, Pg/ Zl) is a principal space
2

with group H'(X?®;Z’). Since this group is affine, by descent theory it follows
that it is represented by a principal H!(X®"; Z’)-bundle over R}, and the result
follows. O
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Let Ry C R4 be the union of components corresponding to principal G-sheaves
with fixed numerical invariants 7. The morphism R3 — R) is also finite. Then,
proposition 3.6 together with corollary 2.7 and proposition 0.36 conclude

Corollary 3.7. The scheme Rs is a universal space with group PGL(V') for the
functor Fq.

Note that we have used the fact that the action of G/G’ on Ry is trivial.

4. CONSTRUCTION OF A QUOTIENT

Let H be a reductive algebraic group acting on two schemes T and S. We will
use the following ([Ra3, lemma 5.1])

Lemma 4.1 (Ramanathan) If f: T — S is an affine H-equivariant morphism
and p: S — S is a good quotient for the action ofH then there is a good quotient
q:T — T by H, and the induced morphzsm f T — 8 is affine.

Furthermore, if f is finite, then f is finite. When f is finite and p: S — S is a
geometric quotient, then q : T — T is also a geometric quotient.

Theorem 4.2. There is a projective scheme M, corepresenting the functor ﬁg of
families of semistable principal G-sheaves with numerical invariants 7. There is an
open subscheme smgs whose closed points are in bijection with isomorphism classes
of stable principal G-sheaves.

Proof. We use the notation of proposition 1.6. Using geometric invariant theory,
it is proved in [G-S1] that there is a good quotient for the action of SL(V') on the
scheme R of based J-semistable Lie tensors

pr: R— RJ/SL(V),

where R is the closure of R defined in proposition 1.6, and R/ SL(V) is a projective
scheme, and that it is a geometric quotient on the open subscheme R?® of based
d-semistable Lie tensors. By proposition 1.7, the inclusion of based semistable g'-
sheaves Ry — R is proper, hence the restriction of pr

R, - R1 — R1/SL(V) =9y,

is also a good quotient onto a projective scheme, and it is a geometric quotient on
the open set R corresponding to based stable g’-sheaves. Since the center of SL(V)
acts trivially on Ry, this is also a quotient by PGL(V').

For the scheme Rj3 of based semistable principal G-sheaves, i.e. pairs (¢, P) where
P = (P,E,1) is a semistable principal G-sheaf and ¢ : V ® Ox(—m) — FE is a
surjection inducing an isomorphism V = H°(E(m)), the following composition is a
finite morphism

f:R3 — Ry=J%x Ry — J% x Ry,
where J¢ = J% (X) x --- x J%(X). Let PGL(V) act trivially on J%. Then
p:Jex Ry — JLx R /SL(V)

is a good quotient by PGL(V'), whose restriction to J< x R{ is a geometric quotient.
Therefore, by lemma 4.1, there exists a good quotient by PGL(V')

q: R3 — Mg
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which is a geometric quotient on the subscheme Rj of based stable principal G-
sheaves. Furthermore, the induced morphism f : M — J x O, is finite, hence

G s projective.

By corollary 3.7, the scheme Rj is a universal space with group PGL(V) for
the functor ﬁg, hence, by remark 0.35, the projective scheme 97, corepresents the
functor ﬁg.

The last statement follows also from Ramanathan’s lemma, because f is finite. [J

Two semistable principal sheaves are called GIT-equivalent if they correspond to
the same point in the moduli space. Now we will show that this amounts to the
notion of S-equivalence given in the introduction (definition 0.7).

Let P = (P, E,%) be a semistable principal sheaf. If it is not stable, let E,, or
E), be an admissible filtration, i.e. a balanced algebra filtration with

¢
(4.1) Z (TPEi — T‘iPE) = Z(/\Z‘_H — /\i)(TPEAi — TAiPE) = 0.
i€Z i=1
Let U’ be the open subset of X where it is a vector bundle filtration. By lemma 5.4
this bundle filtration amounts to a reduction P? of P|ys to a parabolic subgroup
Q) C G together with a character x of the Lie algebra of ). Let () — L be its Levi
quotient, and L — @ C G a splitting. In the introduction we called the principal
G-sheaf
(PUQ—~ L— G),aE ¢
the admissible deformation of P associated to E,, whose associated g'-sheaf is
O] B'® B — BTV,

Proposition 4.3. Any admissible deformation of a semistable principal G-sheaf P
is semistable. After a finite number of admissible deformations, a principal G-sheaf
1s obtained such that any further admissible deformation is isomorphic to itself. This
principal G-sheaf depends only on P, and we denote it grad P (and grad P := P if
P is stable).

Two principal sheaves P and P’ are GIT-equivalent if and only if they are S-
equivalent in the sense that grad P = grad P’.

Proof. Let z € R3 and let SL(V) - z be the closure of its orbit. It is a union of
orbits, and by definition of good quotient, it has a unique closed orbit Bs(z), which
is characterized as the unique orbit in SL(V') - z with minimal dimension. Thus, two
points z and 2’ in R3 are GIT-equivalent (i.e. mapped to the same point in the
moduli space) if and only if Bs(z) = Bs(Z').

Claim. If SL(V) - z is not closed, then there exists a one-parameter subgroup A of
SL(V) with p(f(2),A) = 0 such that the limit zg = lim;_g A(¢) - z is in SL(V) -z \
SL(V) - 2.

