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Abstract. In this paper we investigate graviton-photon oscillation in the presence
of an external magnetic field in alternative theories of gravity. Whereas the effect of
an effective refractive index for the electromagnetic radiation was already considered
in the literature, we develop the first approach to take into account the effect of the
modification of the predictions for gravitational waves in alternative theories of gravity
in the phenomenon of graviton-photon mixing.

1. Introduction

We are witnessing the dawn of gravitational wave (GW) astronomy. Most researchers
in our field are probably wondering about how this new window to our Universe will
affect our theoretical knowledge. It is hight time to dust off seminal studies on GWs
and get them in shape taking into account recent developments in gravitation. An
optimal example is the phenomenon of graviton-photon oscillation, which has long been
known by the general relativistic community. In 1960 Gertsenshtein investigated the
excitation of GWs during the propagation of electromagnetic waves (EMWSs) in an
electric or magnetic field [I]. Later on, Lupanov considered the inverse process, that
is EMWs creation by GWs crossing an electric field, as an indirect way of measuring
GWs [2]. Moreover, he argued that the effectiveness of a hypothetical detector could be
improved by introducing a dielectric material with high permittivity [2]. As it was later
investigated in more detail by Zel’dovich, the change in the speed of light due to an
effective refractive index induces loss of coherence and, therefore, affects the conversion
process. The formalism of photon mixing with gravitons (and with low-mass particles
in general) was completely developed by Raffelt and Stodolsky [4] taking into account
the effective refractive index for EMWs of quantum-electrodynamic origin. It should
be emphasized that graviton-photon mixing could provide us with an indirect way to
measure GWs. Although direct detection of GWs is already a reality, our ability to
detect EMWs is still much better by far. Whereas the effect produced by conversion of
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EMWs in GWs and back again is undetectable by laboratory experiments [5], it has been
pointed out that graviton-photon mixing of primordial GWs in the presence of cosmic
magnetic fields could lead to observable footprints in the X-ray cosmic background [6].

On the other hand, nowadays alternative theories of gravity (ATGs) are being
analysed from different perspectives, since they can easily describe an accelerating
universe. Indeed, Starobinsky’s inflationary model is considered to be one of the most
promising scenarios to describe the early universe [7]. As general relativity (GR), ATGs
predict the emission and propagation of gravitational radiation. The nature of this
gravitational radiation, however, can be very different and could have more than two
independent polarizations [§]. Focusing attention on the two tensor modes, that is the
GW, their production and propagation is typically modified with respect to the general
relativistic predictions [9} 10, 11} 12 [13]. In fact, as it has been recently shown explicitly,
one could consider that GWs propagate in the framework of ATGs as if they were in a
diagravitational medium characterized by three different constitutive tensors, reducing
just to an effective refractive index when considering perturbations around highly
symmetric background spacetimes [I4]. Hence the possibility of using GWs observations
to constrain ATGs has been taken into account seriously, as they could provide us with
an experimentum crucis to discern what is the theory of gravity describing our Universe.
Indeed, the recent measurement of GWs and their electromagnetic counterpart [15]
has allowed to discard the relevance during the late universe of modifications of GR
generated by a large number of ATGs [16] 17, 18, 19, 20, 21, 13], singling out some
theories promising as dark energy mimickers [21], 22, 23]. Anyway, those modifications
could still play a relevant role during the early universe.

Following this spirit, in this paper we focus our attention on the phenomenon
of graviton-photon mixing, which is also known as graviton-photon oscillation, and
investigate how it is modified by a diagravitational refractive index and an effective
gravitational coupling constant. In our treatment, we shall firstly take a particular
family of ATGs for concreteness, which is Horndeski’s theory [31]; however, we will
generalize our results for more general ATGs. As we shall show, the graviton-photon
mixing probability depends on the effective gravitational coupling of the tensors modes
and the effective (electromagnetic and gravitational) refractive indexes. Up to the best
of our knowledge, this is the first attempt to address graviton-photon oscillation in the
framework of ATGs. Nevertheless, we would like to mention some interesting works
in related topics. GWs-gauge field oscillations have been recently investigated [24], 25]
and its potential observational consequences anbalysed [26]. In addition, there has been
developments in understanding how the background can affect the propagation of GWs
in GR [27] and also in f(R)-gravity [28]. On the other hand, the phenomenon of photon
production in a GW background seeded by vacuum fluctuations instead of a background
classical electromagnetic field has been scrutinized in references [29, [30] and references
therein. Such phenomenon should also be predicted in ATGs that can describe the same
background in the linearized limit as GR.

