Continuous elliptical and exponential
power linear dynamic models

Gomez E., Gémez-Villegas M.A., Marin J.M.
Departamento de Estadistica e 1. O.
Facultad de Mateméticas

Universidad Complutense de Madrid
28040 Madrid (Spain)



ELLIPTICAL LINEAR DYNAMIC MODELS

Miguel Angel Gémez-Villegas
Departamento de Estadistica e 1. O.
Facultad de Mateméticas
Universidad Complutense de Madrid
28040 Madrid (Spain)

email: villegas@eucmos.sim.ucm.es



Abstract

This paper shows a practical and easy to compute generalization of the
linear dynamic model, made by assuming a continuous elliptical joint distri-
bution for the parameters and errors. Updated distribution and probabilis-
tic characteristics of the current and future vector of state and observations
are given. As a particular simple submodel, the one with a multidimen-
sional exponential power initial distribution is developed. An example to
show its use is given.
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1. Introduction

In this paper we study a generalization of the Harrison and Stevens (1976) linear
dynamic model, made by assuming a continuous elliptical joint distribution for
the parameters and errors of the model.

The linear dynamic model was developed from the Bayesian viewpoint by
Harrison and Stevens (1976) by making use of the normal distribution, but there
are many situations where the assumption of normality is not realist, thought
the hypothesis of symmetry is adequate. So, several distributions have been em-
ployed in this sense with further developments that include mixtures of normal
distributions (Girén et al. (1989)) and ¢ distributions (Meinhold and Singpurwalla
(1989)). The general elliptical distribution was first used by Chu (1973) and this
model was later developed by Girén and Rojano (1994) within the framework of
the Bayesian analysis.

Here, we use continuous elliptical distributions and, particularly, the exponen-
tial power distribution. Continuous elliptical distributions exhibit a broad range
of symmetrical forms and the exponential power family, as a particular case of
these, includes all the most important distributions, as the normal, the multivari-
ate double exponential and the multivariate uniform distributions. These families
contains distributions with higher or lower tails than the normal one and, besides,
allows to test the normality of the errors and to deal even with models in which
the normality is not acceptable.

So, we extend the linear dynamic models by using elliptical and, in particular,
exponential power distributions, and thus replacing the independence assumption
with the weaker assumption of uncorrelation. We take an absolutely continuous

elliptical prior and show that the posterior is of the same kind and determine its



parameters. We also establish the updated distribution and probabilistic charac-
teristics of the current and future vectors of state and observations. We study in
particular the models with a multidimensional exponential power initial distribu-
tion as an intermediate case, more general than the normal case but less than the
elliptical one.

Throughout this paper properties of the absolutely continuous elliptical dis-
tribution and the multidimensional exponential power distribution are used. For
a general exposition of the elliptical distributions, including the non-continuous
ones, see Fang and Zang (1990) and Cambanis et al. (1981). For the multidimen-
sional exponential power distribution see Gémez et al. (1998). The exponential
power distribution is a particular case of the Kotz’ type distributions (see Section
3.2 of Fang, Kotz and Ng (1990)).

The elliptical model can be used as an instrument to see the suitability of the
normal model. It is possible to fix a number of stages and apply the elliptical
model taking as functional parameter the corresponding to the normal model,
and finally see the obtained posterior distributions. If these distributions are far
from normality we continue applying the elliptical model. By the opposite, if the
posterior distributions are close to the normal distribution, the normal model can
be systematically used and the elliptical one rejected.

In Section 2 continuous elliptical model is defined. In Section 3 it is shown
that the updated distribution remains being continuous elliptical and so the model
is permanent over time. In Sections 4 and 5 the updated characteristics of the
current and future states and observations are given. In Section 6 the model with
a multidimensional exponential power initial distribution is developed. Finally, in

Section 7 an application of the model to a pair of economic variables is studied.