Indeed, recall that we have a finite SL(V') equivariant morphism

Ry L5 Jix R C JAx R,

where R; is the closure of R; in the projective variety R defined in proposition
1.6. Note that J2 x R; is the open subscheme of semistable points of the projective
variety J¢ x Ry. Since z is not in B3(2), the point f(z) is not in B(f(2)) (the closed
orbit in the closure of SL(V)- f(z) C J¢x Ry), because the morphism f sends orbits
to orbits and dim(f(SL(V) - z)) = dim(SL(V) - f(z)), since f is equivariant and
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finite. By [Si, lemma 1.25], there is a one parameter subgroup A of SL(V') such that
F(2) == limy_g M(t)- f(2) € B(f(2)). Since f(z) is semistable, u(f(z),\) < 0. If this
inequality were strict, then ,u(m, A~1) > 0, which is impossible because m is a
semistable point. Therefore p(f(z),\) = 0. Since f is proper, limy_g A(t) - z exists,
and furthermore it belongs to B(z) C SL(V) - 2\ SL(V) - 2, thus proving our claim.

For any one-parameter subgroup with u(f(z),A) = 0, lim;_g A\(¢) - f(2) exists and
is semistable [G-S, Prop. 2.14], and since f is proper, lim; g A(t) - z also exists in
Rs.

Claim. There is a bijection between one-parameter subgroups of SL(V') with
p(f(z), A) = 0 on the one side, and admissible (Pg,, = 0) saturated balanced algebra
filtrations Ej, of F together with a splitting of the induced filtration HO(E), (m))
in V' on the other side.

Indeed, in [G-S1] we established a bijection between one-parameter subgroups of
SL(V) with u(f(2),A) = 0 and balanced filtrations with

PEA. + ,U*tens(E)\.y ¢)6 =0

where (E,¢) is the tensor corresponding to the point f(z). Therefore, the o-
semistability of this tensor implies that the filtration E), is saturated (since the
left hand side of the former equality is bigger for the saturation). The leading
coefficient is
t

(42) > (Mig1— Xi)(deg By, 1k E — 1k E, deg E) + fitens(En, , ¢)7 = 0

i=1
By lemma 0.27, deg £ = 0. Lemma 1.4 implies deg Ey;, < 0, and recall 7 > 0.
Therefore lemmas 1.1 and 1.3 imply figens(Er,, @) = u(Ex,, ) < 0. Since we have
equality in (4.2), it must be u(E),,¢) = 0. Hence, by lemma 1.3, the filtration E),
is an algebra filtration, thus proving the claim.

Now, let P = (P, E,) be a semistable principal G-sheaf, choose a quotient
q:V ®0Ox(—m) — E, and let z € R3 be the point corresponding to the based
principal G-sheaf (¢,P). Let A : C* — SL(V) be the one-parameter subgroup
associated to an admissible saturated algebra filtration. The action of A on the
point z define a morphism C* — Rj3 that extends to

h:T=C— Rs,

with h(t) = A(t) - z for t # 0 and h(0) = limy_,o A(t) - 2 = 2¢. In the rest of this
section we shall show that the point zg corresponds to the associated admissible
deformation. Then it will follow that the limit zq fails to be in the orbit of z if and
only if the associated admissible deformation fails to be isomorphic to P.

If zp is not in the orbit of z, since SL(V) - zp C SL(V)-z \ SL(V) - 2, it is
dim SL(V) - zop < dimSL(V) - z, so if we iterate this process (with zy and another
one-parameter subgroup as before) we get a sequence of points zp, 26, z(’)’ ,... that must
stop giving a point in B(z). Hence, the principal G-sheaf grad P, up to isomorphism,
depends only on P, because there is only one closed orbit in SL(V) - z.

To finish the proof of the proposition it only remains to show that the point zg
corresponds to the associated admissible deformation. This will be done constructing
a based family (q¢r, Pr) = (¢r, Pr, E1, 1) such that (g, P;) corresponds to the point
h(t) € R3 when t # 0 and Py is the associated admissible deformation. Since Rj is
separated, it will follow that (qo,Py) = (qo, Po, Fo, %) corresponds to 2.
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First we define a based family (g7, E7,¢r) of g’-sheaves. For any n € Z, define
E, = E,, where (recall from Preliminaries before definition 0.15) i(n) is the
maximum index with A;,,y < n. Let —N be a negative integer such that £, = 0 for
n < —N, and write V;, = H°(E,(m)). Borrowing the formalism from [H-L, §4.4],
define

Ep = EBEn @t" Cc E@ct NC[t] ¢ E®c C[t, t7]
n

qT:V®OX(—m)®(C[t] AN OV @ Ox(—m) @ t" — Er

"1 — vt @t — q(v") ®@t"

o7 (BE, @ t") ® (8E, ®t") — (@B, ")
w; Rt @w; @t s [w;,wj] @t

where v" is a local section of V" @ Ox(—m), and w;, w; are local sections of E;
and Ej. Then, as in [H-L, §4.4], (g, Et, @) corresponds to f(h(t)) (in particular,
if ¢ # 0, then (Fy, ¢;) is canonically isomorphic to (E,¢)), and (Ep,po) is the
admissible deformation associated to E},.

Now we will define the family of principal G-bundles Pr. The saturated balanced
algebra filtration Ey, provides, by lemma 5.4, a reduction P? of Py to a parabolic
subgroup @ on the open set U’ where E), is a bundle filtration, together with
dominant character y of q = Lie(Q). Let @ = LU be a Levi decomposition of the
parabolic subgroup @, and denote [ = Lie(L), u = Lie(U). Let h C [ be a Cartan
algebra. Let v € 3 be the element associated to x by lemma 5.3, We can associate
to v, without loss of generality, a one-parameter subgroup

v:C*— Zp,

of Z1, the center of the Levi factor L corresponding to [, such that d¥(1) = v.
Indeed, on the one hand, an integer multiple av provides such a subgroup (lemma
5.5), and on the other hand, if we replace the indexes A\; by al);, the associated
one-parameter subgroup A(t) is replaced by A(t%), and h(t) is replaced by h(t*), and
v by av, but this doesn’t change the limit z.