This paper can be outlined as follows: In section 2] we review the phenomenon of
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graviton-photon mixing in a general relativistic background. In section [3] we investigate
this mixing in the framework of ATGs, although we give special emphasis to Horndeski
theory our results go much beyond that case. In section ] we show how the probability
of conversion of GWs into EMWs is modified for ATGs. Finally, in section [ we discuss
our results.

2. Graviton-photon mixing

Let us start by briefly summarizing the description of graviton-photon mixing in GR.
Raffelt and Stodolsky argued that the quantum corrections to the electrodynamic system
could be relevant for graviton-photon oscillation in regions of strong magnetic fields [4]
(see also reference [6]). Those corrections, which can be taken into account adding an
Euler—Heisenberg term into the Lagrangian, lead to an effective refractive index that
the photon experience even in vacuum. Apart from this term, the the electromagnetic
Lagrangian takes the usual form

Lo =~ Fu P (1)
where F* is the electromagnetic field tensor. On the other hand, it is useful to consider
that the metric perturbations, defined through

v = N + H2huua (2>

are expressed in the transverse-traceless gauge. Therefore, the quadratic gravitational
Lagrangian in tensor perturbations and the interaction term with the electromagnetic
field can be written as

Lor = _iauhijﬁ“h”, and Ly = ghijTUa (3)

with T+, = F“PFVp—éijaBFO‘B/ZL. Note that the total electromagnetic field is the sum of
the external magnetic field, that is B?, which is considered to be static and homogeneous,
and the EMW, B7, which field strenght is much weaker. Therefore, focusing attention

on the wave-form contributions, we have h;;T% = —h;; BB’ and the graviton-photon
dynamical system takes the form

Dhij = IiBZ-(O)Bj, (4)

(O0—m?) A = kO R, (5)

where A7 is the vector potential of the electromagnetic wave and m. is the effective
photon mass implied by the effective refractive index [6]. We fix the z axis along the
direction of propagation of the waves without loss of generality. Then, the gravitational
wave tensor and the electromagnetic vector potential can be expressed as

higlt, 2) = [hy(2) € + ha(2) €] e, (6)
Aj(t, 2) =i [Aa(2) € + Ay(2) €] e, (7)
where the polarization tensors have non-vanishing componentes ¢/, = —¢; = 1 and

X_EX:

€y = €, = 1, and we have introduced a phase in the vector for convenience, as it was
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explicitly done in reference [6]. Taking into account the form of the expansion () in
the interaction term h;; B:B’, one can conclude that only the external magnetic field
transverse to the direction of the wave propagation contribute to the phenomenon, that
is Bt = B, sin ¢ with cos ¢ = B.-k. Assuming for simplicity that the transverse magnetic
field lies along the y-direction, taking & = 0., so that k, A = 10, A and k;h = i0.h, and
noting that |n, — 1| < 1 with k, = nw, it is easy to recover the result of Raffelt and
Stodolsky. This is [4]

AL Ay 00 Al
. Ay 0 0 0 he |
0 0 Ay 0 I

with A, and Aj denoting the components of the wave vector field perpendicular and
parallel to the transverse magnetic field. The mixing term depends on the gravitational
coupling and on the transverse magnetic field Ay, = k Br/2. On the other hand, the
effective photon mass term has led to a modification in the propagation of EMWs that
can be different for both polarizations (as it has been argued to be the case [4]); that is
A#’” =w (n#’” —1).

3. Mixing in a diagravitational medium

Now, let us firstly focus in a particular family of theories and show later how our results
apply to several ATGs. So, for concreteness we start studying Horndeski theory, which
deals with the most general scalar-tensor Lagrangian leading to second order equations
of motion [31], 82]. This is [33]

L = K(6, X) — Ga(é, X)06, +Ga(6, X)R + Gux [(09)* = (V,V,6)’]

+ Gs(, X)Gu VIV ¢ — % (09)° = 3(09) (VuV,0)* +2(V,uVu0)’],  (9)

with X = —8,$0"¢/2 being the scalar-field kinetic term, G;x = 0G;/0X, (V,V,¢)* =
V,.V,oVHV"¢, and (V,V,0)? = V,V,0V*V* ¢V, V ¢. We have in mind the potential
relevance of graviton-photon mixing in cosmological scenarios, although when dealing
with sub-Hubble modes the background geometry can be approximated by Minkowski
space. Therefore, we assume that the scalar field is homogenous, that is ¢ = ¢(t). Then,
the quadratic Horndeski Lagrangian for the metric perturbation [33] can be written as

I<L2

Li = o Lt — <@ X)(Thy)’] (10)
where

Ket(¢, X) = 1/1/G(¢, X), and ¢ = %, (11)
with

F(o, X):G4—X(€BG5)(+G5¢), (12)