2. Definition of continuous elliptical model

The linear dynamic model is characterized by the next two relations, called ob-

servation equation and state equation, for t =1, ..., n:
Y, = F/0,+wv,
0 = Gibi_1 +wy,

where, for each ¢, #; is r-dimensional vectors of state and Y; is s-dimensional
vectors of observations; v; and w; are vectors of errors with s and r dimensions
respectively; Fj is a fixed r X s matrix of regressors and G, is a fixed r X r matrix
relating two consecutive states. A detailed interpretation of the linear dynamic
model can be found, for example, in West and Harrison (1997).

For each t = 1,...,n we denote Y; = (Y/,...,Y/)', the vector of past observa-
tions, whose dimension is st, the scalar d; = r+(n—t)(r+s) and the current global
vector Hy = (0}, 0] 41, Wy4y, ..., U, w;)/, whose dimension is d;. We denote, in gen-

eral, X ~ E, (u,%, g) if a n-dimensional vector X has the absolutely continuous

elliptical distribution with parameters u, 3, g as defined in Johnson (1987).

Definition 2.1. (Elliptical Linear Dynamic Model). The continuous ellip-
tical linear dynamic model is defined as a linear dynamic model where the initial

!/ . . .
global vector Hy = (0y, vy, wy, ...,v),, w')" , whose dimension is dy = r + n(r + s),

oy Uny

has an absolutely continuous elliptical distribution:

Hy ~ Edo (IU(I)JJ E??Qé{) ) (21)

/
where pif = <m670/(d07r)><1> , with mg € R"; I is a block-diagonal matrix whose

diagonal components are symmetrical positive definite matrices Cy, Vi, W1, ...,
Vi, Wy, of 7, s, 1, ..., s, r orders respectively; g{! is a non negative measurable

Lebesgue function such [ tﬂél_lgé{ (t)dt < oo.
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The elliptical model is clearly a generalization of the usual normal model,
which is obtained from the former by taking g{(z) = exp {—3z} .

In order to apply the elliptical model to a process with an indefinite number
of stages it is possible to use first the model for a large number n of stages and,
after that, to use it again for another block of n stages, and so on. In this way we
can utilize the information yielded by each block of n stages to adjust the initial

distribution of the next block.

3. Permanence of the model over time

In this section we show the permanence over time of the continuous elliptical
linear dynamic model. The updated distribution of the current global model H;
conditional to Y; remains being continuous elliptical as it was the initial global
vector Hy; then, this model behaves as the usual normal model in the sense of the
maintenance of the initial distribution. We obtain a theorem about the updated
distribution of the current global vector.

We will use the next statement, which is a special case of Lemma 1.3 of Fang,
Kotz and Ng (1990): If @ > 0, b > 0, ¢t > 0 and g is a non-negative measurable

function defined in [0, c0), then

/ / 2"y g(t + x + y)dzdy = Beta(a, b)/ e gt x)de. (3.1)
o Jo 0

Theorem 3.1. (Conditional distribution of the current global vector).
For eacht = 1,...,n and each possible value y; = (3., ...,v})" of Yy, the conditional

distribution of H; when Y, =y, is

(Ht | Yt = yt) ~ Edt (:utHJ EflvgtH) ) (32)



/
where plf = (m@, O/( dtfr)M) ; ¥ is a block-diagonal matrix whose diagonal com-

ponents are the matrices Cy, Vi1, Wiyt ..., Vo, Wy; and g is expressed as
() = [Tt gl G o, (33
where m;, C; and q; are defined as
my = Gy + RF,Q; e,
C, = R, — RFQ;'F/R,,

G = Q-1+ eéQ;let,

with
Rt == GtctflG; + Wt,
Q: = FRF,+V,
€ = Yy — F%/Gtmtfl
and gy = 0.