The adjoint action of ¥(¢) on any = € u has zero limit as t = ¢ € C* goes to
zero, since using the root decomposition z = - . R+ (3) Lo with respect to 3, this
action is

U)oz =S 0t) a0 =3 " mp =3 g, = Y 1200y,

and the limit is zero because a € RT(t), so that a(v) > 0. Therefore, since the
exponential map is G-equivariant with respect to the adjoint action, for any element
u=-¢e"eU,itis

%i_H}é U(t)-e® =lime?®® =1

t—0
Thus, since () is in the center Zy, of L, the adjoint action W(t)-lu = U(t) " uW(t)
on any lu € LU = @ has limit

%El(l]\ll(t)-lu =1 %%\P(t)-u:l
Let {gap : U, — @ C G} be a 1-cocycle on U’ describing P?|y. Denote by Pr the
principal G-bundle on U’ x T described by
{U(t) ' gas¥(t): Uy x T — Q C G}
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Note that ¥ is defined only on values t € C*, but the previous observations show
that this cocycle can be extended to t = 0, and for this special value it describes the
principal G-bundle P?(Q — L — @), thus admitting a reduction of structure group
to L. Remark also that, for ¢ # 0, there is a canonical isomorphism between the
principal G-bundle P, on U’ and P|y/, hence Pr extends canonically to a principal
G-bundle on Ug, C X x T which we still denote Pr.

It remains to construct an isomorphism of vector bundles ¢ : Pr(g') — Erp|yrxr-
Let W = OE’?T, and let W,, C W be the trivial subbundle defined as the direct sum
of the first rk E,, summands, and W" = W,,/W,,_1. Take a covering {U/} of U’
with trivializations v, : W[y, — E|y: preserving the filtration on F, i.e. such that
® restricts to an isomorphism between W, |y: and E,|y:. Consider the g'-sheaf
isomorphism

v W’U{l @C[t] — @Wn’U{l ®t"
"R — " et"
where v™ is a local section of WW". The transition functions hqg : U, r;B — Aut(g’) C
GL(g¢') of E|ys can be chosen to be block-upper triangular matrices

M)\1>\1 M)\l)\z T M)\l)\t+l
0 My, - My,
hap = : : .. :
0 0 T MAt+1>\t+1

where My, A; 18 a matrix of dimension rk E* x rk EA. The commutativity of the
diagram

Wlyr, @ Clt] — > &Walyr, ® t"c Wiy, @t~V C[t]
glw@d o

YL (Ohagy(t) SEy;, ® 1" —— By @t~ VCt] & | hop@id
ET@b@id Z@id

Wiy, @ C[i] 1 DWnlu , @t Wlur, @ t=NC[t]

shows that the transition functions of Er|y/xr are v 1(t)hasy(t) : U T —
Aut(g') € GL(g'), i.e.

M)‘l)\l M)\lAQt)Q—)\l e M)\l)\t+1t>\t+1_)\1
_ 0 M)\z)\z . M)\z)\t+1t>\t+1_)\2
T (Ohapy(t) = _ ) |
0 0 e ]wAtH)\t+1

This is well defined for ¢ = 0 because M);», = 0 when A; — A; < 0. Since the
adjoint action of W(t) on h,g is precisely W(t) - hag = v~ (t)hasy(t), we obtain
an isomorphism ¢r : Pr(g)|v/xr — Er|uxT, hence a family Pr = (Pp, Ep, 7).
Note that, for ¢ # 0, using the canonical isomorphisms F; = E and P, & P|y/, the
isomorphism 1; becomes 1, hence 1)1 extends to an isomorphism Pr(g’) — ET\UET,

which we still denote ¥p. Finally, it is easy to check that (g, P:) corresponds to
h(t) and Py = grad P.
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5. SLOPE (SEMI)STABILITY AS RAMANATHAN (SEMI)STABILITY

In [Ra2], Ramanathan defines a rational principal bundle on X as a principal
bundle P over a big open set U C X, and gives a notion of (semi)stability, which is
a direct generalization of his notion of (semi)stability in [Ra3] for dim X = 1.

Definition 5.1 (Ramanathan). A rational principal G bundle P — U C X is
(semi)stable if for any reduction P® to a parabolic subgroup Q over a big open set
U' Cc U, and for any dominant character x of Q, it is

deg P9(x) (<) 0.

Let P = (P, E,) be a principal G-sheaf and let U be the open set where E is
locally free. We will show in this section that P is slope-(semi)stable if and only if
the rational bundle P is (semi)stable in the sense of Ramanathan. In particular, we
will obtain that, if X is a curve, our notion of (semi)stability for principal bundles
coincides with that of Ramanathan. As mentioned in the introduction, this section
plays also the role of an appendix where we prove some facts that have been already
used.

Recall (from [J], for instance) the well known notions of filtration and graduation
of a Lie algebra g. An algebra filtration g, is a sequence

oS 8i-1 S80S i
starting by 0 and ending by g, such that
[glvgj] c Sitj for all i? ] €7
or, deleting (from 0 onward) all nonstrict inclusions, it is gy,

0Con GG - Cong =0 (M < <Ay)
with
[Ox500] € Ony I A+ A < A
A graded structure g® is a decomposition
g= @gi with [g°,¢’] C gt/ foralli, j€Z
1EZ
or, deleting all zero summands,

t+1
s=Ps" < <),
i=1

with

[gAZ— )\'] C { g if there is k with A\, = \; + Aj

g .
’ 0 otherwise
To a graded algebra g°® it is associated a filtered algebra g, with
gi = EB o’
J<i
and reciprocally, to a filtered algebra g, it is associated a graded algebra

(grg)’ = gi/gi—1
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with Lie algebra structure
[67 @] = [U7w] mod Bitj—1

for v e g\ gi—1 and w € g; \ gj—1.