G(¢, X) = Gy — 2XGax + X Gsy, (13)
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and one recover GR for kg = k. As we want to focus our attention on the mixing
of gravitons with photons, we neglect the backreaction of the scalar field into the
background geometry when using expansion (2)). In addition, we will also neglect the
effect of the coupling of the scalar field perturbations to the GWs, which can appear
in generic situations, see for example [I1]. Under the mentioned approximations and
assuming again that the electromagnetic field is minimally coupled to gravity, the first
equation for the graviton-photon system in the presence of an external magnetic field,
that is equation (), is modified. Now it reads

2
o (1 2\ 2]\ Ret ple) o

{Ohij = [voy - (1= ) az}}_—/{ BYB;, (14)

where v = —2Feq/kegr. We apply similar arguments to those used in the general

relativistic case [4] [6] reviewed in the previous section. It simplifies the treatment to
consider that the modification on the propagation of GWs can be encapsulated in an
effective diagravitational refractive index [14]

ng = % 1+i5. (15)
For simplicity, we will consider that v and c¢r are approximately constant during the
interval of interest. Note that, even if the diagravitational refractive index could
significantly separate from unity at early cosmic epochs, we will assume that both
Iny — 1] < 1 and |n, — 1| < 1. Therefore, we have [14]

ng:1+z%+(1—cT), (16)
up to first order.

Now, let us note that ATGs commonly produce a refractive index for GWs
propagating in a Minkowski background and/or have an effective gravitational coupling
Kef- On one hand, the perturbed Lagrangian (I0) is also compatible with other ATGs
different from Horndeski’s theory. On the other hand, ATGs based on a massive graviton

or on Lorentz violations can produce other terms in the index (I6), leading to [14]

2
B v mg A
ng—1+z%+(1—cT)—ﬁ—§w y (17)

up to first order in v/w, 1 — ¢, m,/w?, and Aw*™>

produce birrefrigence effects, that is ngL =+ ng [34,135]. So, we take into account this more

In addition, some theories can

general form of the refractive index and follow the procedure outlined in the previous
section to obtain the mixing matrix for more general ATGs. The graviton-photon system
is, therefore, given by

AL Ay 00 Al

_ Ay A 0 0 h
w=d)+| 0" Tl Ay AI -0 1)

v ~

0 0 Ay Al hx

where now Ay = ke Br/2, Ay = w(ng — 1), Al = w(nl — 1), and Al are defined
as in the previous section. In addition, we have more properly defined the amplitude
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of the GWs polarizations states as fLJr,X = K/Keft b+ x, which has allowed us to obtain
a symmetric mixing matrix. Note that system (I8]) describes graviton-photon mixing
for ATGs that may predict generically modified propagation and coupling of GWs, but
keeping the electromagnetic field minimally coupled to gravity.

4. Conversion probability

In view of the system (I8) one can note that there is no mixing between both
polarizations. So, as it has been done in reference [6] for the general relativistic case,
we can split the system into two similar subsystems defining

AN Ay Ay
— v
A <AM Ay ) = < ha ) 19)

where the subindex A denotes the two possible polatizations; however, in what follows,
we do not include the sub-index A for simplicity. As M is a symmetric matrix, it can
be diagonalized by a rotation. Therefore, we have

[(w—1i0,) + M|V =0 = [(w—10,) + M']| ¥, (20)

with M’ = UTMU, ¥ = UTWU. The eigenvalues of M and the angle of rotation are
given by

mig = [A + A, F A0 + (B, — A (21)
2A M

So, we obtain a solution for the system with a similar expression to that presented
in reference [6], taking into account our conventions and the different definition of the
quantities due to the diagravitational medium. This is

A(z) = [cos2 6 e ™= 4 sin? g e_imzz} A(0) — sinf cos 0 {e‘imlz — ffimzz} B(O)a (23)
iz(z) = —sinf cosf [e‘imlz — e‘imzz} A(0) + [sin2 0 e ™% 4 cos?f e_imzz} iz(()), (24)

where we have absorbed a global phase ™ in A(z) and h(z). Now, if we assume that
initially there are no photons, the probability of graviton-photon conversion is

AQ
RN <\/A (A, — A)/4~z). (25)

The results of the general relativistic mixing are recovered in equation (25) for A, =0,

Fysy =

which degenerate to graviton-photon conversion or resonance if A, = 0.