Proof. For each t = 0,1,...,n let Y; = (Y§,Y}) = (Y],Y],...,Y/)", where Y} is
an arbitrary random vector independent of all the vectors appearing in the linear

dynamic model. Then (3.2) is equivalent to
(Ht | ?t = yt) ~ Edt (:utHJ Efvgg{) ) (34)

for each t = 1,...,n, where ¥}, = (5, ¥}) = (45,9}, .., v}) , and yp is an arbitrary
possible value of Yj.
For t = 0 in (3.4), the expression becomes clearly true. Let it now be true for

t — 1, that is,

(Htfl | ?tfl = yt—l) ~ Eq,_, (ng E£179£1) . (3-5)

8



We have

Y,
< P;t ) = AH; 4, (3.6)
where A, is the block matrix defined as

FG, I, F/ 0 --- 0 0

G 0 I. 0 --- 0 O

0 0 0 I 0

Ay = . . .

0 o 0 0 --- I, O

0 0 0 O I

<3

So (Y, H!)" is an affine transformation of H; ;. Then from (3.5) and (3.6) it follows
(see Marin (1998)) that

Y, — _ X
(3| =900) ~ Bra Gt a5 ). )
with
g(z) = / wi gl | (= 4+ w)duw.
0

The distribution of H, conditional to Y; = y, is the same as the distri-
bution of H; in (3.7) conditional to Y; = w;. This distribution is (see Marin
(1998)) Ey, (uf, S, gf"), with " and £f as in (3.4) (and (3.2)) and g/(z) =
I wi gl (= + e e + w) dw with Q; = F/R,F, + V;. The expression (3.3)
for g is easily obtained from the previous one by induction on ¢, starting from

t = 1 and making use of (3.1). B

4. Updated distribution and characteristics of the current
vector of state

Theorem 4.1. (Updated distribution of the current vector of state).

With the same hypotheses and notations of theorem 3.1, for each t = 1,...,n
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the conditional distribution of §; when Y; =y, is
(‘9,5 | Yt = yt) ~ ET (Mfa Zgagtg) ) (41)
where p¢ =my, ¥ = C; and

/ - Yool (2 4 ¢ + w) dw. (4.2)

Proof. The conditional distribution of #;, obtained as the marginal distribution
of 0; in (3.2) results to be the elliptical (4.1) with the above values for p¢ and %!
gi" (z +w) dw (see Marin (1998)). Expression (4.2)

and with ¢/ (z) = [[° w
is obtained from the previous one for g/, by taking g7 as in (3.3) and making use
of (3.1). W

In the next corollary we show some updated probabilistic characteristics of

the current vector of state. In the rest of this article we use the kurtosis measure

~5 [X] defined by Mardia et al. (1979) as
w[X] = B |((X = E[X]) Var [X] 7 (X = BIX)))’]
we shall also use the notations
o) = [0l v,

) = /Ooow“exp {—% (¢ +w)ﬁ} duw.

Corollary 4.2. (Updated characteristics of the current vector of state).
With the same hypotheses and notations as in theorems 3.1 and 4.1, if we addi-

tionally suppose that
/ 05 gt (2)dz < o0, (4.3)
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then, for eacht = 1, ..., n, the mean vector, covariance matrix and kurtosis measure

of vector 6, conditional to Y, = y; do exist and they are

El Y, =y = i, (4.4)

Var (0, | Y, =y = ! i, »? 4.5
ar tl t =Yt = dt—l—’l"tqb(w—l) ts ()
2

+2) (dy +1t) 6 (25 —1) ¢ (44 +1
Yo 0: | Y =yi] = T(rdt+)r(t+2r) (%5 (qﬁ(%())g ) (4.6)

Proof. From the stochastic representation X L p+A'RU™ of a generic elliptical
vector X ~ E, (u,%, g) (see Cambanis et al. (1981) and Marin (1998)), it can be

proved that F[X] = p, Var[X] = LE[R?] ¥ and 7,[X] = n? (éﬁ?)% the moments

of the modular variable R being E[R’| = % .
Jo # ¥4

Then, the moments E [R’], for j = 1,...,4, of the modular variable R of 6,

conditional to Y; are

fooov g (v) dv
Jo vzt 9( ) dv

foo rhi_q <f0 dt+;‘t r_1gé{ (Z + g +w) dw) dv

foo __1< oo dptrt—r

o vz o w2 _1gé{(z+qt+w)dw>dv

_ Beta (5% 2550) Jo w” +;t+j_lgé{ (¢ + w) dw 4.9
- B t r ditrt—r dt+'rt_1 H ) ( . )
eta ( 2 ) fo (qt + w) dw