A graded algebra g® is called balanced if Y idimg’ = 0. In terms of g*, this
is S \;dimg = 0. A filtered algebra is called balanced if the associated graded
algebra is so. We start this appendix proving the following

Lemma 5.2. Let g’, be a balanced algebra filtration of a semisimple Lie algebra

g’. There is a Lie algebra isomorphism between g’ and the associated Lie algebra

gr(g's)-

Proof. Let W be the vector space underlying the Lie algebra g’. Choose a basis ¢
of W adapted to the filtration g’y,. Associate the one-parameter subgroup A(t) of
GL(W) expressed as diag(t**) in this basis. Since the filtration is balanced, this is
in fact a one-parameter subgroup of SL(WW). The Lie algebra structure of W is a
point v =) al”mel ® e™ ® e, in the linear space WY @ WY ® W. The action of the
one-parameter subgroup is

af s o TAiem =i g

where i(l) is the minimum integer for which ¢; € g';. - The point 7 € P(WY ®
WY @ W) is GIT-semistable with respect to the induced action of SL(W) on this

projective space and on its polarization line bundle Op(1) (by lemma 1.2), hence
the Hilbert-Mumford criterion implies

4 := min {)\i(l) + /\i(m) — /\i(n) Doap, # 0} <0

Furthermore, p = 0 because A, is an algebra filtration. Indeed, if ;4 < 0 then for some
triple (i, Aj, Ap) with A; + A; < Ay, it would be [g'y,,¢'5,] € @), contradicting
the fact that g’y, is algebra filtration.

Since pu = 0, the following limit exists and is nonzero

Vo ::}iné)\(t)-v e W eaW oW
Since the subset of points of WY @WVY@W —{0} giving W a Lie algebra structure is

closed, the point vg itself provides W with a Lie algebra structure. By construction,
the coordinates by of (W, vg) are

n_ { A s i) T Aigm) — Aign) = 0
m 0, A+ ANigm) — Aig) #0

In other words, (W,vg) = gr(g’y,). Let k(t) : W ® W — C be the Killing form of
A(t) - v. Since A(t) € SL(W),

det(k(t)) = det(A(t) " Tk(1)A(E)) = det (k(1)) £ 0 for all t € C*,

thus also for ¢ = 0. Since this determinant is nonzero, (W, vg) is semisimple. By the
rigidity of semisimple Lie algebras, (W,vg) = (W,v) = ¢’ O

Let a be a toral algebra a C g, i.e. an algebra consisting of semisimple elements,
thus abelian [Hum, §8.1], which is not necessarily maximal. Following [B-T, §3], we
can define the set R(a) C a¥ of a-roots in the following way. For « € aV, write

(5.1) g ={x€g:[s,z] = a(s)z, for all s € a}
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Then R(a) = {a € a¥ \ 0: g* # 0} For b is a maximal toral algebra (i.e. Cartan
algebra) containing a, a-roots can be thought of as classes of h-roots by saying
that two h-roots are equivalent if their restrictions to a are the same. Let R(h) =
RT(h)UR™(h) be a decomposition into positive and negative h-roots. If 3 ~ 3" ~ 0,
then 3 is positive if and only if 3’ is positive, hence there is an induced decomposition
R(a) = R*(a) U R (a). In particular, this gives a partial ordering among a-roots:
a < o/ when o — o is a sum of positive a-roots.

Lemma 5.3. Let q be a parabolic subalgebra of a semisimple Lie algebra g' and
X : q — C a character of q. Let q =@ u be a Levi decomposition, and 3 the center
of the Levi subalgebra I. Then there is an element v € 31 such that

X() :(Uv'):q —C
where (-,-) is the Killing form of g'.

Proof. Let I' = [I,] be the commutator subalgebra. The decomposition [ = I & 3
is orthogonal with respect to the Killing form x = (-,-) on g’. Indeed, since k is
g/-invariant, if [1, Iy € [ and z € 3, then

([l17l2]7 Z) = (l17 [l27 Z]) =0.
Let h be a Cartan subalgebra of g’ containing 3; and contained in [. The given
decomposition of [ induces a decomposition b = (I'Nh)P3; which is also x-orthogonal.
Let v € h be the element in b, x-dual to x|5. The restriction x|yny is zero because
" is semisimple, hence v € (I' N h)* = 3. O

For a parabolic subalgebra q and split q = [ ® u, let R(31) = R™(3() U R~ (31) be
the decomposition such that g’ C q when a € R*(3;). Recall that a character y of
q is then called dominant if 2(x, a)/(c, ) is a nonnegative integer for all positive
a-roots a. We call it integer if (x, «) is integer for all a-roots a.

Lemma 5.4. Let G’ be a semisimple group. Let P be a principal G'-bundle over
a scheme Y (not necessarily proper). There is a canonical bijection between the
following sets

(1) Isomorphism classes of reductions to a parabolic subgroup @ on a big open
set U C 'Y, together with an integer dominant character x of q = Lie(Q).
(2) Isomorphism classes of saturated balanced algebra filtrations

(52) OgE)ng)\zg gEAtCE)\t+1:E

of the bundle of algebras E = P(g') associated to P by the adjoint represen-
tation of G'.
Let q = 1@ u be a Levi decomposition, and v € 3 the element associated by lemma
5.3 to the character x in (1). The set of integers {\i}i=1,. .++1 in (2) is then just
the set {a(v)}aer(ayu{o}

Proof. We start with a filtration (5.2). Take a point = of Y where the filtration is a
bundle filtration. Fix an isomorphism between the fiber of E at this point and g’. We
obtain a balanced algebra filtration g’y, of g’. By lemma 5.2, the associated graded
Lie algebra gr (g’ ’\') is isomorphic to g/, and using this isomorphism we obtain a

decomposition giving g’ the structure of a graded Lie algebra
t+1

(5.3) =P g
=1
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such that
i
(5.4) 9/,\1- = EBQN\J}
j=1

Define a linear endomorphism of g’

t+1 t+1
2Y Y
f@Pe — D
i=1 i=1
2y
vEgQ — —\v
If v; € g and vj € g’ then [vi,vj] € gt 5o

f(isvg]) = [f (i), 0] + [vi, f(v))],
i.e. f is a derivation. Thus, since g’ is semisimple, a semisimple element v € g’
exists such that f(-) = [v,]. Let 3, be the center of the centralizer ¢, of v. It is a
toral algebra. Consider the 3,-root decomposition (see (5.1) or [B-T, §3])

(5.5) 7= P ¢

a€R(3,)U{0}

Note that g’ a=0 g just the centralizer ¢, of v. This decomposition is a refinement
of (5.3). Since

(5.6) = P

a(v)=—X\;
Claim. The direct summand g’ in decomposition (5.5) is equal to the direct
summand g~ in decomposition (5.3).