Mazimum mixing or resonance. In GR graviton-photon mixing is maximized for
n, = 1. This process corresponds to a maximum mixing angle § = 7/4, leading to
a probability

Py, = sin® (A 2) = sin? (k Br 2/2) . (26)
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Therefore, it is possible to have complete conversion of GWs into EMWs when these
propagate through the magnetic field. In ATGs there is resonance for A, = A, that is
ng = n,. Then one obtains

Py, = sin® (Ay2) = sin® (keg Br 2/2) (27)

where we can see that only ATGs inducing an effective gravitational coupling modify
the conversion probability in the very particular limit A, = A,.

Weak mizing. We consider now the case of weak mixing, that is # < 1, which
corresponds to (Ag — A,)? > A%;. Then, we have

wy
Pysy = A AR (1Ag — Ay ] 2/2). (28)
g g
This probability reduces to
Pyyy = Ajy2* = kg B 2% /4, (29)

for a path even shorter than the oscillation length los. = 27/|A;—A,|. Hence, again, only
ATGs inducing an effective gravitational coupling modify the mixing probability in this
regime, amplifying it for k.g > k. It should be noted, however, that any term appearing
in the effective gravitational refractive index would be relevant when the propagation
path is larger or comparable to the oscillation length, leading to the probability (28]).

5. Discusion

We have investigated the phenomenon of graviton-photon oscillation in ATGs. The
alternative gravitational framework that we have considered is quite general. We have
taken into account that ATGs may predict that GWs propagate in a different fashion
than in GR and that the effective gravitation coupling of these tensor modes differs from
k. Our study, therefore, applies at the very least to Horndeski theory, ghost free massive
gravity and bigravity, and some Lorentz breaking theories. Nevertheless, we have made
some important assumptions. On one hand, we have considered that the electromagnetic
field is minimally coupled to gravity. We could expect to have a different dynamical
graviton-photon system, for example, in theories with a non-minimal curvature-matter
coupling [36]. An interesting issue would be to investigate how the mixing probability
translates when the predictions of the theory under study are equivalent to those of a
minimally coupled frame. On the other hand, we have assumed that the connection
is metric-compatible. One should explore whether similar results could be obtained in
Palatini theories [37].

In this framework, we have obtained the probability of graviton to photon
conversion in the presence of a magnetic field, as this situation can describe graviton-
photon mixing due to primordial GWs crossing cosmic magnetic fields.  This
phenomenon can produce, therefore, observable effects in the electromagnetic cosmic
background. As the conversion probability depends on the effective gravitational
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coupling and on the effective gravitational refractive index, modifications of the general
relativistic predictions could be expected if an ATG were the theory describing our
Universe. In the particular regimes that we have explicitly considered, the conversion
would be amplified if kg > k. It is even more relevant to note that the effective
gravitational refractive index is a function of the frequency, having a different functional
form for different ATGs. Therefore, whereas for GR the most efficient sources of GWs for
graviton-photon mixing are primordial black holes and, therefore, the produced EMWs
could be relevant in the cosmic X-ray background [6], the conversion probability will
be maximized for different GW-sources depending on the gravitational theory. So, the
particular frequency band of the cosmic electromagnetic background that could have an
extra contribution due to this mixing should be calculated for each theory.

Furthermore, it is worth noting that modifications of the general relativistic
predictions can be significant if the mixing took place during the early stages of
the cosmic evolution, when primordial magnetic fields should be stronger than now
and the constraints on the gravitational coupling and the speed of GWs are less
restrictive than those for the current epoch. On the other hand, as we have
mentioned in the introduction, the recent direct measurements of GWs have put
strong constraints on the posible modification of the propagation of GWs in the recent
Universe [16, 17, I8, 19, 20, 2], imposing in particular cp(tnew) =~ 1. However,
modifications of the general relativistic predictions for the conversion process may
also be relevant if the mixing took place recently for ATGs having any nontrivial
term in the effective gravitational refractive index n, and/or keg # & (but with with
cr(tuow) =~ 1). Whereas at recent times one should expect to have weaker cosmic
magnetic fields, magnetic fields of astrophysical origin may play a relevant role in
this case. So, new constraints on ATGs or signatures of modifications of GR may
be obtained when contrasting the predictions of a particular ATG with the observations
of the electromagnetic cosmic background.

It should be emphasized that our results are the first attempt to describe the process
of graviton-photon oscillation in ATGs. Some possible extensions of our treatment
could take into account the backreaction of the additional degrees of freedom used
to formulate the ATG and the potential coupling of their perturbations to the tensor
perturbations. In addition, we have assumed that the effective gravitational refractive
index and coupling can be treated as constant parameters along the intervals of interest.
Nevertheless, some non-trivial effect may emerge in regions of large variation of the
effective refractive index. Finally, it should be noted that our formalism may also be
extended to take into account potential effects due to lost of coherence.
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