E R

where (4.9) follows from (4.8) by (3.1). The integral in the numerator of (4.9)
is finite because of (4.3); therefore the moments do exist. And now expressions

(4.4), (4.5) and (4.6) follow immediately. B
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5. Updated distributions and characteristics of future states
and observations

Theorem 5.1. (Updated distribution of future states and observations).
With the same hypotheses and notations as in theorems 3.1 and 4.1, for each
t=1,...,n—1and for each k =1,...,n — t the following statements hold.

(i) The distribution of 0y, conditional to Y; =y; is

(et-‘rk | Yt = yt) ~ ET (,U’f,lm Ef,kagf,k) ) (51)
where ,uf’ x and ZZ  are given by the recurrence

0 _ 6
Hip = Gt+/€:ut,k717

0 _ 0 !
Yt = Gudip 1 G + Wi,

dy+rt—r

gfk(z):/ w2 gtz + g+ w)dw. (5.2)
0

(ii) The distribution of Y;, conditional to Y; =y, is

(Y;f-‘rk | Y, = yt) ~ B (,uz,/ku Ezkugz,/k) ) (53)
where
Mz,/k: = FZ—i—k:“?,ka
EZk = Ft/JrkEf,kFt—&—k + Vitk,
o0 ditrt—s
gii(2) = / w2 gl (z+ g+ w)dw. (5.4)
0

Proof. (i) Foreacht=1,...,n—1and each k =1,....n — ¢ it is
Ht+k = At+kHt+lc—17 (5-5)
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where A, is the block matrix defined as

Gt-‘rk 0 Ir 0 0 0

0O 0 0 Iy - 0 O

Apyr = : : : Do
o o0 0 0 --- Iy 0

o oo 0 - 0 I

Now starting from (3.2) it is easily proved by induction on k that for k = 1,...,n—t
it is

(Hipw | Ye=y¢) ~ Edt+k (tha EEkaQﬂ) (5.6)
where pfh = ((,ugk)l, (0(a, +kr)><l),>,; %} is the block-diagonal matrix whose

diagonal components are Zto’k, Vickr1, Weaka1y ooy Vi, Wy; and

o0 r+s
gfk(z)Z/ w= gl (2 + w)dw,
0

with gfh(2) = g1 (2).

The distribution of (0;4|Y: = y:) is the corresponding marginal in (5.6); this
is elliptical (see Marfn (1998)) with 4§, and X7, as location and scale parameters.
On the other hand, 6, is an affine transformation of H;, because 0;,, = CHp =
CAp 1 Aryi—1...Arp1 Hy, where C'is the block matrix C' = (I, 0,x(q,,,—r))- Therefore
(see Marin (1998)), its functional parameter is g/, (z) = [;° wit;_r’lgﬁ(z + w)dw;

by (3.1), this is equivalent to (5.2).
(ii) For each k = 1,...,n — t we obtain that

Yﬂk = Bt+kHt+lc—1, (5-7)

where By, is the block matrix By = ( Fl Gk Is Fi Osx(d,—r) ) )
Since the conditional distribution of Hy ;1 is the elliptical one given by (5.6)

(or (3.2), if k = 1), the conditional distribution of Y, is elliptical, with location
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and scale parameters ,ut e and Z  given by

Y _ H v 0
Hip = BtJrk:ut,k—l_Ft—i—thJrk:ut,k 1= F-Hc:utk’

S = BeanSih 1Bii = Flo (G2l 1Ghip + Wigk) Frow + Vi
= F+k2 kFtJrk + Vt+k

Now, Y1\ is an affine transformation of Ht (see (5.7) and (5.5)). Therefore, its
g;" (z + w)dw and, by (3.1), this is

functional parameter is gt ko ( fo

equivalent to (5.4). B

Corollary 5.2. (Updated characteristics of future states and observa-
tions). With the same hypothesis and notations as in theorem 5.1, if we addi-
tionally suppose (4.3), then the following statements hold.