To prove this claim, let 3,-root a be such that a(v) = 0. For z € ¢’@ it is
[v,2] = a(v)z =0, i.e. x is in the centralizer ¢, of v. By definition, 3, is the center
of ¢, thus [w,z] = 0 for all w € 3,, proving the claim.

As a consequence, for all 3,-roots a, it is a(v) # 0, and thus a(v) > 0 gives a set
of positive 3,-roots R (3,). Using (5.4), (5.6) and the claim, we obtain for g/ in

(5.4)
do= P ¢
BERT (30)U{0}

hence g’y C ¢’ is a parabolic subalgebra ([B-T, §4]). Let U be the big open set
where E), is a bundle filtration. The inclusion Ey|y C E|y gives a reduction of
structure group P of the principal G’-bundle P|y to the parabolic subgroup @ ¢ G’
corresponding to g’y C ¢, because the stabilizer (under the adjoint action of a
connected group) of a parabolic subalgebra is the corresponding parabolic subgroup.

Finally, the character x(-) = (v,-) of the parabolic g, is dominant, because
(x, @) = a(v) is a positive integer for all positive 3,-roots.

Reciprocally, assume we are given a reduction P? of P to a parabolic subgroup
Q@ on a big open set U C Y and a dominant character y of q = Lie(Q). Choose a
decomposition q = [ @ u into a Levi and a unipotent subalgebras, and let 3, be the
center of [. Let v € 3 be the element associated to x by lemma 5.3. Consider the
3-root decomposition of g’ (see (5.1) or [B-T, §3])

= P ¢

a€R(31)U{0}
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By hypothesis a(v) = (x, ) is an integer for all 3r-roots . Define a filtration g’y
of g’ by

(5.7) dn= @ ¢

—a(v)<A;

This is a balanced algebra filtration of, because dim g’® = dim g~ and [g/'%, ¢'°] C
g™ Clearly q C gy, and in fact q = ¢y because the character x of q is dominant.
It is also clear that [ C ¢, the centralizer of v, and since x is dominant, it is [ = ¢,,
hence the center 3 of [ is the center 3, of c,.

For adjoint action of Q on g’ it is

Qg cPyg”’

B2

Thus the filtration (5.7) is preserved by this action: @ -g¢',, C ¢'y,. Since P has a
reduction to @ on U C Y, this produces a vector bundle filtration of E|y, and it
extends uniquely to a saturated filtration on Y as in (5.2).

It is easy to check that the two constructions are inverse to each other, and by

construction {\; }i=1,...t+1 = {@(v) }acr()uf0}- O

Lemma 5.5. With the same hypothesis (and notation) as in lemma 5.4, there are
positive integers a and b such that av corresponds to a one-parameter subgroup of
Zr, (i.e. its differential is av) and bx corresponds to a character of the group Q.

Proof. Let h be a Cartan algebra of g’ with 3, C h C [ and let H be the maximal
torus of the connected group G corresponding to . Let R(h) be the set of roots
with respect to h. The element v € 3y C b is in the coweight lattice Z(WW"), because
any h-root gives an integer when evaluated on v. Indeed, the 3-roots « : 3y — C
with respect to 3 are obtained by restricting the h-roots B : h — C to 3;, but by
hypothesis, a(v) € Z for all o € R(3). Let XV (H) be the lattice of one-parameter
subgroups of H. Sending an element of XV (H) to its differential gives an embedding
XY(H) — Z(WV) with finite quotient, hence there is an integer a such that av
corresponds to a one-parameter subgroup of H which can be written as

v:C* — Z,CH

t — eT —_ eTCLU

where Zp, is the center of the Lie subgroup L corresponding to [ C g¢'.

On the other hand, the character x of the parabolic q is dominant, and in par-
ticular belongs to the weight lattice Z(W). Let X (H) be the lattice of characters
of H. Sending an element of X (H) to its differential defines a lattice embedding
X(H) — Z(W) with finite quotient, hence there is an integer b such that by corre-
sponds to a character = € X (H), i.e. the differential of = is by.

Let ' = [[,1] be the commutator subalgebra, and L' = [L, L] the commutator
subgroup. Recall that a character of ¢ factors as ¢ — [ — [/I' - C, hence x
vanishes on ['. Thus the character Z of H vanishes on H N L/, so = gives a group
homomorphism L/L' = H/(HNL') — C*. Composing with the quotient @ —» L —
L/L’ we obtain a character of @) whose differential is . O

Lemma 5.6. Let P be a principal G'-bundle over a big open set U C X with a
reduction P9 to a parabolic subgroup Q C G' on a big open set U' C U. Let Z be a
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dominant character of Q and x the associated character of q. Assume that (x, ) is
an integer for all roots of g'. Let

(5.8) 0CENCEN,C - CE\ C By, =E=P(g)
be the balanced algebra filtration associated to it by lemma 5.4. Then
t+1
(5.9) D (g1 — \i) deg By, = deg P9(E)
i=1

where PQ(Z) is the line bundle associated to P9 by the character Z.

Proof. Let L C @ be a Levi factor of @), and Zy, the center of L. For 3 = Lie(Z})
consider the 3i-root decomposition of g’ (cfr. (5.1))

g/ _ @ g/a'
a€R(3)U{0}
Let v € 31 be the element associated to x by lemma 5.3. Define an order <, in the
set R(31) U{0} by declaring o <, o’ if (a — &’)(v) < 0. In general, <, is not a total
order, because it can happen that (¢/ — a)(v) = 0 even if o and o are different.