(i) The mean vector, covariance matrix and kurtosis measure of 0, condi-

tional to Y, =y, do exist and are

Elur | Yi=y] = M?,ka
IC T
dy+rt ¢ (Lt — 1)
r(r+2) (d+rt) ¢ (25 +1) ¢ (457 — 1)
At )

Var (O | Y =y

Yo [9t+k | Y, = Yt]

(ii)) The mean vector, covariance matrix and kurtosis measure of Yy condi-

tional to Y; =y, do exist and are

EYiw | Ye=y] = ufk,
dy+rt g (Lt — 1)
s(s+2) (d+rD) ¢ (952 +1) ¢ (452 — 1)

dy +rt+2 (¢ (#))2

Var [Yt+k Y, = Yt]

V2 [Y;f+k> | Y, = Yt]

Proof. The proof is analogous to that of corollary 4.2. B
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6. Models with a multidimensional exponential power ini-
tial distribution

In this section we consider the class of elliptical models, in which the distribution
of the global initial vector Hj is multidimensional exponential power (for this
distribution see Gémez et al. (1998)), that is, Hy ~ PEy, (ut, S8, 8) for some
B € (0,00). This distribution is obtained from (2.1) by taking

9o (2) = exp {—%zﬂ} . (6.1)

So, this is an intermediate case, more general than the normal one but less than
the elliptical one.
In this case the updated distribution of the current global vector H; is the

elliptical (3.2) where the functional parameter g/ is

gl (2) = / w%_lexp{—%(z—{—qt —i—w)ﬂ}dw. (6.2)
0

Since this distribution is not exponential power, there does not exist a closed
“exponential power model”. Nevertheless, the form (6.2) of the parameter g/ is
very related to the form (6.1) of the parameter g, it maintains the same 3 as
exponent, and, besides, it is relatively simple.

The updated distribution of 6;, 6, and Y;,x, the current and future vectors
of state and observations, are the elliptical ones (4.1), (5.1) and (5.3), where the

functional parameters g/, g7, and g, are

e —r
g(2) = / wF ‘leXp{—
0

o0
gir(z) = / W ‘1eXp{—
0
giR(z) = / wdt+gt_s_1exp{_
) 0 2

15

(z+aq+ w)ﬁ} dw;

} dw;

(z + q +w)’ } dw. (6.3)

=

(z4+ ¢+ w)

l— N~ N~



As for the updated probabilistic characteristics of the above vectors, they result
to be simple operations among integrals of the same form as those of (6.2) to (6.3)
and can be calculated by numerical integration. This characteristics are as follows.
The covariance matrix and the kurtosis measure of 6, are
ditrt
Var(0: | Ye =y = a i ren E—if(;r_j _)1) »?,
(- 2) d o rt) (g~ 1) (252 4 )

A2 (r (252))°

Y2 [et ’ Y, ZYt] =

For the future vectors of state we obtain
ERICOR
di +rt1 (L ;” - 1) tk
r(r+2) (dotrt) T (S5 4 1) 7 (432 1)

ditrt+2 (r (452))°

Var (O | Yo =yi] =

Yo [9t+k | Y, = Yt] =

And for the future observations we have
di+r
L)
dt+1"t
dt +rtr (T — ].)

s(s+2) (d+rD)7 (B + 1) 7 (455 — 1)

EEE (r (2))°

Var [Y;Jrk Y, = Yt] =

Y
Et,k:ﬂ

Yo [Yt+k: | Y, = Yt] =

The updated distribution of Hy, 6, 0,1 and Y, are all of the form F4(u, X, g),

where the functional parameter g is of the form

*® m 1
g(2) :/ w2zt exp{—§ (z+q+w)6}dw,
0

where m is natural, ¢ > 0 and 5 € (0,00). This functional parameter is simi-
lar, both analytically and graphically, to the parameter g(z) = exp {—%zﬂ} of
the exponential power distribution. This suggests that an exponential power dis-

tribution will be simplifying and fitted enough; and, on the other hand, it will
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give some “closedness” to the exponential power model. So, we now consider the
problem of finding the exponential power distribution PE, (u*, ¥*, 8*) which is in
some sense the closest one to the elliptical distribution E4(u, %, g).

As an easy to implement method to approach this problem we suggest the
usual method of the moments. This leads to choose the values of p*, ¥* and *

which solve the system of equations

9% [ (d+3) r (d+:*) T (i)
u = FE; —5[32* = Var; d* 2 262
r (55) (r(s2))

where E/, Var and vy, are the mean vector, covariance matrix and kurtosis measure

=72 )

of the distribution F4(u, X, g). The first member of the third equation is a strictly
decreasing function of 5%, therefore there is only a solution for 5*, and this value

can be easily calculated numerically: the values of p* and ¥* are straightforward.

7. Example

We show an application of a linear dynamic model, as described in definition
2.1, with a exponential power distribution for vector Hy, to the pair of quantities
actwity ratio (Y;) and unemployment ratio (z;) in the Community of Valencia
(Spain).

We suppose that a linear relation between activity ratio and unemployment
ratio exists such that the intercept and the slope can vary along the time (it is
equivalent to the variation of 6;). So, we take F} = (1,z;) in order to include
an independent term. We suppose that errors are uncorrelated among them and
that they follow a symmetrical distribution, so we modelize them by a exponential

power distribution that includes a wide range of symmetrical distributions.
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We had 23 pairs (y;, x;) of quarterly observations ranging from 1983 to 1988
available. This observations were contributed by J. M. Bernardo and are shown
in Girén et al. (1989). We used the seven first pairs to adjust the model and the
others to test the model.

First we made G; = [ because there are no reasons to assume a system-
atic trend in the evolution of #;. We adjusted the rest of the model by set-
ting its initial parameters in a non formal way, based on the regression line

between Y; and x; and on the simulation of a sequence of values of 8; from con-

secutive pairs (4, y;), (T411,yer1)- This lead us to employ my = 5_0(')7180 ,
780.73 —41.59 0.35 0
Co=1{ _4159 222 B =200V =026and Wy = (g 49 |-

Then we calculated the updated distribution of #; and the updated character-
istics of Y;. Table 1 shows the mean vector, the covariance matrix of 6; as well as
the value 5 of the closest exponential power distribution (in the sense of section

6) to the elliptical distribution obtained for 0;.
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Table 1. Updated Distribution of 6,

t Mean Covariance m. fg* | t Mean Covariance m. S*
8 14.85 61.00 -2.89 1.03 16 19.23 81.05 -4.30 1.05
1.86 -2.89 1.37 1.56 -4.19 0.23
9 21.53 75.02 -3.51 1.04 17 19.67 82.09 -4.19 1.05
1.28 -3.51 0.16 1.51 -4.19 0.21
10 20.52 77.64 -3.81 1.05 18 19.82 83.14 -4.19 1.05
1.38 -3.81 1.87 1.55 -4.19 0.21
11 21.77 78.10 -3.62 1.04 19 18.86 8&82.99 -4.53 1.05
1.24 -3.62 0.17 1.72 -4.53 0.25
12 20.32 77.96 -3.94 1.04 20 18.31 84.44 -4.61 1.05
1.42 -3.94 0.20 1.78 -4.61 0.25
13 19.81 79.13 -3.99 1.05 21 18.01 8&85.55 -4.76  1.06
1.46 -3.99 0.20 1.83 -4.76 0.27
14 19.50 80.02 -4.11 1.05 22 18.10 &6.79 -4.80 1.06
1.49 -4.11 0.21 1.82 -4.80 0.27
15 20.21 &80.81 -4.02 1.05 23 17.36 86.95 -5.14 1.06
1.40 -4.02 0.20 1.98 -5.14 0.30

It can be observed that the independent term is more meaningful that the
slope and it is noticed that the covariance between them is negative: when the
one increases the other diminishes. The parameter $* is slightly greater than 1,
therefore the distribution is almost normal, though there is a little trend towards
more platykurtic distributions.