Choose a refinement of this to get a total order <. Number all the roots (including
a=0)by a1 = as = ... = agy1 in descending order, and define a filtration ¢/,

7
(510) 0 g g/al g g/ag g e g g/al g g/al+1 = 9/7 with g/ai = @g/aj .
j=1

For the adjoint action of @ on g’ it is
Q'g/ag@g/ﬁg@g/ﬁ
B>a Bra

This has two consequences: on the one hand, there is an induced action of () on

Qg .

(erg)* =00, /00,
and on the other hand, P? produces a vector bundle filtration of E|ys, and this
extends to a saturated filtration on U

(5.11) 0C Ea, CFay C -+ C Eo CE,

- - - 1+1

=F
Note that, although as vector spaces both g’“ and (gr g’)* are isomorphic, they are
not isomorphic as @-modules: indeed, while @ - (grg’)* C (grg’)®, in general we
only have Q - g'* € Pz, 8"

The filtration (5.11) is a refinement of (5.8), with

(5.12) Ey\, =E,, o= max {B€RG)U{0}: —(x,a) = —a(v) < N}

Furthermore, E% = E,,./E,,._, is isomorphic to the vector bundle associated to P
using the action of @ on (grg’)®. Since this filtration is a refinement of (5.8), it is

(5.13) deg(EM) = Y deg(E”),
a(v)=—X\;
where BN = E,./Ey, .
For each 3-root a the adjoint action of @ on (grg’)® gives a character

o : Q 2L GL ((grg))®)

det

— C*



PRINCIPAL SHEAVES 41

Every character of a parabolic subgroup factors through its Levi quotient L, and
two characters are equal if they coincide when restricted to its center Z;. We have
a commutative diagram

Q —2GL ((grg')*) 2% ¢

j—ci ((gr g’)o‘) _det_ o

7 g, ((gr g’)o‘) _det_
It follows that

o = (dlm g/a)a’
where we denote by (dim g’“)a the character of @ such that, after restricting to a
character Z;, — C*, the induced Lie algebra homomorphism 3; — C is (dim g’*)a.
Hence,
(5.14) det E* = PQ((dimg’o‘)a).

Using equation (5.13), the left hand side of (5.9) is equal to the degree of the line
bundle

t+1
Qdet EX) i = Q) (det B*)*)
i=1 a€R(3)0{0}

Using (5.14), this line bundle is equal to
(5.15) PO Z a(v)(dim g'“)a)

a€R(3)U{0}

Claim.
S a)(dimg®)a = x
a€R(31)U{0}
Let w € 31. Then

X(w) = (v,w) = wf(fo, D([w, D] = DY (dimg)a(v)a(w),

o R(30)U{0}

and the claim follows because this holds for all w € 3.
Since ¥ = Z, it follows that the line bundle (5.15) is isomorphic to P?(Z), and
the lemma is proved. O

Corollary 5.7. A principal G-sheaf P = (P, E, 1)) is slope-(semi)stable if and only
if the associated rational principal G-bundle P — U C X is (semi)stable in the
sense of Ramanathan.

Proof. Without loss of generality, we can assume that GG is semisimple. Assume
that P is slope-(semi)stable. Consider a reduction to a parabolic subgroup @ of
P|yr — U" C U, where U’ is a big open set, and a dominant character = of @). This
gives a dominant character x of ¢ = Lie(Q). Let ¢ = q @ 3 be a Levi decomposition
and 3 the center of [. A positive integer multiple ¥ = ¢y has the property that (¥, «)
is integer for all 3i-roots a. Consider the balanced algebra filtration E‘g{: associated
to X by lemma 5.4.
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This filtration of E|y» can be extended uniquely to a saturated filtration E‘A.
of F on X, namely, the intersection E,\i, inside EVV, of E and the reflexive sheaf
F), extending E)(\].l to X (cfr. [Ha, II Ex. 5.15]). By lemma 5.6, and using the
slope-(semi)stability of P we have

deg P2(Z RS At Z A g0 B, (<) 0
g (u)—; —— deg B, (<) 0.
This means that P — U C X is Ramanathan (semi)stable.

Conversely, assume that P — U C X is Ramanathan (semi)stable. Consider a
balanced algebra filtration of . We may assume that this filtration is saturated.
Let U' € U C X be the big open set where this is a bundle filtration. Lemma
5.4 produces a reduction P¢ on U’ of P to a parabolic subgroup and a dominant
character x of q = Lie(Q). By lemma 5.5, there is a positive integer b such that
bx corresponds to a character Z of Q. Then, by lemma 5.6 and because of the
Ramanathan (semi)stability of P, it is

t+1 1 _
> (isr = A deg By, = 7 deg PO(E) (<) 0.
i=1

i.e. P is slope-(semi)stable. O

Corollary 5.8. If X is a curve, our notion of (semi)stability for principal bundles
coincides with that of Ramanathan.

Let us characterize (semi)stability in terms of the Killing form, as announced in
the introduction. An orthogonal sheaf, relative to a scheme S, is a pair

(Es,Es ® Es — Oxxs)

such that the bilinear form induced on the fibers of Eg over closed points (z,s) €
X xS where it is locally free, is nondegenerate. For instance, if (Eg, ¢g) is a g'-sheaf,
the Killing form gives an orthogonal structure to Fg.

Definition 5.9 (Orthogonal filtration). A filtration Es C E of an orthogonal sheaf
is said to be orthogonal if Ei- = E_;_y for alli. In terms of E,, if the integers

)\1</\2<"'<>\t<>\t+1

can be denoted
V=1 <V=i41 < <Y-1 <Y
so that
Y—i = =%, and Ei =F,

Observe that an orthogonal filtration is necessarily balanced and saturated. These
filtrations were introduced in our former article [G-S1] in order to define the (semi)stability
of an orthogonal sheaf as the condition of admitting no orthogonal filtration of neg-
ative (nonpositive) Hilbert polynomial.

Corollary 5.10. Let P = (P, E,v) be a principal G-sheaf, or just let (E,¢) be
a g'-sheaf. An algebra filtration of E is balanced and saturated if and only if it is
orthogonal. Therefore, P is (semi)stable in the sense of definition 0.25 if and only
if it is so in the sense of definition 0.3.
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Proof. We have seen that a balanced algebra filtration of g’-sheaves is induced from
a filtration of Lie algebras as in (5.10). On the other hand, for a semisimple Lie

algebra we have
@) =P o’

B#—a
for o, f € R(h) U {0}. The first statement follows easily from these two facts. The

second follows from the first and from the fact that it is enough to consider saturated
filtrations. 0

6. COMPARISON WITH GIESEKER-MARUYAMA MODULI SPACE

The Gieseker-Maruyama moduli space is another natural compactification of the
moduli space of principal GL(R)-bundles. In this section we compare this with the
moduli space of semistable principal GL(R)-sheaves. We give two examples. In
the first one, we show that our moduli space does not coincide, in general, with
the Gieseker-Maruyama moduli space of torsion free sheaves. In the second ex-
ample, we construct examples showing that, for principal GL(R)-bundles, our no-
tion of (semi)stability does not coincide, in general, with the Gieseker-Maruyama
(semi)stability of the associated vector bundle (but recall that the slope-(semi)stability
notions do coincide).

Example 1. Let X = P? and G = GL(2). The Gieseker-Maruyama moduli space of
semistable torsion free sheaves with rank 2, ¢; = 1 and ¢ = 2 is smooth of dimension
4. We are going to show that the moduli space of principal GL(2)-sheaves with the
corresponding numerical invariants has a component of dimension at least 16, hence
the two moduli spaces are different.

Let p € P2 be a point. Since Ext!(Op2(1) ® I,,Op2) = C, there is a unique
extension up to isomorphism

00— Op2 — F — Op(1l)®I, — 0

It is easy to show that F' is a slope-stable vector bundle, hence the associated
principal GL(2)-bundle is also slope-stable. Let E be the vector bundle associated
to the adjoint representation on g’ = sl.

FY@F =ad(F)® Op: = E® Ops

The vector bundle E has rank 3, ¢; = 0 and ¢ = 7, and furthermore it is
Mumford stable. To show this, note that since E has rank 3 and zero degree, if it is
not Mumford stable then either it has a subline bundle of nonnegative degree (hence
a nonvanishing section) or it has a subsheaf of rank two of nonnegative degree. In
this second case, it will have a rank one quotient of nonpositive degree. Taking
the dual, this produces a subline bundle of nonnegative degree of EY = E. In
both cases, we conclude that if E is not Mumford stable then it has a nonvanishing
section. Now let & be a section of

HY(FY @ F)=HE) ® H(Op2)

Since F' is slope stable, it is simple, then £ is a scalar multiple of identity, hence
¢ € H%(Op2), the second summand. This shows that E has no sections, hence it is
Mumford stable.
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Let Quot(E,4) be the Hilbert scheme of quotients ¢ : E — T where T is a torsion
sheaf of length 4 supported on a zero-dimensional scheme. For each ¢ define F; to
be the kernel

0—E,—~E-5%T-—0
This torsion free sheaf inherits an sls-sheaf structure

1R

¢ B, @E, S E®E - ExEY

If ¢ and ¢’ are two quotients corresponding to different points, then E, and E,
are not isomorphic. Indeed, if v is an isomorphism between them, then there is a
commutative diagram

0 E,—t-p-ftop 0
N
0 Ey, Y-p-Top 0

where 7 is induced from ¥V and the isomorphisms i/”" and 7V. Since E is Mumford
stable, it is simple, and then n = Aid, a nonzero multiple of identity. Then the
following diagram is commutative

and this implies that ¢ and ¢’ correspond to the same point in Quot(FE, 4).

The subscheme QuotO(E,4) corresponding to quotients supported in 4 distinct
points is smooth of dimension 16, and this construction provides a family of sls-
sheaves parametrized by Quot"(E,4) (with different points giving nonisomorphic
slp-sheaves). To construct a family of principal GL(2)-sheaves we have to consider
reductions of structure group using the homomorphisms

GL(2) — GL(2)/(Z/2Z) = PGL(2) x C* — PGL(2) — Aut(sls)

Aut (5[2)

%q>-T

1%

X3

—=T

Let P, be the principal Aut(slz)-bundle on Ug, associated to (Eg, q). Since
sly has no outer automorphisms, PGL(2) = Aut(sly), and then this is a principal
PGL(2)-bundle. Now we have to consider a reduction to a principal PGL(2) x C* =
GL(2)/(Z/2Z)-bundle with numerical invariant equal to 1, i.e. we have to give a
line bundle on Ug, with degree 1, but since Ug, is a big open set, Pic(Ug,) =
Pic(P?), hence there is a unique such line bundle: the restriction of Op2(1). Finally,
the reductions of a principal GL(2)/(Z/2Z)-bundle to GL(2) are parametrized by
HL(U E,» L/2Z). From theorem 3.1 and the proof of lemma 3.2, this is isomorphic to
the singular cohomology group H'(P?;Z/27), and this cohomology group is trivial
because P? is simply connected. Then there is a unique reduction to a principal
GL(2)-bundle on Ug,. Hence each sly-sheaf (E,, ;) produces a unique principal
GL(2)-sheaf, and this provides a family of principal GL(2)-sheaves parametrized by
a scheme of dimension 16, with different points giving nonisomorphic objects, hence
there is component of the moduli space of principal GL(2)-sheaves of dimension at
least 16.
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Example 2. Let 7 : X = P2 — P2 be the blow up of P? at one closed point.
Let D be the exceptional divisor, and R the divisor class of the strict transform
of a line through the blown up point, i.e. 7*Op2(1) = Ox(D + R). Hence Kx =
Ox(—2D —3R). Let p € X be a closed point outside the exceptional divisor. Then