Table 2 shows, the updated mean and standard deviation of Y;, as well as the
prediction error (the difference between the mean and the real observation) and

the standard error (the ratio between the error and the standard deviation).

Table 2. Updated Characteristics of Y,
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t Mean S.D. Error S.E. ‘ t Mean S.D. Error S.E.

8 48.75 146 -5.39 -3.70 16 46.65 0.61 2.03 3.33

9 5453 0.22 -5.68 -25.76 17 4984 0.43 -0.50 -1.15
10 4759 046  0.96 2.10 18 49.67 026 0.79 3.01
11 50.17 056 -1.72  -3.06 19 4813 0.73 231 3.16
12 46.27 0.76  2.06 2.73 20 50.42 024 041 1.69
13 4836 0.23 0.31 1.35 21 50.23 030 070 2.38
14 4819 0.28 0.38 1.38 22 5117 026 -0.20 -0.77
15 4953 038 -1.11 -2.94 23 4883 0.65 197 3.02

The errors have no trend and the standard errors are a little large; it may
suggest that the value 0.26 chosen for V; is too small. Nevertheless, the obtained
results show that the exponential power model provides good predictions and
that the distributions obtained in each time are a little more platykurtic than the

normal, so the adjusted model is different to the standard normal one.

ACKNOWLEDGMENTS
Authors would like to thank the Editor and two anonymous referees for helpful
comments which lead to a significant improvement of the paper. This paper was

supported bay a grant from DGESIC (Spain), number PB98-0797.

BIBLIOGRAPHY

[1] Cambanis, S., Huang, S. and Simons, G. (1981). “On the theory of elliptically
contoured distributions”. J. of Multivariate Analysis, 11, 365-385.

[2] Chu, K. (1973). “Estimation and Decision for Linear Systems with Elliptical
Random Processes”. IEEE Trans. on Aut. Control, 18, 499-505.

[3] Fang, K., Kotz, S. and Ng, K. (1990). Symmetric Multivariate and Related
Distributions. Chapman and Hall.

[4] Fang, K. and Zhang, Y. (1990). Generalized Multivariate Analysis. Science-
Press. Beijing.

[5] Girén, F. J., Martinez, M. L. and Rojano, J. C. (1989). “Modelos lineales
dindmicos y mixturas de distribuciones”. Fstadistica Fspanola, 31, 165-206.

20



[6] Girén, F. J. and Rojano, J. C. (1994). “Bayesian Kalman filtering with ellip-
tically contoured errors”. Biometrika, 80, 390-395.

[7] Gémez E., Gémez-Villegas M. A. and Marin J. M. (1998). “A multivariate
generalization of the power exponential family of distributions”. Comm. in
Statist. Th. and M., 27, 589-600.

[8] Harrison, P. J. and Stevens, C. F. (1976). “Bayesian Forecasting (with discus-
sion)”. J. R. Statist. Soc. B , 38, 205-247.

[9] Johnson, M. (1987). Multivariate Statistical Simulation. Wiley. Nueva York.

[10] Mardia, K. V., J. T. Kent and J. M. Bibby (1979). Multivariate Analysis.
Academic Press, London.

[11] Marin J. M. (1998) “Continuous elliptical and power exponential distributions
with applications to linear dynamic models.” Ph. D. Thesis, Universidad
Complutense de Madrid.

[12] Meinhold, R. J. and Singpurwalla, N. Z. (1989). “Robustification of Kalman
filter models”. J. Am. Statist. Assoc., 84, 479-486.

[13] West, M. and Harrison, J. (1997). Bayesian Forecasting and Dynamic Models.
Springer. New York.

21