(6.1) HY(Ox(aD+bf))#0 < a>0andb>0
(6.2) HY(Ox(aD +bf)®1,)#0 < a>0andb>0
Let ¢, s € Z, L = Ox(sR), M = Ox(—cD + (¢ + s)R). The local to global
spectral sequence for Ext gives an exact sequence
Ext' (M @ I,,,L) % H(Ext" (M ® I, L)) = C — H*(MY ® L) = 0

The last group is zero by Serre duality and (6.1), hence « is surjective. The second
group is C because Ext' (M ® I,,L) = C,, the skyscraper sheaf at p. Let n be an
element in the first group with «(n) # 0, so that the extension corresponding to n

(6.3) 0—L—F—MIl, —0

is locally free. Fix the ample line bundle Ox (D + 2R). All degrees, stability, etc...
will be with respect to this line bundle.

Lemma 6.1. The vector bundle F' is Mumford strictly semistable with slope pu(F') =
s, and the only subsheaf L' with u(L') = u(F) is L.

Proof. A calculation shows u(L) = p(F) = s. We can assume that L’ is a line
bundle which does not factor through L. Then the composition L' — F — M ® I,
is nonzero, hence

HY LV @M®I,)#0
Denote L' = Ox(aD + bR). Using (6.2) we obtain a < —c and b < ¢ + s, and then
u(L') < u(P). O

Lemma 6.2. The vector bundle F is Gieseker-Maruyama (semi)stable if and only
if
32+ (25 —1)c+2(<)0
Proof. By lemma 6.1, it is enough to check the subbundle L. A calculation shows
that the following polynomial is constant
Pg(m)  3c*+ (25 —1)c+2
2 2
and the result follows. O

PL(m)

Lemma 6.3. The principal GL(2)-bundle associated to the vector bundle E is
(semi)stable in the sense of definition 0.3 if and only if

3()e
Proof. By lemma 5.4, all orthogonal filtrations come from reductions to a parabolic

subgroup on a big open set U’. Since F' is a rank 2 vector bundle, such a reduction
can be seen as an extension

(6.4) 0— F —F—F —0

where F} is a line bundle and F5 is a rank one torsion free sheaf. Indeed, this gives
a reduction to a maximal parabolic subgroup on the big open set U’ where Fy is
locally free.
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Let E be the vector bundle associated to the adjoint representation on g’ = sly
FV@F =ad(F)® Ox = E® Ox

i.e. the vector bundle E is the sheaf of traceless homomorphisms Hom(F, F)°
0 — Hom(F, F)° — Hom(F, F) L 0x — 0

Since the parabolic subgroup is maximal, there is a unique dominant character
(up to scalar), and by lemma 5.4, this reduction (and character) gives a saturated
balanced algebra filtration E, (we take double dual (-)VV in order to obtain a
saturated filtration)

(FYy @ F))VY < (Homp, (F,F)°)"Y < Hom(F,F)

i [ I
E_4 Ey EFi=F

where Homp, (F, F)? denotes the sheaf of traceless homomorphisms preserving Fy,
i.e. it is the kernel of the homomorphism «

(6.5) 0 — Homp, (F, F)* — Hom(F,F)* % F) ® F,
The Hilbert polynomial of the filtration F, is
Pg, :(3PE71 _PE)+(3PE0_2PE)

It has degree at most 1, and the coefficient of the term of degree 1 can be obtained
substituting the Hilbert polynomials by degrees in the previous expression. We
calculate
deg(FE_1) = deg(Fy ®@ Fy) =degFy —deg F»
deg(Ey) = deg(Homp, (F,F)?) =
= deg(Hom(F, F)°) — deg(F) ® F,) = deg F} — deg F;
deg(E) = 0

The degree of Ey can be calculated from the exact sequence (6.5), because the
homomorphism « is surjective where F5 is locally free, and this is a big open set.
Then the coefficient of degree 1 in the Hilbert polynomial Pg, of the filtration F, is

degF)

By lemma 6.1, deg F; — (deg F')/2 < 0, and to check the (semi)stability of the
principal bundle we can assume that the sequence (6.4) is (6.3):

3(deg(E_1) 4+ deg(Ep) — deg(FE)) = 6(deg F} — deg F») = 12(deg F; —

0O—L—F—M®I,—20
Taking the dual of this sequence, we obtain the short exact sequence
0— M —F —LVeIl,—0
It is easy to check that the composition
Hom(F,F)' - F'@F - LY@,o M®1,
is surjective, hence Homp (F, F )0 fits in an exact sequence

0 — Homp(F,F)" — Hom(F,F)" — LV®@L,eMaI, = LYoM&a(Iz&C,) — 0
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where Z is the “fat point” supported at p, i.e. I, = II%. Then
0 — (Homp(F,F)°)"V — Hom(F,F)’ — LY@ M @ I; — 0
On the other hand, (Fy ® F})YY = MY ® L. A calculation shows
Pg,(m) =3(—c+3)
and the result follows. 0

Lemmas 6.2 and 6.3 show that for a principal GL(2)-bundle, its (semi)stability in
the sense of definition 0.3 does not coincide in general with the Gieseker-Maruyama
(semi)stability of the associated rank 2 vector bundle. The following table gives the
stability of F' for concrete values of the parameters ¢ and s, showing this fact.

(c,s) | Vector bundle | Principal bundle
(-1,4) unstable unstable
(-1,3) | semistable unstable
(-1,2) stable unstable
(3,-4) unstable semistable
(3,-5) stable semistable
(4,-5) unstable stable
(4,-6) stable stable
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